
ON BOUND STATES FOR SYSTEMSOF WEAKLY COUPLED SCHR�ODINGEREQUATIONS IN ONE SPACE DIMENSIONMICHAEL MELGAARDAbstra
t. We establish the Birman-S
hwinger relation for a 
lassof S
hr�odinger operators �d2=dx2 
 1H + V on L2(R;H), whereH is an auxiliary Hilbert spa
e and V is an operator-valued po-tential. As an appli
ation we give an asymptoti
 formula for thebound states whi
h may arise for a weakly 
oupled S
hr�odinger op-erator with a matrix potential (having one or more thresholds). Inaddition, for a two-
hannel system with eigenvalues embedded inthe 
ontinuous spe
trum we show that, under a small perturbation,su
h eigenvalues turn into resonan
es.1. Introdu
tionIn a re
ent paper [22℄ (see also [21℄) we studied spe
tral and s
atter-ing theory for the two-
hannel S
hr�odinger operatorH = ~H0 +V = �� d2dx2 00 � d2dx2 + 1�+ �V11 V12V21 V22� (1.1)on the Hilbert spa
e L2(R) � L2(R). In the low-energy limit, wherethe spe
tral parameter tends to the boundary point of the 
ontinuousspe
trum of H, viz. the point zero, we dedu
ed asymptoti
 expansionsfor the resolvent of H and, as an appli
ation, we obtained asymptoti
expansions for the s
attering matrix asso
iated with the pair (H; ~H0)as the energy parameter tends to zero. Besides being interesting fromthe mathemati
al point of view, the study of spe
tral and s
atteringtheory for H, having thresholds at 0 and 1, also works as a useful ex-er
ise towards analogous investigations for various multi
hannel quan-tum system with more than one threshold (see, e.g., [23℄) be
ause itdes
ribes many a
tual physi
al phenomena to a good approximation.If we repla
e ~H0 in (1.1) by H0 = �d2=dx2
1CN and V by an N�Nmatrix potential, we obtain the (usual) matrix S
hr�odinger operatoron L2(R; C N ) having a single threshold at 0. The latter, of 
ourse, hasattra
ted a lot of attention during the years. Among re
ent resultswe mention low-energy asymptoti
s for the 
orresponding s
atteringTo appear in Journal of Mathemati
al Physi
s 43, no. 11 (2002).The author is a Marie Curie Post-Do
 Fellow, supported by the European Unionunder grant no. HPMF-CT-2000-00973. 1



2 MICHAEL MELGAARDmatrix [2, 3℄, Levinson's theorem [14℄, Lieb-Thirring inequalities [20, 4℄and quantum design [7℄.A natural question, whi
h seems not to have been addressed in theliterature, 
on
erns how negative energy levels may arise in a systemof weakly 
oupled S
hr�odinger equations. In the s
alar-valued setting,weakly 
oupled bound states for S
hr�odinger operators have been in-vestigated in various dimensions (see [19, Chapter VI℄ and [31, 15, 16℄).In this work we generalize the s
alar-valued result obtained by Simonin dimension one [31℄ to the analogous matrix-valued setting.We begin in the more abstra
t framework of S
hr�odinger operatorswith operator-valued potentials given formally by H = �d2=dx2
1H+V on L2(R;H), where H is an auxiliary Hilbert spa
e and the potentialV is a B(H)-valued, measurable fun
tion on R su
h that V (x) is sym-metri
 for almost all x. In Se
tion 3 we de�ne the Hamiltonian H bymeans of quadrati
 forms (Proposition 3.1) and in Se
tion 4 we estab-lish the 
elebrated Birman-S
hwinger relation (Proposition 4.2), whi
htransforms the eigenvalue problem for H into an eigenvalue problemfor a 
ompa
t operator; the so-
alled Birman-S
hwinger operator.Equipped with the Birman-S
hwinger relation we study weakly 
ou-pled bound states in Se
tion 5. We restri
t our attention to S
hr�odingeroperators with matrix-valued potentials. In Se
tion 5.1 we 
onsidertwo-
hannel Hamiltonians with one and two thresholds, resp. First we
onsider H(g) = �d2=dx2 
 1C 2 + gV(x), where V is a 2 � 2 matrixpotential. Theorem 5.2 reveals how non-positive eigenvalues of an aux-iliary matrix S, de�ned in (5.2), give rise to negative eigenvalues Eijof H(g) provided g is small enough. The eigenvalues Eij satisfy anasymptoti
 perturbation formula in whi
h we derive the �rst few 
oef-�
ients expli
itly (see (5.3)). Se
ond, we 
onsider the above-mentionedHamiltonian (1.1), hen
eforth denoted ~H(g), having thresholds at 0and 1. In Theorem 5.6 we show how a negative eigenvalue of an auxil-iary matrix ~S, de�ned in (5.9), generates a negative eigenvalue of ~H(g).However, if one 
ompares the proofs of Theorems 5.2 and 5.6 (in par-ti
ular, the expressions for the matri
es T0 and ~T0), it seems that theargument used in the proof of Theorem 5.2(ii), 
annot be modi�ed inorder to treat the situation where zero is an eigenvalue of ~S. Thus, itremains an attra
tive open problem to show that the zero eigenvalue of~S (may) gives rise to a negative eigenvalue of ~H(g). In Se
tion 5.2 westate the generalization of Theorem 5.2 to the N -
hannel Hamiltonian�d2=dx2 
 1CN +V(x), where V is an N �N matrix potential.Having studied how negative eigenvalues arise for multi
hannel Hamil-tonians under weak 
oupling, it is natural to address the problem ofperturbation of embedded eigenvalues for a multi
hannel S
hr�odingeroperator with a matrix-valued potential. In Se
tion 6 we 
onsider atwo-
hannel Hamiltonian having eigenvalues embedded in its 
ontinu-ous spe
trum. When perturbed by a \short range" potential, we show



ON BOUND STATES ... 3that su
h eigenvalues move into the 
omplex plane and be
ome reso-nan
es. In parti
ular, we verify Fermi's golden rule (see, e.g., [27, 32℄).There is a vast literature on 2 � 2 operator-valued matri
es, e.g. insystem theory (see e.g. [8℄) and in semigroup theory (see e.g. [11℄).Most notably in this 
ontext is the substantial number of questions ofa general nature whi
h have been answered on spe
tral theory re
ently,see e.g. the survey [33℄. However, the methods therein are not relatedto ours although some of the questions addressed 
learly are, e.g. theappearan
e of resonan
es dis
ussed by Menni
ken and Motovilov [24℄.2. Preliminaries1) Ve
tor-valued fun
tions. Let H be a separable Hilbert spa
e withs
alar produ
t and norm denoted by h�; �iH and k � kH. Then a fun
-tion  (x) from R to H is measurable if the s
alar-valued fun
tionsh (x); �iH are measurable, where � denotes an arbitrary ve
tor of H.If  (x) is su
h a measurable fun
tion, then k (x)kH is also measur-able (as a fun
tion with non-negative values). Thus Lp(R;H) is de-�ned as the set of equivalen
e 
lasses of measurable fun
tions  (x)from R to H, whi
h satisfy that RR k (x)kpHdx is �nite if p < 1 andk k1 = ess sup k (x)kH < 1 if p = 1. The measure dx is theLebesgue measure. For any p the Lp(R;H) spa
e is a Bana
h spa
e withnorm k � kp = (RR k � kpHdx)1=p. In the 
ase p = 2, L2(R;H) is a 
omplexand separable Hilbert spa
e with s
alar produ
t h�;  i2 = RRh�;  iHdxand 
orresponding norm k k2 = h ;  i1=22 . For n 2 N , 1 � p <1, theSobolev spa
eW n;p(R;H) is de�ned as the spa
e of those  2 Lp(R;H),for whi
h all derivatives (weak sense) up to order n are in Lp(R;H). Ifp = 2, W n;2(R;H) is a separable Hilbert spa
e denoted by Hn(R;H)with s
alar produ
t h�;  iHn(R;H) = RRPn�=0h(d=dx)��; (d=dx)� iHand norm denoted by k kHn(R;H).2) Operators. Below H, H1, H2 are separable Hilbert spa
es. For alinear operator T , the notations D(T ), Ran (T ), Ker (T ), T �, T , �(T ),�(T ) are standard, see for example [25℄. By I we denote the iden-tity operator. The resolvent of a self-adjoint operator T is denoted byR(T; z) = (T � zI)�1. By B(H1;H2) and S1(H1;H2) we denote re-spe
tively the sets of bounded and 
ompa
t operators a
ting from H1into H2. With the usual operator norm B(H1;H2) is a Bana
h spa
e.We set B(H) := B(H;H) and S1(H) := S1(H;H).3) Tra
e 
lasses of 
ompa
t operators. If T 2 S1(H) then the non-zero eigenvalues of jT j = pT �T are 
alled the singular numbers or s-numbers of T . Let fsj(T )g denote the (possibly �nite) non-in
reasingsequen
e of the singular numbers of T ; every number 
ounted a

ordingto its multipli
ity as an eigenvalue of jT j. For 0 < p < 1 the vonNeumann-S
hatten 
lass Sp(H1;H2) is the set of T 2 S1(H1;H2) for



4 MICHAEL MELGAARDwhi
h the fun
tional kTkpSp(H1;H2) :=Xj [sj(T )℄pis �nite. The fun
tional k � kSp(H1;H2) is a norm for p � 1 and thenormed spa
e Sp(H1;H2) is a Bana
h spa
e. For p < 1 the fun
tionalis a quasinorm. For additional properties of the spa
es Sp of 
ompa
toperators we refer [5, Chapter 11℄. The sets S1(H1;H2) and S2(H1;H2)are 
alled the tra
e 
lass and Hilbert-S
hmidt 
lass, respe
tively.4) Operator-valued fun
tions. Let H1 and H2 be two separableHilbert spa
es. From above, a fun
tion R 3 x !  (x) 2 H is mea-surable if and only if all the fun
tions R 3 x ! h (x); �iH 2 Care measurable. As a result of Pettis Measurability Theorem (see,e.g.,[10, Theorem II.1.2℄) the following properties are equivalent for aB(H1;H2)-valued fun
tion R 3 x 7! T (x):(i) 8� 2 H2, 8 2 H1, R 3 x! h�; T (x) iH2 2 C is measurable,(ii) 8 2 H1, R 3 x! T (x) 2 H2 is measurable.We say that a fun
tion R 3 x 7! T (x) 2 B(H1;H2) is measurable ifit satis�es any one of the above properties (i)-(ii). In the aÆrmative
ase, kT (x)kB(H1;H2) is also measurable be
ausekT (x)kB(H1;H2) = sup 2D1 (kT (x) kH2=k kH1) ;where D1 is a 
ountable dense subset of H1. Moreover, we 
an de�neLp(R;B(H1 ;H2)) as the linear spa
e of (equivalen
e 
lasses of) measur-able fun
tions T : R ! B(H1;H2) su
h that kT (�)kB(H1;H2) 2 Lp(R).For the fun
tional 
al
ulus for self-adjoint operators we re
all thefollowing result whi
h 
an be found in, e.g., [6, Proposition V.1.2℄.Proposition 2.1. If for ea
h x 2 R, T (x) is a self-adjoint operatoron H and fET (x)(A);A Borel set of R g denotes its resolution of theidentity, the following three properties are equivalent:(i) R 3 x! ET (x)(A) 2 B(H) is measurable for all Borel sets A,(ii) R 3 x! e�itT (x) 2 B(H) is measurable for all t 2 R,(iii) R 3 x! (T (x)� �)�1 2 B(H) is measurable for all � 2 C nR .5) Fourier transform. Suppose  2 L1(Rd ;H). Then we de�ne itsFourier transform (F )(�) = b (�) := (2�)�1=2 RR eix� (x) dx whi
his an element of L1(R;H). If  2 L1(R;H) \ L2(R;H), then b 2L2(R;H) with k b kL2 = k kL2. The Fourier transform 
an then beextended by 
ontinuity to a unitary mapping of the Hilbert spa
eL2(R;H) into itself.We have the following 
riterion.Lemma 2.2. Let T be an operator on L2(R;H) de�ned by(T�)(x) = ZR t(x; �)�(�) d�; (2.1)



ON BOUND STATES ... 5where t(x; �) 2 B(H) for ea
h (x; �). Then T is a Hilbert-S
hmidtoperator on L2(R;H) if and only ifZRx ZR� trH[t(x; �)�t(x; �)℄ d�dx <1:In this 
ase,kTk2S2(L2(R;H)) = ZRx ZR� trH[t(x; �)�t(x; �)℄ d�dx:Proof. The Hilbert spa
e H is isomorphi
 to some L2(Y ) spa
e andtherefore it suÆ
es to establish the statement for an operator T onL2(R; L2(Y )) de�ned by (2.1) for some t(x; �) 2 B(L2(Y )). Sin
eL2(R; L2(Y )) is isomorphi
 to L2(R � Y ), the rephrased assertion fol-lows immediately from [25, Theorem VI.23℄. �3. The Hamiltonian H = H0 + VAs in the s
alar-valued 
ase the quadrati
 formh0[ ;  ℄ := ZR k(d=dx) (x)k2H dx (3.1)is 
losed in L2(R;H) on the domain H1(R;H). Thus, this form gener-ates a self-adjoint operator H0 on L2(R;H). The free Hamiltonian H0
orresponds to the \Lapla
ian" �d2=dx2 
 1H on L2(R;H).A potential V is a B(H)-valued, measurable fun
tion on R. As-sume that V (x) is symmetri
 for almost all x, i.e. V (x)� = V (x) foralmost all x. The operator V (x) 2 B(H) has a unique representation1in the form V (x) = U(x)jV (x)j, where jV (x)j is the modulus of V (x)de�ned by jV (x)j = (V (x)�V (x))1=2 = (V (x)V (x))1=2. We have thatjV (x)j is a non-negative, selfadjoint operator belonging to B(H) and,moreover, kjV (x)jkB(H) = kV (x)kB(H). The operator U(x) is a par-tial isometry with initial domain Ran jV (x)j, �nal domain RanV (x)and KerU(x) = KerV (x). Observe that U(x)�U(x) = PRan jV (x)j andU(x)U(x)� = PRanV (x), where PM denotes the orthogonal proje
tiononto a 
losed subspa
e M . The modulus jV (x)j possesses exa
tly onenon-negative, self-adjoint square-root jV (x)j1=2 2 B(H). The square-root jV (x)j1=2 
ommutes with every bounded operator whi
h 
ommuteswith jV (x)j. We may de�ne V (x)1=2 = U(x)jV (x)j1=2 su
h that V (x) =V (x)1=2jV (x)j1=2. Moreover, V (x)1=2 2 B(H) with kV (x)1=2kB(H) =[kV (x)kB(H)℄1=2 and adjoint (V (x)1=2)� = jV (x)j1=2U(x)�. From Propo-sition 2.1 it follows that jV j, jV j1=2 and V 1=2 are B(H)-valued measur-able fun
tions on R.We want to establish the following result.1The representation is not unique if the potential vanishes on a set of positivemeasure



6 MICHAEL MELGAARDProposition 3.1.(i) If V 2 L1(R;B(H)) then the real-valued quadrati
 formv[ ;  ℄ := ZRhV (x)1=2 (x); jV (x)j1=2 (x)iH dxis H0 form-bounded with relative bound zero.(ii) If V 2 L1(R;S2(H)) then v is H0 form-
ompa
t.It follows from Proposition 3.1(i) and the KLMN theorem [26, The-orem X.17℄ that the form sumh[ ;  ℄ := h0[ ;  ℄ + v[ ;  ℄is 
losed and semi-bounded from below on H1(Rd ;H) and thus gener-ates a self-adjoint operator H = H0 + V on L2(R;H). From Propo-sition 3.1(ii) and Weyl's essential spe
trum theorem it follows that�ess(H) = �ess(H0) = [0;1).Proof of Proposition 3.1. The \kernel" of the resolvent of H0 is givenby (see, e.g., [28, Theorem 9.5.2℄)Q(x� y;pjEj) = e�pjEjjx�yj2pjEj ; E < 0: (3.2)(i) To show that the form v is in�nitesimally H0 form-bounded, itsuÆ
es to show that the formw[�℄ = hjV j1=2(H0 � E)�1=2�; V 1=2(H0 � E)�1=2�iL2(R;H)is bounded on L2(R;H) and that its normkwk := inf�2L2(R;H) jhjV j1=2(H0 � E)�1=2�; V 1=2(H0 � E)�1=2�ijk�k2tends to zero as E ! �1. By the de�nition of kwk, and sin
e U inV 1=2 = U jV j1=2 is a partial isometry, we have thatkwk � 

jV j1=2(H0 � E)�1=2

2B(L2(R;H)) : (3.3)Therefore, it is enough to show that the right-hand side of the lattertends to zero as E ! �1.We 
onsider �rst V 2 L1(R;B(H)). For su
h V we have that

jV j1=2(H0 � E)�1=2

2B(L2) = 

jV j1=2(H0 � E)�1jV j1=2

B(L2) (3.4)Let � =pjEj and � 2 L2(R;H). Then H�older's inequality yields that

[jV j1=2(H0 + �2)�1jV j1=2�℄(x)

H� 12� kV (x)k1=2B(H) kV kL1(R;B(H)) k�kL2(R;H):



ON BOUND STATES ... 7The latter implies that

jV j1=2(H0 + �2)�1jV j1=2�

2L2(R;H)� ZR 14�2 kV (x)kB(H) kV k2L1(R;B(H)) k�k2L2(R;H) dx� 14�2kV k3L1(R;B(H))k�k2L2(R;H):In 
onjun
tion with (3.4), the latter shows that the right-hand sideof (3.3) tends to zero as E ! �1, whi
h establishes assertion (i)for V 2 L1(R;H). A standard approximation argument yields theassertion for general V .(ii). It suÆ
es to show that the formw[�℄ = hjV j1=2(H0 � E)�1=2�; V 1=2(H0 � E)�1=2�ide�nes a 
ompa
t operator in L2(R;H). Under the assumption in (i)we already know that w generates a bounded, self-adjoint operator Win L2(R;H). Let us show that W is a Hilbert-S
hmidt operator. FromtrL2(W �W )=tr �V 1=2(H0 � E)�1(V 1=2)�jV j1=2(H0 � E)�1(jV j1=2)�� ;we see that it is enough to show that W1 = jV j1=2(H0 � E)�1(jV j1=2)�and W2 = V 1=2(H0 � E)�1(V 1=2)� are Hilbert-S
hmidt operators onL2(R;H). It is enough to show it for W2; the proof for W1 is similar.The operator W2 has integral "kernel"KW2(x� y;�) = V (x)1=2(2�)�1e��jx�yj(V (y)1=2)�; � = p�E > 0:Using the 
riterion in Lemma 2.2 and the assumption in (ii), we esti-mate as follows:ZR ZR trH[KW2(x� y;�)�KW2(x� y;�)℄ dxdy = ZR ZR�e��jx�yj2� �2�trH[(V (y)1=2)��(V (x)1=2)�V (x)1=2(V (y)1=2)�℄ dxdy= ZR ZR�e��jx�yj2� �2�trH[V (y)1=2jV (x)j1=2U(x)�U(x)jV (x)j1=2(V (y)1=2)�℄ dxdy= ZR ZR�e��jx�yj2� �2 trH[jV (x)jjV (y)j℄ dxdy� 14�2 ZR kV (x)kS2(H) dx ZR kV (y)kS2(H) dy:This shows that W2 is a Hilbert-S
hmidt operator in L2(R;H). �We note that V 2 L1(R;B(H)) implies that jV j 2 L1(R;B(H)) and,in view of Proposition 3.1(i), jV j is in�nitesimally H0 form-bounded.



8 MICHAEL MELGAARDConsequently, the following mappings are bounded:V; jV j : H1(R;H) ! H�1(R;H) (3.5)jV j1=2; V 1=2 : H1(R;H) ! L2(R;H) (3.6)jV j1=2; V 1=2 : L2(R;H) ! H�1(R;H): (3.7)The qualitative behaviour of any possible negative eigenvalues ofH0 + gV as g ! 0 is des
ribed by the following simple result.Proposition 3.2. If V 2 L1(R;B(H)) then any negative eigenvaluesof H0 + gV approa
h zero as g tends to zero.Proof. Following [31℄ it suÆ
es to show that there are positive 
onstantsg0 and C su
h that H0 + gV � �Cg for all g0 > g > 0.Let F denote the Fourier transform of ve
tor-valued fun
tions inL2(R;H) (see Part 5 in Se
tion 2). We observe that, as for s
alar-valued fun
tions, a fun
tion � whose Fourier transform is integrable isbounded and 
ontinuous with the usual estimatek�(x)kH � 1p2� ZR kF�(�)kH d�: (3.8)For an arbitrary 
 > 0, H�older's inequality yields that�ZR kF�(�)kH d��2� �ZR(�2 + 
2)�1 d���ZR(�2 + 
2)kF�(�)k2H d��= �
 k(�i� + 
)F�k2L2(R;H) = �
 k(H1=20 + 
)�k2L2(R;H)� 2�
 nkH1=20 �k2L2(R;H) + k
�k2L2(R;H)o : (3.9)Let d = maxf1=
; 1g. Then (3.8) and (3.9) imply thatk�(x)kH � dnkH1=20 �k2L2(R;H) + k�k2L2(R;H)o (3.10)for any � 2 D(H1=20 ) = H1(R;H). The Sobolev type inequality (3.10)implies thathg[�℄ � kH1=20 k2L2(R;H) � g ZR kV (x)kB(H)k�(x)k2H dx� (1� gd1)kH1=20 k2L2(R;H) � gd1k�k2L2(R;H)where d1 = dkV k2L1(R;B(H)). When we take C = d1, g0 = d�11 and0 < g < g0, we arrive at hg[�℄ � �Cg as desired. �



ON BOUND STATES ... 94. The Birman-S
hwinger relationThe Birman-S
hwinger relation has been established rigorously forvarious 
lasses of operators in the s
alar-valued setting (see, e.g., [30,31, 17℄. It asserts that E is a negative eigenvalue of H = �d2=dx2+ Vif and only if �1 is an eigenvalue of the operator V 1=2(�d2=dx2 �E)�1jV j1=2. Formally this is obvious sin
e � = V 1=2 is a solution toV 1=2(�d2=dx2 � E)�1jV j1=2� = ��.Here we provide a simple proof of the Birman-S
hwinger relation inour 
on
rete operator-valued setting. For this purpose we introdu
e theBirman-S
hwinger operator KE(V ) = V 1=2(H0 � E)�1jV j1=2, E < 0,where H0 is the nonnegative, self-adjoint operator asso
iated with thequadrati
 form h0 in (3.1). Setting �2 = �E, its integral "kernel" isgiven by K�(x; y) = V (x)1=2(2�)�1e��jx�yjjV (y)j1=2; � > 0:We have the following result.Lemma 4.1. If V 2 L1(R;S2(H)) then the Birman-S
hwinger opera-tor KE(V ), E < 0, is a Hilbert-S
hmidt operator on L2(R;H); in par-ti
ular KE(V ) is a 
ompa
t operator. Moreover, kKE(V )kB(L2(R;H)) !0 as E ! �1.Proof. We argue as for the operatorW2 in the proof of Proposition 3.1(ii).We omit the details. �Having introdu
ed the 
ompa
t Birman-S
hwinger operator we mayformulate the Birman-S
hwinger relation.Proposition 4.2. Let V 2 L1(R;S2(H)). Then E < 0 is an eigenvalueof H = H0 + V (de�ned by a quadrati
 form) having multipli
ity { ifand only if �1 is an eigenvalue of KE(V ) having geometri
 multipli
ity{.To establish Proposition 4.2 we need the following two results.Lemma 4.3. If V 2 L1(R;B(H)) then for E < 0 the operators jV j1=2�(H0 � E)�1=2 and V 1=2(H0 � E)�1=2 are bounded on L2(R;H).Proof. Sin
e V is H0 form-bounded, it follows immediately from (3.6)and (3.7) in 
onjun
tion with the fa
t that the operator (H0�E)�1=2 isa bounded map from the domain L2(R;H) to the range H1(R;H). �Lemma 4.4. Let S and T be bounded operators on the Hilbert spa
eK. Then �(ST )nf0g = �(TS)nf0g. Moreover, � 6= 0 is an eigenvalueof ST having geometri
 multipli
ity m if and only if � is an eigenvalueof TS having geometri
 multipli
ity m.Proof. This is a simpli�ed version of Theorem 2(i) in [9℄. �Proof of Proposition 4.2. Let h0 be the form of H0, let v be the formof V and let h = h0 + v be their form sum. A

ording to Lemma 4.3



10 MICHAEL MELGAARDthe operators jV j1=2(H0�E)�1=2 and V 1=2(H0�E)�1=2 are bounded onL2(R;H) and, 
onsequently, the operator I+[jV j1=2(H0�E)�1=2℄�V 1=2(H0 � E)�1=2 is bounded on L2(R;H). Moreover, the operator A�1 =(H0 �E)1=2 has domain H1(R;H) and range L2(R;H). Thus, we mayintrodu
e an auxiliary sesquilinear form a de�ned on the form domainH1(R;H) �H1(R;H) bya[�;  ℄ = 
�I + (jV j1=2A)�V 1=2A�A�1�;A�1 � : (4.1)We re-write a and �nd thata[�;  ℄ = hA�1�;A�1 i| {z }a1[�; ℄ + h(jV j1=2A)�V 1=2AA�1�;A�1 i| {z }a2[�; ℄ : (4.2)Clearly, a1[�;  ℄ = h0[�;  ℄� Eh�;  i (4.3)and, sin
e jV j1=2A is bounded on L2(R;H),a2[�;  ℄ = hV 1=2AA�1�; [jV j1=2A℄��A�1 i= hV 1=2�; jV j1=2AA�1 i = v[�;  ℄: (4.4)Hen
e, (4.2)-(4.4) shows that the forms a and h� E are identi
al.Suppose that E < 0 is an eigenvalue of H = H0+V , i.e. there existsan eigenfun
tion  2 D(H),  6= 0, su
h that (H � E) = 0. This isequivalent to (h � E)[ ; �℄ = 0 for all � 2 H1(R;H). Sin
e the formsh and a are identi
al, we may introdu
e u = A�1� and dedu
e that0 = a[ ; �℄ = 
�I + (jV j1=2A)�V 1=2A�A�1 ;A�1�� ; 8� 2 H1(R;H);= 
�I + (jV j1=2A)�V 1=2A�A�1 ; u� ; 8� 2 L2(R;H);be
ause u runs through L2(R;H) as � runs through H1(R;H). Conse-quently, �I + [jV j1=2A℄�V 1=2A� v = 0, where v = A�1 = (H0�E)1=2 ,so �1 2 �p([jV j1=2A℄�V 1=2A). By reversing the arguments leading tothe latter 
on
lusion, we infer thatE 2 �p(H0 + V ) if and only if � 1 2 �p([jV j1=2A℄�V 1=2A) (4.5)Sin
e (H0 � E)1=2 is inje
tive from the domain L2(R;H) to the rangeH1(R;H), the arguments above also show that the multipli
ities of theeigenvalues E and �1 must be equal. In view of Lemma 4.4 and thede�nition of A, (4.5) implies thatE 2 �p(H0 + V ) if and only if�1 2 �p(V 1=2(H0 � E)�1=2[jV j1=2(H0 � E)�1=2℄�) (4.6)and the multipli
ities ofE and�1 are equal. But [jV j1=2(H0�E)�1=2℄� =(H0 � E)�1=2jV j1=2) and therefore, in view of the de�nition of KE(V ),(4.6) yields that E 2 �p(H0 + V ) if and only if �1 2 �p(KE(V )). �



ON BOUND STATES ... 11If g is �xed and �(�) is an eigenvalue of K�(V ) then the Birman-S
hwinger relation asserts that any solution �g > 0 ofg�(�g) = �1 (4.7)is asso
iated to the eigenvalue E(g) = ��2g of H(g). The latter equa-tion plays a 
ru
ial role in Se
tion 5.De�ne the operators L� and M� by their \kernels":L�(x; y) = 12�V (x)1=2jV (y)j1=2; (4.8)M�(x; y) = 12�V (x)1=2[[e��jx�yj � 1℄jV (y)j1=2 (4.9)Moreover, we introdu
e the operator M0 with "kernel"M0(x; y) = �12V (x)1=2jx� yjjV (y)j1=2: (4.10)Imitating [31℄ we obtain the following result.Lemma 4.5. If RR(1 + jxj2) kV (x)kS2(H) dx < 1 then the followingassertions are valid:(i) The operator M0 is Hilbert-S
hmidt on L2(R;H).(ii) As � # 0, the operator M� 
onverges to M0 in the Hilbert-S
hmidtnorm on L2(R;H).(iii) The Birman-S
hwinger operator gK�(V ) has eigenvalue �1 if andonly if the same is true for g(1 + gM�)�1L�.Proof.(i) It follows from the estimateZR ZR trH[M0(x; y)�M0(x; y)℄ dxdy� 12 Z Z (jxj2 + jyj2) kjV (x)jkS2(H) kjV (y)jkS2(H) dxdy <1:(ii) We want to show thatZ Z trH [(M� �M0)(x; y)�(M� �M0)(x; y)℄ dxdy �! 0 (4.11)as � # 0. Now,trH [(M� �M0)(x; y)�(M� �M0)(x; y)℄= ���� 12�(e��jx�yj � 1) + 12 jx� yj����2 trH [jV (x)jjV (y)j℄;and sin
e �� 12�(e��jx�yj � 1) + 12 jx� yj��! 0 as � # 0, we have the point-wise 
onvergen
etrH [(M� �M0)(x; y)�(M� �M0)(x; y)℄ �! 0 as � # 0: (4.12)



12 MICHAEL MELGAARDMoreover,trH[M�(x; y)�M�(x; y)℄ = ���� 12�(e��jx�yj � 1)����2 trH [jV (x)jjV (y)j℄� ����12 jx� yj����2 trH [jV (x)jjV (y)j℄ = trH[M0(x; y)�M0(x; y)℄: (4.13)It follows from (i) and (4.12)-(4.13) in 
onjun
tion with Lebesgue'sdominated 
onvergen
e theorem that (4.11) holds.(iii) It follows from (4.13) that kM�kB(L2(R;H)) � kM�kHS � kM0kHS.Hen
e, kM�kB(L2(R;H)) is bounded independently of � 2 (0; �0℄ for some�0 > 0. Therefore, for g small enough, kgM�kB(L2(R;H)) < 1 and,
onsequently, (1 + gM�)�1 exists and is bounded for these g and �. Inparti
ular, we may write 1+gK�(V ) = (1+gM�)[1+g(1+gM�)�1L�℄from whi
h the assertion follows. �5. Weakly 
oupled bound statesThroughout this se
tion operators (resp. ve
tors) are denoted byboldfa
e 
apital (resp. small) letters to emphasize their matrix (resp.ve
tor) stru
ture.5.1. Two-
hannel Hamiltonians with matrix-valued potentials.We 
onsider the 
ase where the potential is a 2 � 2 matrix-valuedpotential V(x) with measurable fun
tions Vij on R as entries. TheEu
lidean inner produ
t and norm in C 2 are denoted by h�; �iC2 andk � kC2 , respe
tively.Assumption 5.1.(a) V(x) is symmetri
, i.e. Vji = Vij.(b) ZR(1 + jxj2) kV(x)kB(C 2 ) dx <1:(
) The fun
tions Vij are real-valued.5.1.1. Two-
hannel Hamiltonian with a single threshold. First we 
on-sider the Hamiltonian H(g) = H0 + gV(x) in L2(R; C 2), de�ned inProposition 3.1 by means of forms. Formally, we may write the Hamil-tonian asH(g) = H0 + gV = �� d2dx2 00 � d2dx2�+ g�V11 V12V21 V22� (5.1)in L2(R; C 2) = L2(R) � L2(R). Under Assumption 5.1 we know thatits essential spe
trum equals the half-axis starting at the (threshold)point zero.De�ne the matri
es S and T byS =ZRV(x) dx; T0 = �12 ZR ZRV(x)jx� yjV(y) dydx: (5.2)



ON BOUND STATES ... 13We establish the following result.Theorem 5.2. Let V obey Assumption 5.1(a)-(b) and let H(g) =H0 + gV(x) be the self-adjoint Hamiltonian on L2(R; C 2) de�ned inProposition 3.1 by means of forms.(i) Assume that the matrix S, de�ned in (5.2), has n (� 2) negativeeigenvalues, denoted by si, with multipli
ities {i. Then, for a smallenough g, the two-
hannel Hamiltonian H(g) has pre
isely Pni=1 {inegative eigenvalues (taking into a

ount multipli
ity) Eij satisfyingthe formulas(�Eij(g))1=2 = �g2si + g22 hvij;T0vijiC2 + O(g3); (5.3)i = 1; : : : ; n; j = 1; : : : ;{i;where T0 is de�ned in (5.2) and vij are the eigenve
tors 
orrespondingto the eigenvalue si of S.(ii) Suppose that V obey Assumption 5.1(
) and that the matrix S hasn non-positive eigenvalues, denoted by si, with multipli
ities {i. If theeigenve
tors v0j, j = 1; : : : ;{i, asso
iated with the eigenvalue zero of Ssatisfy hv0j;T0v0jiC2 6= 0 then the 
on
lusion of part (i) remains valid.Proof. A

ording to the Birman-S
hwinger relation formulated in Propo-sition 4.2, E(g) < 0 is an eigenvalue of H(g) if and only if �1 is aneigenvalue of gK�(V) with �2 = �E(g). Furthermore, in view ofLemma 4.5(iii), the operator gK�(V) has eigenvalue �1 if and onlyif the same is true for g(1 + gM�)�1L�. Now let us denote the (un-known) eigenvalues and eigenfun
tions of (1 + gM�)�1L� by �k(g; �)and 	k(x; g; �), respe
tively, viz.(1 + gM�)�1L�	k(x; g; �) = �k(g; �)	k(x; g; �): (5.4)Let uk 2 C 2 be a 
onstant ve
tor. We insert	k(x; g; �) = 12�(1 + gM�)�1jV(x)j1=2ukinto (5.4) and obtain Rguk = �k(g; �)uk; (5.5)where Rg is the matrixRg = 12� ZRV1=2(x)[(1 + gM�)�1jVj1=2℄(x) dx:De�ne S as in (5.2) and, moreover, de�neT(�) = ZRV1=2(x)[M�jVj1=2℄(x) dx:Then we have that Rg = 12�S� g2�T(�) + O(g2)



14 MICHAEL MELGAARDfor small g.(i) By assumption the matrix S has n negative eigenvalues, denoted bysk. For simpli
ity we assume that the eigenvalues sk are simple. The
orresponding eigenve
tors are denoted by vk. We apply the regularperturbation theory to the eigenvalue problem (5.5) and we �nd that�k(g; �) = 12�sk � g2�hvk;T(�)vkiC2 +O(g2):De�ne the matrix T0 as in (5.2) andT1 = 14 ZR ZRV(x)jx� yj2V(y) dxdy:Then we have that T(�) = T0+�T1+O(�2). In this way we �nd thatthe eigenvalues asso
iated with the eigenvalue problem (5.5) are�k(g; �) = 12�sk � g2�hvk;T0vkiC2 +O(g2):Together with the 
omments following the proof of Proposition 4.2, thelatter implies that the solution to (4.7) is�g = �g2sk + g22 hvk;T0vkiC2 +O(g2): (5.6)Clearly, (5.6) implies that ea
h negative eigenvalue sk of S gives rise topre
isely one negative eigenvalue Ek(g) ofH(g) obeying the asymptoti
formula (�Ek(g))1=2 = �g2sk + g22 hvk;T0vkiC 2 +O(g3):(ii) We investigate the situation where zero is an eigenvalue of S (asabove we restri
t ourselves to the 
ase where zero is simple). Let Sv0 =0 for some v0 6= 0. Taylor's formula yields�v0; ZR ZRV(x)e��jx�yj2� V(y) dx dyv0�C 2= 12�hv0;S2v0iC2 � 12 �v0; ZR ZRV(x)jx� yjV(y) dx dyv0�C2+��v0; ZR ZRV(x)O(jx� yj2)V(y) dx dyv0�C2 :Sin
e Sv0 = 0 by assumption, the �rst term equals zero. As � # 0, weobtain thathv0;T0v0iC 2 = lim�#0 �v0; Z Z V(x)e��jx�yj2� V(y) dxdy v0�C 2= lim�#0Xi;j;k Z Z e��jx�yj2� Vik(x)Vkj(y)(v0)i(v0)j dxdy: (5.7)



ON BOUND STATES ... 15Let F denote the one-dimensional Fourier transform and let (FV)(�)denote the matrix with elements (FV)ij(�) = (FVij)(�) satisfyingFVij = FVji be
ause V is symmetri
 and Vij are real-valued. Usingthe latter in 
onjun
tion with the Fourier transform of (1=2�)e��jxj,whi
h equals 1=(�2 + �2), we �nd thatr.h.s. of (5.7) = lim�#0Xi;j;k Z 1�2 + �2 (FVik)(�)(FVkj)(�)(v0)i(v0)j d�= Z 1�2 hv0; (FV)�(�)(FV)(�)v0iC 2 d�= Z 1�2 k(FV)(�)v0k2C 2 d� � 0; (5.8)By assumption, hv0;T0v0iC 2 6= 0 and therefore (5.8) implies that thereis also a negative eigenvalue of H(g) asso
iated with the eigenvaluezero of S. �Remark 5.3. The reasoning in the proof of Theorem 5.2(ii) requiresthat the entries Vij in the potential V are real-valued. A substan-tial improvement would be to establish the result for 
omplex-valuedentries.Example 5.4 (Square-well potentials). Let �[0;1℄ denote the 
hara
ter-isti
 fun
tion asso
iated with the interval [0; 1℄. Choose the followingentries of V:V11(x) = �5�[0;1℄(x); V22(x) = �3�[0;1℄(x);V12(x) = V21(x) = �3a�[0;1℄(x); a > 0:Then the matrix S equalsS = � �5 �3a�3a �3 �and it has two real eigenvalues given by �4�p1 + 9a2. Thus the fol-lowing 
ases are possible: 1) If a >p5=3 there is exa
tly one negativeeigenvalue of S, namely �4�p1 + 9a2. 2) If a <p5=3 there are twonegative eigenvalues of S, namely �4�p1 + 9a2. 3) If a =p5=3 thereare two nonpositive eigenvalues of S, namely �4�p1 + 9a2 and 0.5.1.2. Two-
hannel Hamiltonian with two thresholds. As an exampleof a Hamiltonian with more than one threshold, we 
onsider the one in(1.1), having thresholds at 0 and 1. Hen
eforth its free Hamiltonian isdenoted by ~H0. The essential spe
trum of ~H0 is the union of the half-axes starting at the thresholds, i.e. �ess(~H0) = [0;1). The resolventof ~H0 is given by(~H0 + �2)�1 = �(�d2=dx2 + �2)�1 00 (�d2=dx2 + �2 + 1)�1� ; � > 0;



16 MICHAEL MELGAARDwhere the entries have the integral kernels12�e��jx�yj and 12p�2 + 1e�p�2+1jx�yj:It is easy to show that the assertions of Proposition 3.1 are valid if onerepla
es H0 by ~H0. In this way we obtain a self-adjoint realization ofthe formal Hamiltonian ~H0+ gV in L2(R; C 2). Moreover, the Birman-S
hwinger relation in Proposition 4.2 holds for ~H(g) = ~H0 + gV.De�ne the operators ~L� and ~M� by their \kernels"~L�(x; y) = 12�V(x)1=2�1 00 0� jV(y)j1=2;~M�(x; y) = V(x)1=2 12� [e��jx�yj � 1℄ 00 e�p�2+1jx�yj2p�2+1 ! jV(y)j1=2:Moreover, we introdu
e the operator ~M0 by its kernel~M0(x; y) = V(x)1=2��12 jx� yj 00 12e�jx�yj� jV(y)j1=2:By making a few obvious 
hanges to the proof of Lemma 4.5 we obtainthe following result.Lemma 5.5. Assume that RR(1 + jxj2) kV(x)kB(C 2 ) dx < 1. If K�,L�, M� and M0 in Lemma 4.5 are repla
ed by ~K�, ~L�, ~M� and ~M0then the assertions (i)-(iii) of Lemma 4.5 are still valid.De�ne the matri
es~S = �RR V11(x) dx RR V12(x) dx0 0 � ; (5.9)~T0 = ZR ZR�1 00 0�V(x)��12 jx� yj 00 e�jx�yj2 �V(y) dxdy: (5.10)For the Hamiltonian ~H(g) we are able to derive an analogue of part(i) in Theorem 5.2.Theorem 5.6. Let V obey Assumption 5.1(a)-(
) and let ~H(g) =~H0 + gV(x) be the self-adjoint Hamiltonian on L2(R; C 2) de�ned inProposition 3.1 by means of forms.Assume that the matrix ~S, de�ned in (5.9), has a negative eigenvalue~s (su
h an eigenvalue is simple if it exists). Then, for a small enough
oupling 
onstant g, the eigenvalue ~s of ~S gives rise to exa
tly one neg-ative eigenvalue ~E of the two-
hannel Hamiltonian ~H(g). The negativeeigenvalue ~E satis�es the formula(� ~E(g))1=2 = �g2 ~s+ g22 h~v; ~T0~viC2 +O(g3); (5.11)where ~T0 is de�ned in (5.10) and ~v is the eigenve
tor 
orresponding tothe eigenvalue ~s of ~S.



ON BOUND STATES ... 17Proof. Imitating the proof of Theorem 5.2 we arrive at the eigenvalueproblem ~Rguk = �k(g; �)uk; (5.12)where ~Rg is the matrix~Rg = 12� ZR�1 00 0�V1=2(x)[(1 + g ~M�)�1jVj1=2℄(x) dx:De�ne the matrix ~S as in (5.9) and, moreover, de�ne~T(�) = ZR�1 00 0�V1=2(x)[ ~M�jVj1=2℄(x) dx:Then we may write ~Rg = 12�~S� g2� ~T(�) + O(g2)for small g. From here on everything depends on the possible eigenval-ues of ~S. Let a = ZR V11(x) dx:The following 
ases may o

ur: I. If a 6= 0 then there are two sub
ases.I.1. If a > 0 then ~S has the eigenvalue zero and the positive eigenvaluea, ea
h of multipli
ity one. I.2. If a < 0 then ~S has the eigenvaluezero and the negative eigenvalue a, ea
h having multipli
ity one. II. Ifa = 0 then ~S has the eigenvalue zero with multipli
ity one.Repeating the reasoning in the �rst part of the proof of Theorem 5.2we show that a negative eigenvalue of ~S (from I.2 it has multipli
ityone) generates exa
tly one negative eigenvalue of ~H(g) provided g issmall enough. �Remark 5.7. The matrix ~S always has the eigenvalue zero. It remainsan open problem to settle whether or not the latter gives rise to anegative eigenvalue of ~H(g) for a suÆ
iently small g.5.2. N-
hannel Hamiltonian with matrix-valued potentials. Inthis se
tion we 
onsider the 
ase where the potential is a N�N matrix-valued potential V(x) with measurable fun
tions Vij on R as entries.Assumption 5.8.(a) V(x) is symmetri
, i.e. Vji = Vij.(b) ZR(1 + jxj2) kV (x)kB(CN ) dx <1:(
) The fun
tions Vij are real-valued.De�ne the matri
es S and T0 byS =ZRV(x) dx; T0 = �12 ZR ZRV(x)jx� yjV(y) dydx: (5.13)



18 MICHAEL MELGAARDWe have the following result.Theorem 5.9. Let V obey Assumption 5.8(a)-(b) and let H(g) =H0 + gV(x) be the self-adjoint Hamiltonian on L2(R; C 2) de�ned inProposition 3.1 by means of forms.(i) Assume that the matrix S, de�ned in (5.13), has n negative eigenval-ues, denoted by si, with multipli
ities {i. Then, for a small enough g,the N-
hannel Hamiltonian H(g) has pre
iselyPni=1 {i negative eigen-values (taking into a

ount multipli
ity) Eij satisfying the formulas(�Eij(g))1=2 = �g2si + g22 hvij;T0vijiCN +O(g3); (5.14)i = 1; : : : ; n; j = 1; : : : ;{i;where T0 is de�ned in (5.13) and vij are the eigenve
tors 
orrespondingto the eigenvalue si of S.(ii) Suppose that V obey Assumption 5.8(
) and that the matrix S hasn non-positive eigenvalues, denoted by si, with multipli
ities {i. If theeigenve
tors v0j, j = 1; : : : ;{i, asso
iated with the eigenvalue zero ofS satisfy hv0j;T0v0jiCN 6= 0 then the 
on
lusion of part (i) remainsvalid.Proof. The proof is a straightforward generalization of the proof ofTheorem 5.2. �Remark 5.10. One of the referees pointed out that Theorem 5.9 wasproven in �Seba [29℄. Therein, however, Theorem 3 is in
orre
t be
ausethe quantity RR(1=p2)(a0;F(V )2(p)a0)n dp (in �Seba's notation) is notne
essarily di�erent from zero. Moreover, the Birman-S
hwinger rela-tion (in the matrix-valued setting) is stated without proof.6. Perturbation of embedded eigenvaluesFor the sake of 
ompleteness we 
onsider perturbation of two-
hanneldiagonal Hamiltonians with one-dimensional S
hr�odinger operators as
omponent Hamiltonians, having eigenvalues embedded in its 
ontinu-ous spe
trum.6.1. Two-
hannel Hamiltonians. Consider the formal expressionH(g)=H(0) + gV=�H11 00 H22� + g�V11(x) V12(x)V21(x) V22(x)� (6.1)in H = L2(R) � L2(R), whereH11 = � d2dx2 +W11(x) and H22 = � d2dx2 + 1 +W22(x): (6.2)We impose the following assumptions on the potentialsWjj, j = 1; 2.



ON BOUND STATES ... 19Assumption 6.1. Suppose that the real-valued, measurable fun
tionsWjj, j = 1; 2, satisfy:(a) Wjj 6= 0.(b) The bound jWjj(x)j � C (1 + jxj2)�1�Æ (6.3)holds for some C; Æ > 0 and all x.(
) RRWjj(x) dx � 0.(d) Wjj extends to a fun
tion analyti
 in the se
torA�0 = f z 2 C : jarg zj � �0 gfor some �0 > 0. Moreover, the bound (6.3) holds in this se
tor.Under Assumption 6.1(a)-(
) the operator H11 = � d2dx2 +W11(x) isself-adjoint in L2(R) and �(H11) = �d(H11) [ �ess(H11) = �d(H11) [[0;1) with a non-empty dis
rete spe
trum �1 < �2 < � � � < �N < 0,whi
h is simple and �nite [31℄. The 
orresponding normalized eigen-fun
tions �n , n = 1; 2; : : : ; N , are exponentially de
aying. The ana-lyti
ity requirement in Assumption 6.1(d) is 
onvenient to adopt foranalyzing the resonan
e behaviour. Similarly, the operator H22 =� d2dx2 + 1 + W22(x) is self-adjoint in L2(R) and �(H22) = �d(H22) [�ess(H22) = �d(H22) [ [1;1) with a non-empty dis
rete spe
trum�1 < �2 < � � � < �M < 1 whi
h is simple and �nite. The 
orrespond-ing normalized eigenfun
tions �m , m = 1; 2; : : : ;M , are exponentiallyde
aying.Consider the unperturbed Hamiltonian H(0) = diag (H11; H22). As-sumption 6.1 ensures that�
(H(0)) = �ess(H(0)) = �ess(H11) [ �ess(H22)= [0;1) [ [1;1) = [0;1):Thus, the 
ontinuous spe
trum of H(0) is the union of the two half-lines starting at 0 and 1. This motivates the de�nition of the thresholdset T = f 0; 1 g. Furthermore, �p(H(0)) = �p(H11) [ �p(H22). Amongthis (�nite) set of eigenvalues, a (�nite) subset is isolated or situatedat the threshold 0, while the rest satisfying the 
ondition 0 < �m < 1is embedded in the 
ontinuous spe
trum of H(0). For the sake ofsimpli
ity we make the following assumption.Assumption 6.2. Suppose that none of the embedded eigenvalues �mof H(0) 
oin
ide with the threshold 0.We impose the following 
onditions on the 
omponents of the per-turbation V.Assumption 6.3. Suppose that the real-valued, measurable fun
tionsVij, i; j = 1; 2, satisfy:(a) The bound jVij(x)j � C (1 + jxj2)�1�Æ (6.4)



20 MICHAEL MELGAARDholds for some C; Æ > 0 and all x.(b) Vij extends to a fun
tion analyti
 in the se
tor A�0 (see Assump-tion 6.1(d)) for some �0 > 0. Moreover, the bound (6.4) holds in thisse
tor.6.2. Complex dilation. We use a 
omplex deformation. For � realde�ne S� on L2(R) by the unitary operator(S� ) = e�=2 (e�x);  2 L2(R): (6.5)S� is a one-parameter unitary group on L2(R). It is easy to see thatS� leave D(�d2=dx2) = H2(R) invariant and thatH11;� := S�H11S�1� = �e�2� d2dx2 +W11;�(x) = �e�2� d2dx2 +W11(e�x);Let A0 = f � : jIm �j � minf�0; �=4 g (
f. Assumption 6.1(d)). UnderAssumption 6.1, H11;� obviously has a 
ontinuation to a type (A) familyof m-se
torial operators analyti
 in the sense of Kato [13℄ for � 2 A0.Likewise,H22;� := S�H22S�1� =�e�2� d2dx2+1+W22;�(x)=�e�2� d2dx2+1+W22(e�x)has a 
ontinuation to a type (A) analyti
 family of operators on A0.From standard Aguilar-Combes theory [1℄ we determine the spe
tra ofH11;� and H22;�:�(H11;�)= f�1; �2; : : : ; �Ng [ fe�2�� : � 2 [0;1) g;�(H22;�)= f�1; �2; : : : ; �Mg [ fe�2��+ 1 : � 2 [0;1) g:Having extended S� in (6.5) analyti
ally to A0 we may de�neS�	 = �S� 00 S��� 1 2� ; 	 2 H:Due to its diagonal stru
ture, the HamiltonianH�(0) := S�H(0)S�1� = �H11;� 00 H22;��has a 
ontinuation to a type (A) analyti
 family of operators in these
tor A0. Furthermore,�(H�(0)) = �(H11;�) [ �(H22;�)= f�1; �2; : : : ; �Ng [ f�1; �2; : : : ; �Mg[fe�2�� : � 2 [0;1) g [ fe�2��+ 1 : � 2 [0;1) g:In parti
ular, the eigenvalues embedded in �(H(0)) are dis
rete eigen-values of H�(0) for � nonreal.Hen
eforth E0 denotes any of the embedded eigenvalues �m of H(0).Let R0(�; �) denote the resolvent of H�(0). Sin
e E0 is an isolatedeigenvalue of H�(0), we may 
hoose a 
ontour � around E0 su
h that� belongs to the resolvent set of H�(0) and E0 is the only eigenvalue
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ontained inside of �. Moreover, let P� denote the eigenpro-je
tion asso
iated with the eigenvalue E0 and putS(p)� := 12�i Z� R0(�; �)(E0 � �)p d�; p � 1: (6.6)Then P� = �S(0)� and bR0(�; �) := S(1)� is the redu
ed resolvent ofH�(0)at the point �. De�neV� = S�VS�1� = �V11;� V12;�V21;� V22;�� with Vij;�(x) = Vij(e�x):Then we have the following result.Lemma 6.4. Let Assumption 6.1 and Assumption 6.3 hold. Let � bethe 
ontour des
ribed above and let S(p)� be de�ned in (6.6).(i) If Im � 2 (0; �0) then there exists a 
onstant C� > 0 su
h thatmax�2� kgV�R0(�; �)k � C�jgj: (6.7)If � is repla
ed by �0 = minf�1; �1g � 1 then the 
onstant in (6.7) isindependent of � and the estimate holds for all jIm �j < �0.(ii) For p � 0 there exists a 
onstant C� > 0 su
h thatkgV�S(p)� k � C� j�j2� jgj[dist (E0;�)℄p :Proof. The 
ontour � is by assumption 
ontained in the resolvent ofH�(0). Sin
e R0(�; �) is bounded and 
ontinuous and � is 
ompa
t,there exists a 
onstant ~C� su
h that max�2� kR0(�; �)k � ~C�.Thus, max�2� kV�R0(�; �)k � ~C�CV, where CV denotes a boundon the norm of V�, whi
h is independent of � by Assumption 6.3(b).This shows the �rst 
laim. Moreover, �0 is to the left of the numeri
alrange �(H�(0)) of H�(0) at the unit distan
e. Hen
e kR0(�; �0)k =1=[dist(�0;�(H�(0)))℄ = 1. Therefore the 
onstant ~C� in the aboveestimate may be repla
ed by 1. This veri�es (i). The assertion (ii)follows immediately. �Hen
e, provided g is small enough, it follows from Lemma 6.4(i) thatgV� is H�(0)-
ompa
t. The latter, in 
onjun
tion with [27, Lemma 1,page 16℄, implies that the perturbed operatorsH�(g) = H�(0)+gV� area type (A) analyti
 family of operators for � 2 A0 and suitable small g.Sin
e E0 is an isolated, simple eigenvalue of H�(0), the analyti
ity ofH�(g) allows us to apply regular perturbation theory. The next se
tionis devoted to this task.



22 MICHAEL MELGAARD6.3. Perturbation series and Fermi's golden rule. FollowingKato[13, Se
tions II.2 and VII.1℄ and using Lemma 6.4 we infer that H�(g)has an eigenvalue near E0 given by a 
onvergent power series in g. The
onvergent series is given byE(g) = E0 + 1Xj=1 Ej(g); (6.8)where Ej(g) = Xp1+���+pj=j�1 (�1)jj tr jYi=1 gV�S(pi)� (6.9)In view of Lemma 6.4(ii) we see that Ej(g) = O(gj).Let us 
ompute the lowest-order terms of the series (6.8). Sin
eRankP� = 1, P� 
an be represented asP� = ��;� 0��m��� 0��m�with ��m := S��m, where �m is the eigenfun
tion asso
iated withthe eigenvalue E0 of H22. Indeed, H22;� = ��m = S�H22S�1� S��m =E0S��m = E0��m and, 
onsequently,H�(0)� 0��m� = �H11;� 00 H22;��� 0��m� = E0� 0��m� :We 
ompute E1(g):E1(g) = tr (gV�P�) = g�� 0��m� ;V� � 0��m��H= g�� 0�m� ;V� 0�m��H = gh�m; V22�miL2(R): (6.10)We see that the �rst-order term is real and does not 
ontribute to theresonan
e width. Next, we 
onsider E2(g). A

ording to (6.9),E2(g) = �g2tr (P0V� bR0(�;E0 � i0)V�P0):Due to the standard 
onstan
y-in-� argument (see e.g. [27, pages 55-56℄), we may take the limit Im �! 0 and in this way we arrive atE2(g) = �g2tr (P0VbR0(0;E0 � i0)VP0)= �g2�� 0�m� ;VbR0(0;E0 � i0)V� 0�m��H= �g2h�m; V21[(H11 � E0 + i0)�1℄bV12�miL2�g2h�m; V22[(H22 � E0 + i0)�1℄bV22�miL2= �g2hV12�m; [(H11 � E0 + i0)�1℄bV12�miL2�g2hV22�m; [(H22 � E0 + i0)�1℄bV22�miL2; (6.11)



ON BOUND STATES ... 23where the notation [(Hjj �E0+ i0)�1℄b refers to the redu
ed resolventof Hjj, j = 1; 2.We restri
t our fo
us to the imaginary part of E2(g), whi
h deter-mines the resonan
e width to leading order. For this purpose we intro-du
e Rk = �(�d2=dx2 +Wkk(x)� E0 + tk � i0)�1�b ; k = 1; 2;where t1 = 0 and t2 = 1 are the thresholds. Clearly,ImE2(g) = �g2 2Xk=1hVk2�m(ImRk)Vk2�miL2(R): (6.12)Now, for E > 0, the resolvent equation yields thatIm (�d2=dx2 +Wkk(x)� E � i0)�1 == tk(E + i0)�Im (�d2=dx2 � E � i0)�1tk(E + i0); (6.13)where tk(�) = �I + jWkkj1=2(��2x � �)�1jWkkj1=2Sgn (Wkk)��1 :The quantities tk(E + i0) are well-de�ned in view of Assumption 6.1.Furthermore, again for E > 0,Im (�d2=dx2 � E � i0)�1 = �2pE X�=�(
�E)�
�E; (6.14)where 
�E : H1 ! C is the tra
e operator whi
h a
ts on the �rstSobolev spa
e H1(R) as follows (see, e.g., [18, Se
tion IV.1℄),
�E� := b�(�pE); � = �; E > 0:Here, as usual, b� denotes the Fourier transform of �. Using (6.13) and(6.14) we 
an rewrite the expression (6.12) in the following way,ImE2(g) = �g2 2Xk=1hVk2�m; (ImRk)Vk2�miL2= �g2 2Xk=1 hVk2�m; tk(E0 � tk + i0)��Im (�d2=dx2 � E0 + tk � i0)�1tk(E0 � tk + i0)Vk2�m�L2
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tk(E0 � tk + i0)Vk2�m; Im (�d2=dx2 � E0 + tk � i0)�1�tk(E0 � tk + i0)Vk2�miL2= �g2 2Xk=1X�=� �2pE0 � tk 

�E0�tktk(E0 � tk + i0)Vk2�m; 
�E0�tk�tk(E0 � tk + i0)Vk2�miC= �g2 2Xk=1X�=� �2pE0 � tk j
�E0�tktk(E0 � tk + i0)Vk2�mj2: (6.15)In this way we have established the following result.Theorem 6.5. Let Assumption 6.1 and Assumption 6.3 hold. Let �mbe a simple eigenvalue of the operator H22 de�ned in (6.2) giving rise tothe eigenvalue E0 = �m embedded in the 
ontinuous spe
trum of H(0).Let E0 satisfy Assumption 6.2. For a small enough 
oupling 
onstantg, the eigenvalue E0 of H(0) turns into a resonan
e, i.e. E0 62 �(H(g)).The 
oordinates of its 
orresponding pole is given by (6.9)-(6.11). Inparti
ular, Fermi's golden rule takes the expli
it form (6.15).Remark 6.6. If Assumption 6.2 is not ful�lled, i.e. we have an eigenvalueof H22 at the threshold point 0 of the 
ontinuous spe
trum of H(0),
omplex dilation breaks down. An insight into this problem was es-tablished in [12℄. For abstra
t HamiltoniansH(g) having the stru
turefound in (6.1), it was shown that under small o�-diagonal perturbationsthis eigenvalue never moves into the 
ontinuous spe
trum.7. A
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