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“What a usefulthing a podet-mapis!”

from Sylvieand Bruno Concludedby Lewis Carroll






Abstract

A manifold is a mathematicabonceptwhich generalizesurfacesto higherdi-
mensions.The valuesof signalsand dataare sometimesaturallydescribedas
pointsin manifolds—they aremanifold-valued.

In this thesissomerecentlyproposedspectraimethodsfor manifoldlearningare
appliedto a visualizationproblemin medicalimaging. 3-D volume dataof the
humanbrain, acquiredusingDiffusion TensorMRI, is postprocessedh a novel
way in orderto represenandvisualizethe shapeandconnectiity of white matter
ber bundles.

In additionto this real-world applicationof manifold learning,the contrilutions
to agenericdramenork for processingf manifold-valuedsignalsanddataconsist
of thefollowing. 1) Theideaof thediffusionmean which is a preliminaryresult
relatedto the extrinsic andintrinsic meansn certainmanifolds.2) A representa-
tion for extrinsic manifold-valuedsignalprocessingn SO(3), Q, whichis useful
for linearaveraging, ltering andinterpolation.3) A novel classof methodsfor
manifold learning,the samplelogmaps which hasstrongconnectiondo differ-
entialgeometry Thesemapscanbe usedto visualizehigh-dimensionatiataand
they arepotentiallyusefulfor performingintrinsic sighalprocessingndstatistics
of manifold-valuedsignalsanddata,in casesvherethe manifoldis only known
from samples.
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1

In tro duction

1.1 Motivations

The work presentedn this thesiswas inspiredby recentadwancesin so called

manifold learningand mainly nanced by the Manifold-\alued Signal Process-
ing projectfundedby Vetenskapsraddthe SwedishResearcrCouncil). Being

a Swedishlicentiatethesis,it shouldbe seenasa pieceof work in the middle

betweera masterghesisanda PhDthesis.

Thefocuson manifoldlearningis mainly motivatedby the needfor methodsor
high-dimensionatlataanalysisandvisualization bothin imagingsciencesn gen-
eralandin medicinein particular Texture,shapeprientationandmary otheras-
pectsof dataneedto be quanti ed andcomparedandthe mathematicatheoryof
smoothmanifoldsis a naturalapproactor mary suchproblems.

In this thesisthe useof manifoldsand manifold learning,for imageanalysisand
visualization,s exploredfrom threedifferentviews.

Dimensionreduction Findingalow-dimensionaparameterizationf manifold-
valueddataembeddedhn a high-dimensionaspace.

Data visualization Visualizationof manifold-valued dataembeddedn a high-
dimensionakpace.

Signal processingBasicsignalprocessingsuchasinterpolation smoothingand
Itering of manifold-valuedtime seriesandvolumedata.

For the PhD thesis,the goal will be to give a more completeview on manifold
learningfor dataprocessingandvisualization. The explorationdoneso far, ex-
pressedn the threetopics discussedn this intermediatethesis,will provide a
goodroadmagor this futurework.
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Data acquisition /
reconstruction

Image andysis / Visudization /
descrption simulation

Interactive Image
Intempretation
and Clinical
Practice

Figurel.1: Wthin medicalimage science the immediateapplicationsfor manifold-
valuedsignal processingare in image analysisandvisualization.Promising
areasof future reseach alsoincludethe designof intelligentuserinterfaces
usingmanifoldlearning (Image modi ed from CMIV presentatiormaterial,
with permission.)

1.2 Potential impact

The outcomeof this andfuturework will bea new setof toolsto understanédnd
processnanifold-\aluedsignals embeddedh possiblyhighdimensionadata.In-
creasedbility to representindprocesdeaturegpresenin medicalimagessuch
asshapetexture andorganorientation,will aid in the developmentof betterdi-
agnosesandincreaseour ability to make demographicastudiesusingdatafrom
theimagingsciencesThiswill beof bene t notonly within our eld of research,
which is medicalimage analysis,but alsofor the restof the signal processing
communitywherethereis a needto describeand objectively quantify features
thatarenaturallyrepresentedspointsin manifolds.

1.3 ThesisOverview

Thethesisconsistof two parts.The rst part(chapterf—7)containsanintroduc-
tion to thematerialandsomeoverallconclusionsThesecondgart(chapter8—11)
consistf four full-length conferencepapers.

Chapter 2 containsavery shortintroductionto manifoldsandgivessomeexam-
plesof manifold-valueddatain real-world applications.

Chapter 3 givesanintroductionto manifold-\aluedsignalprocessingwith some
commentson extrinsic andintrinsic meansto motivate the representation
usedin chapterlO.
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Chapter 4 is anintroductionto dimensionreductionand manifold learning,in-
cludingsomecommenton samplelogmaps a classof methodspresented
laterin chapterll.

Chapter 5 containsashortintroductionto DiffusionTensoiMR, includingsome
remarksto motivatethe methodgpresentedh chaptet8 and9.

Chapter 6 is areview of thefour papergresentedn chapter8 —11.

Chapter 7 containsadiscussiorandconclusiondor thetotal work presentedn
this thesis,including noteson future work.

Chapter 8-11 containgeformattedrersionsof four full conferencepapersSome
minor correctionshave beenmade.



Chapter 1. Intr oduction

1.4 Abbreviations

A list of abbreviationsusedin thethesis.

ADC
CCA
C-lsomap
CSF
DT-MRI
DWI
EOF
FA

FIR
GTM
HLLE
ICA
ii.d.
Isomap
KPCA
L-Isomap
LE

LLE

LSI
LSDI
LTSA
MDS
MR
MRI
Ncut
PCA
PDD
PP
RANSAC
RGB
SOM

ApparentDiffusion Coefcient
CanonicalCorrelationAnalysis/ CurvilinearComponentg\nalysis
Conformallsomap
CerebrospinaFluid

Diffusion TensorMagneticResonancémaging
DiffusionWeightedimaging
Empirical OrthogonaFunctions
FractionalAnisotropy

Finite ImpulseResponse

Generatre Topographidvap
HessiarLocally LinearEmbedding
IndependenComponent&nalysis
independenandidentically distributed
IsometricFeatureMapping
KernelPrincipal Componentg\nalysis
Landmarkisomap
LaplacianEigenmaps

Locally LinearEmbedding
LatentSemantidndexing

Line ScanDiffusionweightedimaging
Local TangentSpaceAlignment
MultidimensionalScaling
MagneticResonance
MagneticResonancémaging
NormalizedCut
PrincipalComponenténalysis
PrincipalDiffusion Direction
ProjectionPursuit
RandomSampleConsensus
Red,GreenBlue

Self OrganizingMaps
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1.5 Mathematical Notation

v
bj

bi

Vi

Wi

Jij

M
™
TM

RP?
RP3
RP"
SO(3), SO(3;R)

Unspeci edvectors

A contrarariantbasisvector

A covariantbasisvector

(Thecoordinate®f) a contravariantvector
(Thecoordinate®f) a covariantvector
(Thecomponent®f) themetrictensor

A manifold

Thetangentundleof M

The cotangenbundleof M

Thetangentspaceof M atthepointp
Thecotangenspaceof M atthepointp
Thedualvectorspaceof avectorspaceV
Thedimensionalityof V

A unit basisvectorin TpM

A gradientvectorin T, M

A setof datapointsonM embeddedn RN
Pointson M embeddedn RN

A pointonamanifold

A ball of p with radiusr in aset

A neighborhooaf pin aset

A cune alongageodesi@ath.

Theexponentialof v atbasepoint p
Thelogarithmicof x atbasepointp
Thegeodesidistancebetweerx andy
Mapsapointin B (p) to R", which givesa chart
Thesetof all realnumbers

Thesetof all quaternions

Thel-spherei.e. thecirclein a2-dimensionakpace
The2-sphereij.e. thespherean a 3-dimensionaspace
Then-spherej.e. aspherdn a(n + 1)-dimensionakpace
Therealprojectve plane

Therealprojective space

Therealprojective n-space
The(real)specialorthogonalgroupin 3 dimensions






2

Manifold-V alued Data

Manifoldsaregeneralizationsf surfaces.They aretopologicalspacesvhich are
locally topologicallyequivalentto R" for somen. At alarger scalehowever, a
manifold may look different. One exampleof a manifold is the surfaceof the
spheren R3, S, whichis locally topologicallyequivalentto R? but which global
propertiesare quite differentto R2. Other examplesof manifoldsinclude for

instancea circle, St andatorusSt  Sh. It is easyto think of a surface, the
manifold,embeddedh anextrinsic space However, manifoldsandoperationsn

pointsin manifoldscanalsobe de ned withoutthe notionof ary extrinsic space.
They arede ned by theirintrinsic properties.

2.1 Background

Todaythereis arapidly increasingheedto processnorecomple featureghatare
naturallyrepresentedspointson a manifold, hiddenin high-dimensionasignals
suchasimages(Seungand Lee, 2000). Quite often thereis a needto quantify
variousphenomenavhich areolbvious for a humanobserer, but dif cult to de-
scribein mathematicaterms. In medicalimage processingn particular there
is an immediateneedfor robust methodsto characterizeshape(Fletcheret al.,
2004),texture andobject(e.g. anatomicakntities)orientationin 3-D. Examples
of suchapplicationsare analysisof multi-dimensionalspatialdatasuchas Dif-
fusion TensorMRI, whereeachvolume elementof datacontainsan estimateof
local anatomicaltructure, Itering of manifold-valuedtemporalsignalssuchas
3-D objectorientationfor trackingof objectsduring suigical interventionandfor
diagnostigurposedljp reading(BreglerandOmohundro1994)andrecentmeth-
odsfor processin@f color spectrgLenzetal., 2005)usingLie-grouptheory
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2.2 Examples

Manifold-valued signalsmay soundrareat a rst glance. However, non-trvial
examplesdo arisenaturallyundersomequite commoncircumstance§Seungand
Lee,2000;DonohoandGrimes,2005). Also, introducinginvariancego a vector
valuedsignalwill oftengive anew representatiowhichis amanifold. Invariance
to signalstrengthin R3 givesa representatioequialentto a unit spherein R3,
i.e. S%. Herearesomeexamples:

30 |

20 -
30

40 -

50 |-

Figure2.1: Thespaceor manifoldof facial expressionsn a particular datasetjs natu-
rally parameterizedy a low-dimensionamanifold.

1. A low-dimensionakxampleof theimportanceof invariantrepresentations
andhow they form manifoldsis hue. Color canbe describedor instance
by component®f red, greenandblue, but alsousingthe conceptf hue,
saturatiorandbrightnessHueis atypical exampleof anon-lineamanifold
in arepresentatiorinvariantto brightnessandsaturation.

2. Invarianceto signalamplitudein a N -dimensionalvectorspace RN, im-
plies a manifold topologically equivalent to the unit spherein N dimen-
sions,i.e. SV 1.

3. Continuousrepresentatiorf line orientationsin a N -dimensionalspace
(think of unit vectorsinvariantto sign ips). Thisformsamanifoldtopolog-
ically equivalentto a projective space RPN 1, which identi es antipodal
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pointsonasphereSY 1, in N dimensions.

4. Signalrepresentationsisensitve to noiseplay animportantrole in signal
processingTheresultingmanifoldtypically hasalowerintrinsicdimension
thantheoriginal vectorspacewhich canbeseenn gure 2.2.

Figure2.2: Exampleof a vector spacewhel the original dimensionalityof the data-
points(0) is two. Invarianceto noiseis createdby projectingthe pointsonto
a one-dimensionahnanifold(theline).

A real-world exampleof datawhich is manifold-\aluedis imagesof a face,in-
spiredby (Tenenbaunet al., 2000; Seungand Lee, 2000). Theseimagesare
parameterizedy poseand direction of light in the scene. It is naturalto de-
scribetheseparametersisinga 3-dimensionamanifold (with a border). Figure
2.1shavs how animageof afacevariescontinuouslyin two dimensions.
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Manifold-V alued Signal Pro cessing

Building acompletelynew frameavork for identifyingandprocessingf manifold-
valuedsignalsis not possiblewithin the scopeof this thesis.| will insteadtouch
onafew importantaspect®f thiscomple problemanddealwith themseparately

Manifold-valuedsignalsarisenaturallyfrom invariantrepresentations signal-
andimageprocessingThe speci ¢ goalof this thesisis to developthe beginning
of a genericframevork, motivatedby rst principlesfrom statisticsand differ-
entialgeometryto 1) Identify low-dimensionamanifold-\valuedsignalsin high-
dimensionakpacesuchasimages.2) Performbasicsignalprocessingpn such
manifold-\aluedsignals,e.g. averaging, Itering andinterpolation. Within the
projectfunding large partsof this thesis,we have chosento call this manifold-
valuedsignal processing

3.1 Background

Traditionalsignalprocessings basedon a well-establishedheorydevelopedfor
scalar andvectorvaluedsignalsin a statisticaframeavork. A substantiapartof
the theorydealswith operationswvhich may be seenascorvolutions. Originally,
the theorywas developedfor one-dimensionasignals,but in pacewith the de-
velopmentof techniquedor acquiringimagesandothermulti-dimensionadata,
it hasbeenextendedto handletwo-, three-,and higherdimensionalstochastic
scalar elds. In recentyears,not only the outerdimensionalityof the datahas
beenincreasing put alsothe inner dimensionality Perhapshe earliestexample
of suchdatais colorimageswhereeachpixel needdo berepresentetly athree
componentector while amorerecentexampleis Diffusion TensorMRI.

3.2 Filtering Manifold-Valued Signals

Real-,comple- andvectorvaluedsignalprocessindnasreacheda level of matu-
rity, whereamathematicalrameavork basedn linearalgebraandstatisticsunder
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Gaussiarassumptiongorms a solid base. One of the two speci ¢ goalsof this
projectis to develop similar basictoolsfor signalprocessingf manifold-\alued
signals.While someconceptsn vectorspacehave no equivalenceon manifolds,
othersmaybetranslatedPenneetal., 2005).

Oneimportantideaof this thesisis to study manifoldsusing both intrinsic and
extrinsic methods.Working with a manifold usingintrinsic methodsthereis no
needto considerary external coordinatesystemin which the manifold is em-
bedded.The studyof the unit sphere S?, canfor instancebe performedwithout
referenceto an Euclidean3-dimensionalkpacein which it may live. Extrinsic
methodson the otherhandwork with manifoldsembeddedn an extrinsic space
andinheritthe metric of the embeddingpace While intrinsic methodsareoften
believed to be the bestway to treat manifoldsin a mathematicallysoundway,
extrinsic methodsare sometimeseasierto implementand give similar resultsto
intrinsic methodsn practice.In (Srivastaa andKlassen2002)the authorshave
for instancerecentlydescribedthe advantagesof using extrinsic estimatorson
manifolds.Somepreliminaryresultspresentedh this thesispointtowardsimpor
tant specialcasesgcertainmanifolds,wherebothintrinsic and extrinsic methods
may be considereaptimalfor signalprocessingdependingn thenoisemodel.

Filtering of manifold-\aluedsignalsmaybe performedusinglocal linearizations,
whenthe amountof noiseis moderate. It would then be possibleto apply for

instancea Wieneror Kalman lter locally to the signalin orderto performsignal
processingSomeof our previouswork however, mainlyin the eld of tensorim-

ageprocessingareexamplesof extrinsic methodswhich usegloballinearization
ratherthanlocal linearization(Knutsson,1989; Granlundand Knutsson,1995).
While this may soundcrude,the resultsof Itering andinterpolationare some-
timesvery similar to intrinsic methods.

Oneimportantexampleof atemporalsignalwhichis manifold-valued,for which
Itering hasbeendescribedn the literature,is 3-D objectorientationparame-
terizedby time. This example hasimportantapplications,suchas ltering of
cameraorientationdrom noisysensodatain videoproduction.ln (LeeandShin,
2002)theauthorsdescribeanintrinsic framework for Itering of suchorientation
databasedon linearizationsusingthe exponentialmap of the Lie-group SO(3)
describingrotationsin 3-D. In a paperdevotedto calculatingmeanvaluesof ori-
entationdata,Moakherhascomparedntrinsic andextrinsic meansof 3-D object
orientationdMoakher,2002).Laterin chapterlOthepaper(Brunetal.,2005a)is
presentedwhich describesa specialkind of extrinsic averagingon SO(3) using
thesocalledQ representation.
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3.3 Averaging, Filtering and Inter polation

A usefulframenork for processingf manifold-\valuedsignalsshouldbe simple,
soundandpowerful at the sametime. Linear Itering andinterpolationusedin
classicakignalprocessings basedn linearestimatorof thetruesignal. Simple
averaging,obtainingmeanvaluesof a setof points, may alsobe interpretedas
linear estimation.On manifoldshowvever, asopposedo vectorspacesalgebraic
structuredor calculatinglinearestimatorsaareseldompresent.

However, the Gaussiardistribution, which is the basisof all linear estimationin
R", canbe generalizedo manifolds. Using this generalizedsaussianbasedon
Brownian motion, it is sometimespossibleto derive an estimatewhich shares
mary similaritieswith linearestimationin R".

3.4 The Extrinsic and Intrinsic Mean

Theintrinsic andextrinsic meanarede ned asfollows. Firsttheintrinsic:

Xint = argmin  d2, (xi;q) (3.1)
q2M -
i.e. the point which minimizesthe sumof squaredlistancedo all otherpoints,
measuredvith intrinsic distancesThe extrinsic meanon the otherhandis

Xext = argmin  d2,,(xi;q) (3.2)
My

Thisis basicallythe sameasfor theintrinsic mean exceptthatdistancesremea-
suredusingthedistancdunctionfrom theembeddingpacelt is shovn in Srivas-
tava andKlassen(2002)that the extrinsic meanmay be calculatedby takingthe
usualmeanvectorin theembeddingpacerst, andthenprojectingthatextrinsic
meanvectorto the closestpoint onthe manifoldM . If the projectionbackto the
manifoldis easyto compute which it is for instanceif the manifoldis a sphere,
thenthe main adwantageof the extrinsic meanis that we canavoid a nonlinear
optimizationproblemconstrainecn M . See gure 3.1 for a schematioversion
of thetwo procedures.

3.5 The ldea of the “Diffusion Mean”

By interpretingthe meanvalue or meanvectorin R" asa maximumlikelihood
estimatiorfrom asetof stochastivariablesvhich areindependenandidentically
distributed, a conceptwhich is herecalledthe diffusion mean is describedand
studiedfor a coupleof very trivial casesThis analysiswill befarfrom complete,
butit will givetheembryato amotivationof why extrinsicmearvaluessometimes
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i

N

Figure3.1: A schematicview of how intrinsic mean(top) and extrinsic mean(bottom)
are calculated.Stepl correspondo a minimizationprocedue. Step2 (in the
extrinsic mean)correspondo a projection.

areoptimal. Thisin turncouldsene asamotivationfor extrinsic signalprocessing
in generalpr atleastof a particularclassof symmetricmanifolds.

Thebasicideais simple. We may arrive at the meanvalueof a setof samplesn
R" by thefollowing procedure:

1. Foreachsamplepointx; in R", calculatethesolutionto thediffusionequa-
tion attime equalto t for the PDE which hasa Dirac function centeredat
the sampleasinitial value. In R", this will resultin a Gaussiarprobabil-
ity distribution spreadingout from the samplex;. Calculatethis solution
separatdor eachof thesamples.

2. Multiply thesolutions,.e. theisotropicGaussiang R". Call theresulting
functionP (x).

3. Seekthe maximumof P(x). This maximumwill belocatedat the mean
valueof thepointsx; for arny choiceoft > 0.

Theabove procedurds possibleto performon ary manifold,aslong asit is pos-
sibleto solwe the diffusionequationfor aninitial valuewhichis a Dirac function.
Thediffusioncorrespond$o anincreaseof uncertaintyin the measurementvhen
t! 1.InR", whichisa at manifoldwithout border the choiceof t will not
affecttheresult. For nonlineamanifoldshowever, theanswemwill dependonthe
choiceof t or equivalently the amountof uncertaintyin our Brownian motion
modelfor noise. Thisis alsotrue for manifoldswith a boundaryevenif they are
at, suchastheintenal [0; 1] 2 R.

In gures 3.2—3.5thediffusionmeanis studiedexperimentallyon thecircle, St.
It turnsoutthatfort ! 0O, the diffusion meanapproacheghe intrinsic meanon
thecircle. And maybemoresurprisingfort ! 1 thediffusionmeanapproaches
theextrinsic meanon thecircle. This speaksn favor of boththeintrinsic andthe
extrinsic mean astwo sidesof the samecoin, for this particularcase.

Fromtheabove discussiorit is clearthatthe diffusionmeanprocedurds de ned
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for all t > 0, but the uniquenes®f the solutionis not guaranteedn ary way:.
Theideavery simple. In fact, it would comeasa surpriseif this particularidea
hasnot beendiscoveredbefore. The pointto be madehowever is thatfor certain
manifolds, both the intrinsic and extrinsic meanare optimal, dependingon the
modelof thenoise.In thenext sectionthediffusionmeanis discussedh aslightly
moremathematicalvay.

3.6 A Mor e Mathematical Version of the Diffusion Mean

While intrinsic approache$o estimationon manifoldsmay be consideredo be
the “most natural” from a theoreticalpoint of view, extrinsic methodsmay be
moreef cient to useandquite often producesimilar results. Preliminaryresults
shawv that for somehighly symmetricalmanifolds, certainextrinsic meansmay
evenbeoptimalfrom a statisticalpoint of view undertheappropriateassumptions
onnoise.

3.6.1 The Diffusion Meanin R"

A statisticalinterpretationof a meanvectorx for a setof vectorsx; 2 R" is the
following. Supposghevectorsn thesetaremeasurementsf avectorx corrupted
by Gaussiamoise. Thusx;j = x + nj, nj 2 N(0O; ) , is arandomvariableand
fxjgis asetof i.i.d. (independenidentically distributed) samples.To estimate
thevalueof x giventhe setof samplesthefollowing likelihoodfunctionmaybe
used.

P (xjx1)P (Xjx2)P (XjxN) =

1
Ci exp S(x )T Hxi o x)

Cirexp % xi x)T fx x)

1
Coexp EN(Y )T (X x)
Fromthis we seethatregardlesof , the covariancematrix, the maximumlike-

lihood estimateof x is®m L = X.

The Gaussiartistribution in R" is relatedto particlediffusion processeandthe
heatequation.Givenadistribution | (p; tg), describingthe distribution of heator
particlesattime to, the heatequationstates

lt(p;t) = D pl(p;t) (3.3)
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Figure3.2: The*“dif fusionmean”for threepointsonthecircle St. Top: Threesamples
havebeencollectedon St, correspondingto positions 2:80, 2:11 and
0:34. For t = 0:1 their individual likelihoodfunctionslook like in the plot.
Bottom: Thetotal likelihood, regarding the three samplesas independent,
peaksaround 1:52, which is closeto theintrinsic mean:
Xint = ( 2280 2:11+ 0:34)=3 1.52

whereD isthediffusioncoefcient, | isthetimedervateand ,istheLaplacian
operatoractingin the spatialdomain. The solutionto the heatequationat atime
to + t is obtainedby corvolution in the spatialdomain

I(p;to+ t) = 1(p;to) K(p;t) (3.4)
whereK (p;t) is the heatkernelin n dimensionscenteredatthe origin.

L ipi*

(4 tyn=2 &P bt (3:5)

K(p;t) =
To studythe behaior of a single particle moving accordingto a Brownian mo-
tion diffusion processpnemaychoosd (p;tg) to beaDiracfunction (p  x).
Applying thediffusion procesgo theinitial probability distribution duringtime t
would describethe probabilityof nding a particleat positionp attimetg + t if
the positionwasknownn to bex attimetg.

The Gaussiardistribution may be generalizedo non-linearmanifoldsby using
the diffusion equation.In this way the maximumlik elihood estimateof a setof
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Figure 3.3: The*“dif fusionmean” for threepointsonthecircle St. Top: Threesamples
have beencollectedon St, correspondingto positions 2:80, 2:11 and
0:34. For t = 0:5 their individual likelihoodfunctionslook like in the plot.
Bottom: Thetotal likelihood,regarding thethreesamplessindependent.

measurementsn a manifoldmayalsobe calculated Dependingon the choiceof
the time interval t anddiffusion coefcient D, ananalogywith anisotropicco-
variancematrix canbemade.However, unlike for R", themaximumlikelihood
estimatewe call thediffusionmeanmay dependon the uncertaintyof the particle
distribution, i.e. t andD. Somesimplebut relevant specialcaseswill now be
discussed.

3.6.2 The Diffusion Meanwhent! O

Firstanexpressiorfor the diffusion meanon generamanifoldsis derivedfor the
limit t ! 0. This correspond$o measurementsf pointson a manifoldswhich
have beenaffectedby a Brownian motion, but only very shorttime. In a signal
processingontet, this correspond$o measurementwith Gaussiardistribution
andhigh certainty

The so called short time kernel for the diffusion equation,an approximationto
thediffusionequatiorfor shortintervals of time, hasbeenstudiedin (Spiraetal.,
2003). In their work they only derive a formulafor the 2-D caseandthisis the
resultusedin this thesisaswell. For 2-D manifolds,the following formulais
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Figure3.4: The*“dif fusionmean” for threepointsonthecircle St. Top: Threesamples
havebeencollectedon St, correspondingto positions 2:80, 2:11 and
0:34. For t = 1:0 their individual likelihoodfunctionslook like in the plot.
Bottom: Thetotal likelihood,regarding thethreesamplesasindependent

obtained,

!
H d3(p; )2
K (p;gt) Toexp L i :

(3.6)
Herep andg arepointsonthemanifoldandthekernelK describesheprobability
of diffusionfrom p to q duringtime t. This meansthatthe probability function
hasalot of similaritieswith theordinaryGaussiann R" whent ! 0" . Theterm
dg(p; g)? in the exponentialfunction is the squaredyeodesiaistancebetweerp
andgq. In particular Hg is a constantwhich doesnot dependon p or g. Thisis
shavn in greaterdetailin (Spiraetal.,2003).

An approximatiorto the particlediffusion probabilityfunctionmaynow bewrit-
tendown for the probability of measuring if thetruevalueis g aftertimet when
t! 0'.

!
d3(p;0)?

i (3.7)

. H
P(piq;t) = TOeXD

ThelikelihoodL (gjp;t) = P(pjq;t) andthelikelihoodof q givena setf x;g of
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Figure 3.5: The“dif fusionmean”for threepointsonthecircle St. Top: Threesamples

ii.d.s

havebeencollectedon St, correspondingto positions 2:80, 2:11 and
0:34. For t = 5:0 their individual likelihoodfunctionslook like in the plot.
Bottom: Thetotal likelihood, regarding the three samplesas independent,

peaksaround 2:11, which is closeto the extrinsic mean:
1 (sin ( 2:80)+ sin ( 2:11)+ sin (0:34)) .
+tan oS 2:80)% cos( 2 11)+ cos(0-34)) 2:11

Xext =

ampless

L (gif xjg; t)
L(ajx1;t)L(aix2;t) i L(gjXn;t)
P(xajg t)P(x2jgit) @ :: P(xqu;})

Y Hy d2(xi; 9)
TP T T

i=1 |

H 20

tTeXp a dy(Xi; d)

i=1
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Findingthe maximumlikelihoodnow yields

RmL arg mng(qifxig;t)

|
N

y !
= argmax tTO exp = (d3(xi;0)
i=1

= i d2 i
argmcgn ~ 5(xi;0)

whereXgy is known asthe intrinsic meanfor a setof datapointsin a manifold.
While the intrinsic meanis often consideredo be the naturalgeneralizatiorof
meanvaluefor pointson a manifold, the probabilisticinterpretationof the short
time diffusion kernel further motivatesthe useof the Xy to estimatex. How-
ever, this line of reasonings only valid for sampledrom a manifold affectedby
Gaussiamoise,whent ! 0.

3.6.3 The Diffusion Meanwhent! 1

Anotherinterestingcaseist ! 1 . Whatcanbe saidunderthe assumptiorthat
themeasurementsf x have beenaffectedby a Brownian motionfor alongtime
andtherebyhave a very at Gaussiardistribution on the manifold? At present
time, the authoris not aware of the solutionfor thisin the generalcase.But for
particularmanifoldsit is possibleto derive aformulafor themaximumlik elihood
estimatggiventheabove assumptions.

For a thin rod of lengthL with insulatedends,the heatequationor equivalently
the diffusion equationl¢(p;t) = D ,l(p;t), x 2 [0; L] givessolutionsof the
form (Strauss1992)

S
I (x;t) = %Ao+ Anexp( (n =L)?Dt)cogn x=L) (3.8)
n=1

if theinitial distributionatt = 0 is givenby the Fouriercosineexpansion

1 bS
I(x) = §A0+ Ancodn x=L) (3.9)
, 7 ) n=1
A, = T I (x) codm x=L)dx (3.10)
0

The insulatedendsof the rod may also be interpretedin a diffusion setting,as
impermeablevalls of a container whereparticlesaffectedby Brownian motion
cannotpassthrough.
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Again, studyingthe probability densityfunction when observinga particle ini-
tiatedin a point x; 2 [0;L] correspondgo the diffusion of a Dirac function,
I(X) = (Xi Xx). TheFouriercosinecoefcients are

2L

Ap = L (x;  x)codm x=L)dx (3.11)
0

= %cos{m x;j=L) (3.12)

andthe probability densityfunctionfor observinghe particleata pointx attime
tis

R
P(xjjg;t) = %+ %cos(n og=L) exp( (n =L)?Dt)cogn x;=L) (3.13)
n=1

Thelikelihoodfor a setof N independenbbserationsx; having theabove dis-
tribution nov becomes

L(gjxi;t) = (3.14)

L(gxi;t)L(gxz2;t) i L(gxn;t) = (3.15)
P(Xijx; )P (X2jo t) 111 P (XN t): (3.16)
(3.17)

Whent ! 1 eachoftheindividuallikelihoodfunctionscorvemesto theuniform
distribution L (gjx;j;t ! 1) = 1=L. However, for everyt < 1 the function
L (gix;;t) hasamaximumandthesamaeis truefor L (gjf Xjg; t). If we assumehe
secondermin the Fouriercosineexpansiorof (x Xx;) isnon-zeroA; 6 O, for
atleastoneof thelikelihoodfunctions,it turnsout thatthesetermswill determine
which g maximizesthe likelihoodfunctionwhent ! 1 . This maximumwill

be locatedeitheratq = 0 or g = L andgive very little informationregarding
the position of the true x. Clearly the diffusion meanis not meaningfulin this
contxt, whent ! 1 anduncertaintyincreases.

For diffusion on the circle, St, the diffusion meanprocedurewill give a more
interestingestimate.Usingthe full Fourierseriesontheintenalx 2 [ L; L[, a
functiononacirclewith circumferenc&L mayberepresentety (Strauss1992)

R
I(x) = %Ao+ (Ancogn x=L) + By sin(n x=L)) (3.18)
1Z ) n=1
A, = L I (x)cogdn x=L)dx (n=0;1;2;:::) (3.19)
L
Z
By, = % [ (x)sin(n x=L)dx (n=0;1;2;:::): (3.20)
L
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Solvingli(p;t) = Dl (p;t) givesthefollowing solution:

p3
I (x;t) = %Ao+ e (M =LDtA cogn x=L)+ B, sin(n x=L)) (3.21)

n=1

The probability densityfunction aftertime t for a particle moving accordingto
Brownianmotiononthecircle parameterize@dy x; 2 [ L; L] correspondso the
diffusionof a Dirac function,l (x) = (Xj X). TheFouriercosinecoefcients
are

An

1
n cosm xj=L) (n=0;1,2;:::) (3.22)
B, = %sin(m xi=L) (n=0;1,2;::) (3.23)
andthe probabilitydensityfunctionfor observingthe particleata pointx attime
tis
Poig = 2+ 27 F (3.24)
i t) = oL T L in .

n=1
where

Fin = e (" =U’Dt (cogn g=L) cogn xi=L) + sin(n g=L)sin(n x;=L)):
(3.25)

Thelikelihoodfor asetof N independenbbserationsx; onthecircle now gives
adistribution

L(axi;t) = (3.26)
L(axg; )L (ajxz;t) o L(gjxn;t) = (3.27)
P(xaja; )P (X2jg; t) 12 P (XN jg; t): (3.28)

Whent ! 1 , everydistribution for a diffusion processonvergesto the uniform

distribution, in thiscaseL (gjx;t ! 1) = 1=(2L). Onthecircle, the dominant
termsfor nding the maximumof thedistributionwhent ! 1 areA; andB;.

Thesetwo coefcients correspondo thefunctionssin(x) andcogx), which both
are eigenfunctiondo the Laplacianoperatorand have the sameeigewalue. It

turnsout thatthe diffusion meancorvermesto the extrinsic meanin the caseof a
circle. Thisis not proved here,but it is at leastdemonstrate@xperimentallyin

gures 3.2—3.5.

3.7 A Final Remark

While theresultsin this sectionarepreliminary thereis still apointin mentioning
thatit seemdik e theseresultsarevalid notonly for thecircle but alsofor alarger
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classof compactsymmetricspacessuchas the torus, the sphereand possibly
more. In particular if future researctshawvs thatit is valid for the Q embedding

of SO(3), we have an excellent motivation for the representatioproposedin
chapterl0.

For this reasonthe main contritution of this sectionis the notion of the diffu-
sion meanandits connectiorto manifold-\aluedsignalprocessingA full setof
rigorousproofsfor the behaior of this techniquejn differentmanifoldsandfor
differentvaluesof t, is thetopic of future researchWhile theideais quite sim-
ple, it would not be surprisingif otherpeoplehave cometo similar conclusions
regardingit's asymptotigoroperiesin this or similar contexts.
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Dimensionalit y Reduction and
Manifold Learning

Visualization,processingand analysisof high-dimensionatlatasuchasimages
often requiressomekind of preprocessingo reducethe dimensionalityof the
dataand nd a mappingfrom the original representationio a low-dimensional
vectorspace Theassumptioris thattheoriginal dataresidesn alow-dimensional
subspaceor manifold, embeddedn the original space. This topic of research
is calleddimensionalityreduction,non-lineardimensionalityreductionor more
recentlymanifoldlearning.

Theclassof methoddor dimensiorreductiorandmanifoldlearningis quitebroad
andthe criteriafor nding a low-dimensionalparameterizatiovaries. One of

the mostwell known algorithmsis PCA, Principal Component®nalysis,which

projectsdataon a n-dimensionalinear subspacavhich maximizesthe variance
of thedatain thenew space.

T O A

Figure4.1: Left—Right: A 1-D manifoldembeddeih R2. A 1-D manifoldimmesedin
R?. Thetorus,a 2-D manifoldembeddeéh R®. Boy ssurface animmesion
of the projectiveplaneRP? in R3.

If theoriginal datapointslie onamanifold,themappingto anewv spacemaygive
anembeddingr animmersionof the original manifold. In differentialgeometry
animmersioncorresponds$o a smoothmappingf (x) for which the differential
of f (x), dxf (X): Tp(M) ! Ts () (N), is non-singularandinjective. Whenthe
mappingdf (x) itselfis alsoinjective, it correspond#o anembeddingAn example
of anembeddings themappingof a setof pictures(high-dimensionaldf a clock
to arepresentationntheunitcirclein R2. An immersioncouldthenbeamapping
to acurwein R? shapedike the gure “8”.
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4.1 Dimensionality Reduction

Linearmethodsfor dimensionalityreductionis a rathermatureareaof research,
startingwith PCA, Principal ComponentsAnalysis (Pearson1901) a.k.a. the
Hotellingtransform(Hotelling,1933)andtheKarhunen-Loég Transform(Karhunen,
1947). Variantsof PCA include generalizationsuchas Empirical Orthogonal
FunctiongLorentz,1956)andKernelPrincipalComponenté&nalysis(Schéllopf
etal.,1998).See gure 4.2for aschematicview of linearmethodgor dimension
reduction.

Thebasicideain PCAisto nd aprojectionof the datathatmaximizesvariance.
For asetof vectorsx; 2 RN, this canbe doneby thefollowing procedure.

P
. CalculatetheN 1 samplemeanvectoru = - M Xi.
. Subtractmeanfrom thedatapointsx; = x; u
. Organizex; intoaN M matrix X .

. Createthe samplecovariancematrixC = X XT.

a A W N P

. CalculateheK largesteigevaluesof C andstorethecorrespondingigen-
vectorsinaN K matrixcalledW .

6. Projectionsonthe PCAbasismaynow becalculatecasy; = W T(x; u).

PCA hasbeenwidely used;‘eigenfaces”(Turk andPentland1991)is oneof the
morewell knowvn applicationswvhereit is usedto createa low-dimensionalinear
subspacealescribingvariationsin imagesof humanfaces. The Karhunen-Loég
transformis alsoknown to be usefulto createnaturalbasisfunctionsfor image
compressiotin general.

Figure4.2: A schematicview of the tting of 1-D linear modelto a setof data points
embeddedh 2-D.

Anotherwell known linear methodto nd embeddingsor immersionsof data
points, possiblysampledfrom a manifold, is MultidimensionalScaling(MDS)
(Torgerson,1952; YoungandHouseholderl938). Insteadof preservingvariance
in the projection, it strivesto presere all pairwisedistancegluring the projec-
tion. Similarto PCA, the basicvariantof MultidimensionalScalingis possible
to calculateby solvinganeigemwalue problem.Thisis attractive sinceeigetvalue
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problemsare optimizationproblemsfor which ef cient andglobally corvergent
algorithmsexist. The classicMDS is statedasa minimizationproblemof nd-
ing new low-dimensionatoordinatey; for thedatasek; givenall pairwiseEu-
clideandistancesi(x;; Xj ). Thesolution,upto arotation,is givenby

W
fyig=argmin  d(xi;x)? iy v (4.1)
fyig 4
Importantto noteis that classicalMDS works with quadraticdistanceswhich
might seemunnaturalbut makesit possibleto solve the minimization problem
by the solutionof an eigewvalue problem. If distancescorrespondo Euclidean
distancesglassicaMDS is equialentto PCA.

Variantof MDS includenon-metricMultidimensionalScalingandweightedviDS.
In weightedMDS the objectie functionis replacedy

b4
argmin - w (doa;xg) divi vyl (4.2)

fyig .,
This objective function differs from classicalMDS. It doesnot t squaed dis-
tances.As a consequencehis objectie function might have sereral local min-
ima and eigen-decompositionannotbe usedto solwe the problemin one step.
Thereforesomestratgy for copingwith localminimashouldbeemplg/edin the
numericalminimizationprocedure.The bene t of weightedMDS is that uncer

tainty andmissingdatacanbe modeledusingappropriateveights.

Otherimportantlinearprojectionsof datain vectorspacesncludeProjectionPur
suit (Friedmanand Tukey, 1974)and IndependenComponentAnalysis (Jutten
and Herault,1991). A well known relatedexamplefor non-metricdatais La-
tentSemantidndexing or LSI (Berry etal., 1995). LSI mapsdocument-gctors,
describingthe occurrence®f wordsin documentsto a low-dimensionalector
space.

4.2 Manifold Learning

Recentlytherehasbeena greatinterestin methodsfor parameterizationf data
usinglow-dimensionamanifoldsasmodels. Within the neuralinformationpro-
cessingcommunitythis hasbecomeknown as manifoldlearning Methodsfor
manifoldlearningareableto nd non-linearmanifold parameterizationsf data-
pointsresidingin high-dimensionaspacesyery muchlike PrincipalComponent
Analysis (PCA) is ableto learn or identify the mostimportantlinear subspace
of a setof datapoints. In two often cited articlesin Science Roweis and Saul
introducedthe conceptof Locally Linear Embedding(Roweis and Saul, 2000)
andTenenbaunetal. introducedthe so calledlsomap(Tenenbaunet al., 2000).
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Figure4.3: A schematicview of the tting of 1-D non-linearmanifoldto a setof data
pointsembeddedh 2-D.

This seemdo have beenthe startof the mostrecentwave of interestin manifold
learning.

Earlywork wasdoneby Kohonerwith thesocalledSelf-OiganizingMaps(SOM)
(Kohonen,1982),in which atopologicallyconstrainednanifoldis modeledby a
grid of points,usuallyrectangularwhich are tted to the dataset. This work was
laterimprovedin the Generatre TopographidMiap (GTM) (Bishopetal., 1998).
Bregler and Omohundrowere also early in adoptingthe view of dataas points
on a non-linearmanifoldin a vectorspacemodelingthe manifold of lip images
(Bregler and Omohundro,1994). A non-linearvariant of PCA, called Kernel
Principal ComponentsAnalysis (KPCA) (Schollopf et al., 1998), hasalsobeen
introduced.ln KPCA theinput vectorsaremappedo a nhew featurespacebefore
applying PCA, a procedurewhich due to mathematicapropertiesis possibleto

solve mostly usinglinear methods.Later, contemporarywith IsomapandLLE,

Belkin andNiyogi describechow approximationdo the Laplacianoperatorand
heatequationde ned on the manifold (Belkin andNiyogi, 2002) may be usedto

performmanifoldlearningby socalledLaplacianEigenmapgLE).

4.3 Laplacian Eigenmaps

As an exampleof a methodfor manifold learning,we rst mentionLaplacian
Eigenmapg$Belkin andNiyogi, 2002). Thebasicalgorithmconsistof threesteps:

1. Firstagraphis constructedvhereeachnodecorrespondso adatapointx;.
Edgesarecreatedo eachof theK nearesheighborof x;. See gure 4.4.

2. Weightsare then assignedo eachedgein the graph, for instanceusing
a Gaussiarkernel to give strongweight to edgesconnectingdatapoints
which areclosein the original space Theweightsarecollectedin a matrix
Wij .

3. To nd alow-dimensionakembedding y;g correspondingdo fx;g, de ne
an objectve function V which hasa low valuewhennodeswith a strong
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edgearemappecdloseto eachother

1 X ,
V(tyig) = 5 divi ity (4.3)
]
. . P .
De ne a diagonalmatrix D, suchthatD;j = j W;; andthe Laplacian
matrixL = D W. If Y givesthe m-dimensionakoordinatef y; on
theith row of Y, andtheconstraintYy TDY = | is addedthe Laplacian

eigenmayof dimensionm is now found by the solutionof the eigewvalue

mal embeddingminimizing thevalueof V.

Figure4.4: Ascematicview of theformationof a graphby connectingnearbysamples.

ThelLaplacianEigenmapss sometimeseferredio asalocal methodfor manifold
learning,meaningthatit is anattemptto presere local geometricapropertiesn
themappingto alow-dimensionakpacgde Silva andTenenbaum?002).

4.4 |somap - Isometric feature mapping

An exampleof aglobalmethodfor manifoldlearningis Isomap(Tenenbaunetal.,
2000).1t triesto presere thegeometryof thedatamanifoldin all scalesmapping
nearbypointsto nearbypointsandfaravay pointsto faravay points(de Silvaand
Tenenbaum?002). The basicstepsof the algorithmare:

1. Createa neighborhoodjyraphG for the datasef x; g, basedor instanceon
theK nearesheighborsof eachpointx;.

2. For every pair of nodesin the graph,computethe shortespathasan esti-
mateof intrinsic distancewithin the datamanifold. The edgesof thegraph
areweightedaccordingto the Euclideandistancebetweerthe correspond-
ing datapoints.

3. Usetheintrinsic distanceestimatesasinput to classicalMDS and nd an
optimalm-dimensionakmbeddind y;g.
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Thecorvergencepropertiesof the estimatiornprocedurdor theintrinsic distances
is furtherdescribedn Bernsteiretal. (2000).

ComputingN N pairwisedistancess a computationallyheary operationand
sois solving a large eigervalue problem. In comparisorto for instancelLapla-
cian Eigenmapsthe eigevalue problemin Isomapis not sparse.A variationof
Isomapis theL-Isomap,basednthesocalledLandmarkMDS method.It works
by rst calculatingthe Isomapembeddingor n points,the landmarks selected
at random Thenthe solutionfor the restof the pointsare computedby anin-
terpolationtechniquesimilar to triangulation. This techniqueis alsovery similar
to the proposednethodfor calculatingthe samplelogmap,andeventhoughthe
two approachesaredifferentin philosophythey sharesomeobvious similarities.
The interpolationprocedurds the following for a point x; which is not a land-
mark. Let them-dimensionalandmarkcoordinatebecolumnvectorsnam n
matrixL. Let , bethesquareddistancematrix for all pairsof landmarksand
|, thecolumnmeanof . Let ; beacolumnvectorof all squarediistances
from x; to thelandmarksAlso assumehatthelandmarksarecenteredThenthe
interpolatectoordinatés givenby

vi= 30 ) (@.4)

wherey denoteghe Moore-Penros@seudoinerse. This is basicallyan estimate
of 1=2timesthederivative of the squaredlistancefunctionto x, evaluatedat
theorigin.

4.5 SampleLogmaps

The samplelogmapspresentedn chapterll arerelatedto the Isomapalgorithm
andin particularthe variationcalled Landmark-lsomamr L-Isomap. However,

the goal of the samplelogmapsis fundamentallydifferentin philosophyandthe
sampldogmapsshouldnot be seenasvariationsof Isomap.The sampldogmaps
try to approximatethe well knovn Log map on a manifold, while Isomapis a
uniquemappingin its own right, trying to presere all pairwisedistancesiuring
the mapping.

The function log,(x) in a manifold is a mathematicallywell de ned function,
which mapspointsx on the manifold to the tangentspacein p, T,M . It is the
inverseof the exponentialfunction, exp, x, which mapsa vectorx 2 Ty,M to
pointson the manifold.

Oneway to seehow the logmapmay be estimateds to considersomeresults
relatedto how the intrinsic meanis computed(Karcher,1977; Fletcheret al.,
2004).Letfxjg beN datapointsin amanifoldM andseekthe minimizerto the
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Figure4.5: A schematicview of the estimatedogmapprocedue. Themanifoldis de-
notedM while X corresponddo a setof samplesfromM . Left: 1. All
distanced(x;y), (x;¥) 2 (N(p) X) are calculated.Right: 2. For each
y 2 X, gradientsat p are calculatedusingtheinformationfromtheprevious
step.

function

1 X
f(x) = N d?(x; xi); (4.5)
i=1

whered?(x; y) is thesquaredntrinsic distancebetweerpointsx andy. It isthen
shavn in Karcher(1977),undertheappropriateassumptionsf corvexity, thatthe
gradientof f is

1 X
rf(x)= N log, Xi: (4.6)
i=1

Fromthiswe directly seethatfor N = 1, we have

00,(0) = ot »(p1y) (@.7)
which shavs that the logmapof x; calculatedat the basepoint x, is precisely
1=2 timesthe gradientof the squaredlistancefunction. The approactfor cal-
culatingsampldogmapsn thisthesisis basedn this result,the squaredlistance
functionis calculatedisingthe estimateof intrinsic distanceproposedn (Tenen-
baumet al., 2000; Bernsteinet al., 2000) andthe gradientis calculatednumeri-
cally. It is alsoproposedo usea robust methodto calculatethe gradient,while
thesquaredlistancegunctionis not smoothfor pointscloseto the cutlocusof the

basepointx.

Thestepsin the sampleogmapalgorithmfor asinglepointy areasfollows:
1. Selectaball of pointsaroundabasepointp, B (p).
2. Calculatethe coordinate®f all pointsin B (p) in anON-basis.

3. Estimatethedistancedrom apointy in the manifoldto all pointsin B (p).
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4. Estimatethegradientin p of thesquaredlistancdunctionof y, for instance
usinga non-rolustapproachsuchasthe oneusedin L-Isomap.

Thesimilaritieswith the L-Isomapalgorithmalsomakesit temptingto formulate
the samplelogmapestimationasa minimizationproblem. The exact detailsare
left for futureresearchbut it is reasonabléo assumehatsampldogmapscanbe
formulatedasminimizersof
X X
V(fyig) = (Pxizxg) divi yiii?3% (4.8)
i21(B(p) j21(X)

wherel (x) is afunctionwhich mapspointsto indicesandd(x; y) is theRieman-
nianmetricon M . Theway we “solve” this minimizationproblematthemoment
isto rst nd anembeddingof all pointsin B (p) andthenuseinterpolationto

nd the optimal coordinatedor the restof points. Consideringthe structureof
the objective function abore, the samplelogmapsmay be seenasa local-global
approacho manifoldlearning.

Thelogmap,log,(x) may producea very distortedmappingof the manifold for
pointsx faravay from p, if the manifoldis intrinsically curved. Distancesand
anglesmeasurect p arehowever perfectlypreseredandgeodesicshroughp are
mappedo straightlines. In this aspecthelogmapis equalto the mapprojection
calledAzimuthal EquidistantProjectionfor mappingof the Earth,a mapprojec-
tion oftenusedin radiocommunicationswhich alsohappengo bethe projection
of theearthusedin the ag of theUnitedNations(see gure 4.6).

Figure4.6: The ag of the United Nationswasadoptedon October20, 1947. Theem-
blemofthe a g containsan azimuthalequidistaniprojectionof a world map,
centeedat the North Pole (Wkipedia, 2005). Image fromthe OpenClip Art
Library, http://wwwopenclipart.og.

Onegoalin manifold-valuedsignalprocessings to representhe signalprocess-
ing algorithmsin a coordinatedreeway. This meanghatthe operationdasa ge-

ometric,intrinsic meaning,hot relying on ary particularcoordinatesystem.For

example,usingcoordinatefree methodspperationcanbe de ned on the whole

of S? while ary coordinatedescriptionmusthave coordinatesingularities. In a

way, coordinatereeapproacheactuallypointstowardsnot usingmanifoldlearn-

ingto nd alow-dimensionaparameterizationf the datamanifold, but instead
performall data-andsignalprocessingntrinsicallyin the manifold.
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Subtraction >=<y =y X >=<y = Iogxgy)
Addition y =X+ Xy y = epr(X}/)
Distance distQsy),= iy xii | digtecy) = iixyiix

Meanvalue(implicit) i Xxi =0 i logg(xj) = 0
Gradientdescent | X¢+ = Xy C(Xt) | Xt+ = expy, (1 C(Xt))
Linearinterpolation | x(t) = X3 + tx1X» x(t) = expy (tx1X2)

Table4.1: In (Pennecet al., 2005) the above analogiesare madebetweenoperationsn
vectorspacesandmanifolds.

As pointedoutin (Penneetal., 2005)

“the implementatiorof log, andexp, is the basisof ary program-
ming on Riemanniarmanifolds”.

Usingsampldogmapswe now have thebasicbuilding block for performingthese
calculationgfor signalanddataprocessingn sampledmanifolds. Eventhe exp,
functionis easilyevaluatedwhenthemanifoldis attenedin the pointp by inter
polationin theresultingmapping.In table4.5,whichis reproducedrom (Pennec
etal., 2005), somebasicoperationsn vectorspacesre comparedo analogous
operationsn manifolds.

4.6 SomeConcluding Remarks

A full review of dimensiorreductionandmanifoldlearningis outof scop€or this
thesis.Theactvity in this eld is increasingandthe following list is a summary
which mayalsosene asatimeline.

PrincipalComponenténalysis,PCA (Pearson1901;Hotelling,1933;Karhunen,
1947).

MultidimensionalScaling, MDS (Young and Householder1938; Torger
son,1952)

EmpiricalOrthogonaFunctionsEOF (Lorentz,1956)
ProjectionPursuit,PP(FriedmanandTukey, 1974)

Self OrganizingMaps,SOM (Kohonen 1982)
PrincipalCurves(HastieandStuetzle, 1989)
Independen€omponeninalysis,ICA (JuttenandHerault,1991).

SurfaceLearningwith Applicationsto Lip Reading(BreglerandOmohun-
dro,1994)

CurvilinearComponenAnalysis,CCA (DemartinesandHerault,1997)
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Generatte TopographidMapping(Bishopetal., 1998)
KernelPrincipalComponentgnalysis,KPCA (Schollopf etal., 1998)

Isometricfeaturemapping,Jsomap(Tenenbaunetal., 2000)andC-Isomap
andL-Isomap(de SilvaandTenenbaum2002).

Locally LinearEmbedding].LE (RoweisandSaul,2000)
LaplacianEigenmapsl.E (Belkin andNiyogi, 2002)

Local TangentSpaceAlignment,LTSA (ZhangandZha,2002)
HessiarEigenmapsHLLE (DonohoandGrimes,2003)
DiffusionMaps(Nadleretal., 2006)

RelationalPerspectie Map, RPM (Li, 2004)
SampleLogmaps(Brunetal., 2005b)

In generaljinearmethodgor dimensiorreductionaremorestableandmorema-
ture. Principal Component#\nalysisandMultidimensionalScalingarestill very

popularandhave the advantageof beingableto learnmeaningfulrelationsfrom

few samples.Someof the oldestmethodsor manifoldlearning,suchasthe Self
OrganizingFeatureMaps, have alsobeenusedin mary applicationsandmay be
consideredsmaturefrom anapplicationpointof view. Themorerecentmethods
for manifold learninghave mainly two adwantages:they are 1) basedon global
optimizationand the solution of eigewalue problems(unlike SOMs which are
sensitve to local minimain the objective function)and?2) they have shawvn to be
efcient for dif cult datasetssuchasthe “Swissroll” (Tenenbaunet al., 2000;
RoweisandSaul,2000)datasetwherelinearmethodsuchasPCAandMDS fail.

Also, while notmentionechere alot of work hasbeendonein relatediopics.One
importantmethodfor dimensionalityreductionis CanonicalCorrelationAnalysis,
which nds meaningfulrelationshipsandperformsdimensiorreductionbetween
paireddatasetslt hasalsobeenusedio nd manifoldrepresentation$or instance
in imageanalysisKnutssonet al. (1998); KnutssonandBorga (1999); Knutsson
etal. (2000). Anotherrelatedtopic is learningfunctionson manifolds(Landelius
andKnutsson1993;BreglerandOmohundro,1994;Landelius,1997).



5

Diusion Tensor Magnetic
Resonance Imaging

5.1 Diffusion Imaging

In the physicalworld, diffusion is the collective processof randommotion of
particlesin a solutionor gas.On a macroscopiscalethis phenomenotis visible
to the eye, for instanceby addinga drop of ink to a glassof waterandwatching
it dissole. The processalsoknown asBrownian motion, was namedafter the
ScottishbotanistRobertBrown who obsered the randommotion of individual
plant sporesin a water solution using a microscope. In 1905 Albert Einstein
presentedtheoreticabnalysisof Brownianmotionandlinkedit to theBoltzmann
constant.

Todaydiffusionprocessearefundamentafor the understandingf both physics
andmathematicsln MagneticResonancémaging,MRl, it is possibleto measure
andvisualizediffusion of water moleculesinsideliving organisms. The adwent
of this technologynamedDiffusion WeightedMRI hastoday becomeclinical
practicefor the diagnosisof for instancestroke. More recentmethods suchas
Diffusion TensorMRI combinedwith so called ber tractographyareableto in
vivo infer the anatomyandconnectiity of white matterin the humanbrain. The
usefulnes®f this, for morphologicalbr functionalstudiesof the brainor perform
sumgical planningprior to theremoval of atumor, is evident.

5.1.1 Diffusion

To getsomeintuition on diffusion processes;onsiderthe following exampleof
coin ipping.

Let two players,playerA andplayerB, ip acoin. If headscomeup, playerB
givesonedollar to playerA. If tails comeup, A givesonedollar to B. Call the
prot for playerA aftern turnsa(n) 2 [ n;n] andleta(0) = 0. Eachturn of
thegamea(n + 1) iseithera(n) + Lora(n) 1, andthevariablea(n) perform
arandomwalk in Z. WhetherA or B is the winner aftern turnsin a particular
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gameis impossibleto say from the beginning, but the variance,Var(a(n)) =
Ef a(n)?g, aftermary gamedastingfor n turnsis easyto calculate Thevariances
of n independenvariables,eachwith variancel, is n. ThusVar(a(n)) = n,
meaningthatthe varianceof thepro t is growing linearly with the respecto the
numberof turnsin thegame.

TheDiffusionCoefcient

Translatingheexampleof coin ipping to particlesperformingarandomwalk in
discretetime in onedimension,the varianceis growing linearly if the jumps of
theparticleareaccordingo a setof independenandidenticallydistributed(i.i.d.)
variables.Generalizingo continuougime, a naturalphysicalunit to measurehe
strengthof diffusionis m?=s.

Diffusionin a 3-D isotropicmediumis in asimilarway characterizetdy thediffu-
sioncoefcient, c. Thevarianceof thedistancejrj, aparticlemovesby arandom
walk duringtimet is Var(jrj) = 6ct. Looking at the individual dimensionsywe
haveVar(ry) = Var(ry) = Var(r;) = 2ct.

The diffusiontensoris a generalizatiorof ¢ to accountfor anisotropicdiffusion
in threedimensions it is de nedasD = Y& = EIT19  gimilarto the vari-
ance,it is a secondordercontrazarianttensor describeddy a symmetricpositve
semide nite3  3-matrix. Using D, we may measurehe diffusion coefcient

along a particulardirection § by the formulac(§) = §'D§. In anisotropic

mediumthediffusiontensor(in a ON basis)simply becomes

D=@o0 c 0A (5.1)

TheAppaentDiffusionCoefcient

The diffusion coefcient andthe diffusion tensorboth describethe behaior of
unrestricteddiffusion. For watermoleculesin biologicaltissue,the diffusionis
oftenrestrictedby for instancecell membranesFor shorttime intenals, the dif-

fusion of a single moleculeis governedby the diffusion tensoror the diffusion
coefcient. Onalargertime scalehowever, collisionswith boundarie®f various
kindswill restrictdiffusion. Thiswill affectthemeasuremerdf diffusionandthe
termapparentiffusioncoefcient (ADC) is usedinstead.

5.1.2 Estimating Diffusion Tensors

Using diffusion weightedMRY, it is possibleto measureghe apparendiffusion
coefcient in differentdirections. The Stejskal-Bnnerequationrelatesmeasure-
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Figure5.1: Atotal of eightaxial slicesof a humanbrain havebeenacquiredto calculate
onesliceof diffusiontensos. Thesix r stimagesare diffusionweightedand
havebeencollectedwith non-zeo gradientsin six different gradientdirec-
tions§. Thetwo lastimageshavebeencollectedwith zeo gradientsg = 0.

mentsto ADC values:
- 22 (=J)c
Sk = Spe (5.2)

A generalizatiorio diffusiontensorsD andgradientdirectionsg is straightfor-
ward.

Sc=See -l (=3)NgTDg (5.3)

In theequatiorabore, is theprotongyromagneticatio (43MHz/ Tesla),andg
is thegradient eld vector is the durationof the diffusion gradientpulsesand
is the time betweenthe diffusion gradientRF pulses. The value Sy refersto
the measuredignal, attenuatedy diffusion, and Sy is the correspondingalue
obtainedwhenthediffusiongradientstrengthis zero.

Estimationof D from aseriesof diffusionweightedmeasuremenis possible gi-
therusingaleastsquarespproachWestinetal., 2002)or usingstatisticalmeth-
ods. Theunknavn valuesareSy andD , containingin total 7 degreesof freedom
(dueto thesymmetryof D). See gure 5.1for asetof 8 imagesusedin DT-MRI
(two of theimagesareaveragedeforeestimatiorbegins). The measurementSy
will be affectedby Rician distributed noise(Gudbjartssorand Patz, 1995) from
the MRI acquisitionprocess.



38 Chapter 5. Diffusion TensorMagnetic Resonancdmaging
Eigervalues of D | Pyramidal Splenium of | Optic radia- | CaudateNu- | Cerebrospinal
(10 8mm2=s) tract(WM) the corpus | tion (WM) cleus(GM) uid (CSF)

callosum

(Wwm)
1 1;708 131 | 1,685 121 | 1;460 75 783 55 3;600 235
2 303 71 287 71 496 59 655 28 3;131 144
3 114 12 109 26 213 67 558 17 2,932 212

Table5.1: Typical ADC valuesfoundin the humanbrain, measuedin the orientations
of thethreeeigernvectosof D (Pierpaolietal., 1996).

5.1.3 Diffusion in the Human Brain

Insidethe humanbrain, the apparentiffusion propertieswill vary dependingof
thetypeof tissue.In table5.1somevaluesof ADC is measuredor varioustissues.
The differenteigewvaluesmentionedwill be explainedin moredetail below, but
refersto thefactthatdiffusionvariesin differentdirections— the diffusiontensor
D is anisotropic— for certaintypesof tissue,in particularinside white matter
(WM).

Closeto ber structuresn thebrain,thediffusionof watermoleculeds restricted.
Thevarianceof the randomwalk is attenuatedn directionsperpendiculato the
bers, while the movementalong the bers is similar to free diffusion. The
anisotroy of theapparendiffusionis capturedn the diffusiontensor By study-
ing themaindirectionof diffusion,derivedfrom theeigewaluesandeigewectors
of thediffusiontensorit is possibleto infer the orientationof bers goingthrough
avoxel. Thisformsthebasisfor ber tracking.Studyingthe degreeof anisotroy
of adiffusiontensoralsogive alot of informationaboutthe organizationof tissue

within thatspeci ¢ voxel.

5.1.4 Applications of DT-MRI

The applicationsof DT-MRI in a clinical settinginclude examplesof both quan-
titative andqualitative methods.

Sugical Planning

During sugical planninginvolving the brain,knowledgeof thelocationof impor
tant ber bundlesmayguidethesuigeonto avoid damagenimportantfunctional
partsof the brain. This is particularlyimportantwhen planningthe removal of
tumors,while ber tractsmay have beendistortedby the growth of thetumorso
that experienceand prior knovledgeof ber bundlesare of little importancein
thecaseathand.
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Clinical Studies

For morphologicaland functional studiesof the humanbrain, in both healthy
populationsandpatientsdiffusiontensorMRI canbe usefulto derve knowvledge
relatedto white mattervariationsand abnormalities. This includesfor instance
studieson SchizophreniandMultiple SclerosisWith DT-MRI it is alsopossible
to performnon-irnvasive andharmlessxperimentson humansubject¢o nd out
aboutpathwaysin the brain,andcon rm hypothesegaboutthe humanbrain de-
rived from invasive anddangeroustudiespreviously only performedon animals
andin particularmonkeys.

5.2 ProcessingDiffusion TensorData

Processingandanalysisof tensofvalueddatain imagevolumesrequiresa treat-
mentdifferentfrom thatof scalardata.While imageprocessindor tensorimages
was available prior to the introductionof DT-MRI, seefor instance(Knutsson,
1989;GranlundandKnutsson,1995) therecentadvancesn acquisitionof tensor
valueddatain medicine(Westinetal., 2002)hasmadethis eld of researctpop-
ularagain.

5.2.1 ScalarInvariants

Tensorsandtensonolumesaremoredif cult to visualizeandanalyzethanscalars
andscalarvaluedvolumes.For this reasonmethodgor calculatingscalarvalues
derivedfrom tensorsaareimportant,in particularmethodswvhichyieldsscalarghat
areinvariantto rotationsof the coordinateframe. Threeimportantinvariantsare
thetrace fractionalanisotroy andthe shapeclassi cationof tensordoy Westin.

Trace

Thetraceof thetensoris de ned

X
Tr(D)= DI (5.4)
i=1

For amixedsecondrdertensorthetraceis ascalamwhichis invariantto changes
of basisandtherebyinvariantto rotations. While the diffusion tensoris a con-
travarianttensoyr D! , andthetraceis only de ned for mixedtensorsit is neces-
saryto rst transformthe diffusiontensorD ! to amixedtensorD'j = D g;.
Usingthetrace,a meandiffusioncoefcient canbe calculatedusing

1 ) 1 . 1 . 1 xXoxo
c= 3Tr(DY) = §Tr(D'ijk) = §legik = 3 D*gx (5.5
i=1 k=1
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This scalarinvariantis formedby letting themetrictensoroperateon thediffusion
tensor It is thusdependenbf the choiceof unit usedto de ne the metric, i.e.
whetherlength one represent®ne meter one centimeteror one foot. In most
contet relatedto diffusiontensorimagingonesimply speaksof thetraceof the
tensoy indirectly assuminghatthe tensoris expressedn an ON-basisfor which
the metrictensoris theidentity matrix.

If the eigewvalueequation
Diix} = x (5.6)

hasn = dimV non-trvial solutionswith correspondindinearly independent
eigevectorse; with eigewvalues i, thematrixD'; maybedecomposedccord-
ing to the eigendecompositiotheoremas

D'j = (PWP 1)} (5.7)

whereP = [e'y;€'s;::1€ ], Wi = jifi =] andW'j = 0ifi 6 j. The
eigewvaluesmaybefoundby solvingthe socalledcharacteristiequation

D1, D1, D13
D21 D22 D23 =0 (58)
D3, D3, D3,
equvalentto
A; = DY+ D%+ D3 (5.9)
_ D3 D% Dl D? D! D3
A2 - DZ3 D33 + Dl2 D22 + Dl3 D33 (510)
D1, D1, Dl
A3 = D21 D22 D23 (5.11)
D3, D3, D35
(5.12)
3 2pA0+ A, A3=0 (5.13)

Any invariant which is independenbf coordinatesystemmay be written as a
functionof A1, A, andAs. Theleft handside of the lastequationis calledthe
characteristigpolynomial. Eigervaluesareindependenbf the choiceof coordi-
natesystemandfor this reasorthe coefcients in the polynomialareinvariantto
coordinatechangesswell.
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Figure5.2: Typicallinear, planarandsphericaltensos.

Fractional Anisotiopy

Thefractionalanisotroy (FA) is ameasurexplaininghov muchthenormof the
tensorstemsfrom anisotropiccontrikutions.

p
1 (1 22+(2 3)2+(1 3)?

FA = — D 5.14
9—2 v—2—2—21+ Ty 2 ( )

P 1 i

3] 3Tr(D) i
= — - 5.15
2 ID] (-13)

Due to the propertiesof the norm andthe trace, it is invariantto rotationsand
scaling.See gure 5.5for atypical axial slicedisplayedusingF A.

Linear, Planar & Spherical

In (Westinetal., 2002)thefollowing threemeasuresf diffusiontensorshapeare
de ned, correspondingdo linear, planarandsphericakhape

q = -+ 2 (5.16)
1
¢ = =2 (5.17)
1
= 2 (5.18)
1

See gure 5.2for anintuitive explanationof the concept.

5.2.2 Fiber Tracking

While scalarinvariantshave beenusedwidely, bothto visualizeandobtainquan-
titative measure®f diffusion within the humanbrain, even more stunningvisu-
alizationsand analysesf connectiity may be performedusingso called ber

trackingalgorithms.They releaseseedsyirtual particles,n thedatavolume,cre-
ating streamlinesvhile following the principaldirectionof diffusion(PDD). The
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Figure5.3: Adissectiorof a real brain showingthe structute of white matter(from The
Virtual Hospital, University of lowa).

trackingis usually seededwithin white matterand terminateswvhenreachinga
gray mattermaskor whenthe FA valuebecomesgoo low. See gure 5.6 for an
exampleof ber tracking.

PDD tracking

The simplestand maybemostwidely usedkind of ber trackingis to follow the
principal directionof diffusion. Eachparticle,seededvithin white matter is it-

eratvely propagateclongthe principal directionof diffusionin the data. Great
careshouldbe takenin orderto interpolatethe tensor eld within eachvoxel in

orderto obtainsmooth ber traces.

StodasticTrading

In stochasticor probabilistic ber tracking (Brun et al., 2002; Bjérnemoet al.,

2002;Behrenstal.,2003b;Hagmanretal., 2003;Behrens2004;Behrenstal.,

2003a;FrimanandWestin,2005),particlesarepropagatedn a similar way asin

PDD tracking. For eachtime step,a particleis propagatedn a directiontaken
asa randomsamplefrom the estimatedprobability distribution of the PDD. In

thisway, uncertaintyfrom the measurementsndthe modelis takeninto account.
Seedingrom a particularvoxel A, multiple ber tracesarepossible andakind

of “connectvity estimate’p(B jA; t) maybecalculatedo measureheproportion
of particlesstartingin apoint A andreachinga pointB aftert time steps.

5.2.3 Fiber Tract Connectvity

Estimationof “connectvity” in the humanhasbeensomethingof a holy grail for
the DT-MRI imagingcommunity Figures5.3and5.4 shav a dissectiorof areal
brain,revealingsomeof thecompleity of thehumanbrainwhite matterarchitec-
ture.If onecansee ber tracesand ber bundlesin DT-MRI andin dissection®f
realbrains extendingthealgorithmgto give aquantitatve measur®f connectity
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Figure5.4: A dissectiorof a real brain showingthe structute of white matter(fromThe
Virtual Hospital, University of lowa).

oughtto bepossible Theprobabilisticandstochasti@lgorithmsfor ber tracking
give quantitatve answergo thequestionp(BjA) = “whatarethechance®f end-
ing of in voxel B if we startin voxel A” but thismeasurés notthesameasp(AjB)
which is a somevhatconfusingproperty Sometimeshe connectrity measuras
simply madesymmetricalby bruteforce,i.e. c(A; B) = %(p(AjB) + p(BjA))
(Behrens2004).

Oneway to obtaina symmetricmeasureof connectiity would be to embedall
voxelsin ametricspacgor evenamanifold)in which ashort(geodesicylistance
d(A; B) meansthat two points A and B are more connected. In for instance
(O'Donnell et al., 2002) the imagevolumeis embeddedy warpingthe metric
accordingo theinverseof diffusiontensorsA problemwith this approactcould
be thatthe triangleinequality playsa trick. Assumewe have threepointsA, B
andC in the brain. A is connectedo B andA is alsofunctionally connectedo
C. However, B andC arenot connectedat all. The triangleinequality saysthat
d(B;C) d(A;B) + d(A; C) andthusforcesthe pointsB andC to be closeif
A is connectedo bothB andC.

Apparentlysomework remaingto be donebeforeeverybodyagreeon whatkinds
of anatomicakonnectiity thereare,to whatextentthesequantitiesare possible
to measuren DT-MRI andwhatthe exactaxiomaticpropertiesin amathematical
senseshouldbefor thevariouskinds of conneciiity.

5.2.4 Segmentationof White Matter

Without diffusionweightedimaging,it is dif cult to segment ber bundlesin hu-
man brain white matter In otherimagemodalities,voxels within white matter
are representedby one single intensity and thereis no way to distinguishbe-
tweendifferentbundles.With DT-MRI on the otherhand,voxelsin white matter
may be segmenteddependingn whatareasof the brainthey connect.Thesame
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techniquealso works for sgmentinggray matterinto areasrelatedto function
(Behrensetal., 2003a).

Virtual dissection(Cataniet al., 2002)is one exampleof how a medicaldoctor
caninteractvely explore the anatomyof white matterby selecting ber tracesof
interestdependingntheirconnectiity. Otherexamplesncludeautomatidcuzzy
C-meangShimory etal.,2002)clusteringandNCutclustering(Brunetal.,2004)
of DT-MRI ber traces.

5.3 Visualization of StreamlineData

TheapproacHor visualizationof DT-MRI data,presentedh chaptei8 and9, use
methodsinspiredby dimensionreductionand manifold learningin orderto en-
hancethe perceptiorof connectiity in DT-MRI dataof the humanbrain. This is
differentfrom obtainingquantitatve measurementsf connectiity andwe ervi-

siontheseapproacheto beusefulfor the purposeof interactve visualizationand
explorative analysisof DT-MRI. The primary goalis to createa visualiinterface
to acompl dataset.

5.3.1 Local and Global Featuresin DT-MRI

The scalarinvariants presentedn 5.2.1 are important featuresof the kind of

tensorvalueddataobtainedfrom DT-MRI. Usingscalarinvariantslocal features
of the datainsidea voxel may be visualizedusingfor instancea color map. This

is oneexampleof alocal featureof the datasetOtherslightly lesslocal features
in tensordatainclude edgeinformation (O'Donnell et al., 2004; Granlundand

Knutsson,1995) For vectorvaluedvelocity data,which is alsoa kind of tensor
data,featuresbasedon vortex and corvergence/diergence have beenproposed
(Heibeg, 2001).

Connectivityasa feature

The connectiity of a voxel, for instancede ned by streamlinesor probabilistic

ber tracking,mayalsoberegardedasafeatureof thatvoxel. Thisnotalocalfea-
ture,while the connectiity of onesinglevoxel depend®n a spatiallydistributed
setof voxelswithin thedatasetWe call thisamacro-featureVoxelswith asimilar
connectiity pro le maybemappedo similar placesn afeaturespacedescribing
connectity.

Viewing voxelsastheatomicunitwhenvisualizingconnectiity in DT-MRI isone
alternatve. The otheralternatve is to visualizestreamlinesThe maindifference
is thata streamlings itself arepresentationf its connectity. A streamlinealso
hasa simplerconnectiity pro le, while it connectsxactly two endpointswith
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eachother A singlevoxel ontheotherhandmay, throughfor instanceprobabilis-
tic ber tracking,connecto multiple endpoints.Onesinglevoxel may alsocon-
tain several,perhapsrossingstreamlinesThis s particularlytrueif thetracking
algorithmor thedatais rich enoughto copewith crossingber bundles.

The shapeandpositionof a streamlinerevealsits connectiity andin away also
theconnectiity of thevoxelsit goesthrough.Similar streamlinesisuallybelong
to thesameber bundle

TheFiber BundleAssumption

Performing ber trackingcanbe seenasa kind of featuretransform,wherethe
datavolumeis transformednto asetof featurepoints. Eachvoxel insidethewhite
matterin the brainis usedfor seedinga ber trackingprocedureor performing
stochasticber tracking. Theresultis similar to a Houghtransform,whereeach
ber traceis analogougo theline integral of the Houghtransformandmapsto a
speci ¢ pointin a ber featurespace.

In this ber featurespacenve assumehereareclustersof points,correspondingo
major ber tractssuchasthe corpuscallosumandthe cingulumbundles. These
clustersof pointslive in a high-dimensionakpace the ber featurespace,but
will intrinsically have only two dimensiongorrespondingo the crosssectionof
a ber bundle.Early work on asimilar topic maybefoundin (Westin,1991).

5.3.2 Learning and Representations

To bring orderinto the ber featurespacewe proposeo utilize methodsnspired
by dimensiorreductionmanifoldlearningandspectraklustering.

LaplacianEigenmaps

LaplacianEigenmapss spectraltechniquefor manifold learning, which maps
nearbypointson a manifold in a possibly high-dimensionaEuclideanfeature-
spacedo nearbypointsalow-dimensionaEuclidearspace Usingthismethodit is
possibletco maphigh-dimensionabbjectssuchas ber tracesnto a3-dimensional
Euclidearspace Thismappings usedn thisthesigo assigrcolorsto ber traces,
in awaythat ber traceswith similar connectity, shapeandpositionaremapped
to similar colors. This greatlyenhanceshe perceptiorof connectiity in the ber
tracedataset.

NormalizedCuts

A recentlyproposedtlusteringtechniquecalledNormalizedcutsor NCut, make
a strongconnectionbetweenrecentspectralmethodsfor manifold learningand
certaingraph-basedhethodgor dataclustering. The eigewvalue problemsolved
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Figure5.5: Anaxialsliceofabrain. Left: Intensitycorrespondso fractionalanisotiopy:
Middle: Color correspondgo main principal direction of diffusion. Red:
left—right, green: anterior-posterior blue: superiorinferior. Right: A ren-
deringusingtensorellipsoid glyphs.Courtesyof GordonKindlmann.

in NCut is almostidenticalto the one solved for creatingLaplacianEigenmaps.
Usingthis methodfor dataclustering, ber tracesareclusterednto ber bundles.
In factary clusteringtechniquewould be possibleto usefor this task,NCutwas
chosenmainly becauseof its similarity to the LaplacianEigenmapsand other
spectraimethoddor manifoldlearning.

5.3.3 Visualization of Fiber Tract Connectvity

Scalarlnvariants

Usingthescalarinvariantsde nedin 5.2.1we mayvisualizea 2-D slice of a 3-D
DT-MRI volumeof ahumarbrain. See gure 5.5for ademonstratiomwf fractional
anisotrop.

Glyphs

If the (2,0) or contravariant diffusion tensoris transformednto a (1,1) mixed
tensorusingthe metricg; , it is possibleto interpretit asalineartransformation
andaspectradecompositiorninto eigewvectorsandeigervaluesis possible.

In gure 5.6,two variantsof tensomlyphsareshavn: Ellipsoidsandsuperquadrics
(Kindlmann,2004). Tensorglyphsshaw the strengthanisotroy andorientation
of thediffusiontensors.

Streamlines/Stamtubes

Theresultof ber trackingmay be visualizedusingeitherstreamliner stream-
tubes.By choosingheappropriateviewpoint, lighting andpossiblya selectiornof
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Figure5.6: A detail of an axial slice of the brain shownin gure5.5. Left: Tensorel-
lipsoids. Middle: Tensorsupeguadrics(Kindlmann,2004). Right: Stream-
tubes.Courtesyof GordonKindimann.

asubsef ber tracesto visualize,it is possibleto understandhe geometryand
connectiity of thedatasetSee gure 5.6.

StreamtubeColoring

Whenthe setof ber tracesbecomedoo comple, an enhancemendf the per
ceptionof connectiity may be createdif the ber tracesare coloredaccording
to their position,shapeandconnectiity. Similar colorshelpthe userto mentally
group ber tracesinto bundles.Fibertracesmayalsobe clusteredandcoloredin
very differentcolors,to emphasizehe differencebetweerdistinctclusters.

VoxelColoring

Finally, the resultof streamtubecoloring may be transformedo voxel spaceso
thateachvoxel is coloredor clusteredn thesameway asthe ber trace(spassing
throughit. Alternatiely this may be viewedascoloring eachvoxel accordingto

its connectiity pro le — voxels connectingsimilar partsof the brainaremapped
to similar colorsor clusters.Seechapter9 gure 9.4 for a demonstratiorof the

concept.
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Review of Papers

This chaptemprovidesa shortreview of the papersncludedin the secondoart of
thisthesis.All papershave beenreformattedcandminor changesiave beenmade
to correctmisspellingsandtypographicakrrors.

6.1 Paperl: Coloring of DT-MRI Fiber TracesUsingLapla-
cian Eigenmaps

Thispapern(Brunetal.,2003)waspresenteih 2003atthe9th InternationaWork-
shopon ComputerAided SystemsTheory (Eurocast'03)in Las Palmasde Gran
Canaria,Spain. The proceedingswvere publishedin SpringerLecture Notesin
ComputerScience.Herethe conceptof ber coloring or streamlinecoloring is
introducedfor the rst time. Theideais to visualizea setof streamlinespb-
tainede.g. by tractographyn DT-MRI data,by choosingcolorsfor theindividual
streamlinesuchthatsimilar streamlinesareassignedimilar colors. Thisgreatly
enhanceshe users perceptiornof connectivitywithin the white matteraswell as
theseparatiorof ber tracesnto ber bundlesfor the DT-MRI application.

To createthe mappingfrom streamlinego colors,arecentlyproposednethodfor
manifoldlearningcalledLaplacianEigenmapgBelkin andNiyogi, 2002)is used.
This paperthus shaws that dimensionalityreductionand manifold learningcan
be usedto solve a medicalvisualizationproblem. In principle mary othermeth-
odsfor dimensionalityreductioncould alsohave beenused,for instancelsomap
(Tenenbaunetal., 2000)or LLE (RoweisandSaul,2000).

Sincethe paperwas rst presentedthe ideaof embeddingstreamlinesor ber
tracesin a low-dimensionalspacehasbeenfurther exploredin (O'Donnell and
Westin,2005). Also, the particularmeasureof ber similarity describedn this
paperhave beenevaluatedby othersin (Mobertset al., 2005). This methodfor
spectralcoloring of ber traceshave beenwidely appreciatedor its aesthetic
value. A large posterof colored ber tracesfrom a humanbrain hasfor instance
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beendisplayedfor the public atthe nationallytouring exhibition SeHjarnan (See
the Brain) sponsoredby VetenskapsradéThe SwedishResearctCouncil).

6.2 Paperll: Clustering Fiber TracesusingNormalized Cuts

The secondpaper(Brun et al., 2004)was presentedt the SeventhInternational
Conferenceon Medical Image Computingand ComputefAssistedintervention
(MICCAI'04) in Saint-Malo, France,and publishedin SpringerLecture Notes
in ComputerScience.Herea spectralgraphtheoreticalimethodstronglyrelated
to the LaplacianEigenmapgBelkin andNiyogi, 2002),called NormalizedCuts
(ShiandMalik, 2000)is usedto cluster ber tracedatain DT-MRI into discrete
bundles.Ourinterestin this methodcamemainly from the factthatit washighly
similarto LaplacianEigenmaps.

Methodsinspiredby this paperhasalreadybeenimplementedoy other people
(Endersetal.,2005),andcitedseveraltimes(O'DonnellandWestin,2005;Moberts
etal.,2005;Blaasetal.,2005;Endersetal., 2005;Jonassortal., 2005; Maddah
etal., 2005;Koubyetal., 2005;0'Donnell andWestin,2006). It wasthe rst ap-
plicationof aspectraklusteringmethodio nd ber bundlesin DiffusionTensor
MRI ber tracedata.lt alsofeatureda novel measuref ber similarity basedon
themeanvectorandcovariancematrix of the pointsbuilding up the ber trace.

6.3 Paperlll: A TensorLik e Representationfor Averag-
ing, Filtering and Inter polation of 3-D Object Orien-
tation Data

In apaper(Brunetal.,2005a)presentedn Genoaatthe IEEE InternationalCon-
ferenceonImageProcessinglCIP'05) anextrinsicmethodfor averaging, ltering
andinterpolationof dataon SO(3) is presentedIn theliterature,mary methods
for performingsignalprocessingn SO(3) have beendescribed.

The contrikution in this paperis mainly thatit pointsout how algorithmsfor lin-
earaveraging, ltering andinterpolationcanbe directly translatednto tools for
manifold-\aluedsignalprocessinggivenasuitableextrinsicrepresentatiork-rom
thediscussiorin the previouschapter3, it is clearthatwhile onecommonopinion
amongresearchers thatextrinsic methodsshouldbe seenasapproximationgo
intrinsic ditto, extrinsic methodsnayin factbe optimalin somecases.
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6.4 PaperlV: FastManifold Learning Basedon Rieman-
nian Normal Coordinates

In the fourth paper(Brun et al., 2005b), presentedit the Scandinaian Confer

enceon ImageAnalysis (SCIA05) and publishedin SpringerLectureNotesin

ComputerScienceanew kind of methodfor manifoldlearningis presentedThis

methodis highly relatedto differentialgeometryandthe logarithm,the inverse
of the exponentialmap,on the manifold. Fromanalgorithmicpoint of view this

methodsharessomesimilaritieswith Isomap,but is differentfrom mostmodern
methodgor manifoldlearningby notrelying onthesolutionof alarge eigewalue

problem.Apart from beingusefulfor visualizationanddimensionalityreduction
of manifold-\valueddata thelogarithmde ned onamanifoldis alsoafundamental
building blockin methoddor performingintrinsic signalprocessingpn manifold

valuedsignals.

The methodis called LOGMAP in the papey but for the restof this thesisthe
nameSampld.ogmapsor S-Lagmapswill beusedfor thewhole classof methods
thatestimatehelog mapon amanifoldgivena setof samples.
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Discussion

Theresultspresentedh this thesispointtowardsthe usefulnes®f manifoldsand
manifoldlearningin imageanalysisandvisualization.

7.1 Manifold Learning in Diffusion Tensorimaging

Thework on DiffusionTensorMRI shouldbe seenmainly asa proof of concept,
indicatingthat new techniquedor nonlineardimensionalityreductionare useful
in realapplicationslt is alsoimportantto notethatmanifoldlearninggivesinspi-
rationto look atdatain new ways.

Themaincontrikutionsin this partof thethesisare:

Theintroductionof ber coloringandvoxel coloring,i.e. continuousmap-
ping of positionandshapeof ber tracedo acolorspacen orderto enhance
visualizationof connectrity andorganizationof thewhite matterin the hu-
manbrain.

The rst useof the NCutcriteriato perform ber traceclustering,andthe
rst useof spectralclustering,to organize ber tracesinto ber bundles.
It shouldbe notedthat the useof NCut for clusteringof voxelsbasedon
connectvity wasindependentlyeportedn (Behrens2004).

Theintroductionof two simpleandnovel waysto measureber similarity:
Thesimilarity of ber traceendpointsandthesimilarity of ber tracemean
vectorandcovariancematrix.

Mappingof ber tracesto colors,suchthatsimilar ber tracesareassignedim-
ilar colors, alsoworks for streamlinesn generaland the resultsare therefore
not limited to Diffusion TensorMRI but applicableto all approacheivolving
streamlines.

Sofaronly LaplacianEigenmapdave beentestedfor ber coloring. It is likely
that other methodsfor manifold learningand even linear dimensionreduction
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work equallywell or evenbetter The methodof sampldogmapspresentedh this
thesishowever is probablynot usefulfor this particularapplication,at leastnot
without heary preprocessingf the dataandtransformatiorof ber tracesinto a
suitablefeaturespace.

While methodssuchasLaplacianEigenmapsvorksfairly well evenfor datathat
doesnotstrictly comefrom a singlemanifold, but ratherfrom mary smallerman-
ifolds scatteredn featurespacgeachcorrespondingo a ber bundle),thesample
logmapsrely hearily ontheassumptiorof a singlemanifold. For this reasonthe
maincriticism of thework presentedhereshouldbethatit exploitstherobustness
of the LaplacianEigenmapsto give reasonableesultseven for datawherethe
assumptiorof a singlemanifoldfails.

7.2 Intrinsic vs. Extrinsic Methods for Manif old-Valued
Signal Processing

In this partof the thesis signalprocessingn a manifoldembeddedn Euclidean
spacewvasexploredusingthe examplesof thecircle, S, andthe Q-representation
for SO(3). Both of thesemanifoldsareexamplesof symmetricspaces.

Themaincontributionsof thework presentedh this partof thethesisare:

Theideaof translatingalgorithmsfor linear averaging, ltering andinter
polationfor 1-D signalsto 3-D objectorientationdataon SO(3). This s
not alwaysthe bestchoice, but it may sometimede corvenientfrom an
applicationpoint of view.

The embryoof a motivation for using extrinsic averagingand signalpro-
cessingn compactsymmetricspaceghroughthe diffusionmean This is
clearlywork thathasnotbeencompletedputit is still mentionedn thisthe-
siswhile theideamightbeimportantfor futurework. It alsosenesasamo-
tivationfor exploring extrinsicmeann SO(3) usingthe Q-representation.

While our researchgroup hasbeenworking with extrinsic signalprocessingpn
RP" for mary years for instanceto represenaind lter line- andhyperplaneori-
entations,this piece of researchs usefulto put someof the earlierwork into
contet.

Futureusesof the Q-representatiorcould be for instanceto performtemplate
matchingin animagevolumewith arotatingtemplate.
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7.3 SampleLogmaps- Intrinsic Processingof Empirical
Data

Finally the samplelogmapspresenta novel way to performnonlineardimension
reductionaswell asthe beginning of a framework for intrinsic signalprocessing
on manifoldsknowvn only from samples.

Themaincontritutionsof thework presentedh this partof thethesisare:

A simpleandnovel wayto performmanifoldlearningandnonlineardimen-
sionreductionusingsampldogmaps

A way to translatealgorithmsfor vectorspacedo sampledmanifoldsand
performintrinsic manifold-valuedsignalprocessing.

Eventhoughthe currentway of estimatinga samplelogmapcould be improved,
thetheoreticapropertief theanalyticallog mapandits importancego manifold-
valued signal processingmakes methodsfor estimationof samplelogmapsa
promising eld of research.Importantis alsoto comparethe samplelogmaps
with otherapproachesor manifoldlearning,awork which hasalreadyaddressed
in partby otherresearcherm the eld (Kayo,2006).

Onelastnoteon sampldogmapss thattheterminologyusedin chapterl1 might
not be perfectwhile “LOGMAP”, “LogMap” or “Logmap” is very similarto “log
map”whichis usuallytheanalyticallog mapon themanifoldandnothingelse.lt
is moreappropriateo talk about“an estimatedog map” andnamethis classof
methods'samplelogmaps”or “S-Logmaps’for short.

7.4 Futurereseach

Themainobjective of futureresearchor the PhDthesisis to seekamoreuni ed
framework for dealingwith manifold-\alued dataand signals. Here are some
directionswhich couldbefruitful:

Mapping ber tracesto an RGB color spacefrying to presere somekind
of shapemetricin theRGB spaceis farfrom optimalfor humanperception.
Carefulmappingof ber tracesinto a CIE Lab or CIE XYZ color system
may, at leastin theory createa mappingwhere perceved color distance
correspondsnoreaccuratelyto distancesn thefeaturespaceathand.

Samplednanifold-valueddatais oftenaffectedby noise for instancasotropic
Gaussiamoiseaddedn theembeddingspace.This increaseshe apparent
dimensionalityof the manifold. It would be usefulto have methodgo re-
move this noisefrom the databeforeapplyingmanifoldlearning.

From a more philosophicalpoint of view, the mappingof ber tracesto
a featurespacegive raiseto mary new possibilitiesrelatedto registration
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of datasets.One aspectof this hasalreadybeenexploredin (O'Donnell
andWestin,2005)where ber tracesfrom differentbrainsare mappedto
a commonfeaturespaceusing LaplacianEigenmaps.This allow for new
waysto compareconnectity betweerdifferentbrainsin a population.

Anotheraspectelatedto registrationis to actuallyperformregistrationof
two DT-MRI volumesusingfeaturesderived from connectrity. Justlike
scalarinvariantsmaybe usedto registertwo DT-MRI datasetsfeaturesde-
scribingvoxel connectrity mayalsobeusedo steertheregistration.Either
featuref voxel connectity which areinvariantto rotationor featuredor
which we have transformationaws so that they transformappropriately
with the volume. Describingthe connectiity of a singlevoxel by the co-
variancetensorof the ber tracespassinghroughtheinsideof thevoxel is
oneexampleof asimplebut suitablerepresentatiofor this. It will naturally
transformasa contravarianttensorfor linear(af ne) transformationsf the
imagevolume.

Many thingsremainto be exploredrelatedto connectiity basedvoxel col-
oring anddirectvolumerendering.

Investigatehe propertiesof the“dif fusion mean”in variousmanifolds.

Improved estimationof distancefunctionson sampledmanifolds. Apart
from the work which is the coreof the Isomapalgorithm(Bernsteinetal.,
2000),somerecentactiity have focusedonamorerobustestimatiorof dis-
tanceson sampledmanifoldswhich arelesssensitve to “shortcuts”(Nils-
sonandAndersson2005).

More applicationgor manifoldlearningin medicalimageanalysis.

Thecreationof ageneridrameavork for manifold-\aluedsignal-processing
for analyticalmanifoldsaswell assampledand“learned” manifolds.

RolustgradientEstimation.Oneof the stepsin the currentsamplelogmap
algorithmis to estimatethe gradient. This is dif cult in the vicinity of the
cutlocusandthereis a clearneedfor robustmethodshere.

Canimageprocessingbe appliedin manifoldsto nd edges,cornersand
otherinterestingfeaturednsidesampledmanifolds?

Are therewaysto characterizeamplednanifoldswith respecto genusand
topology?

Inside manifolds,new worlds are waiting to be explored and studied. Thereis
a needfor quantitatve aswell asexplorative analysisof manifolds. And there
is a greatneedto standardizenethodsfor working with manifold-valuedsignal
processing.
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Abstract: We proposea novel postprocessingnethodfor visualizationof ber

tracesfrom DT-MRI data. Using a recentlyproposecdon-lineardimensionality
reductiontechnique,LaplacianeigenmapgBelkin and Niyogi, 2002), we cre-
atea mappingfrom a setof ber tracesto a low dimensionalEuclideanspace.
Laplacianeigenmapsgonstructghis mappingsothatsimilartracesaremappedo

similar points,given a custommadepairwisesimilarity measurdor ber traces.
We demonstrateéhat when the low-dimensionalspaceis the RGB color space,
this canbe usedto visualize ber tracesin a way which enhanceshe perception
of ber bundlesandconnectiity in the humanbrain.

8.1 Intr oduction

DiffusionTensoMRI (DT-MRI) malkesit possibleto hon-irnvasively measurava-

terdiffusion,in ary direction,deepinsidetissue.In brous tissuesuchasmuscles
andhumanbrainwhite matter watertendto diffuselessin the directionsperpen-
dicularto the ber structure.This meanghatdespitethe factthatspatialresolu-

'Publishedn the Proceedingsf the 9th InternationalConferenceon ComputerAided Systems
Theory(EUROCAST'03).
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tionin MRI is toolow to identify individual muscle bers or axonsamacroscopic
measuref diffusionin avoxel maystill revealinformationaboutthe ber struc-
turein it. UsingDT-MRI it is thereforepossibleto infer the directionof the ber
in for instancewhite matterin the humanbrain. In particular it is possibleto
estimatethe directionof the bers whenthe ber organizationis coherenwithin
thevoxel.

Whenawholevolumeof datais acquiredusingDT-MRI, eachvoxel containsn-
formationaboutthe local characteristicef diffusioninsidethat particularvoxel.
Thediffusionis describedy atensorD, asymmetricpositive de nite 3 3 ma-
trix, whichthroughthe Stejskal-Bnnerequation(8.1) explainsthe measurements
obtainedrom the MR scanner

Sk = Spe Pk Do (8.1)

Heregy is anormalizedvectordescribinghedirectionof thediffusion-sensitizig

pulse, b is the diffusion weighting factor (Bihan et al., 1986) and Sy is a non-
diffusion weightedmeasure.In orderto estimatea tensorD inside eachvoxel,

atleastone non-difusion weightedimageSg andsix diffusionweightedimages
with differentdirectionsareneededWestinetal., 1999). The productg[ Do is

oftenreferredto asthe ApparentDiffusion Coefcient, ADC, anddescribeghe
amountof diffusionin thegradientdirection.

The tensorcan be visualizedas an ellipsoid, describedby the eigemwvectorsof

thediffusiontensorD, scaledwith the squareroot of their respectie eigervalue.
This ellipsoid will representin isosurace of the probability distribution which
describeghe positionof a watermolecule,dueto diffusion, a shorttime afterit

hasbeenplacedin the centerof thetensor A sphericalellipsoid thereforecor

respondgo an isotropictensor which describeghat water diffusion is equally
probablein ary direction. Whenthe ellipsoid is more oblate or elongated,it

meansthat water diffuseslessor morein a particulardirection, and the tensor
is thereforereferredto asanisotropic.Theanisotrop is oftencharacterizedsing
somerotationallyinvariantandnormalizedensorshapemeasurefor instancehe
FractionalAnisotropy index (Westinetal., 1999)

p
1 2 4+ 2 4+ 2
FA= g (1 2%%(1 3)°. (8.2)
2 1+t 2+ 3

Oneof the mostintriguing usesof DT-MRI datais the possibility to follow and
visualize ber pathwaysin thebrain. Traditionallythis hasbeenaccomplishedis-
ing ber trackingalgorithms,seefor instanceg(Basser,1995;Basseretal., 2000;
Westinet al., 1999). In theseapproachesa pathoriginatingfrom a seedpointis
calculatedoby iteratvely maoving a virtual particlein the directionin which dif-
fusionis strongestthe principal diffusion direction(PDD). This directioncorre-
spondgo the major eigervectorof the diffusion tensoy which is the eigewvector
correspondingo thelargesteigervalue. It is widely believed thatfor humanbrain
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white matter in areaswvherethe diffusiontensorsarehighly anisotropicthe PDD
is highly correlatedwith the orientationof theunderlying ber structure.

Oneway to visualizethe ber organizationof white matteris to placea virtual
particleinsidea voxel in white matteranditeratively move it accordingto a ve-
locity eld de ned by theprincipaldiffusiondirection. Thistracewill bealigned
with the underlying ber structuresandvisualizingit will give theimpressiorof
looking atactual ber pathways.

This papewill in thefollowing sectionsntroduceanovel postprocessingnethod
for visualizationof ber tracedrom DT-MRI. Wewill focusonenhancingheper
ceptionof organizationandconnectiity in the data. The methodwill not specif-
ically addresghe shortcomingsf ber tracking, but assumehata setof ber
traceshasalreadybeenobtained.Insteadthe main contritution of this paperwill
beto shawv how a spectrahon-lineardimensionalityreductiontechniquesuchas
Laplacianeigenmaps;anbeappliedto the problemof organizing ber tracedata.
Themainapplicationwill bevisualizationof large collectionsof ber traces.

8.2 PreviousWork

Visualizationof DT-MRI still posesa challengeor the medicalimagingcommu-
nity, sincethe datais high dimensionalandcontainsa lot of interestinganatom-
ical structure. A simplebut effective way to visualizetensordatais to mapthe
tensordo scalarsor colorsandthenvisualizethe datausingary methodfor vol-

umeor imagevisualization.CommonlyusedscalamrmappingsncludeFractional
Anisotropy Index, traceandthe normof thetensor Color mappinghasalsobeen
usedto encodeorientationof the PDD. While thesemappingsaregoodin some
applicationsthey areunintuitive or insufcient in others.

To copewith the high dimensionalityof tensordata,specialtensorglyphshave
beendesignedseefor instance(Westin et al., 1999). Commonlyusedglyphs
areshortline sggmentsshaving the orientationof the PDD and ellipsoidsrep-
resentingall six degreesof freedomof a tensor Otherinterestingapproacheo
encodetensorshapeand orientationare reactiondiffusion patterns(Kindlmann
etal.,2000)andline integral corvolution (McGraw etal., 2002).

Fibertracesasdescribedn theintroduction have beensuccessfullypeenusedto
reveal ber pathwaysin thebrain,seefor instancgBasseeetal., 2000). Oftenthe
traceshave beenrepresentethy streamtube¢Zhanget al., 2003), sometimesn
combinationwith coloring schemesnd/orvariationof the streamtubehickness
accordingo somequality of theunderlyingtensor eld.

In theareaof postprocessingf ber tracesprior to visualization,work on clus-
tering of ber traceshave beenreportedrecently Theseapproacheslependon
a similarity measurébetweerpairsof ber traceswhichis usedin combination
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Figure8.1: Left: Fiber tracesfrom a humanbrain. Simple PDD ber tracking have
beeninitiated from andconstrainedo voxelswith high anisotropy index. A
sagittalview. The headfacingleft. Right: A schematicview of major ber
bundlesin the brain. Adaptedfrom Gray's Anatomyof the HumanBodyas
displayedat Bartlebycom.

with atraditionalclusteringmethod(“fuzzy c-meanslustering”(Shimotry etal.,
2002)and“K nearesneighbors”(Ding et al., 2003)). Outsidethe medical eld,
modelbasecturne clusteringhasbeenstudiedn (Gaffney andSmyth,2003).The
methodpresentedh this articlewill sharemary similaritieswith automaticclus-
teringmethods.It will however give a continuouscoloring of the ber tracesas
opposedo the discretesetof labelsassignedluring clustering. It could alsobe
consideredhsa preprocessingtepto clustering. Similar to the clusteringmeth-
ods,ourapproachs automaticandinvolvesno userinterventionexceptparameter
selection.Thisis in sharpcontrasfrom manualapproaches organizetracesnto
bundles suchasthevirtual dissectiorproposedn (Catanietal., 2002).However,
all thepostprocessingnethoddor ber tracessharehesameweaknessthey rely
onagood ber trackingalgorithmto performwell.

8.3 Embedding Fiber Traces—a Motivation

If ber tracesareinitiatedfrom seedpointsin the entirewhite matter asin gure

8.1 left, a quick glancemotivatesthe needfor somekind of color mappingin

orderto enhancéheperceptiorof the ber organizatiorin thebrain. Wetherefore
proposea postprocessingtep,prior to visualization,in which each ber traceis

assignedh color from a continuousRGB color space Theintuition is thatsimilar
tracesshouldbe assignedsimilar colors, while dissimilartracesare mappedto

dissimilarcolors. Thiswill enhancehevisualizationof ber bundles.
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8.4 Spectral Clustering and Embedding

In orderto mapthe ber traceswe usea spectralembeddingtechniquecalled
Laplaciareigenmapsvhichwasrecentlyproposedy Belkin andNiyogi in (Belkin
andNiyogi, 2002). The coreof thealgorithmis the useof a local similarity mea-
sure,whichis usedto constructa graphin which eachnodecorrespondo a data
pointandwherethe edgesepresentonnectiongo neighboringdatapoints. It is

the structureof this graphwhich representshe manifoldto be discorered,which

is accomplishedhroughthe solutionof aneigevalue problemwhich mapseach
datapointto alow-dimensionaEuclideanspace.This mappinglocally preseres

thegraphstructure In short,pointsclosein thegrapharemappedo nearbypoints
in thenew Euclideanspace.

In our application,the datapointsare ber traces. The effect we would like to
obtainis that traceswithin a ber bundle are mappedto similar pointsin the
low-dimensionalspace. The manifoldswe hopeto reveal would correspondo
a parameterizatiomf a speci ¢ ber bundle. Not a parameterizatiomlongthe
bers —all pointsof a ber traceshouldprojectto the samepointin the new low-
dimensionaspace-butin thedirectionperpendiculato the bers. In thecaseof a
thin bundlesuchasthecingulatefasciculusve would expecta clusteringeffectto
dominateall traceswithin this thin bundleshouldprojectto moreor lessasingle
pointin alow dimensionaspace Ontheotherhand,alarge bundlestructuresuch
asthe corpuscallosumcanbe parameterizedlongthe anteriorposterioraxisand
we would expectit to berepresentedsa one-dimensionaianifold.

While ber tracesnaturallyresidein alow dimensionaB-D spaceatraceitself
mustbe consideredhsa high-dimensionabbject, or at leastan objectwhich we
have dif culties in representingsapointin alow dimensional’ectorspace Con-
structingan explicit global similarity measurgor ber tracesis alsosomevhat
dif cult —to whatextentaretwo tracessimilar? How canwe comeup with asim-
ilarity measuravhich correspond$o a mappingof tracesinto alow-dimensional
spaceuckily Laplacianeigenmapsndotherspectramethodonly needsalo-
cal similarity measurea measurevhich determinethe similarity betweena data
point andit's neighbors.This meansthatwe only needto constructa similarity
measuravhichis ableto identify andmeasureimilarity betweertwo very similar
traces.In the caseof two very dissimilartraceswe mayassumeerosimilarity.

Using this similarity measurea graphis constructedn which nodesrepresent
ber tracesandwhereedgesconnecineighboringraces.

8.5 Laplacian Eigenmaps

For anin depthexplanationof Laplacianeigenmapsasexplainedby Belkin and
Niyogi, see(Belkin andNiyogi, 2002).In brief, thealgorithmfor Laplacianeigen-
mapsconsistof threesteps:
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1. Constructiorof agraphwhereeachnodecorrespondo adatapoint. Edges
are createdbetweennodeswhich are closeto eachotherin the original
space.A neighborhoof x edsize aroundeachdatapoint or the setof
K nearesheighborscouldfor instancebe usedascriteriafor creatingthe
edgesn thegraph.

2. Weightsareassignedo eachedgein the graph.In generallargerweights
areusedfor edgeshetweemointswhich arecloseto eachotherin theorig-
inal spaceIn the simplestcaseall weightsaresetto 1. A Gaussiarkernel
or similar couldalsobeused.

3. Solutionof thegeneralizeakigetvalue problem:
PN

- Wi ifi=i
L= k=1 VVik
Djj 0 ifi6] (83)
L = D W (8.4)
Ly = Dy (8.5)

whereN is thenumberof nodesandL is calledthe Laplacianmatrix of the
graph.Theeigewvectorsdervedfrom equatior8.3areorderedaccordingo
theireigewalues.Dueto thestructureof thel , thesmalleskigervaluewill
correspondo a constantigemwectorandis discardedput then eigewvec-
torscorrespondingo the next smallesteigevaluesareusedasembedding
coordinategor thedatapointsin the newv space.

We never performedthe formation of the graphin stepone explicitly, but per
formedathresholdingof the weightssothatvery smallweightsweresetto zero,
which correspond$o absenc®f anedgein thegraph.

Laplaciareigenmapsharamary similaritieswith otherrecentspectrablgorithms
for clusteringandembeddingof data,for instanceKernelPCA (Schollopf etal.,
1998)andspectramethodgor imagesegmentation(MeilaandShi,2001),andwe
expecta qualitatively similar behaior from all of themevenif theinterpretation
of the resultsis somavhat differentin the variousmethods.For a unifying view
of thebehaior of spectraembeddingsindclusteringalgorithms see(Brandand
Huang,2003). One of the mostimportantaspectof spectralmethodsfor clus-
teringandembeddingincluding Laplacianeigenmapss thefactthatthey areall
posedaseigewvalueproblemsfor whichef cient algorithmsarewidely available.

8.6 Similarity Through Connectuity

Thereis no similarity measuregiven for ber tracesper se andthereforemary
waysof choosingthe edgeweightsexist. In this initial effort to clusterandem-
bedtracesfor visualizationpurposesye will only try a simplebut yet effective
similarity measure.
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Themeasurés basedntheideathattwo traceswith similarendpointsshouldbe
consideredimilar. Thatis, we only look attheendpointdor apairof ber traces,
anddiscardall otherinformation.In gure 8.1 (right) we wouldfor instancevant
atracewith endpointdA,A'} to have high similarity with atracewith endpoints
{B,B}. However, trace{C,C"} shouldbeconsideredlissimilarfrom both{A,A"}
and{B,B'}, eventhoughthey all sharea commonorigin. This could also be
interpretedasa measuref connectiity.

Herefi.1 andf;.eng COrrespondso the rst andlastcoordinateof theith ber
traceandWj; is theweightbetweemodes ber traces andj :

fi = (fixsfiena); (8.6)
fi = Efi;end;fi;l); (8.7)
0 if i = ]

Wi = exp kfiszkZ + exp kfi2f~jk2 16 ] (8.8)

We note that Wj; is symmetricwith respectto i andj. This measurds also
invariantto re-parameterizatioaf the ber trace,for instancereversenumbering
the ber tracecoordinateslit will alsogive traceswhich connectssimilar points
in spacea large weightwhile dissimilarconnectiity will resultin aweightclose
to zerogiventhat is chosercarefully

This similarity measurewill work ne in mostcasesvherethe ber tracesare
not damagedand really connectdifferent partsof the brain in an anatomically
correctway. Other similarity measuresisedin clusteringmethodshave been
basedon correlationmeasurebetweenber traces(Shimory et al., 2002; Ding

etal., 2003). Thosecorrelationmeasuregould be usedaswell to build up the

graphneededy a spectraembeddingnethodsuchasLaplacianeigenmapskor

the purposeof demonstratiorand underthe assumptiorthatthe ber tracesare
ok, theabove describedsimilarity shouldwork ne andit is alsofasterto compute
thancorrelationmeasures.

8.7 In Vivo DT-MRI Data

Real DT-MRI datafrom the brain of a healthy volunteerwas obtainedat the
BrighamandWomens HospitalusingLSDI techniqueon a GE Signal.5 Tesla
Horizon Echospeed.6 systemwith standard?.2 Gauss/cmeld gradients.The
time requiredfor acquisitionof the diffusiontensordatafor oneslicewas1 min;
no averagingwas performed. The voxel resolutionwas 0:85mm  0:85mm
Smm.

A randomsampleof 4000pointsinsidewhite matterwith diffusiontensorshaving
high FA were selectedas seedpoints for the ber tracking. Traceswerethen
createdby trackingin bothdirectionsstartingfrom theseseedpoints, following
the principal eigewector of diffusion using a steplength of 0:5mm and linear
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interpolationof thetensors Thetrackingwasstoppedvhenreachingavoxel with

FA lower than certainthresholdapproximatelycorrespondingo the boundary
betweenwhite and gray matter Fibertracesshorterthan 1l0mmwereremoved.
Thisresultedn a setof approximately8000 ber traces.

8.8 Experiments

The algorithmwasimplementedn MATLAB. While the numberof ber traces
wereat most5000the PDD trackingmethod,calculationof the graphLaplacian
andthe solutionof the generalizeaigervalue problemcould be performedwith-
outoptimizations MATLAB wasusedfor visualizationexceptin gure 8.5,where
thein-housesoftware3-D Slicer(Gering,1999;Geringetal., 1999)wasused.

For the color mapping,the The secondthird andfourth eigewectorwerescaled
to t into theintenal [0; 1] andthenusedfor the channelsed,greenandblue,to
colorthecorrespondingber traces.

The embeddingof ber tracesinto a RGB color spacewastested rst on syn-

theticdata,thenon realhumanbrain DT-MRI data. The synthetictoy examples
shouldbe consideredasillustrationsof the methodratherthan nearrealistic or

challengingexperiments.

Figure 8.2 shaws how the embeddingnto color spaceworks for a setof ber
tracesarrangedasa Mobius strip. Thetraceson (left) aremappednto an RGB
spacewhich determineghe color of eachtrace. In the right plots, the imageof
this mappingin RGB space( rst two embeddingcoordinates)s shavn. Each
dotin theright plots correspondo a singletracein theleft plots. The circular
structureof theMobiusstrip canthusbe seenin thegeometryof theleft image,in
thecoloringof theleft imageandin theshapeof the ber bundleafterembedding
it into RGB spaceo theright.

Figure8.3 (left) shavs how tracesconnectingoppositesidesof a spherearecol-
ored. Coloring accordingto the three rst embeddingcoordinates. This setof
traceshasthetopologyof the“projective plane”,RP?. Notethateventhoughit is
impossibleto seethe tracesinsidethe spherewe candeducehow tracesconnect
by looking at the colorswhich matchon oppositesides.However, the projective
planecannotbe embeddedn threedimensionswvithout intersectingtself, which
meanghatthe color mappingof this setof tracess mary-to-onein somesense.

Figure 8.3 (right) shavs a syntheticexampleof four ber bundles,two crossing
eachotherandtwo having the sameorigin. Becauseof our similarity measure
basedn connectiity of the ber traceendpointscrossingsandoverlapswill not
disturbthe embedding.Laplacianeigenmapswill color eachin a color closeto
its neighborscolors. In this casethe clusteringpropertieof Laplacianeigenmaps
becomebvious, which is welcomedasno obvious manifold structureexists in
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Figure 8.2: Synthetictoy examplesof coloring“ ber traces’shapedasa Mdbius strip.
Top: A very regularbundle (left) andits embeddingright). Note how the
embeddingnds a perfectcircle. Bottom: A morerandombundle(left) and
its embeddingusing a little too small  (right). Note how the embedding
tendsto enhanceclustersin the data,but the topologyis still somavhat a
circle.

thedata.

Theexperimentonrealdatain gures 8.4and8.5shav how themethodworksin
practice.Thevalueof theonly parameter waschoserempirically Startingwith
alarge sigmais safein generalwhile atoo smallsigmagive unstablesolutionsof
theeigewvalueproblem.In gure 8.5anexampleis shavn wherethe ber traces
have beenprojectedbackto a T2 weightedcoronalslice.

8.9 Discussion

All the gures shaw differentaspectof theideaof usingLaplacianeigenmaps,
togethemwith a custommadesimilarity measureto enhancehe visualizationof
ber organization. Both the syntheticandreal brain datashav very promising
results,andthe colorsreveal that the methodhasbeenableto organizeandem-
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Figure 8.3: Syntheticexampleswith “ ber traces’connectingoppositepointsonasphere
(left) andwith four ber bundles(right), two crossingeachotherand two
having the sameorigin. Coloringaccordingto thethree rst embedding:o-
ordinates.

Figure8.4: Fibertracesfrom a humanbrain, coloredsuchthat traceswith similar end-
points have beenassignedsimilar colors. Simple PDD ber tracking have
beeninitiated from and constrainedo voxels with high anisotropy index.
Left: Axial view. The headfacingup. Middle: Sagittalview. The head
facingleft. Right: Coronalview. Theheadfacinginwards.

bedthe ber tracesinto a spacewheredifferentanatomicaktructureshave been
mappedo differentpositions.In thereal braindata,it canfor instancebe noted
thattraceson theleft hemispherén generahave a differentcolor from thoseon
theright. Smallstructuresuchasthe cingulum,goingfrom posteriorto anterior
aborve the corpuscallosum arealsomorevisible thanksto thecoloring.

Theexperimentgpresentedh this papehave beenchoserwith greatcare.Finding
the correct hasnot always beeneasyandwhatis a good embeddingof ber
tracesin RGB-spacdor visualizationis subjectve. Optimalchoiceof aswell
asananalysisof the stability for the embeddings certainlyinterestingtopicsfor
futureresearch.
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Figure8.5: Left: Fibertracesfrom a humanbrain,coloredsuchthattraceswith similar
endpointsareassignedimilar colors. A cutting planeis usedto give a cross
sectionview of corpuscallosumandslicesfrom a T2 weightedvolumeadd
additionalunderstandingf the anatomy Visualizationdoneusingthe 3-D
Slicer(Gering,1999;Geringetal., 1999).Right: Fibertracesrom ahuman
brain, coloredsuchthat traceswith similar endpointsare assignedsimilar
colors.Only theintersectiorof thetraceswith acoronalT2 weightedsliceis
shown. This kind of voxel coloring couldfor instanceassistwvhenmanually
sgmentingwhite matterin DT-MRI images.

We have sofarnotfocusedonoptimizingthespeedf this postprocessingnethod
for ber traces. After the coloring is only doneonceper dataset.However, for
morethana maximumof 5000 ber tracesusedin our experimentswe feelthere
is aneedto take greatercarein termsof memorymanagemerandspeedFirst of
all theeigewalueproblemsolvedin Laplacianeigenmapss sparsegiventheright
similarity measureAlso thereexistsmethoddo reducehesizeof theeigervector
calculationby usingsamplingmethodssuchasin the Nystrémmethod(Fowlkes
etal.,2001).

The similarity measureusedsofar is ef cient, but simple. Correlationmeasures
of ber tracesimilarity have beenusedby othergroupsandthis methodfor ber
tracevisualizationcould de nitely bene t from a betterde nition of local ber
tracesimilarity. Two issuesraises. Oneis to de ne a bettersimilarity measure
which is ableto “glue together’broken ber tracesas ber trackingis sensitie
to noise.Theotherissueis speedasthe ber tracesimilarity measurés evaluated
for all pairsof traces.We have doneexperimentswith highly ef cient andmore
correlation-lile similarity measuresbut the resultsare still too preliminary to
presentere.
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8.10 Conclusion

The goal of this projectwasto nd a postprocessingnethodfor DT-MRI ber
tracesto enhancehe perceptiorof ber bundlesandconnectiity in thebrainin
general We canconcludghatdespitehesimplicity of thesimilarity function,this
approachbasedon Laplacianeigenmapsiasbeenableto generateanatomically
interestingvisualizationsof the humanbrainwhite matter Many interestingnew
topicsarisein thelight of this novel way of organizingDT-MRI data: clustering,
seggmentatiorandregistrationbeingprominentcandidatesor futureresearch.
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Abstract: In this papermwe presentaframenork for unsupervisedegmentatiorof
white matter ber tracesobtainedfrom diffusionweightedMRI data.Fibertraces
arecompareairwiseto createa weightedundirectedyraphwhichis partitioned
into coherentsetsusingthe normalizedcut (N cut) criterion. A simpleandyet
effective methodfor pairwise comparisonof ber tracesis presentedvhich in
combinatiorwith theN cut criterionis shavn to produceplausiblesggmentations
of bothsyntheticandreal ber tracedata.Segmentationsrevisualizedascolored
stream-tubesr transformedo a seggmentatiorof voxel spacerevealingstructures

in away thatlooks promisingfor future explorative studiesof diffusionweighted
MRI data.
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9.1 Intr oduction

DiffusionWeightedMRI (DWI) makesit possibleto non-irvasvely measureva-
ter diffusionwithin tissue.In a volumeacquiredusingDWI, eachvoxel contains
adiffusiontensoror otherhigherorderdescriptorfor thelocal waterdiffusion. In
brous tissuesuchasmusclesandhumanbrainwhite matter watertendto diffuse
lessin the directionsperpendiculato the ber structure.This malkesit possible
to studythelocal ber orientationgndirectly by interpretingthe waterdiffusion
within thevoxel. From DWI datait is thereforepossibleto createsocalled ber
tracesfrom virtual particles traveling alongthe directionof maximumdiffusion,
startingfrom a setof seedpoints(Basser;1995;Basseetal., 2000;Westinetal.,
2002),a.k.a ber tracking.Performing ber trackingin DWI datafromthehuman
brain givesvaluableinsightsabout ber tractconnectiity, usefulin for instance
sumgical planningandfor the studyof variousdiseasesuchasschizophrenia.

In our experimentsve have exclusively useddatafrom so calleddiffusiontensor
MRI (DT-MRI) (Bihan et al., 1986), wherethe diffusion inside a voxel is de-

scribedby a secondordersymmetricpositve de nite 3 3 tensoywhich maybe
thoughtof asan ellipsoid. An elongatecellipsoid represenhigh diffusivity in a

particulardirection,which may be interpretedasthe dominantorientationof the

bers goingthru that particularvoxel. Fromthis data, ber traceswerecreated
within the white matterareasusinga standardber trackingalgorithmfollowing

the principal directionof diffusion basedon a fourth-orderRunge-Kitta integra-
tion scheme.

The contrikution of this paperis a novel postprocessingnethodfor clusteringor
seggmentationof such ber traces. Fibertracesare groupedaccordingto a pair
wise similarity function which takesinto accountthe shapeand connectiity of
ber traces. The clusteringmethodwe proposebuilds on so called normalized
cuts,which have previously beenintroducedin the computervision community
by ShiandMalik (ShiandMalik, 2000)for automaticsegmentatiorof digital im-
ages.Thisresultsin anunsupervise@egmentatiorof humanbrainwhite mattery
in which ber tracesaregroupedinto coherentoundles,applicableto ary DWI
technologyableto produceber traces.For anoverview of themethod see gure
9.1.

9.1.1 PreviousWork

There are numerousexampleswhere ber tracesfrom DWI have successfully
revealed ber tractsin the humanbrain, seefor instance(Basseret al., 2000;
Behrenset al., 2003a;Westinet al., 2002). Stream-tubesave often beenused
for visualization(Zhanget al., 2003), sometimesn combinationwith coloring
schemesndvariation of the stream-tubehicknessaccordingto someaspectof
the underlyinglocal diffusion descriptor The ideaof using ber tracesto ob-
tain sggmentation®f white matter ber tracts,aswell asgray matterareashave
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Figure9.1: An overview of theproposednethod.Whethertheresultshouldbein voxels
or ber tracesdependshighly on the application. Fiber tracesare e xible,
they arefor instanceable to represenmultiple ber directionsgoing thru
a point in space. Voxels are on the other hand more suitablefor volume
rendering.

beenexploredin a numberof papersrecently In (Behrenset al., 2003a)a seg-
mentationof deepgray matterstructuresis performedusing probabilistic ber
tracking,which connectgre-sgmentedareasof the humancortex with thetha-
lamus.Therealsoexist manualapproacheto organize ber tracesnto ber bun-
dles, suchasthe virtual dissectionproposedn (Cataniet al., 2002). In (Brun
etal., 2003)theideaof pseudo-coloringsoft clustering) ber tracesto enhance
the perceptiorof connectiity in visualizationsof humanbrainwhite matterwas
presentedSomeunsupervise@pproacheso clusteringof ber tracessimilarto
theonein this paper have alsobeenreported.For instancduzzy c-meansluster
ing (Shimory etal., 2002)andK nearesneighborgDing et al., 2003). Outside
the areaof medicalimageprocessingclusteringof curves (Gaffney and Smyth,
2003)hasbeenreported.

9.2 Determining Fiber Similarity

Many clusteringmethodsjncludingthe N Cut beingusedin this papey operate
on a graphwith undirectedwveightededgesdescribingthe pairwisesimilarity of
the objectsto be clustered. This graphmay be describedusinga weight matrix
W, whichis symmetricandhasvaluesrangingfrom 0 (dissimilar)to 1 (similar).

A Dber trace,represente@san orderedsetof pointsin space,is a fairly high-
dimensionabbject. Thereforethe pairwisecomparisorof all ber tracescould
potentially be a time-demandindaskif ber tracesimilarity is cumbersomeo
calculateandthe numberof ber tracess high. In this paperwe proposeto split
the computatiorof similarity into two steps:

1. Mappinghigh-dimensionalber tracesto arelatively low-dimensionaEu-
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clideanfeaturespace preservingsomebut not all informationabout ber
shapeand ber connectvity. Thismappings oblivious,actingoneach ber
separately

2. The useof a Gaussiarkernel for comparisonof pointsin the Euclidean
featurespace This functionactson pairsof ber traces.

It is importantto point out earlythateventhoughthe abore mappingto a feature
spacemay seemto be crudeata rst glance,it works surprisinglywell for ber

tracedn practice.Forasetof N ber traceghe rst calculationabore costO(N ),

while the secondcalculationcostO(N 2) operations.This is alsothe reasorfor
pre-processinthe ber datain the rst step,makingthesecondcalculationmore
computationallyef cient.

9.2.1 Mapping Fiber Tracesto an Euclidean Feature Space

The position, shapeand connectiity areimportantpropertiesof a ber traceto
presere in the mappingto a featurespace. If we regarda ber traceasjusta
setof pointsin spacewe capturea sketch of thesepropertiesby calculatingthe
meanvectorm andthe covariancematrix C of the pointsbuilding up the ber
trace.In orderto avoid an_—Iinearscalingbeha{ior, we take thesquareroot of the
covariancematrix, G = = C Now themappingof a ber F maybedescribed

( F) = (Mx;My; Mz Gux; Oxy s Oz Oy Oyz: Grz) (9.1)

whichis a9-dimensionaVector This mappinghasthedesirablgropertythatit is

rotationandtranslationinvariantin the sensehatthe Euclideandistancebetween
two ber tracesmappedo the 9-dimensionaspacds invariantto ary rotationsor

translationsn the original space.For applicationavheremeanandcovarianceis

notenoughto discriminatebetweerdifferentclustersof ber traceshigherorder
centralmomentscouldaddmorefeaturedimensiongo the abore mapping.Also,

in casesvhen ber connectiity is moreimportantthanshape,a higherweight
couldbegivento the ber traceend-pointsn the calculationof the meanvector
andcovariancematrix above. Differentweightscould alsobe givento the mean
vectorandthe covariancecomponent#n the mappingin eq(9.1).

9.2.2 Usingthe GaussianKernel for Pairwise Comparison

When ber traceshave beenmappedo pointsin a Euclideanfeaturespacethey
may be comparedrelatively easyfor similarity. We chooseGaussiarkernels
(a.k.a.RadialBasisFunctionsin NeuralNetworksliterature)

kx yk?

K(xy) = exp( —55—
which aresymmetricandcontaina parameter which we may useto adjustthe
sensitvity of the similarity function. This functionmapssimilar pointsin feature

) (9.2)
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spaceo unity anddissimilarpointsto zero.

9.2.3 Constructing W

By combiningthemappingto a Euclidearfeaturespacewith the Gaussiarkernel,
we obtaintheweightsof anundirectedyraphdescribinghe similarity betweerall
pairsof ber traces.Theweightsarestoredin amatrix W de ned as

Wap = K (( Fa); ( Fp)): (9.3)

This matrixis expectedo be sparsehaving mostof the valuescloseto zero.

9.3 Normalized Cut and Clustering

Clustering,segmentatiorand perceptuagjroupingusingnormalizedcutswasin-
troducedto the computervision communityby Shi and Malik in (Shi and Ma-
lik, 2000). The pointsto be clusteredare representedy a undirectedgraph
G = (V;E), wherethe nodescorrespondo the pointsto be clusteredandeach
edgehasweightw(i; j ) whichrepresenthe similarity betweerpointi andj. The
cutis a graphtheoreticalconceptwhich for a partition of the nodesinto two dis-
junctsetsA andB bipartitioningV is de ned as

X
cut(A; B) = w(u; V) (9.4)
U2Av2B

Using the cut, an optimal partitioning of the nodesmay be de ned asone that
minimizesthe cut. Intuitively this couldbeusedfor sggmentationwhile the min-
imum cut correspond$o a partitioningwhich keepswell connectedcomponents
of the graphtogether However, thereis no biasin the minimum cut which says
it shouldpartitionthe graphin two partsof equalsize. ShiandMalik therefore
de nedthenormalizedcut, whichis de ned as

cut(A; B) N cut(A; B)

Ncut(A;B) = assoA; V) assoB;V)

(9.5)

whereassq(A; V) = i uzat2y W(U;t). This nev measureN cut triesto min-
imize the cut, while at the sametime penalizingpartitionsin which one setof
nodesis only looselyconnectedo the graphat E\rge. If wede ne x;j = 1when
nodei 2 A, xj = 1whennodei 2 B, d(i) = J-w(i;j), k = —F"TT'id' Disa
matrixwith d = d(i) in it's diagonalandW is the matrix de ned by w(i; j ) then
it is shawvn in (ShiandMalik, 2000)that

1+x)T0O W)d+x) @ xT(D W) x)

N cut = —— ———
ki D1 1 k1 D1

(9.6)
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which canbe shavn to be equivalentto

y'(D W)y

N cut = yTDy

(9.7)

wherey; 2 f1; bg, b= k=1 k),fory= (1+x) b1 x)whiley'd = 0.
Relaxingthe problemby allowing y to take ary real valuesresultsin the mini-
mizationof the socalledRayleighquotient,which canbe minimizedby solving

(D W)y=Dy (9.8)

It is shavn in (ShiandMalik, 2000)that the secondsmallesteigemwectorof eq.
(9.8) minimizestherealvaluedversionof thenormalizedcut.

In our implementationwe usedthe secondsmallesteigewvector to obtaina 1-
d orderingof the verticesof the graph. A randomsearchwas then performed
to determinea good thresholdfor the bipartitioning of the graph. To testthe
goodnes®f aspeci ¢ thresholdthetruediscreteN cut wascalculated Whenthe
graphhasbeensplit into two, (ShiandMalik, 2000)recommendshe partitioning
continuegecursvely until theN cut raisesabove a certainvalue.

9.4 Results

(] 10 200 w0 400 S0 600 700

Figure9.2: Top left: A setof synthetic ber tracesin 2-D. Top middle: Thematrix W .
Rows andcolumnssortedaccordingto the secondsmallesteigervector The
Gaussiarkernel have beenchosenso that ve clusterspresenthemseles
naturally Top right: The 15 smallesteigervaluesof (D  W)=D. Bot-
tom: Segmentatiorobtainedrom recursve bipartitioningof the ber traces.
Maximumvalueof the N cut setto 0.2,2.5and4.5respectiely.

1

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1 T
, 0 ?
0 2 4 6 8 10 12



9.4 Results 75

Figure9.3:

Figure9.4:

2200]
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Left: Axial view of a sgmentationobtainedfrom recursve bipartitioning
of the white matter ber traces.Maximumvalueof the N cut wassetto 1.5
and Gaussiarkernel = 20. . Thecolorsof ber tracesindicatecluster
membership.Middle: Coronalview. Right: The matrix W. Rows and
columnssortedaccordingto the secondsmallestigervector

Pseudo-coloringf ber traces.RGB colorsarederiveddirectly from scaled
versionsof the 2nd, 3rd and4th eigervectorof (D W)=D. Usingavery

large Gaussiarkernel, = 100, resultsin a soft clusteringeffect. Note
the enhancegberceptionof ber connectvity andshape despitethe lack of

discreteclusters. Left: Whole brain white mattervisualizedusing pseudo-
colored ber traces.Middle: A subsebf thewhite matter ber tracesvisu-

alizedusingpseudo-colorecber traces.Right: Pseudo-coloringf voxels
belongingto white matterenhanceerceptiorof connectvity in slicesor vol-

umes.To Il in holesin white matterwhen ber tracesweretransformedo

voxels,anearest-neighbapproacktcombinedwith awhite mattermaskwas
used.

The methodwastestedon both syntheticdataset@and ber tracesfrom real dif-
fusion weightedMRI. Resultsare visualizedusing both stream-tubesnd color
codedvoxel data.All algorithmswereimplementedn MATLAB.

In gure 9.2the methodis testedon syntheticallygeneratedber tracesin

2-D.

In gure 9.3real ber tracesobtainedrom DT-MRI wasusedasinput.

In gure 9.4the methodwastestedwith avery largevalueof anddirect



76 Chapter 9. Clustering Fiber TracesUsing Normalized Cuts

mappingof thesecondthird andfourth eigevectorto colorssimilarto the
approactdescribedn (Brunetal., 2003).

9.5 Discussion

We have not yetinvestigatedhe effectsof noiseto the clustering.Also, the max-
imum numberof ber traceswe have analyzedsofar is only about5000,dueto
the currentimplementatiorin MATLAB which doesnot fully exploit the sparsity
of W. Never theless,the experimentsshav the potentialof the N Cut criterion
andthe proposedneasuref ber similarity.

Oneinsight from the experimentsis that pseudo-coloringf ber tracesis very
effective to reveal errorsin ber trackingalgorithms.A collectionof ber traces
maylook ok ata rst glance,but after pseudo-coloringthe anomaliesare easily
spotted.Oneexampleof thisis in gure 9.4 (middle) wherethered ber traces
may be identi ed instantly as outliers becausehey have a very different color
thansurroundingber traces.

In our experimentswe have segmented ber tracesand then sometimedrans-
formedthe resultsbackto voxel space.Onemay askif it would be possibleto
sgmentvoxels directly, andwhat featuresto useto discriminatevoxels. A so-
lution with obvious similaritiesto the approachpresentedn this paperwould be
to perform ber tracking, possiblystochastiqBehrenset al., 2003a),from each
voxel insidewhite matterandregardthe ber tracesasanon-localfeatureof the
voxels— macwo featues

The continuouscoloringin gure 9.4 appeargo be morevisually pleasingthan
the discretecoloring accordingto the segmentationin gure 9.3. Onemay in
factaskif a structuresuchasthe corpuscallosumis meaningfulto partitioninto
severalclustersor whetherit is betterdescribedasone ber bundleparameterized
by a coordinatesystemgoing from anteriorto posterior One could think of the
smoothlyvarying colorsin gure 9.4 ascoordinatesystemsparameterizingll
ber tracesin the crossbundledirections. |t is in factthenalsonaturalto adda
parameterizationf eachbundlein the ber direction.

In conclusiortheproposedlusteringmethodseemdo beapromisingnev wayto
automaticallyreveal the global structureof white matterby segmentatiorof ber

tracesobtainedrom DWI data.We believe thisto beusefulin for instancesxplo-
rative studiesof the brainandfor visualizationof DWI datain sugical planning
applicationsimportantto notethoughis thatall postprocessingnethoddor ber

tracessharethe sameweaknessthey all rely onagood ber trackingalgorithm
to performwell.
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Abstract: Averaging, Itering andinterpolationof 3-D objectorientationdatais
importantin bothcomputervision andcomputergraphicsfor instanceto smooth
estimatesof objectorientationand interpolatebetweenkeyframesin computer
animation. In this paperwe presenta novel framework in which the non-linear
natureof theseproblemsis avoided by embeddinghe manifold of 3-D orienta-
tionsinto a 16-dimensionaEuclideanspace.Linear operationgerformedn the
new representatioganbe shavn to be rotationinvariant,andde ning a projec-
tion backto the orientationmanifold resultsin optimal estimatesvith respecto
the Euclideanmetric. In otherwords,standardinear lters, interpolatorsandes-
timatorsmay be appliedto orientationdata, without the needfor an additional
machineryto handlethe non-linearmatureof the problems.This novel represen-
tationalsoprovidesaway to expressuncertaintyin 3-D orientation,analogougo
thewell known tensorrepresentatiofor linesandhyperplanes.

10.1 Intr oduction

Averaging, Iltering andinterpolationof scalarandvectorvaluedsetsandsignals
usinglinearmethodshasbeencommonpracticein engineeringcienceor along
time. However, whenthe databelongsto a non-linearmanifold, theoryis not
asdeveloped. This paperdiscussanimportantspecialcaseof the latter, namely
whenthe databelongsto the setof all 3-D orientations.Problemselatedto this

'Publishedin the Proceedingof the IEEE International Conferenceon Image Processing
(ICIP'05).
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manifold hasbeenstudiedin both computervision and computergraphics. In
computeranimation,objectand cameraorientationsare interpolatedover time,
to createsmoothtransitionsbetweerkeyframesspeci ed by the animator(Shoe-
make,1985;Barretal.,1992;Grassial998;LeeandShin,2002;Johnson2003).
In computewisionit is commonto estimateheorientationof objects suchasair-
planesandfaces(Ssastaa andKlassen2002),relative to the coordinatesystem
of acamera.Otherapplicationareasncludereductionof noisefrom raw datain
sequence-dependarontinuummodelingof DNA andthestudyof platetectonics
(Moakher,2002).

Objectorientationis often mixed up with rotations,becausat is a well knovn
factthat any 3-D orientationmay be obtainedby a single rotation of an object
from a referenceorientation.In short,orientationis a state,rotationis an action
or a changeof orientation. One early approachto dealwith orientationdatain
computemgraphicswasto describeorientationusingEulerangleswhich speci es
orientationas a sequencef rotationsaboutthreepre-choseraxes. In a classi-
cal paperby Shoemak(Shoemad, 1985),this approactwasshawvn to beinferior
to arepresentatiomsingquaternions.The key obsenration wasthat unit quater
nionscouldrepresenbrientationandthusinterpolationcouldbedoneon S3. One
drawvback however is that antipodalquaternionsg and @, representhe same
rotationandthus quaternionshasto be ipped to the samehemisphereprior to
interpolation.This approacthasbeenextendedby seseralothers seefor instance
(Barretal.,1992).Otherapproachebave usedtheintrinsic metricof thespaceof
orientationsandrotations,suchas parameterizatiomndinterpolationsusingthe
logarithmandexponentiainapde ned onthelie-groupof rotationsin 3-D, SO(3)
(Grassia1998;Lee and Shin, 2002; Moakher,2002;Johnson2003). Otherap-
proachefiave beenbasedne.g.intrinsicformulationsof non-linearoptimization
problems(Lee and Shin, 2002), global linearizationsuchasin (Johnstoneand
Williams, 1999) and extrinsic meanvaluesfor orientationdata (Srivastaa and
Klassen,2002). The approachpresentedn this paperis relatedto the notion of
extrinsicmean.Wewill build from thequaterniorrepresentatioof rotationscre-
ating a novel one-to-onemappingof orientationsinto 16-dimensionaEuclidean
space.In this new representationstandardinear methodsfor interpolationand
Itering canbe applied,andthe resultis then projectedbackto the setof unit
quaternionsvhich aretheninterpretedasorientations.

10.2 Quaternions

Quaternionsvereinventedby Sir William Rowan Hamiltonin 1843, aftera 15
yearsearclfor asuccessoof complex numbersThehistoryandtheoryof quater
nionsis too rich to cover in a shortpaper andwe will herefocuson somemain
propertiesvhich make quaternionssuitablefor representingotationsin 3-D. A
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quaterniong canbewritten on theforms

a G+ Cpi + Ogj + ouk
(i B ™) = (s;v) (10.1)

wherethe coefcients q1, g, @3 andqs 2 R. Theconjugates thende ned as

0= @i G k (10.2)
Thepurelyimaginarypartsof a quaterniorsatisfyHamilton's rules
i2=j?=k?’= 1 (10.3)
ij = ji=k (10.4)
jk= kj =i (10.5)
ki= ik =j: (10.6)

Addition andmultiplicationcanthenbe de ned

atb = (a1t b))+ (a2 + by)i

+(ag+ bo)j + (a+ By)k (10.7)
ab = (b ap azly  asly)
+(ahy + aghy + azhy  ashg)i (10.8)
+(aphs  axhy + aghy + aghy)j '
+(athy + agby  agly + ashy)k:
Thenormis de ned as
p_ p_ 4
n(@= qq= qq= a’+ aj+ aj+ a3; (10.9)
andit is multiplicative
n(ab) = n(a)n(b): (10.10)

A rotationin 3-D of a point p aboutthe unit vector i by anangle may be
calculatedusingquaternionsising

p°= apg * = opg; (10.11)
where

= (s;v) = (cog(5); n sin(5)) (10.12)
andpointsarerepresentetly

p= (0;p): (10.13)

From(10.11)and(10.12)it canbeseerthatevery unit quaternionn(qg) = 1, may
beinterpretedasarotationin 3-D, andeveryrotationin SO(3) mapsto antipodes
onS® with gand qrepresentinghe samerotation(Shoemak, 1985;Barretal.,

1992;Grassia;l998;LeeandShin,2002).
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10.3 Mapping Orientations to R*®

Theantipodalnatureof the quaterniorrepresentationf rotationsis analogougo
thatof representindine orientationsusingunit lengthvectorspointing alongthe
line. Thesevectorsmight pointin eitherof two directions.In R?, line orientation
may berepresentedsingthe doubleanglerepresentatiofGranlund,1978).In n
dimensionsn 2, line orientationsanberepresentedy takingthe outerprod-
uctof aunit vectorft pointingalongtheline, whichresultsinan n symmetric
positve semi-de nitematrix (or tensorof order2) (Knutsson,1989).

T=naAT=( A)( n") (10.14)

This tensorrepresentatiois invariantto ips of the unit vector It identi es an-
tipodal pointson S" 1, which revealsthat the topology of line orientationin
n dimensionss equialentto the projective planeRP("™ Y. Fully generalized,
thisrepresentatiomay continuouslyrepresenhot only line orientationsput also
planesandhyperplanesn higherdimensionsandit is calledthe structuretensor
whenusedto analyzemageandvolumedatalocal neighborhood.

Seenfrom the quaternionrepresentatiomf rotations,SO(3) mapsto antipodal
pointson S3. By identifying theseantipodalpointsonerealizesthat SO(3) has
thetopologyof the projective spaceRP3. Analogousto thetensorrepresentation
of line orientationswe now de ne thefollowing mapfor unit quaternions:

Q = M@=M( 9 (10.15)
= q'q (10.16)
= (01 O G55 G)' (u; s G ) (10.17)
- e ein_AT\T e ain_AT
= (cosz, smzn ) (cosz, smzn ) (10.18)
_ cos 5 cos5 sinzNAT
~ cosgsingh sin?sNAT (10.19)
; T
1 (1+cos) sin n (10.20)

2 sin n (1 cos )AAT

Thenew objectQ isa4 4 symmetricpositive semi-de nitematrix andthusthe
manifold of SO(3) hasbeenmappedto R®, or R if symmetryis taken into
account. This mappingfrom unit quaterniongs two-to-one,M ( q) = M (Q).
Combinedwith the mappingfrom SO(3) to quaternionswhich is one-to-tvo, a
continuousone-to-onemappingfrom 3-D orientationsnto a Euclidearnspacehas
beenobtained.

10.4 ... and Back Again

Thebasicideaof this paperis to applylinearmethodson the manifold of orienta-
tionsby inheritingthe Euclidearmetricof R16. In (Srivastaa andKlassen2002)
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the so calledextrinsic meanis de ned, which is the minimizationof the sumof
squareddistanceto all datapoints, usingthe extrinsic metric inheritedfrom the
spaceembeddinghemanifold

XN
Onean = argmin  d(q; g)? (10.21)
Ja=l i

While themostnaturaldistancemetricshouldbetheintrinsic metric, the extrinsic
metricmaybeagoodapproximationn mary caseslt is shavnin (Srivastaa and
Klassen2002)that nding theextrinsicmeanonthemanifoldis equivalentto rst
nding themean intheembeddingpaceandthen nd thepointqmean = P( )
onthemanifoldwhich minimizesthedistanceo . UsingtheFrobeniusnormon
matricesQ 2 R¥ (equialentto the Euclidearmetricon R16) asextrinsic metric,
we obtainthe extrinsic meanof orientationsas

Omean

X
argmin  j(M(0); M (6))j2 (10.22)
jg=1,_;

1 X
P(W M(g)): (10.23)
i=1
The orientationwhich mapsto the point on the manifold closestto Q may be
calculatedusing

PQ = argminjM (@) Qi (10.24)
= agminTr((gq"  Q)aa’ Q") (10.25)
= argmafTr(Qqu); (10.26)

ja=

andit canbe shavn thatchoosingqg to bethelargesteigemwectorof Q will mini-
mizethis distance.

TheinversemappingP (Q) is not only usefulfor calculatingthe extrinsic mean.
It may be usedto mapary pointQ 2 R# backto the manifold of orientations,
after performingary linear combinationof datapoints mappedby M . In fact,
ary variationalapproachwhich endsup minimizing an enegy function in R#

which canbe expressedas a monotoneincreasingfunction of d(Qmin ; Q), for

someglobal minimum Qmn , shouldbe possibleto minimize on the manifold of

orientationsusingP (Qmin ). In particular we may useP (Q) to getbackto the
manifold afterhaving performednterpolationand ltering in R¥.

10.5 Rotation Invariance

Are linearoperationson Q rotationinvariant?
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Lemma 1 (Rotation) Applyingarotationg, to g prior to mappingresultsin

M(gd = (Ra)(Rq)’ (10.27)
= R(qq")RT (10.28)

forsome4 4 rotationmatrix R.

Proof 1 Quaternionmultiplicationis a linear opemtion on the coefcients. The
norm is multiplicative and thusevery jgj = 1 will be mappedinto a new unit
quaternion,sothe mappingmustbea rotationin R%.

Theorem 1 (Rotation invariance)
RM (G2)RT + RM (G)RT = R(M (ca) + M (a))R" (10.29)

RM(@)R" = R(M (q)RT (10.30)
Proof 2 Followsdirectlyfrommatrix algebra.

Thisis sufcient to make all linear operationgotationinvariant. Theinterpreta-
tion shouldbethatlinearoperationganbeappliedwith thesameresultregardless
of ary prior rotationof the dataset,just whatis expectedfor a fair andwell bal-
ancedepresentation.

10.6 Experiments

To testthe new representationtwo experimentswere performed. First cubic
splineswereusedto interpolateorientationsn the new representationThendi-
rectionalnoisewasaddedand nally a FIR Iter wasappliedon the sequence
of orientationdatato restorethe signal. See gure 1. In orderto visualizese-
quencef orientationsa curwe is plottedon a sphere which canbe thoughtas
representinghe pathof a camergpointingtowardsorigo.

10.7 Discussion

This paperdescribesiow to obtaina continuousandrotationinvariantrepresenta-
tion of orientationwhich canbeusedn aplug-and-playashionwith prettymuch
ary methodfor averaging, ltering andinterpolationof vectorvalueddata. The
calculationof extrinsic meanvalueis similarto themethoddescribedit pagell5
in (Johnson2003)to calculatea meanorientation. However, whatwe propose
hereis arepresentationf orientation,in which interpolationand ltering canbe
donedirectly. Analogousto thetensorrepresentationf line andhyperplaneori-
entationg Knutsson,1989),it may alsobe seenasa simultaneousepresentation
of a meanvalue and uncertainty whenthe rank of Q is larger thanone, which
couldbeusedfor instanceo performrotationinvariantstatisticattestson a setof
orientations.
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(a) Interpolated

(b) Noisy

(c) Smoothed

Figure 10.1: Interpolationand Itering of noisyorientationdata. First a setof keyframe
orientations( lled circles) are interpolatedusing cubic splinesto form a
continuouspathin a). Thendirectionalnoiseis addedin b). Finally the
noisy datain b) is ltered usinga smoothingFIR Iter of length10. The
pathbetweerthe keyframescorrespondso the positionof a virtual camera
pointing towardsorigo. The line-glyphstangentthe sphereand represent
theup-directionrelative to thecamera.

While themethods easyto implementijt is notyetfully understoodvhatnegative
effects there might be of using a global embeddingapproach. Other methods
basednthemorenaturalintrinsic metricmayalsobebothcomputationallyfaster
and more directto implement. Never the less,we believe the simplicity of the
methodwill be attractve for at leastsomeapplications.For the imageanalysis
community the similarity of this representatiomwith the tensorrepresentationf
line- andhyperplanerientationsshouldbe of particularinterest.lt would alsobe
interestingo furtherinvestigatehow low-level imagefeaturesn 3-D volumedata
canbe representedsingthis new representationThe matchingof a small 3-D
templateyotatedin all possibleorientationsaandtranslatedall over the volume,is
oneexampleof asignalwhich canbedescribedisingtheproposedepresentation.
In thecomputegraphicccommunityontheotherhand thisrepresentatiomaybe
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ableto competewith thecommonlyusedquaternionsn somespeci ¢ application
areas. We guessthe possibility to replacenon-linearsignal processingof 3-D
objectorientationdata,with simple1-D signalprocessingmight not alwaysgive
thedesiredresultbut it will work well enoughin mary situations.
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Abstract: We presenta novel methodfor manifold learning,i.e. identi cation

of thelow-dimensionamanifold-like structurepresenin asetof datapointsin a

possiblyhigh-dimensionakpace. The mainideais derived from the conceptof

Riemanniamormal coordinates.This coordinatesystemis in a way a general-
ization of Cartesiancoordinatesn Euclideanspace.We translatethis ideato a

cloud of datapointsin orderto performdimensionreduction. Our implementa-
tion currentlyusedDijkstra's algorithmfor shortespathsin graphsandsomebasic
conceptdgrom differentialgeometry We expectthisapproacho openup new pos-
sibilities for analysisof e.g. shapein medicalimagingandsignalprocessingf

manifold-\aluedsignals,wherethe coordinatesystemis “learned” from experi-

mentalhigh-dimensionatiataratherthande ned analyticallyusinge.g. models
basedon Lie-groups.

11.1 Intr oduction

A manifold can be seenas a generalizatiorof a surfaceto higherdimensions.
Locally amanifoldlookslike a EuclidearspaceRN , but on aglobalscaleit may
be curved and/orcompact,like a sphereor a torus. A manifold with a metric
tensorde ned ateachpointis calleda Riemanniarmanifold.

'Publishedin the Proceedingsof the 14th Scandingian Conferenceon Image Analysis
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Recentdevelopmentsn so calledmanifoldlearninghasopenedup new perspec-
tivesin non-lineardataanalysis. Classicalmethodssuchas Principal Compo-
nentsAnalysis (PCA, a.k.a. the Karhunen-Loee transform)and Multidimen-

sionalScaling(MDS) ef ciently nds importantlinear subspaces a setof data
points.Methodswithin the eld of manifoldlearningarehowever ableto identify

non-linearrelationsaswell. In this paperwe present new tool for dataanalysis
of thiskind, basedon the concepf Riemanniamormalcoordinates.

Manifold learninghasbecomean establishedeld of researchKohonens Self
Organizing Maps (SOM) (Kohonen,1982) being an importantearly example.
Characteristidor the newest generationof manifold learningtechniquess ef-
ciency and global corvergence,in particularmary of them are basedon the
solutionof very large eigewvalue problems. This includefor instancethe recent
Kernel PCA (Schdllopf et al., 1998), Locally Linear Embedding(Roweis and
Saul,2000),Isomap(Tenenbaunetal., 2000),LaplacianEigenmapgBelkin and
Niyogi, 2002)andHessiarEigenmapgDonohoandGrimes,2003).

P
\C
M = the surface of the Eart b

Figure11.1: Traveling along a geodesicstartingat a speci ¢ locationin a speci ¢ di-
rection,will eventuallytake you to any placeon the surfaceof the Earth.
Riemanniamormal coordinatesaptureghis information, mappingpoints
onthe sphereto R? in a way thatdirectionandgeodesiaistancefrom the
origin to ary pointis presered. Riemanniamormalcoordinatesarethere-
fore quite naturalto usefor navigationon amanifold,atleastin thevicinity
of a point. Also notethatgeodesic®n a manifoldM (left) aremappedo
linesin Riemanniamormalcoordinategright).

Manifolds arisein datafor instancewhena setof high-dimensionatlatapoints
canbemodeledn a continuousvay usingonly a few variables.A typical exam-
pleis a setof imagesof a 3-D object. Eachimagemay berepresentedsa very
high-dimensionaVector which depend®n the sceneanda few parametersuch
asrelatve cameraorientation,camergpositionandlighting conditions. Camera
orientationitself is a good example of a non-linearmanifold. The manifold of
orientations SO(3), canberepresentetdy the setof all rotationmatrices.While
the manifold-valued parametesspaceis equivariantto importantfeaturesof the
data,namelycamera-andlighting information, it shouldalsobeinvariantto un-
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interestingthingssuchasnoisefrom theimagesensors.

In thefollowing sectionsve presentanovel techniqudor manifoldlearningbased
on the conceptof RiemanniamormalcoordinatesWe have translatedhis tech-
niguefrom its original settingin differentialgeometryto the taskof mappinga
setof experimentahigh-dimensionatiatapoints,with a manifold-like structure,
to alow-dimensionakpace An intuitive explanationof Riemanniamormalcoor
dinatesis givenin gure 11.1. They containinformationaboutthe directionand
distancefrom a speci ¢ point on a manifold to othernearbypoints. The useful-
nessof suchinformationfor navigationis obvious, not only for navigatingon the
Earth,but alsofor creatinguserinterfacesto navigatein manifold-valueddatain
general.The Riemanniamormalcoordinatesrealsocloselyrelatedto geodesics
andthe exponentialandlogarithmicmapsof Lie-groups,which have beenused
recentlyfor the analysisof shapein medicalimages(Fletcheret al., 2003) and
to performtime-dependensignal processingf orientationdata(Lee and Shin,
2002).

11.2 Theory

In this sectionwe brie y review somebasicconceptsof differential geometry
necessaryo understandhe methodwe propose.

To eachpoint p onamanifoldM thereis a associatedangentspace,T,M , con-
sisting of a Euclideanspacetangentialto M at p. Derivatives at p of smooth
curvespassinghrougha pointp belongsto T,M .

A specialclassof curvesde ned on Riemanniarmanifoldsarethe geodesics;e.
length minimizing curveson M. Thesede ne a metric d(x; y) on a manifold
dervedfrom thelengthof a geodesigpassinghroughx andy.

The Riemanniarexponentialmap,exp(v) 2 M, v 2 TyM, is afunctionwhich
mapspointsin the tangentspaceof p, to pointson M. If H(t) is the unique
geodesic,startingat p with velocity v, thenexp(v) = H(1). Intuitively this
canbethoughtof aswalking with constantelocity in particulardirectionon the
manifold, from a point p, during onetime unit. This mappingis one-to-ondn a
neighborhooaf p andits inverseis thelog map.

Thesetof pointsonM for which thereexists morethanoneshortespathfrom p
is calledthe cutlocusof p. Thecutlocusof apointon a spherds for instancdts
antipodalpoint. Somemanifolds,suchasR?, lack a cut locus. Othermanifolds,
suchasthetorus,have a quite complex looking cutlocus.

Given a point p and an orthonormalbasisf &;g for the tangentspaceT,M, a
Riemanniamormal coordinatesystemis provided by the exponentialmapping.
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The gradientof a scalarfunctionf is a dual vector eld which componentsre
simply the partialderivatives(in theinducedbasis).

11.3 Method

Givena basispoint p from a datasetX andanorthonormalbasisof the tangent
spaceat p to athoughtmanifoldM , we would like to, via thelog mapinto ToM ,

expressall datapointsx 2 X usingRiemanniamormalcoordinatesDueto the

propertiesof Riemanniamormalcoordinatesthis is equivalentto measuringhe

distanceanddirectionfrom p to every otherpointin the dataset. We chooseto

call thisframevork LOGMAP:

1. Froma setof datapoints, X , sampledrom a manifold M , choosea base
pointp 2 X.

2. Todeterminghedimensiorof M , selectaball B (p) of theK closespoints
aroundp. Thenperformstandard®CA in theambientspacefor B (p). This
will giveusT,M , with dim ToM = N, wherewe chooseary suitableON-
basisf&ig. All y 2 B(p) aremappedo T,M by projectiononf &;gin the
ambientspaceThisisthe -mappingin gure 11.2.

3. Approximatedistance®n M . In the currentimplementatiorwe do this by
de ning a weightedundirectedgraph,with eachnodecorrespondindo a
datapointandwith edgesconnectingeachnodeto its L closestneighbors.
Lettheweightsof theseedgesede nedby theEuclideardistanceéietween
datapointsin theambientspace We thenuseDijkstra's algorithmfor nd-
ing shortestpathsin this graph,to approximatethe geodesialistancesn
M . This givesestimate®f d(x; y) forall (x;y) 2 X  B(p).

4, Eo calculatethe direction from p to every point x 2 X, estimateg =
ge = r yd?(x; y)jy=p numerically usingthe valuesobtainedin the
previousstep.While we only have valuesof d?(x; y) fory 2 B (p), wemust
interpolatethis functionin T,M , e.g. usinga secondorderpolynomial,in
orderto calculatethe partialderivativesat ( p).

5. Estimatesf Riemanniamormalcoordinatesor apointx arethenobtained
asx' = d(x; p)jga.
In step4) abore, the numericalcalculationof the gradientat p usesthe squared
distancefunction. The reasonfor not just taking the gradientat p of the plain
distancdunctionfrom x, whichis known to pointin thedirectionof thegeodesic
connectingp andx, is thatit is not smoothfor p  x. Usingthe squareof the
distancefunction,which is mucheasierto interpolate solvesthis problemwhile
giving agradientin the samedirection.However, whenx is closeto thecutlocus
of p, eventhesquaredlistanceunctionbecomeson-smoothln theexperiments
shawvn in the next section,we have actually useda slightly morerobust scheme
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Figure 11.2: A schematidllustrationof ageodesidrom x to p in amanifoldM . Dashed
curvescorrespondo iso-levelsof d2(y) = d?(x;y). Theseiso-cunesare
perpendiculato every geodesigassinghroughx. The ball aroundp and
the mapping de nes a chartthat mapsa partof M to R2. The domain
of exp is actuallythetangentspaceof M atp, andit is naturalto identify
vectorsin R? with T,M .

to estimatethe gradientfor pointscloseto the cutlocus. This wasdoneby using
the RANSAC algorithm (Fischlerand Bolles, 1981), to selectpointscloseto p
consistentith asecondrderpolynomialmodelof thesquaredlistanceunction.

11.4 Experiments

The LOGMAP methodwasevaluatedusingMatlah The mostcritical partof the
algorithm,thecalculationof shortespathswasborravedfrom thelsomapimple-
mentationof Dijkstra's shortespaths(Tenenbaunetal., 2000).In the LOGMAP
implementation the selectionof p was madeinteractively by the click on the
mouseandtheresultinglog mapwascalculatedalmostin realtime.

Threeexperimentson syntheticdataare presentedhereto illustratethe behaior

of the algorithm. In eachof the experimentswe have assumedknowledge of

how to choosel, the numberof neighbordor building the graph,andK , which

determineghe sizeof the neighborhoodisedfor dimensionestimationandlater
the estimationof gradients. It is importantto point out that selectionof these
parameterss actuallynon-trivial for mary datasets,e.g. whennoiseis present.
We will not go furtherinto the detailsof choosingtheseconstantsn this paper
however.

11.4.1 The SwissRoll

In the rst experimentwe usethe“Swissroll” dataset,consistingof pointssam-
pled from a 2-D manifold, embeddedn R3, which looks like a roll of Swiss
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cheese.lt hasbeenusedbeforeto illustrate methodsfor manifold learning,see
e.g. (Tenenbaunet al., 2000; Roweis and Saul,2000),andwe includeit mainly
asabenchmark A setof 2000pointsfrom this datasetwereusedin the experi-
mentandtheresultsarepresentedn gure 11.3. The experimentshavs thatthe
LOGMAP methodcorrectlyunfoldsthe roll andmapsit to Riemanniamormal
coordinatesn R2.

It isimportantto notethattheresultingmappingn the Swissroll exampleis more
orlessisometric whichis expectedor simple at manifolds.Thisis similarto the
behaior of Isomap.Onthe otherhand,bothlsomapandLOGMAP wouldfail to
produceisometricembedding# we would introducea holein the Swissroll data
set. This particularproblemis solved by HessiarEigenmapgor at manifolds.

11.4.2 The Torus

In the secondexperimentwe testedthe methodon a datasetconsistingof 2000
pointsfrom a torusembeddedn 3-D. Theresultsin gure 11.4illustrate how

the methodcuts the coordinatechart at the cut locus of the point p. This par

ticular behaior of “cutting up” the manifold allows usto sare onedimensionin

this particularexample. Thereis no embeddingof the torusinto R2. Any stan-
dardmethodfor dimensiorreductione.g.LLE, LaplacianEigenmap®r Isomap,
would embecthis manifoldinto R® at best. However, the automatidntroduction
of acutby theLOGMAP methodmalesit possibleo make aone-to-onenapping
of this manifoldto R?.

11.4.3 TheKlein Bottle

Thethird experiment nally , shavnin gure 11.5,teststhemethodontruly high-
dimensionablata. The datasetconsistsof 21 21 pixel imagepatches Eachof

the 2-D imagepatchesvererenderedasa 1-D sinewave patternwith a specic

phaseandorientation.A smallamountof normaldistributedwhite noisewasalso
addedto the images. The resultingdataset consistedof 900 datapoints,in a
441-dimensionaspace representingmagepatchessampleduniformly from all

possiblevaluesof phaseandorientation. It is naturalto assumehattheintrinsic
dimensionalityof this datasetis 2, sincethe variablesphaseandorientationadds
onedgyreeof freedomeach.

We obseredslightly differentshape®f thecutlocus,i.e. theborderof theresult-

ing map,dependingnthechoiceof basepointp. Thiswassomevhatunexpected,
but it hasa logical explanation.Eventhoughthe datasetseemgo be highly sym-

metricin termsof orientationand phase the squareshapeof the imagepatches
themseleswill breakthe otherwiseexpectedrotation invarianceandintroduce
variationsin cunatureon the manifold.

The mappingof image patchesto R? is visualizedby simply using the image
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patchesasglyphs,placedat variouslocationsin the plane.By carefullyidentify-
ing theedgeof thecutlocus,we manuallyobtainaninterpretatiorof themapping
shavn in thetop left of gure 11.5. This directedlabeledgraphrevealsthatthe
topologyof this particularimagemanifoldis actuallythewell known Klein bottle
(Weisstein,2005). Similar conclusiondor the topology of local descriptionsof
phaseandorientationhaspreviously beendescribedn (Tanaka,1995;Swindale,
1996),wherethe topologyof Gabor lters is derved from theoreticalinvestiga-
tions. Our investigationis on the contraryexperimental,andto the bestof our
knowledgeit is a new exampleof how manifold learningcanbe usedto experi-
mentallyinfer thetopologyof a dataset.
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Figure 11.3: A set of 2000 points from the “Swiss roll” example (Tenenbaunet al.,
2000). Colorscorrespondo the rst Riemanniannormal coordinatede-
rived from the method. Left: The original point cloud embeddedn 3-D.
Right: Pointsmappedo 2-D Riemanniamormalcoordinates.

Figure 11.4: A setof 2000pointsfrom a torusembeddedn 3-D. Colorscorrespondo
the rst Riemanniannormal coordinatederived from the method. Left:
The original point cloud embeddedn 3-D. Notice the discontinuity (red-
blue)in the coordinatemap,revealinga partof the “cut locus” of p. Right:
Pointsmappedo 2-D RiemanniamormalcoordinatesBecausehe metric
of a torusembeddedn 3-D is not at, the manifold is not mappedto a
perfectrectangle.Someoutliersare presentdueto incorrectestimationof
the gradientfor pointsnearthe cutlocus.
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11.5 Discussion

Thepresented OGMAP methodis ratherdifferentfrom mary othermethoddor
manifold learningand dimensionreduction,both in termsof the outputandin
termsof algorithmicbuilding blocks.

The possibility of a cut, a discontinuityin the mappingat the so called cut lo-

cus, could be seennot only asa problembut also as a featureof the method.
This allows for instancethe torusandthe Klein bottle to visualizedusinga two-

dimensionaplot. Othermethodssuchas(Tenenbaunet al., 2000; Roweis and
Saul,2000;Schoéllopf etal., 1998;Belkin andNiyogi, 2002;DonohoandGrimes,
2003),triesto nd a continuousembeddingf the manifold, andfor thatat least
4 dimensionsare neededor the Klein bottle and 3 for the torus. (The top mid-

dleillustrationin gure 11.5is actuallyan exampleof animmersionandnot an
embeddingf the Klein bottlein 3-D, meaningroughlythatit intersectdtself at
somepoints.)

The useof othercriteriafor assigninga global coordinatesystemto a manifold
couldalsobe consideredfor instanceconformalmappingsof 2-D manifolds. In
almostevery casewhenmappinga manifold to a low-dimensionalspace some
kind of distortionis introducedwhile somefeaturesof the original manifold will
be presered. For mostmanifolds,Riemanniamormalcoordinatesreatea very
distortedmappingfar away from the basepoint p, in somecasegshey evenintro-
ducea cut. However, they alsopresere all geodesidistancesandanglesfrom
p to otherpointson the manifold, which makesthis mappingquite intuitive and
particularlyusefulfor the purposeof navigatinginsidea manifold. At leastthisis
truein thevicinity of thebasepointp.

The LOGMAP methodis built up by two majoralgorithmicbuilding blocks:

1. Approximation of distanceson a manifold given a set of sampleddata
points.

2. Calculationof gradientson manifolds,from a setof functionvaluesde ned
atthe sampleddatapoints.

For the rst building block we have hereusedDijkstra's method,mainly inspired
by the Isomapimplementation.This methodhasobvious problemsto truthfully
approximatedistanceshecausalistancesare measurealongzigzagtrajectories
in agraph.Oneway to make LOGMAP moreaccuratas thereforeto switchto a
moreaccuratanethodbasedn higherorderapproximation®f the manifold.

The secondbuilding block, which is aboutcalculatinggradients,could also be
improvedalot comparedo the currentimplementation Measuringgradientsor

smoothfunctionsis notaproblem but for pointscloseto thecutlocusthedistance
functionwill introducea discontinuitywhich malkesthe problemquite delicate.
Thedif culty of gradientestimatiomrmanifeststself by producingspuriouspoints
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in themappingmosteasilyseenn thetorusandtheKlein bottleexamplesclose
to thecutlocus.

In this paperwe have chosenexamplesof manifoldswith low intrinsic dimen-
sionality mainly to illustrate the method,but in principle the methodworks for
manifoldsof higherdimensionalitytoo. In the exampleswe have alsousedonly
little or no noise.While this canbe seemasvery optimisticassumptionaboutthe
data,we would like to stressthe factthatthe LOGMAP methoddoesnot try to
explicitly dealwith noise.In orderto handlenoiseef ciently, it shouldeitherbe
removed prior to theuseof LOGMAP or handledby morerobustversionsof the
distanceand gradientestimationstepswithin the LOGMAP framawvork. Thisis
clearlyanimportantareaof futureresearch.

Regardingtheef ciency or speedoropertienf the LOGMAP methodit isimpor
tantto mentionthatit, in contrastto mary othermethodsfor manifoldlearning,
doesnotinvolve the solutionof ary large eigewvalue problemor ary otherlarge
scaldterative minimizationprocedurelnsteadt reliestotally ontheability to fast
approximatalistance®n the manifoldandcalculategradients A key obseration
is alsothatdistancesl(x; y) areonly calculatedor pairs(x;y) 2 X B(p). This
is far lessdemandinghancalculatingthe distancefor all pairs(x;y) 2 X X,
whichis donein for instancdsomap.

In summarywe have introduceda novel methodfor manifold learningwith in-

terestingmathematicahnd computationaproperties.We have alsoprovided an
exampleof how manifold learningcan assistin identifying a rathernon-triial

manifold, in this casea Klein bottle, from a high-dimensionatataset. We be-
lieve thisto be of generainterestto peoplewithin the elds of manifoldlearning
andmedicalimageanalysiso for instancadevelopbettertoolsfor shapeanalysis,
andto inspirethe future developmentof manifold learningand manifold-valued
signalprocessingn general.
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r( P

Figure 11.5: To testthe proposednethodon a high-dimensionatataset, a setof 900
imagepatchesgachbeingof 21 21 pixels with a characteristiorienta-
tion/phaseweregeneratedndmappedo Riemanniamormalcoordinates.
This experimentrevealstheKlein bottle-structuref local orientation/phase
in 2-D imagepatches! Top left: An idealizedKlein bottle alignedto the
mappingbelon. Edgescorrespondo the cutlocusof p andshouldbeiden-
tied accordingto the arronvs. Top middle: An immersionof the Klein
bottlein 3-D. Top right: 15randomexamplesof imagepatchesisedin the
experiment.Bottom: Themappingof imagepatchedo Riemanniamormal
coordinatesisingthe proposednethod.
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