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h's arti
le A Predi
ative Analysis of Stru
tural Re
ur-sion [AA02℄ one �nds on page 34 a de�nition of the semanti
s [[�℄℄ of a stri
tlypositive indu
tive type �. This de�nition (5.1) is itself a stri
tly-positive indu
-tive de�nition on the meta-level. In the following we exhibit its 
orresponden
eto the algorithmi
 
onstru
tion of a least �xed-point as found in Pier
e's bookTypes and Programming Languages [Pie02℄ on pages 290{295.First we give a simpli�ed version of the de�nition restri
ted to a single typevariable.De�nition 5.1. For � 2 Ty(X) and a 
losed type � let[[�℄℄ : P (Val� )! P �Val�(�)�be a monotone operator with a urelement relationU� � Val� �Val�(�)su
h that for all v 2 Val�(�) and u 2 Val� :v 2 [[�℄℄(V ) u U� v (sb1)u 2 V v 2 [[�℄℄(Val� ) (sb2)v 2 [[�℄℄(U�(v))where U�(v) = fw j w U�vg. The interpretation of �-types is then obtained byv 2 [[�℄℄(Val�X:�) 8u: u U� v ! u 2 [[�X:�℄℄fold(v) 2 [[�X:�℄℄Pier
e (page 290) assumes a universe U and an operator F : P(U)! P(U)and 
alls a set X generating for x if x 2 F (X). The support supportF (x) of x isthe least generating set for x if there exists one, otherwise unde�ned. Considerthe following 
orresponden
es:Abel, Altenkir
h Pier
eVal U[[�℄℄ FU� supportF1



Then (sb2) expresses that U�(v) is a generating set for v if v is [[�℄℄-generateable.Property (sb1) 
an be rewritten as if v 2 [[�℄℄(V ) then U� (v) � V , expressingthe se
ond 
ondition on the support of v that it is the least generating set forv. Hen
e, for [[�℄℄-generateable elements v, it holds that U�(v) = support [[�℄℄(v).Extending the urelement relation to sets,U�(V ) = [v2V U�(v);property (sb1) be
omes W � [[�℄℄(V ) implies U�(W ) � V , exhibiting a Galois
onne
tion. This 
orresponds to Pier
e's Lemma 21.5.7 (page 293). Finally,in Exer
ise 21.5.13 Pier
e gives a partial algorithm to test whether a set X is
ontained in the least-�xed point �F . The logi
al reading of the algorithm isX � �F i� X empty or (supportF (X) de�ned and supportF (X) � �F )Abel and Altenkir
h's rule for introdu
ing elements of an indu
tive type, gen-eralized to sets readsV � [[�℄℄(Val�X:�) U�(V ) � [[�X:�℄℄foldV � [[�X:�℄℄ :The �rst 
ondition states that all elements of V are [[�℄℄-generateable whi
hmeans that the support of V is de�ned. Modulo the folding operation, whi
h
omes from iso-re
ursive types, the rule now exa
tly expresses Pier
e's algo-rithm.Referen
es[AA02℄ Andreas Abel and Thorsten Altenkir
h. A predi
ative analysis of stru
-tural re
ursion. Journal of Fun
tional Programming, 12(1):1{41, Jan-uary 2002.[Pie02℄ Benjamin C. Pier
e. Types and Programming Languages. MIT Press,2002.
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