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i

“What a usefulthinga pocket-mapis!”

from SylvieandBrunoConcludedby Lewis Carroll





Abstract

A manifold is a mathematicalconceptwhich generalizessurfacesto higherdi-
mensions.The valuesof signalsanddataaresometimesnaturallydescribedas
pointsin manifolds– they aremanifold-valued.

In this thesissomerecentlyproposedspectralmethodsfor manifold learningare
appliedto a visualizationproblemin medicalimaging. 3-D volumedataof the
humanbrain,acquiredusingDiffusionTensorMRI, is postprocessedin a novel
way in orderto representandvisualizetheshapeandconnectivity of whitematter
�ber bundles.

In additionto this real-world applicationof manifold learning,thecontributions
to agenericframework for processingof manifold-valuedsignalsanddataconsist
of thefollowing. 1) Theideaof thediffusionmean, which is a preliminaryresult
relatedto theextrinsic andintrinsic meansin certainmanifolds.2) A representa-
tion for extrinsicmanifold-valuedsignalprocessingin SO(3), Q, which is useful
for linearaveraging,�ltering andinterpolation.3) A novel classof methodsfor
manifold learning,the samplelogmaps, which hasstrongconnectionsto differ-
entialgeometry. Thesemapscanbeusedto visualizehigh-dimensionaldataand
they arepotentiallyusefulfor performingintrinsicsignalprocessingandstatistics
of manifold-valuedsignalsanddata,in caseswherethemanifold is only known
from samples.
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1
In tro duction

1.1 Moti vations

The work presentedin this thesiswas inspiredby recentadvancesin so called
manifold learningandmainly �nanced by the Manifold-ValuedSignalProcess-
ing project fundedby Vetenskapsrådet(the SwedishResearchCouncil). Being
a Swedishlicentiatethesis,it shouldbe seenas a pieceof work in the middle
betweenamastersthesisandaPhDthesis.

Thefocuson manifold learningis mainly motivatedby theneedfor methodsfor
high-dimensionaldataanalysisandvisualization,bothin imagingsciencesin gen-
eralandin medicinein particular. Texture,shape,orientationandmany otheras-
pectsof dataneedto bequanti�ed andcompared,andthemathematicaltheoryof
smoothmanifoldsis anaturalapproachfor many suchproblems.

In this thesistheuseof manifoldsandmanifold learning,for imageanalysisand
visualization,is exploredfrom threedifferentviews.

Dimensionreduction Findinga low-dimensionalparameterizationof manifold-
valueddataembeddedin ahigh-dimensionalspace.

Data visualization Visualizationof manifold-valueddataembeddedin a high-
dimensionalspace.

SignalprocessingBasicsignalprocessing,suchasinterpolation,smoothingand
�ltering of manifold-valuedtimeseriesandvolumedata.

For the PhD thesis,the goal will be to give a morecompleteview on manifold
learningfor dataprocessingandvisualization. The explorationdoneso far, ex-
pressedin the threetopics discussedin this intermediatethesis,will provide a
goodroadmapfor this futurework.
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Data acquisition /
reconstruction

Image analysis /
description

Visualization /
simulation

Interactive Image
Interpretation
and Clinical

Practice

Figure1.1: Within medical image science, the immediateapplicationsfor manifold-
valuedsignalprocessingare in image analysisandvisualization.Promising
areasof future research alsoincludethedesignof intelligentuserinterfaces
usingmanifoldlearning. (Imagemodi�ed fromCMIV presentationmaterial,
with permission.)

1.2 Potential impact

Theoutcomeof this andfuturework will bea new setof toolsto understandand
processmanifold-valuedsignals,embeddedin possiblyhighdimensionaldata.In-
creasedability to representandprocessfeaturespresentin medicalimages,such
asshape,textureandorganorientation,will aid in thedevelopmentof betterdi-
agnosesandincreaseour ability to make demographicalstudiesusingdatafrom
theimagingsciences.Thiswill beof bene�t notonly within our �eld of research,
which is medical imageanalysis,but also for the rest of the signal processing
communitywherethereis a needto describeand objectively quantify features
thatarenaturallyrepresentedaspointsin manifolds.

1.3 ThesisOverview

Thethesisconsistsof two parts.The�rst part(chapters2–7)containsanintroduc-
tion to thematerialandsomeoverallconclusions.Thesecondpart(chapters8–11)
consistsof four full-lengthconferencepapers.

Chapter 2 containsaveryshortintroductionto manifoldsandgivessomeexam-
plesof manifold-valueddatain real-world applications.

Chapter 3 givesanintroductionto manifold-valuedsignalprocessing,with some
commentson extrinsic andintrinsic meansto motivate the representation
usedin chapter10.
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Chapter 4 is an introductionto dimensionreductionandmanifold learning,in-
cludingsomecommentson samplelogmaps, a classof methodspresented
laterin chapter11.

Chapter 5 containsashortintroductiontoDiffusionTensorMRI, includingsome
remarksto motivatethemethodspresentedin chapter8 and9.

Chapter 6 is a review of thefour paperspresentedin chapter8 – 11.

Chapter 7 containsa discussionandconclusionsfor thetotal work presentedin
this thesis,includingnoteson futurework.

Chapter 8–11 containsreformattedversionsof four full conferencepapers.Some
minorcorrectionshave beenmade.
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1.4 Abbreviations

A list of abbreviationsusedin thethesis.

ADC ApparentDiffusionCoef�cient
CCA CanonicalCorrelationAnalysis/ CurvilinearComponentsAnalysis
C-Isomap ConformalIsomap
CSF CerebrospinalFluid
DT-MRI DiffusionTensorMagneticResonanceImaging
DWI DiffusionWeightedImaging
EOF EmpiricalOrthogonalFunctions
FA FractionalAnisotropy
FIR Finite ImpulseResponse
GTM Generative TopographicMap
HLLE HessianLocally LinearEmbedding
ICA IndependentComponentsAnalysis
i.i.d. independentandidenticallydistributed
Isomap IsometricFeatureMapping
KPCA KernelPrincipalComponentsAnalysis
L-Isomap LandmarkIsomap
LE LaplacianEigenmaps
LLE Locally LinearEmbedding
LSI LatentSemanticIndexing
LSDI Line ScanDiffusionweightedImaging
LTSA LocalTangentSpaceAlignment
MDS MultidimensionalScaling
MR MagneticResonance
MRI MagneticResonanceImaging
Ncut NormalizedCut
PCA PrincipalComponentsAnalysis
PDD PrincipalDiffusionDirection
PP ProjectionPursuit
RANSAC RandomSampleConsensus
RGB Red,Green,Blue
SOM SelfOrganizingMaps
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1.5 Mathematical Notation

v Unspeci�edvectors
b i A contravariantbasisvector
b i A covariantbasisvector
vi (Thecoordinatesof) acontravariantvector
wi (Thecoordinatesof) acovariantvector
gij (Thecomponentsof) themetrictensor
M A manifold
TM Thetangentbundleof M
T � M Thecotangentbundleof M
TpM Thetangentspaceof M at thepointp
T �

p M Thecotangentspaceof M at thepointp
V � Thedualvectorspaceof avectorspaceV
dim V Thedimensionalityof V
êi A unit basisvectorin TpM
g A gradientvectorin T �

p M
X A setof datapointson M embeddedin RN

x, y Pointson M embeddedin RN

p A pointon amanifold
B r (p) A ball of p with radiusr in aset
N (p) A neighborhoodof p in aset
H (t) A curve alongageodesicpath.
expp(v) Theexponentialof v at basepointp
logp(x) Thelogarithmicof x atbasepointp
d(x; y) Thegeodesicdistancebetweenx andy
	( y) Mapsapoint in B (p) to Rn , whichgivesachart
R Thesetof all realnumbers
H Thesetof all quaternions
S1 The1-sphere,i.e. thecircle in a2-dimensionalspace
S2 The2-sphere,i.e. thespherein a3-dimensionalspace
Sn Then-sphere,i.e. aspherein a (n + 1)-dimensionalspace
RP2 Therealprojective plane
RP3 Therealprojective space
RPn Therealprojective n-space
SO(3), SO(3; R) The(real)specialorthogonalgroupin 3 dimensions
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Manifold-V alued Data

Manifoldsaregeneralizationsof surfaces.They aretopologicalspaceswhich are
locally topologicallyequivalent to Rn for somen. At a larger scalehowever, a
manifold may look different. Oneexampleof a manifold is the surfaceof the
spherein R3, S2, which is locally topologicallyequivalentto R2 but whichglobal
propertiesare quite different to R2. Other examplesof manifoldsinclude for
instancea circle, S1 and a torusS1 � S1. It is easyto think of a surface, the
manifold,embeddedin anextrinsicspace.However, manifoldsandoperationson
pointsin manifoldscanalsobede�ned without thenotionof any extrinsicspace.
They arede�ned by their intrinsicproperties.

2.1 Background

Todaythereis arapidly increasingneedto processmorecomplex featuresthatare
naturallyrepresentedaspointsonamanifold,hiddenin high-dimensionalsignals
suchasimages(SeungandLee, 2000). Quite often thereis a needto quantify
variousphenomenawhich areobvious for a humanobserver, but dif�cult to de-
scribein mathematicalterms. In medicalimageprocessingin particular, there
is an immediateneedfor robust methodsto characterizeshape(Fletcheret al.,
2004),textureandobject(e.g. anatomicalentities)orientationin 3-D. Examples
of suchapplicationsareanalysisof multi-dimensionalspatialdatasuchasDif-
fusion TensorMRI, whereeachvolumeelementof datacontainsan estimateof
local anatomicalstructure,�ltering of manifold-valuedtemporalsignalssuchas
3-D objectorientationfor trackingof objectsduringsurgical interventionandfor
diagnosticpurposes,lip reading(BreglerandOmohundro,1994)andrecentmeth-
odsfor processingof colorspectra(Lenzet al.,2005)usingLie-grouptheory.
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2.2 Examples

Manifold-valuedsignalsmay soundrareat a �rst glance. However, non-trivial
examplesdoarisenaturallyundersomequitecommoncircumstances(Seungand
Lee,2000;DonohoandGrimes,2005).Also, introducinginvariancesto avector-
valuedsignalwill oftengiveanew representationwhich is amanifold. Invariance
to signalstrengthin R3 givesa representationequivalentto a unit spherein R3,
i.e. S2. Herearesomeexamples:

Figure2.1: Thespaceor manifoldof facial expressionsin a particular dataset,is natu-
rally parameterizedbya low-dimensionalmanifold.

1. A low-dimensionalexampleof the importanceof invariantrepresentations
andhow they form manifoldsis hue. Color canbe describedfor instance
by componentsof red,greenandblue,but alsousingtheconceptsof hue,
saturationandbrightness.Hueis atypicalexampleof anon-linearmanifold
in a representation,invariantto brightnessandsaturation.

2. Invarianceto signalamplitudein a N -dimensionalvectorspace,RN , im-
plies a manifold topologicallyequivalent to the unit spherein N dimen-
sions,i.e. SN � 1.

3. Continuousrepresentationof line orientationsin a N -dimensionalspace
(think of unit vectorsinvariantto sign�ips). Thisformsamanifoldtopolog-
ically equivalent to a projective space,RPN � 1, which identi�es antipodal
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pointson asphere,SN � 1, in N dimensions.

4. Signalrepresentationsinsensitive to noiseplay an importantrole in signal
processing.Theresultingmanifoldtypicallyhasalowerintrinsicdimension
thantheoriginalvectorspace,whichcanbeseenin �gure 2.2.

Figure2.2: Exampleof a vectorspacewhere the original dimensionalityof the data-
points(o) is two. Invarianceto noiseis createdbyprojectingthepointsonto
a one-dimensionalmanifold(theline).

A real-world exampleof datawhich is manifold-valuedis imagesof a face,in-
spiredby (Tenenbaumet al., 2000; Seungand Lee, 2000). Theseimagesare
parameterizedby poseand direction of light in the scene. It is natural to de-
scribetheseparametersusinga 3-dimensionalmanifold (with a border). Figure
2.1shows how animageof a facevariescontinuouslyin two dimensions.
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Manifold-V alued Signal Pro cessing

Building acompletelynew framework for identifyingandprocessingof manifold-
valuedsignalsis not possiblewithin thescopeof this thesis.I will insteadtouch
onafew importantaspectsof thiscomplex problemanddealwith themseparately.

Manifold-valuedsignalsarisenaturallyfrom invariant representationsin signal-
andimageprocessing.Thespeci�c goalof this thesisis to developthebeginning
of a genericframework, motivatedby �rst principlesfrom statisticsanddiffer-
entialgeometry, to 1) Identify low-dimensionalmanifold-valuedsignalsin high-
dimensionalspacessuchasimages.2) Performbasicsignalprocessingon such
manifold-valuedsignals,e.g. averaging,�ltering andinterpolation. Within the
project funding large partsof this thesis,we have chosento call this manifold-
valuedsignalprocessing.

3.1 Background

Traditionalsignalprocessingis basedon a well-establishedtheorydevelopedfor
scalar- andvector-valuedsignalsin a statisticalframework. A substantialpartof
the theorydealswith operationswhich maybeseenasconvolutions. Originally,
the theorywasdevelopedfor one-dimensionalsignals,but in pacewith the de-
velopmentof techniquesfor acquiringimagesandothermulti-dimensionaldata,
it hasbeenextendedto handletwo-, three-,and higher-dimensionalstochastic
scalar�elds. In recentyears,not only the outerdimensionalityof the datahas
beenincreasing,but alsothe innerdimensionality. Perhapstheearliestexample
of suchdatais color images,whereeachpixel needsto berepresentedby a three
componentvector, while amorerecentexampleis DiffusionTensorMRI.

3.2 Filtering Manif old-Valued Signals

Real-,complex- andvector-valuedsignalprocessinghasreacheda level of matu-
rity, whereamathematicalframework basedon linearalgebraandstatisticsunder
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Gaussianassumptionsforms a solid base.Oneof the two speci�c goalsof this
projectis to developsimilar basictoolsfor signalprocessingof manifold-valued
signals.While someconceptsin vectorspaceshavenoequivalenceonmanifolds,
othersmaybetranslated(Pennecet al.,2005).

Oneimportantideaof this thesisis to studymanifoldsusingboth intrinsic and
extrinsic methods.Working with a manifoldusingintrinsic methods,thereis no
needto considerany external coordinatesystemin which the manifold is em-
bedded.Thestudyof theunit sphere,S2, canfor instancebeperformedwithout
referenceto an Euclidean3-dimensionalspacein which it may live. Extrinsic
methodson theotherhandwork with manifoldsembeddedin anextrinsic space
andinherit themetricof theembeddingspace.While intrinsic methodsareoften
believed to be the bestway to treatmanifoldsin a mathematicallysoundway,
extrinsic methodsaresometimeseasierto implementandgive similar resultsto
intrinsic methodsin practice.In (Srivastava andKlassen,2002)theauthorshave
for instancerecentlydescribedthe advantagesof using extrinsic estimatorson
manifolds.Somepreliminaryresultspresentedin this thesispoint towardsimpor-
tantspecialcases,certainmanifolds,whereboth intrinsic andextrinsic methods
maybeconsideredoptimalfor signalprocessing,dependingon thenoisemodel.

Filteringof manifold-valuedsignalsmaybeperformedusinglocal linearizations,
whenthe amountof noiseis moderate.It would thenbe possibleto apply for
instancea Wieneror Kalman�lter locally to thesignalin orderto performsignal
processing.Someof ourpreviouswork however, mainly in the�eld of tensorim-
ageprocessing,areexamplesof extrinsic methodswhich usegloballinearization
ratherthanlocal linearization(Knutsson,1989;GranlundandKnutsson,1995).
While this may soundcrude,the resultsof �ltering andinterpolationaresome-
timesverysimilar to intrinsicmethods.

Oneimportantexampleof a temporalsignalwhich is manifold-valued,for which
�ltering hasbeendescribedin the literature,is 3-D object orientationparame-
terizedby time. This examplehasimportantapplications,suchas �ltering of
cameraorientationsfrom noisysensordatain videoproduction.In (LeeandShin,
2002)theauthorsdescribeanintrinsic framework for �ltering of suchorientation
databasedon linearizationsusingthe exponentialmapof the Lie-groupSO(3)
describingrotationsin 3-D. In a paperdevotedto calculatingmeanvaluesof ori-
entationdata,Moakherhascomparedintrinsic andextrinsic meansof 3-D object
orientations(Moakher,2002).Laterin chapter10thepaper(Brunetal.,2005a)is
presented,which describesa specialkind of extrinsic averagingon SO(3) using
thesocalledQ representation.
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3.3 Averaging,Filtering and Inter polation

A usefulframework for processingof manifold-valuedsignalsshouldbesimple,
soundandpowerful at the sametime. Linear �ltering andinterpolationusedin
classicalsignalprocessingis basedon linearestimatorsof thetruesignal.Simple
averaging,obtainingmeanvaluesof a setof points,may alsobe interpretedas
linearestimation.On manifoldshowever, asopposedto vectorspaces,algebraic
structuresfor calculatinglinearestimatorsareseldompresent.

However, theGaussiandistribution, which is thebasisof all linearestimationin
Rn , canbegeneralizedto manifolds.Using this generalizedGaussian,basedon
Brownian motion, it is sometimespossibleto derive an estimatewhich shares
many similaritieswith linearestimationin Rn .

3.4 The Extrinsic and Intrinsic Mean

Theintrinsicandextrinsicmeanarede�ned asfollows. First theintrinsic:

x int = arg min
q2 M

NX

i =1

d2
int (x i ; q) (3.1)

i.e. the point which minimizesthe sumof squareddistancesto all otherpoints,
measuredwith intrinsicdistances.Theextrinsicmeanon theotherhandis

xext = arg min
q2 M

NX

i =1

d2
ext (x i ; q) (3.2)

This is basicallythesameasfor theintrinsicmean,exceptthatdistancesaremea-
suredusingthedistancefunctionfrom theembeddingspace.It is shown in Srivas-
tava andKlassen(2002)that theextrinsic meanmaybecalculatedby taking the
usualmeanvectorin theembeddingspace�rst, andthenprojectingthatextrinsic
meanvectorto theclosestpoint on themanifoldM . If theprojectionbackto the
manifold is easyto compute,which it is for instanceif themanifold is a sphere,
thenthe main advantageof the extrinsic meanis that we canavoid a nonlinear
optimizationproblemconstrainedon M . See�gure 3.1 for a schematicversion
of thetwo procedures.

3.5 The Idea of the “Diffusion Mean”

By interpretingthe meanvalueor meanvector in Rn asa maximumlikelihood
estimationfrom asetof stochasticvariableswhichareindependentandidentically
distributed,a conceptwhich is herecalledthe diffusionmean, is describedand
studiedfor acoupleof very trivial cases.Thisanalysiswill befar from complete,
but it will givetheembryotoamotivationof whyextrinsicmeanvaluessometimes
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1

2

1

Figure3.1: A schematicview of how intrinsic mean(top) andextrinsic mean(bottom)
arecalculated.Step1 correspondto a minimizationprocedure. Step2 (in the
extrinsicmean)correspondto a projection.

areoptimal.Thisin turncouldserveasamotivationfor extrinsicsignalprocessing
in general,or at leastof aparticularclassof symmetricmanifolds.

Thebasicideais simple.We mayarrive at themeanvalueof a setof samplesin
Rn by thefollowing procedure:

1. For eachsamplepointx i in Rn , calculatethesolutionto thediffusionequa-
tion at time equalto t for thePDEwhich hasa Dirac functioncenteredat
the sampleasinitial value. In Rn , this will result in a Gaussianprobabil-
ity distribution spreadingout from the samplex i . Calculatethis solution
separatefor eachof thesamples.

2. Multiply thesolutions,i.e. theisotropicGaussiansin Rn . Call theresulting
functionP(x).

3. Seekthe maximumof P(x). This maximumwill be locatedat the mean
valueof thepointsx i for any choiceof t > 0.

Theabove procedureis possibleto performon any manifold,aslong asit is pos-
sibleto solve thediffusionequationfor aninitial valuewhich is aDirac function.
Thediffusioncorrespondsto anincreaseof uncertaintyin themeasurementwhen
t ! 1 . In Rn , which is a �at manifoldwithout border, thechoiceof t will not
affect theresult.For nonlinearmanifoldshowever, theanswerwill dependon the
choiceof t or equivalently, the amountof uncertaintyin our Brownian motion
modelfor noise.This is alsotruefor manifoldswith a boundary, evenif they are
�at, suchastheinterval [0; 1] 2 R.

In �gures 3.2– 3.5 thediffusionmeanis studiedexperimentallyon thecircle,S1.
It turnsout that for t ! 0, thediffusion meanapproachesthe intrinsic meanon
thecircle. And maybemoresurprising,for t ! 1 thediffusionmeanapproaches
theextrinsicmeanon thecircle. This speaksin favor of boththeintrinsicandthe
extrinsicmean,astwo sidesof thesamecoin, for thisparticularcase.

Fromtheabove discussionit is clearthatthediffusionmeanprocedureis de�ned
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for all t > 0, but the uniquenessof the solution is not guaranteedin any way.
The ideavery simple. In fact, it would comeasa surpriseif this particularidea
hasnot beendiscoveredbefore.Thepoint to bemadehowever is that for certain
manifolds,both the intrinsic andextrinsic meanareoptimal, dependingon the
modelof thenoise.In thenext sectionthediffusionmeanis discussedin aslightly
moremathematicalway.

3.6 A Mor eMathematical Versionof the Diffusion Mean

While intrinsic approachesto estimationon manifoldsmay be consideredto be
the “most natural” from a theoreticalpoint of view, extrinsic methodsmay be
moreef�cient to useandquiteoftenproducesimilar results.Preliminaryresults
show that for somehighly symmetricalmanifolds,certainextrinsic meansmay
evenbeoptimalfrom astatisticalpointof view undertheappropriateassumptions
on noise.

3.6.1 The Diffusion Mean in Rn

A statisticalinterpretationof a meanvectorx for a setof vectorsx i 2 Rn is the
following. Supposethevectorsin thesetaremeasurementsof avectorx corrupted
by Gaussiannoise. Thusx i = x + n i , n i 2 N (0; �) , is a randomvariableand
f x i g is a setof i.i.d. (independentidenticallydistributed)samples.To estimate
thevalueof x giventhesetof samples,thefollowing likelihoodfunctionmaybe
used.

P(x jx1; x2; : : : ; xN ) =

P(xjx1)P(x jx2)P(x jxN ) =

C1

NY

i =1

exp
�

�
1
2

(x i � x)T � � 1(x i � x)
�

=

C1 exp

 

�
1
2

NX

i =1

(x i � x)T � � 1(x i � x)

!

=

C2 exp
�

�
1
2

N (x � x)T � � 1(x � x)
�

Fromthis we seethat regardlessof � , thecovariancematrix, themaximumlike-
lihoodestimateof x is x̂M L = x.

TheGaussiandistribution in Rn is relatedto particlediffusionprocessesandthe
heatequation.Givena distribution I (p; t0), describingthedistribution of heator
particlesat time t0, theheatequationstates

I t (p; t) = D � pI (p; t) (3.3)



16 Chapter 3. Manif old-ValuedSignalProcessing

PSfragreplacements

�

�
� � � �

2 0 �
2

�

� � � �
2 0 �

2
�

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

1

0

0.5

1

1.5

2

0

0.5

1

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

1

Figure3.2: The“dif fusionmean” for threepointson thecircle S1. Top: Threesamples
havebeencollectedon S1, correspondingto positions� 2:80, � 2:11 and
0:34. For t = 0:1 their individual likelihoodfunctionslook like in theplot.
Bottom: The total likelihood, regarding the threesamplesas independent,
peaksaround� 1:52, which is closeto theintrinsic mean:
x in t = (� 2:80� 2:11+ 0:34)=3 � 1:52.

whereD is thediffusioncoef�cient, I t is thetimederivateand� p is theLaplacian
operatoractingin thespatialdomain.Thesolutionto theheatequationat a time
t0 + t is obtainedby convolution in thespatialdomain

I (p; t0 + t) = I (p; t0) � K (p; t) (3.4)

whereK (p; t) is theheatkernelin n dimensions,centeredat theorigin.

K (p; t) =
1

(4� t)n=2
exp

�
�

jpj2

4Dt

�
(3.5)

To studythe behavior of a singleparticlemoving accordingto a Brownian mo-
tion diffusionprocess,onemaychooseI (p; t 0) to bea Dirac function� (p � x).
Applying thediffusionprocessto theinitial probabilitydistribution duringtime t
would describetheprobabilityof �nding a particleat positionp at time t 0 + t if
thepositionwasknown to bex at time t0.

The Gaussiandistribution may be generalizedto non-linearmanifoldsby using
thediffusion equation.In this way themaximumlikelihoodestimateof a setof
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Figure3.3: The“dif fusionmean” for threepointson thecircle S1. Top: Threesamples
havebeencollectedon S1, correspondingto positions� 2:80, � 2:11 and
0:34. For t = 0:5 their individual likelihoodfunctionslook like in theplot.
Bottom: Thetotal likelihood,regarding thethreesamplesasindependent.

measurementson amanifoldmayalsobecalculated.Dependingon thechoiceof
the time interval t anddiffusion coef�cient D , an analogywith an isotropicco-
variancematrix � canbemade.However, unlike for Rn , themaximumlikelihood
estimatewe call thediffusionmeanmaydependon theuncertaintyof theparticle
distribution, i.e. t andD. Somesimplebut relevant specialcaseswill now be
discussed.

3.6.2 The Diffusion Mean when t ! 0

First anexpressionfor thediffusionmeanon generalmanifoldsis derivedfor the
limit t ! 0. This correspondsto measurementsof pointson a manifoldswhich
have beenaffectedby a Brownian motion,but only very shorttime. In a signal
processingcontext, this correspondsto measurementswith Gaussiandistribution
andhigh certainty.

The so calledshort time kernel for the diffusion equation,an approximationto
thediffusionequationfor shortintervalsof time,hasbeenstudiedin (Spiraet al.,
2003). In their work they only derive a formula for the 2-D caseandthis is the
result usedin this thesisaswell. For 2-D manifolds,the following formula is
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Figure3.4: The“dif fusionmean” for threepointson thecircle S1. Top: Threesamples
havebeencollectedon S1, correspondingto positions� 2:80, � 2:11 and
0:34. For t = 1:0 their individual likelihoodfunctionslook like in theplot.
Bottom: Thetotal likelihood,regarding thethreesamplesasindependent

obtained,

K (p;q; t) �
H0

t
exp

 

�
d2

g(p;q)2

4t

!

: (3.6)

Herep andqarepointsonthemanifoldandthekernelK describestheprobability
of diffusion from p to q during time t. This meansthat the probability function
hasa lot of similaritieswith theordinaryGaussianin Rn whent ! 0+ . Theterm
dg(p;q)2 in theexponentialfunction is thesquaredgeodesicdistancebetweenp
andq. In particular, H 0 is a constantwhich doesnot dependon p or q. This is
shown in greaterdetail in (Spiraet al.,2003).

An approximationto theparticlediffusionprobabilityfunctionmaynow bewrit-
tendown for theprobabilityof measuringp if thetruevalueis q aftertimet when
t ! 0+ .

P(pjq; t) =
H0

t
exp

 

�
d2

g(p;q)2

4t

!

(3.7)

The likelihoodL(qjp; t) = P(pjq; t) andthe likelihoodof q given a setf x i g of
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Figure3.5: The“dif fusionmean” for threepointson thecircle S1. Top: Threesamples
havebeencollectedon S1, correspondingto positions� 2:80, � 2:11 and
0:34. For t = 5:0 their individual likelihoodfunctionslook like in theplot.
Bottom: Thetotal likelihood, regarding the threesamplesas independent,
peaksaround� 2:11, which is closeto theextrinsicmean:
xext = � � + tan � 1 (sin ( � 2:80)+ sin ( � 2:11)+ sin (0 :34))

(cos( � 2:80)+ cos( � 2:11)+ cos(0 :34)) � � 2:11.

i.i.d. samplesis

L (qjf x i g; t) =

L(qjx1; t)L (qjx2; t) : : : L (qjxN ; t) =

P(x1jq; t)P(x2jq; t) : : : P(xN jq; t) =
NY

i =1

H0

t
exp

 

�
d2

g(x i ; q)

4t

!

=

H N
0

tN exp

 

�
1
4t

NX

i =1

d2
g(x i ; q)

!
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Findingthemaximumlikelihoodnow yields

x̂M L = argmax
q

L(qjf x i g; t)

= argmax
q

H N
0

tN exp

 

�
1
4t

NX

i =1

(d2
g(x i ; q)

!

= argmin
q

NX

i =1

d2
g(x i ; q)

= xg

wherex g is known asthe intrinsic meanfor a setof datapoints in a manifold.
While the intrinsic meanis often consideredto be the naturalgeneralizationof
meanvaluefor pointson a manifold, theprobabilisticinterpretationof theshort
time diffusion kernel further motivatesthe useof the x g to estimatex. How-
ever, this line of reasoningis only valid for samplesfrom a manifoldaffectedby
Gaussiannoise,whent ! 0.

3.6.3 The Diffusion Mean when t ! 1

Anotherinterestingcaseis t ! 1 . Whatcanbesaidundertheassumptionthat
themeasurementsof x have beenaffectedby a Brownianmotionfor a long time
andtherebyhave a very �at Gaussiandistribution on the manifold? At present
time, theauthoris not awareof thesolutionfor this in thegeneralcase.But for
particularmanifoldsit is possibleto derivea formulafor themaximumlikelihood
estimategiventheabove assumptions.

For a thin rod of lengthL with insulatedends,theheatequationor equivalently
the diffusion equationI t (p; t) = D � pI (p; t), x 2 [0; L ] givessolutionsof the
form (Strauss,1992)

I (x; t) =
1
2

A0 +
1X

n=1

An exp(� (n� =L)2Dt) cos(n� x=L) (3.8)

if theinitial distribution at t = 0 is givenby theFouriercosineexpansion

I (x) =
1
2

A0 +
1X

n=1

An cos(n� x=L) (3.9)

An =
2
L

Z L

0
I (x) cos(m� x=L)dx (3.10)

The insulatedendsof the rod may alsobe interpretedin a diffusion setting,as
impermeablewalls of a container, whereparticlesaffectedby Brownian motion
cannotpassthrough.
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Again, studyingthe probability densityfunction whenobservinga particle ini-
tiated in a point x i 2 [0; L ] correspondsto the diffusion of a Dirac function,
I (x) = � (x i � x). TheFouriercosinecoef�cients are

An =
2
L

Z L

0
� (x i � x) cos(m� x=L)dx (3.11)

=
2
L

cos(m� x i =L) (3.12)

andtheprobabilitydensityfunctionfor observingtheparticleata point x at time
t is

P(x i jq; t) =
1
L

+
1X

n=1

2
L

cos(n� q=L) exp(� (n� =L)2Dt) cos(n� x i =L) (3.13)

The likelihoodfor a setof N independentobservationsx i having theabove dis-
tribution now becomes

L(qjx i ; t) = (3.14)

L (qjx i ; t)L (qjx2; t) : : : L (qjxN ; t) = (3.15)

P(x i jx; t)P(x2jq; t) : : : P(xN jq; t): (3.16)

(3.17)

Whent ! 1 eachof theindividual likelihoodfunctionsconvergesto theuniform
distribution L(qjx i ; t ! 1 ) = 1=L. However, for every t < 1 the function
L(qjx i ; t) hasamaximumandthesameis truefor L (qjf x i g; t). If weassumethe
secondtermin theFouriercosineexpansionof � (x � x i ) is non-zero,A1 6= 0, for
at leastoneof thelikelihoodfunctions,it turnsout thatthesetermswill determine
which q maximizesthe likelihoodfunction whent ! 1 . This maximumwill
be locatedeitherat q = 0 or q = L andgive very little informationregarding
the positionof the true x. Clearly the diffusion meanis not meaningfulin this
context, whent ! 1 anduncertaintyincreases.

For diffusion on the circle, S1, the diffusion meanprocedurewill give a more
interestingestimate.Using the full Fourierserieson the interval x 2 [� L; L [, a
functiononacirclewith circumference2L mayberepresentedby (Strauss,1992)

I (x) =
1
2

A0 +
1X

n=1

(An cos(n� x=L) + Bn sin(n� x=L)) (3.18)

An =
1
L

Z L

� L
I (x) cos(n� x=L)dx (n = 0; 1; 2; : : :) (3.19)

Bn =
1
L

Z L

� L
I (x) sin(n� x=L)dx (n = 0; 1; 2; : : :): (3.20)
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SolvingI t (p; t) = D � pI (p; t) givesthefollowing solution:

I (x; t) =
1
2

A0 +
1X

n=1

e� (n� =L)2 D t (An cos(n� x=L) + Bn sin(n� x=L)) (3.21)

The probability densityfunction after time t for a particlemoving accordingto
Brownianmotionon thecircleparameterizedby x i 2 [� L; L ] correspondsto the
diffusionof a Dirac function,I (x) = � (x i � x). TheFouriercosinecoef�cients
are

An =
1
L

cos(m� x i =L) (n = 0; 1; 2; : : :) (3.22)

Bn =
1
L

sin(m� x i =L) (n = 0; 1; 2; : : :) (3.23)

andtheprobabilitydensityfunctionfor observingtheparticleat a point x at time
t is

P(x i jq; t) =
1

2L
+

1
L

1X

n=1

Fin (3.24)

where

Fin = e� (n� =L)2 D t (cos(n� q=L) cos(n� x i =L) + sin(n� q=L) sin(n� x i =L)) :

(3.25)

Thelikelihoodfor asetof N independentobservationsx i on thecirclenow gives
adistribution

L(qjx i ; t) = (3.26)

L (qjx1; t)L (qjx2; t) : : : L (qjxN ; t) = (3.27)

P(x1jq; t)P(x2jq; t) : : : P(xN jq; t): (3.28)

Whent ! 1 , everydistribution for adiffusionprocessconvergesto theuniform
distribution, in this caseL(qjx; t ! 1 ) = 1=(2L). On thecircle, thedominant
termsfor �nding themaximumof thedistribution whent ! 1 areA 1 andB1.
Thesetwo coef�cients correspondto thefunctionssin(x) andcos(x), whichboth
are eigenfunctionsto the Laplacianoperatorand have the sameeigenvalue. It
turnsout that thediffusionmeanconvergesto theextrinsic meanin thecaseof a
circle. This is not proved here,but it is at leastdemonstratedexperimentallyin
�gures 3.2– 3.5.

3.7 A Final Remark

While theresultsin thissectionarepreliminary, thereis still apoint in mentioning
thatit seemslike theseresultsarevalid notonly for thecirclebut alsofor a larger
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classof compactsymmetricspacessuchas the torus, the sphereand possibly
more. In particular, if futureresearchshows that it is valid for theQ embedding
of SO(3), we have an excellent motivation for the representationproposedin
chapter10.

For this reason,the main contribution of this sectionis the notion of the diffu-
sionmeanandits connectionto manifold-valuedsignalprocessing.A full setof
rigorousproofsfor thebehavior of this technique,in differentmanifoldsandfor
differentvaluesof t, is the topic of future research.While the ideais quitesim-
ple, it would not be surprisingif otherpeoplehave cometo similar conclusions
regardingit' s asymptoticproperies,in thisor similarcontexts.





4
Dimensionalit y Reduction and

Manifold Learning

Visualization,processingandanalysisof high-dimensionaldatasuchasimages
often requiressomekind of preprocessingto reducethe dimensionalityof the
dataand �nd a mappingfrom the original representationto a low-dimensional
vectorspace.Theassumptionis thattheoriginaldataresidesin alow-dimensional
subspaceor manifold, embeddedin the original space. This topic of research
is calleddimensionalityreduction,non-lineardimensionalityreductionor more
recentlymanifoldlearning.

Theclassof methodsfor dimensionreductionandmanifoldlearningis quitebroad
and the criteria for �nding a low-dimensionalparameterizationvaries. One of
themostwell known algorithmsis PCA,PrincipalComponentsAnalysis,which
projectsdataon a n-dimensionallinear subspacewhich maximizesthevariance
of thedatain thenew space.

Figure4.1: Left – Right: A 1-D manifoldembeddedin R2. A 1-D manifoldimmersedin
R2. Thetorus,a 2-D manifoldembeddedin R3. Boy´ssurface, animmersion
of theprojectiveplaneRP2 in R3.

If theoriginaldatapointslie onamanifold,themappingto anew spacemaygive
anembeddingor animmersionof theoriginalmanifold. In differentialgeometry,
an immersioncorrespondsto a smoothmappingf (x) for which the differential
of f (x), dx f (x): Tp(M ) ! Tf (p) (N ), is non-singularandinjective. Whenthe
mappingf (x) itself is alsoinjective, it correspondsto anembedding.An example
of anembeddingis themappingof asetof pictures(high-dimensional)of aclock
to arepresentationontheunit circlein R2. An immersioncouldthenbeamapping
to acurve in R2 shapedlike the�gure “8”.
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4.1 Dimensionality Reduction

Linearmethodsfor dimensionalityreductionis a rathermatureareaof research,
startingwith PCA, Principal ComponentsAnalysis (Pearson,1901) a.k.a. the
Hotellingtransform(Hotelling,1933)andtheKarhunen-LoèveTransform(Karhunen,
1947). Variantsof PCA include generalizationssuchas Empirical Orthogonal
Functions(Lorentz,1956)andKernelPrincipalComponentsAnalysis(Schölkopf
etal., 1998).See�gure 4.2for aschematicview of linearmethodsfor dimension
reduction.

Thebasicideain PCA is to �nd aprojectionof thedatathatmaximizesvariance.
For asetof vectorsx i 2 RN , thiscanbedoneby thefollowing procedure.

1. CalculatetheN � 1 samplemeanvector, u = 1
M

P M
i=1 x i .

2. Subtractmeanfrom thedatapoints~x i = x i � u

3. Organize~x i into aN � M matrixX .

4. CreatethesamplecovariancematrixC = 1
M � 1

~X ~X T .

5. CalculatetheK largesteigenvaluesof C andstorethecorrespondingeigen-
vectorsin aN � K matrixcalledW .

6. ProjectionsonthePCAbasismaynow becalculatedasy i = W T (x i � u).

PCA hasbeenwidely used;“eigenfaces”(Turk andPentland,1991)is oneof the
morewell known applicationswhereit is usedto createa low-dimensionallinear
subspacedescribingvariationsin imagesof humanfaces.The Karhunen-Loève
transformis alsoknown to be useful to createnaturalbasisfunctionsfor image
compressionin general.

Figure4.2: A schematicview of the �tting of 1-D linear modelto a setof data points
embeddedin 2-D.

Another well known linear methodto �nd embeddingsor immersionsof data
points,possiblysampledfrom a manifold, is MultidimensionalScaling(MDS)
(Torgerson,1952;YoungandHouseholder, 1938).Insteadof preservingvariance
in the projection,it strives to preserve all pairwisedistancesduring the projec-
tion. Similar to PCA, the basicvariantof MultidimensionalScalingis possible
to calculateby solvinganeigenvalueproblem.This is attractive sinceeigenvalue
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problemsareoptimizationproblemsfor which ef�cient andglobally convergent
algorithmsexist. The classicMDS is statedasa minimizationproblemof �nd-
ing new low-dimensionalcoordinatesy i for thedatasetx i givenall pairwiseEu-
clideandistancesd(x i ; x j ). Thesolution,up to a rotation,is givenby

f y i g = argmin
f y i g

MX

i =1

�
d(x i ; x j )2 � jjy i � y j jj2� 2

(4.1)

Importantto note is that classicalMDS works with quadraticdistances,which
might seemunnaturalbut makes it possibleto solve the minimizationproblem
by the solutionof an eigenvalueproblem. If distancescorrespondto Euclidean
distances,classicalMDS is equivalentto PCA.

Variantsof MDS includenon-metricMultidimensionalScalingandweightedMDS.
In weightedMDS theobjective functionis replacedby

argmin
f y i g

MX

i =1

wij (d(x i ; x j ) � jjy i � y j jj )2 : (4.2)

This objective function differs from classicalMDS. It doesnot �t squared dis-
tances.As a consequence,this objective functionmight have several local min-
ima andeigen-decompositioncannotbe usedto solve the problemin onestep.
Thereforesomestrategy for copingwith localminimashouldbeemployedin the
numericalminimizationprocedure.Thebene�t of weightedMDS is that uncer-
taintyandmissingdatacanbemodeledusingappropriateweights.

Otherimportantlinearprojectionsof datain vectorspacesincludeProjectionPur-
suit (FriedmanandTukey, 1974)andIndependentComponentAnalysis(Jutten
and Herault,1991). A well known relatedexamplefor non-metricdatais La-
tentSemanticIndexing or LSI (Berry et al., 1995). LSI mapsdocument-vectors,
describingthe occurrencesof wordsin documents,to a low-dimensionalvector
space.

4.2 Manif old Learning

Recentlytherehasbeena greatinterestin methodsfor parameterizationof data
usinglow-dimensionalmanifoldsasmodels.Within theneuralinformationpro-
cessingcommunitythis hasbecomeknown asmanifold learning. Methodsfor
manifoldlearningareableto �nd non-linearmanifoldparameterizationsof data-
pointsresidingin high-dimensionalspaces,very muchlike PrincipalComponent
Analysis (PCA) is able to learnor identify the most importantlinear subspace
of a setof datapoints. In two often cited articlesin Science,Roweis andSaul
introducedthe conceptof Locally Linear Embedding(Roweis andSaul,2000)
andTenenbaumet al. introducedthesocalledIsomap(Tenenbaumet al., 2000).
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Figure4.3: A schematicview of the �tting of 1-D non-linearmanifoldto a setof data
pointsembeddedin 2-D.

This seemsto have beenthestartof themostrecentwave of interestin manifold
learning.

Earlyworkwasdoneby Kohonenwith thesocalledSelf-OrganizingMaps(SOM)
(Kohonen,1982),in which a topologicallyconstrainedmanifoldis modeledby a
grid of points,usuallyrectangular, which are�tted to thedataset.This work was
later improved in theGenerative TopographicMap (GTM) (Bishopet al., 1998).
Bregler andOmohundrowerealsoearly in adoptingthe view of dataaspoints
on a non-linearmanifold in a vectorspace,modelingthemanifoldof lip images
(Bregler and Omohundro,1994). A non-linearvariant of PCA, called Kernel
PrincipalComponentsAnalysis(KPCA) (Schölkopf et al., 1998),hasalsobeen
introduced.In KPCA theinput vectorsaremappedto a new featurespacebefore
applyingPCA, a procedurewhich dueto mathematicalpropertiesis possibleto
solve mostly usinglinear methods.Later, contemporarywith IsomapandLLE,
Belkin andNiyogi describedhow approximationsto theLaplacianoperatorand
heatequationde�ned on themanifold(Belkin andNiyogi, 2002)maybeusedto
performmanifoldlearningby socalledLaplacianEigenmaps(LE).

4.3 Laplacian Eigenmaps

As an exampleof a methodfor manifold learning,we �rst mentionLaplacian
Eigenmaps(BelkinandNiyogi, 2002).Thebasicalgorithmconsistsof threesteps:

1. Firstagraphis constructedwhereeachnodecorrespondsto adatapointx i .
Edgesarecreatedto eachof theK nearestneighborsof x i . See�gure 4.4.

2. Weightsare then assignedto eachedgein the graph, for instanceusing
a Gaussiankernel to give strongweight to edgesconnectingdatapoints
whichareclosein theoriginalspace.Theweightsarecollectedin amatrix
Wij .

3. To �nd a low-dimensionalembeddingf y i g correspondingto f x i g, de�ne
an objective function V which hasa low valuewhennodeswith a strong
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edgearemappedcloseto eachother.

V (f y i g) =
1
2

X

i;j

jjy i � y j jj2Wij (4.3)

De�ne a diagonalmatrix D , suchthat D ii =
P

j Wij andthe Laplacian
matrix L = D � W . If Y givesthe m-dimensionalcoordinatesof y i on
the i th row of Y , andthe constraintY T DY = I is added,the Laplacian
eigenmapof dimensionm is now foundby the solutionof the eigenvalue
problemLv = �D v. If theeigenvectorsf v (0) ; v (1) ; : : : ; v (N � 1)g areor-
deredafterthesizeof theeigenvalues,the�rst beingthesmallest(actually
equalto 0), thenŶ = (v (1) ; v (2) ; : : : ; v (m) ) givesthesolutionfor theopti-
mal embedding,minimizing thevalueof V .

Figure4.4: A schematicview of theformationof a graphbyconnectingnearbysamples.

TheLaplacianEigenmapsis sometimesreferredto asa localmethodfor manifold
learning,meaningthatit is anattemptto preserve local geometricalpropertiesin
themappingto a low-dimensionalspace(deSilva andTenenbaum,2002).

4.4 Isomap – Isometric featuremapping

An exampleof aglobalmethodfor manifoldlearningis Isomap(Tenenbaumetal.,
2000).It triesto preserve thegeometryof thedatamanifoldin all scales,mapping
nearbypointsto nearbypointsandfarawaypointsto faraway points(deSilvaand
Tenenbaum,2002).Thebasicstepsof thealgorithmare:

1. Createa neighborhoodgraphG for thedatasetf x i g, basedfor instanceon
theK nearestneighborsof eachpointx i .

2. For every pair of nodesin thegraph,computetheshortestpathasanesti-
mateof intrinsicdistancewithin thedatamanifold.Theedgesof thegraph
areweightedaccordingto theEuclideandistancebetweenthecorrespond-
ing datapoints.

3. Usethe intrinsic distanceestimatesasinput to classicalMDS and�nd an
optimalm-dimensionalembeddingf y i g.
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Theconvergencepropertiesof theestimationprocedurefor theintrinsicdistances
is furtherdescribedin Bernsteinetal. (2000).

ComputingN � N pairwisedistancesis a computationallyheavy operation,and
so is solving a large eigenvalue problem. In comparisonto for instanceLapla-
cianEigenmaps,theeigenvalueproblemin Isomapis not sparse.A variationof
Isomapis theL-Isomap,basedonthesocalledLandmarkMDS method.It works
by �rst calculatingthe Isomapembeddingfor n points,the landmarks,selected
at random. Thenthe solutionfor the restof the pointsarecomputedby an in-
terpolationtechniquesimilar to triangulation.This techniqueis alsovery similar
to theproposedmethodfor calculatingthesamplelogmap,andeven thoughthe
two approachesaredifferentin philosophy, they sharesomeobvioussimilarities.
The interpolationprocedureis the following for a point x i which is not a land-
mark.Let them-dimensionallandmarkcoordinatesbecolumnvectorsin am � n
matrix L . Let � n be the squareddistancematrix for all pairsof landmarksand
� n thecolumnmeanof � n . Let � i bea columnvectorof all squareddistances
from x i to thelandmarks.Also assumethatthelandmarksarecentered.Thenthe
interpolatedcoordinateis givenby

y i =
1
2

L y(� n � � i ) (4.4)

wherey denotestheMoore-Penrosepseudoinverse.This is basicallyanestimate
of � 1=2 timesthederivative of thesquareddistancefunction to x i , evaluatedat
theorigin.

4.5 SampleLogmaps

Thesamplelogmapspresentedin chapter11 arerelatedto theIsomapalgorithm
andin particularthe variationcalledLandmark-Isomapor L-Isomap. However,
thegoalof thesamplelogmapsis fundamentallydifferentin philosophyandthe
samplelogmapsshouldnotbeseenasvariationsof Isomap.Thesamplelogmaps
try to approximatethe well known Log mapon a manifold, while Isomapis a
uniquemappingin its own right, trying to preserve all pairwisedistancesduring
themapping.

The function logp(x) in a manifold is a mathematicallywell de�ned function,
which mapspointsx on the manifold to the tangentspacein p, TpM . It is the
inverseof the exponentialfunction, expp x, which mapsa vectorx 2 TpM to
pointson themanifold.

Oneway to seehow the logmapmay be estimatedis to considersomeresults
relatedto how the intrinsic meanis computed(Karcher,1977; Fletcheret al.,
2004).Let f x i g beN datapointsin a manifoldM andseektheminimizerto the
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Figure4.5: A schematicview of the estimatedlogmapprocedure. Themanifold is de-
notedM while X correspondsto a set of samplesfrom M . Left: 1. All
distancesd(x; y), (x; y) 2 (N (p) � X ) are calculated.Right: 2. For each
y 2 X , gradientsat p arecalculatedusingtheinformationfromtheprevious
step.

function

f (x) =
1

2N

NX

i =1

d2(x; x i ); (4.5)

whered2(x; y) is thesquaredintrinsicdistancebetweenpointsx andy. It is then
shown in Karcher(1977),undertheappropriateassumptionsof convexity, thatthe
gradientof f is

r f (x) = �
1
N

NX

i =1

logx x i : (4.6)

Fromthiswe directlyseethatfor N = 1, wehave

logp(y) = �
1
2

r pd2(p;y) (4.7)

which shows that the logmapof x1 calculatedat the basepoint x, is precisely
� 1=2 timesthegradientof thesquareddistancefunction. Theapproachfor cal-
culatingsamplelogmapsin this thesisis basedon this result,thesquareddistance
functionis calculatedusingtheestimateof intrinsicdistancesproposedin (Tenen-
baumet al., 2000;Bernsteinet al., 2000)andthe gradientis calculatednumeri-
cally. It is alsoproposedto usea robust methodto calculatethegradient,while
thesquareddistancefunctionis notsmoothfor pointscloseto thecut locusof the
basepoint x.

Thestepsin thesamplelogmapalgorithmfor asinglepointy areasfollows:

1. Selectaball of pointsaroundabasepointp, B (p).

2. Calculatethecoordinatesof all pointsin B (p) in anON-basis.

3. Estimatethedistancesfrom apointy in themanifoldto all pointsin B (p).
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4. Estimatethegradientin p of thesquareddistancefunctionof y, for instance
usinganon-robustapproachsuchastheoneusedin L-Isomap.

Thesimilaritieswith theL-Isomapalgorithmalsomakesit temptingto formulate
thesamplelogmapestimationasa minimizationproblem. Theexact detailsare
left for futureresearch,but it is reasonableto assumethatsamplelogmapscanbe
formulatedasminimizersof

V (f y i g) =
X

i 2 I (B (p))

X

j 2 I (X )

(d2(x i ; x j ) � jjy i � y j jj2)2; (4.8)

whereI (x) is a functionwhichmapspointsto indicesandd(x; y) is theRieman-
nianmetriconM . Thewaywe“solve” thisminimizationproblemat themoment
is to �rst �nd an embeddingof all points in B (p) andthenuseinterpolationto
�nd the optimal coordinatesfor the restof points. Consideringthe structureof
theobjective functionabove, thesamplelogmapsmaybeseenasa local-global
approachto manifoldlearning.

The logmap,logp(x) mayproducea very distortedmappingof themanifold for
pointsx faraway from p, if the manifold is intrinsically curved. Distancesand
anglesmeasuredatp arehoweverperfectlypreservedandgeodesicsthroughp are
mappedto straightlines. In this aspectthelogmapis equalto themapprojection
calledAzimuthalEquidistantProjectionfor mappingof theEarth,a mapprojec-
tion oftenusedin radiocommunications,whichalsohappensto betheprojection
of theearthusedin the�ag of theUnitedNations(see�gure 4.6).

Figure4.6: The�a g of theUnitedNationswasadoptedon October20, 1947. Theem-
blemof the�a g containsanazimuthalequidistantprojectionof a world map,
centeredat theNorth Pole (Wikipedia,2005).Image fromtheOpenClip Art
Library, http://www.openclipart.org.

Onegoal in manifold-valuedsignalprocessingis to representthesignalprocess-
ing algorithmsin a coordinatefreeway. This meansthattheoperationshasa ge-
ometric,intrinsic meaning,not relying on any particularcoordinatesystem.For
example,usingcoordinatefreemethods,operationscanbede�ned on thewhole
of S2 while any coordinatedescriptionmusthave coordinatesingularities. In a
way, coordinatefreeapproachesactuallypointstowardsnotusingmanifoldlearn-
ing to �nd a low-dimensionalparameterizationof thedatamanifold,but instead
performall data-andsignalprocessingintrinsically in themanifold.
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Subtraction �!xy = y � x �!xy = logx (y)
Addition y = x + �!xy y = expx (�!xy)
Distance dist (x; y) = jjy � xjj dist (x; y) = jj �!xy jjX

Meanvalue(implicit)
P

i
� !
xx i = 0

P
i logx (x i ) = 0

Gradientdescent x t+ � = x t � � r C(x t ) x t+ � = expx t
(� � r C(x t ))

Linearinterpolation x(t) = x1 + t� � !x1x2 x(t) = expx (t � � !x1x2)

Table 4.1: In (Pennecet al., 2005)theabove analogiesaremadebetweenoperationsin
vectorspacesandmanifolds.

As pointedout in (Pennecet al.,2005)

“the implementationof logx andexpx is the basisof any program-
mingon Riemannianmanifolds”.

Usingsamplelogmapswenow havethebasicbuilding blockfor performingthese
calculationsfor signalanddataprocessingin sampledmanifolds.Eventheexpp
functionis easilyevaluatedwhenthemanifoldis �attenedin thepointp by inter-
polationin theresultingmapping.In table4.5,which is reproducedfrom (Pennec
et al., 2005),somebasicoperationsin vectorspacesarecomparedto analogous
operationsin manifolds.

4.6 SomeConcluding Remarks

A full review of dimensionreductionandmanifoldlearningis outof scopefor this
thesis.Theactivity in this �eld is increasingandthefollowing list is a summary
whichmayalsoserve asa timeline.

� PrincipalComponentsAnalysis,PCA(Pearson,1901;Hotelling,1933;Karhunen,
1947).

� MultidimensionalScaling,MDS (YoungandHouseholder, 1938;Torger-
son,1952)

� EmpiricalOrthogonalFunctions,EOF(Lorentz,1956)

� ProjectionPursuit,PP(FriedmanandTukey, 1974)

� Self OrganizingMaps,SOM(Kohonen,1982)

� PrincipalCurves(HastieandStuetzle,1989)

� IndependentComponentAnalysis,ICA (JuttenandHerault,1991).

� SurfaceLearningwith Applicationsto Lip Reading(Bregler andOmohun-
dro,1994)

� CurvilinearComponentAnalysis,CCA (DemartinesandHerault,1997)
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� Generative TopographicMapping(Bishopetal., 1998)

� KernelPrincipalComponentsAnalysis,KPCA (Schölkopf etal., 1998)

� Isometricfeaturemapping,Isomap(Tenenbaumetal.,2000)andC-Isomap
andL-Isomap(deSilvaandTenenbaum,2002).

� Locally LinearEmbedding,LLE (RoweisandSaul,2000)

� LaplacianEigenmaps,LE (Belkin andNiyogi, 2002)

� LocalTangentSpaceAlignment,LTSA (ZhangandZha,2002)

� HessianEigenmaps,HLLE (DonohoandGrimes,2003)

� DiffusionMaps(Nadleretal., 2006)

� RelationalPerspective Map,RPM(Li, 2004)

� SampleLogmaps(Brunet al., 2005b)

In general,linearmethodsfor dimensionreductionaremorestableandmorema-
ture. PrincipalComponentsAnalysisandMultidimensionalScalingarestill very
popularandhave theadvantageof beingableto learnmeaningfulrelationsfrom
few samples.Someof theoldestmethodsfor manifoldlearning,suchastheSelf
OrganizingFeatureMaps,have alsobeenusedin many applicationsandmaybe
consideredasmaturefrom anapplicationpointof view. Themorerecentmethods
for manifold learninghave mainly two advantages:they are1) basedon global
optimizationand the solutionof eigenvalue problems(unlike SOMs which are
sensitive to local minimain theobjective function)and2) they have shown to be
ef�cient for dif�cult datasets,suchasthe “Swiss roll” (Tenenbaumet al., 2000;
RoweisandSaul,2000)dataset,wherelinearmethodssuchasPCAandMDS fail.

Also,while notmentionedhere,alot of work hasbeendonein relatedtopics.One
importantmethodfor dimensionalityreductionis CanonicalCorrelationAnalysis,
which �nds meaningfulrelationshipsandperformsdimensionreductionbetween
paireddatasets.It hasalsobeenusedto �nd manifoldrepresentations,for instance
in imageanalysisKnutssonet al. (1998);KnutssonandBorga(1999);Knutsson
et al. (2000).Anotherrelatedtopic is learningfunctionson manifolds(Landelius
andKnutsson,1993;BreglerandOmohundro,1994;Landelius,1997).
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Di�usion Tensor Magnetic

Resonance Imaging

5.1 Diffusion Imaging

In the physicalworld, diffusion is the collective processof randommotion of
particlesin a solutionor gas.On a macroscopicscalethis phenomenonis visible
to theeye, for instanceby addinga dropof ink to a glassof waterandwatching
it dissolve. The process,alsoknown asBrownian motion, wasnamedafter the
ScottishbotanistRobertBrown who observed the randommotion of individual
plant sporesin a water solution using a microscope. In 1905 Albert Einstein
presentedatheoreticalanalysisof Brownianmotionandlinkedit to theBoltzmann
constant.

Todaydiffusionprocessesarefundamentalfor theunderstandingof bothphysics
andmathematics.In MagneticResonanceImaging,MRI, it is possibleto measure
andvisualizediffusion of watermoleculesinsideliving organisms.The advent
of this technologynamedDiffusion WeightedMRI hastoday becomeclinical
practicefor the diagnosisof for instancestroke. More recentmethods,suchas
DiffusionTensorMRI combinedwith socalled�ber tractography, areableto in
vivo infer theanatomyandconnectivity of white matterin thehumanbrain. The
usefulnessof this, for morphologicalor functionalstudiesof thebrainor perform
surgical planningprior to theremoval of a tumor, is evident.

5.1.1 Diffusion

To getsomeintuition on diffusion processes,considerthe following exampleof
coin �ipping.

Let two players,playerA andplayerB, �ip a coin. If headscomeup, playerB
givesonedollar to playerA. If tails comeup, A givesonedollar to B. Call the
pro�t for playerA aftern turnsa(n) 2 [� n; n] andlet a(0) = 0. Eachturn of
thegame,a(n + 1) is eithera(n) + 1 or a(n) � 1, andthevariablea(n) perform
a randomwalk in Z. WhetherA or B is the winner aftern turnsin a particular
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gameis impossibleto say from the beginning, but the variance,Var (a(n)) =
Ef a(n)2g, aftermany gameslastingfor n turnsis easyto calculate.Thevariances
of n independentvariables,eachwith variance1, is n. ThusVar (a(n)) = n,
meaningthatthevarianceof thepro�t is growing linearly with therespectto the
numberof turnsin thegame.

TheDiffusionCoef�cient

Translatingtheexampleof coin �ipping to particlesperformingarandomwalk in
discretetime in onedimension,the varianceis growing linearly if the jumpsof
theparticleareaccordingto asetof independentandidenticallydistributed(i.i.d.)
variables.Generalizingto continuoustime,anaturalphysicalunit to measurethe
strengthof diffusionis m2=s.

Diffusionin a3-D isotropicmediumis in asimilarwaycharacterizedby thediffu-
sioncoef�cient, c. Thevarianceof thedistance,jr j, aparticlemovesby arandom
walk duringtime t is Var (jr j) = 6ct. Looking at the individual dimensions,we
have Var (r x ) = Var (r y) = Var (r z) = 2ct.

The diffusion tensoris a generalizationof c to accountfor anisotropicdiffusion
in threedimensions.It is de�ned asD = V ar (r )

2t = E f rr T g
2t . Similar to thevari-

ance,it is a secondordercontravarianttensor, describedby a symmetricpositive
semide�nite3 � 3-matrix. Using D , we may measurethe diffusion coef�cient
along a particulardirection ĝ by the formula c(ĝ) = ĝT D ĝ. In an isotropic
mediumthediffusiontensor(in aON basis)simplybecomes

D =

0

@
c 0 0
0 c 0
0 0 c

1

A (5.1)

TheApparentDiffusionCoef�cient

The diffusion coef�cient and the diffusion tensorboth describethe behavior of
unrestricteddiffusion. For watermoleculesin biological tissue,the diffusion is
oftenrestrictedby for instancecell membranes.For shorttime intervals, thedif-
fusion of a singlemoleculeis governedby the diffusion tensoror the diffusion
coef�cient. Ona largertime scalehowever, collisionswith boundariesof various
kindswill restrictdiffusion.Thiswill affect themeasurementof diffusionandthe
termapparentdiffusioncoef�cient (ADC) is usedinstead.

5.1.2 Estimating Diffusion Tensors

Using diffusion weightedMRI, it is possibleto measurethe apparentdiffusion
coef�cient in differentdirections.TheStejskal-Tannerequationrelatesmeasure-
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Figure5.1: A total of eightaxial slicesof a humanbrain havebeenacquiredto calculate
onesliceof diffusiontensors. Thesix �r st imagesare diffusionweightedand
havebeencollectedwith non-zero gradientsin six different gradientdirec-
tionsĝ. Thetwo last imageshavebeencollectedwith zero gradients,g = 0.

mentsto ADC values:

Sk = S0e� 
 2 � 2 [� � (� =3)]c (5.2)

A generalizationto diffusion tensorsD andgradientdirectionsĝ is straightfor-
ward.

Sk = S0e� 
 2 � 2 [� � (� =3)]gT Dg (5.3)

In theequationabove, 
 is theprotongyromagneticratio (43MHz / Tesla),andg
is thegradient�eld vector, � is thedurationof thediffusion gradientpulsesand
� is the time betweenthe diffusion gradientRF pulses.The valueSk refersto
the measuredsignal,attenuatedby diffusion, andS0 is the correspondingvalue
obtainedwhenthediffusiongradientstrengthis zero.

Estimationof D from aseriesof diffusionweightedmeasurementsis possible,ei-
therusinga leastsquaresapproach(Westinet al., 2002)or usingstatisticalmeth-
ods.Theunknown valuesareS0 andD , containingin total 7 degreesof freedom
(dueto thesymmetryof D ). See�gure 5.1 for a setof 8 imagesusedin DT-MRI
(two of theimagesareaveragedbeforeestimationbegins).ThemeasurementsSk

will be affectedby Rician distributednoise(GudbjartssonandPatz,1995)from
theMRI acquisitionprocess.
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Eigenvalues of D
(10� 6mm2=s)

Pyramidal
tract(WM)

Splenium of
the corpus
callosum
(WM)

Optic radia-
tion (WM)

CaudateNu-
cleus(GM)

Cerebrospinal
�uid (CSF)

� 1 1; 708� 131 1; 685 � 121 1; 460 � 75 783 � 55 3; 600� 235
� 2 303 � 71 287 � 71 496 � 59 655 � 28 3; 131� 144
� 3 114 � 12 109 � 26 213 � 67 558 � 17 2; 932� 212

Table 5.1: Typical ADC valuesfoundin thehumanbrain, measured in theorientations
of thethreeeigenvectorsof D (Pierpaoli etal., 1996).

5.1.3 Diffusion in the Human Brain

Insidethehumanbrain, theapparentdiffusionpropertieswill vary dependingof
thetypeof tissue.In table5.1somevaluesof ADC is measuredfor varioustissues.
Thedifferenteigenvaluesmentionedwill beexplainedin moredetail below, but
refersto thefactthatdiffusionvariesin differentdirections– thediffusiontensor
D is anisotropic– for certaintypesof tissue,in particularinsidewhite matter
(WM).

Closeto �ber structuresin thebrain,thediffusionof watermoleculesis restricted.
Thevarianceof therandomwalk is attenuatedin directionsperpendicularto the
�bers, while the movementalong the �bers is similar to free diffusion. The
anisotropy of theapparentdiffusionis capturedin thediffusiontensor. By study-
ing themaindirectionof diffusion,derivedfrom theeigenvaluesandeigenvectors
of thediffusiontensor, it is possibleto infer theorientationof �bers goingthrough
avoxel. This formsthebasisfor �ber tracking.Studyingthedegreeof anisotropy
of adiffusiontensoralsogivea lot of informationabouttheorganizationof tissue
within thatspeci�c voxel.

5.1.4 Applications of DT-MRI

Theapplicationsof DT-MRI in a clinical settingincludeexamplesof bothquan-
titative andqualitative methods.

Surgical Planning

Duringsurgicalplanninginvolving thebrain,knowledgeof thelocationof impor-
tant�ber bundlesmayguidethesurgeonto avoid damageon importantfunctional
partsof the brain. This is particularly importantwhenplanningthe removal of
tumors,while �ber tractsmayhave beendistortedby thegrowth of thetumorso
that experienceandprior knowledgeof �ber bundlesareof little importancein
thecaseathand.
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Clinical Studies

For morphologicaland functional studiesof the humanbrain, in both healthy
populationsandpatients,diffusiontensorMRI canbeusefulto derive knowledge
relatedto white mattervariationsandabnormalities.This includesfor instance
studiesonSchizophreniaandMultiple Sclerosis.With DT-MRI it is alsopossible
to performnon-invasive andharmlessexperimentson humansubjectsto �nd out
aboutpathwaysin thebrain,andcon�rm hypothesesaboutthehumanbrainde-
rivedfrom invasive anddangerousstudiespreviously only performedon animals
andin particularmonkeys.

5.2 ProcessingDiffusion TensorData

Processingandanalysisof tensor-valueddatain imagevolumesrequiresa treat-
mentdifferentfrom thatof scalardata.While imageprocessingfor tensorimages
wasavailableprior to the introductionof DT-MRI, seefor instance(Knutsson,
1989;GranlundandKnutsson,1995),therecentadvancesin acquisitionof tensor-
valueddatain medicine(Westinet al., 2002)hasmadethis �eld of researchpop-
ularagain.

5.2.1 Scalar Invariants

Tensorsandtensorvolumesaremoredif�cult to visualizeandanalyzethanscalars
andscalar-valuedvolumes.For this reason,methodsfor calculatingscalarvalues
derivedfrom tensorsareimportant,in particularmethodswhichyieldsscalarsthat
areinvariantto rotationsof thecoordinateframe. Threeimportantinvariantsare
thetrace,fractionalanisotropy andtheshapeclassi�cationof tensorsby Westin.

Trace

Thetraceof thetensoris de�ned

Tr (D ) =
nX

i =1

D i
i (5.4)

For amixedsecondordertensor, thetraceis ascalarwhich is invariantto changes
of basisandtherebyinvariant to rotations. While the diffusion tensoris a con-
travarianttensor, D ij , andthetraceis only de�ned for mixedtensors,it is neces-
saryto �rst transformthediffusion tensorD ij to a mixedtensorD i

j = D ik gkj .
Usingthetrace,ameandiffusioncoef�cient canbecalculatedusing

c =
1
3

Tr (D i
j ) =

1
3

Tr (D ik gj k ) =
1
3

D ik gik =
1
3

nX

i =1

nX

k=1

D ik gik (5.5)
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Thisscalarinvariantis formedby lettingthemetrictensoroperateonthediffusion
tensor. It is thusdependentof the choiceof unit usedto de�ne the metric, i.e.
whetherlength one representsonemeter, onecentimeteror one foot. In most
context relatedto diffusion tensorimagingonesimply speaksof the traceof the
tensor, indirectly assumingthat thetensoris expressedin anON-basisfor which
themetrictensoris theidentitymatrix.

If theeigenvalueequation

D i
j x j = � x i (5.6)

hasn = dim V non-trivial solutionswith correspondinglinearly independent
eigenvectorsei with eigenvalues� i , thematrix D i

j maybedecomposedaccord-
ing to theeigendecompositiontheoremas

D i
j = (PWP � 1) i

j (5.7)

whereP = [ei
1; ei

2; : : : ; ei
n ], W j

i = � i if i = j andW i
j = 0 if i 6= j . The

eigenvaluesmaybefoundby solvingthesocalledcharacteristicequation

�
�
�
�
�
�

D 1
1 � � D 1

2 D 1
3

D 2
1 D 2

2 � � D 2
3

D 3
1 D 3

2 D 3
3 � �

�
�
�
�
�
�

= 0 (5.8)

equivalentto

A1 = D 1
1 + D 2

2 + D 3
3 (5.9)

A2 =

�
�
�
�

D 2
2 D 3

2

D 2
3 D 3

3

�
�
�
� +

�
�
�
�

D 1
1 D 2

1

D 1
2 D 2

2

�
�
�
� +

�
�
�
�

D 1
1 D 3

1

D 1
3 D 3

3

�
�
�
� (5.10)

A3 =

�
�
�
�
�
�

D 1
1 D 1

2 D 1
3

D 2
1 D 2

2 D 2
3

D 3
1 D 3

2 D 3
3

�
�
�
�
�
�

(5.11)

(5.12)

� 3 � � 2A1 + �A 2 � �A 3 = 0 (5.13)

Any invariant which is independentof coordinatesystemmay be written as a
functionof A1, A2 andA3. The left handsideof the last equationis calledthe
characteristicpolynomial. Eigenvaluesareindependentof the choiceof coordi-
natesystemandfor this reasonthecoef�cients in thepolynomialareinvariantto
coordinatechangesaswell.



5.2 ProcessingDiffusion TensorData 41

Figure5.2: Typical linear, planar andsphericaltensors.

FractionalAnisotropy

Thefractionalanisotropy (FA) is ameasureexplaininghow muchthenormof the
tensorstemsfrom anisotropiccontributions.

F A =
1

p
2

p
(� 1 � � 2)2 + (� 2 � � 3)2 + (� 1 � � 3)2

p
� 2

1 + � 2
2 + � 2

3

(5.14)

=

p
3

p
2

jD � 1
3Tr (D )� i

j j

jD j
(5.15)

Due to the propertiesof the norm andthe trace,it is invariant to rotationsand
scaling.See�gure 5.5 for a typicalaxial slicedisplayedusingF A.

Linear, Planar& Spherical

In (Westinetal.,2002)thefollowing threemeasuresof diffusiontensorshapeare
de�ned,correspondingto linear, planarandsphericalshape

cl =
� 1 � � 2

� 1
(5.16)

cp =
� 2 � � 3

� 1
(5.17)

cs =
� 3

� 1
(5.18)

See�gure 5.2for anintuitive explanationof theconcept.

5.2.2 Fiber Tracking

While scalarinvariantshave beenusedwidely, bothto visualizeandobtainquan-
titative measuresof diffusion within the humanbrain,even morestunningvisu-
alizationsandanalysesof connectivity may be performedusingso called �ber
trackingalgorithms.They releaseseeds,virtual particles,in thedatavolume,cre-
atingstreamlineswhile following theprincipaldirectionof diffusion(PDD).The
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Figure5.3: A dissectionof a real brain showingthestructure of whitematter(fromThe
Virtual Hospital,Universityof Iowa).

tracking is usuallyseededwithin white matterand terminateswhen reachinga
gray mattermaskor whentheFA valuebecomestoo low. See�gure 5.6 for an
exampleof �ber tracking.

PDD tracking

Thesimplestandmaybemostwidely usedkind of �ber trackingis to follow the
principaldirectionof diffusion. Eachparticle,seededwithin white matter, is it-
eratively propagatedalongtheprincipaldirectionof diffusion in thedata. Great
careshouldbe taken in orderto interpolatethe tensor�eld within eachvoxel in
orderto obtainsmooth�ber traces.

StochasticTracking

In stochasticor probabilistic�ber tracking (Brun et al., 2002;Björnemoet al.,
2002;Behrensetal.,2003b;Hagmannetal.,2003;Behrens,2004;Behrensetal.,
2003a;FrimanandWestin,2005),particlesarepropagatedin a similar way asin
PDD tracking. For eachtime step,a particle is propagatedin a directiontaken
asa randomsamplefrom the estimatedprobability distribution of the PDD. In
thisway, uncertaintyfrom themeasurementsandthemodelis takeninto account.
Seedingfrom a particularvoxel A, multiple �ber tracesarepossible,anda kind
of “connectivity estimate”p(B jA; t) maybecalculatedto measuretheproportion
of particlesstartingin apointA andreachingapointB aftert timesteps.

5.2.3 Fiber Tract Connectivity

Estimationof “connectivity” in thehumanhasbeensomethingof aholy grail for
theDT-MRI imagingcommunity. Figures5.3and5.4show a dissectionof a real
brain,revealingsomeof thecomplexity of thehumanbrainwhitematterarchitec-
ture. If onecansee�ber tracesand�ber bundlesin DT-MRI andin dissectionsof
realbrains,extendingthealgorithmsto giveaquantitativemeasureof connectivity
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Figure5.4: A dissectionof a real brain showingthestructure of whitematter(fromThe
Virtual Hospital,Universityof Iowa).

oughtto bepossible.Theprobabilisticandstochasticalgorithmsfor �ber tracking
givequantitativeanswersto thequestion:p(B jA) = “whatarethechancesof end-
ing of in voxel B if westartin voxel A” but thismeasureis notthesameasp(AjB )
which is a somewhatconfusingproperty. Sometimestheconnectivity measureis
simply madesymmetricalby bruteforce, i.e. c(A; B ) = 1

2(p(AjB ) + p(B jA))
(Behrens,2004).

Oneway to obtaina symmetricmeasureof connectivity would be to embedall
voxelsin ametricspace(or evenamanifold)in whichashort(geodesic)distance
d(A; B ) meansthat two points A and B are more connected. In for instance
(O'Donnell et al., 2002) the imagevolumeis embeddedby warpingthe metric
accordingto theinverseof diffusiontensors.A problemwith thisapproachcould
be that the triangleinequalityplaysa trick. Assumewe have threepointsA, B
andC in thebrain. A is connectedto B andA is alsofunctionallyconnectedto
C. However, B andC arenot connectedat all. The triangleinequalitysaysthat
d(B ; C) � d(A; B ) + d(A; C) andthusforcesthepointsB andC to becloseif
A is connectedto bothB andC.

Apparentlysomework remainsto bedonebeforeeverybodyagreeon whatkinds
of anatomicalconnectivity thereare,to whatextent thesequantitiesarepossible
to measurein DT-MRI andwhattheexactaxiomaticproperties,in amathematical
sense,shouldbefor thevariouskindsof connectivity.

5.2.4 Segmentationof White Matter

Withoutdiffusionweightedimaging,it is dif�cult to segment�ber bundlesin hu-
manbrain white matter. In other imagemodalities,voxels within white matter
are representedby one single intensity and thereis no way to distinguishbe-
tweendifferentbundles.With DT-MRI on theotherhand,voxels in white matter
maybesegmenteddependingon whatareasof thebrainthey connect.Thesame
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techniquealso works for segmentinggray matterinto areasrelatedto function
(Behrensetal., 2003a).

Virtual dissection(Cataniet al., 2002) is oneexampleof how a medicaldoctor
caninteractively exploretheanatomyof white matterby selecting�ber tracesof
interestdependingontheirconnectivity. OtherexamplesincludeautomaticFuzzy
C-means(Shimony etal.,2002)clusteringandNCutclustering(Brunetal.,2004)
of DT-MRI �ber traces.

5.3 Visualization of StreamlineData

Theapproachfor visualizationof DT-MRI data,presentedin chapter8 and9, use
methodsinspiredby dimensionreductionandmanifold learningin orderto en-
hancetheperceptionof connectivity in DT-MRI dataof thehumanbrain. This is
differentfrom obtainingquantitative measurementsof connectivity andwe envi-
siontheseapproachesto beusefulfor thepurposeof interactive visualizationand
explorative analysisof DT-MRI. Theprimarygoal is to createa visual interface
to acomplex dataset.

5.3.1 Local and Global Featuresin DT-MRI

The scalarinvariantspresentedin 5.2.1 are important featuresof the kind of
tensor-valueddataobtainedfrom DT-MRI. Usingscalarinvariants,local features
of thedatainsidea voxel maybevisualizedusingfor instancea color map.This
is oneexampleof a local featureof thedataset.Otherslightly lesslocal features
in tensordataincludeedgeinformation (O'Donnell et al., 2004;Granlundand
Knutsson,1995)For vector-valuedvelocity data,which is alsoa kind of tensor
data,featuresbasedon vortex andconvergence/divergence have beenproposed
(Heiberg, 2001).

Connectivityasa feature

The connectivity of a voxel, for instancede�ned by streamlinesor probabilistic
�ber tracking,mayalsoberegardedasafeatureof thatvoxel. Thisnotalocalfea-
ture,while theconnectivity of onesinglevoxel dependson a spatiallydistributed
setof voxelswithin thedataset.Wecall thisamacro-feature.Voxelswith asimilar
connectivity pro�le maybemappedto similarplacesin afeaturespacedescribing
connectivity.

Viewingvoxelsastheatomicunitwhenvisualizingconnectivity in DT-MRI is one
alternative. Theotheralternative is to visualizestreamlines.Themaindifference
is thata streamlineis itself a representationof its connectivity. A streamlinealso
hasa simplerconnectivity pro�le, while it connectsexactly two endpointswith
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eachother. A singlevoxel ontheotherhandmay, throughfor instanceprobabilis-
tic �ber tracking,connectto multiple endpoints.Onesinglevoxel mayalsocon-
tainseveral,perhapscrossing,streamlines.This is particularlytrueif thetracking
algorithmor thedatais rich enoughto copewith crossing�ber bundles.

Theshapeandpositionof a streamlinerevealsits connectivity andin a way also
theconnectivity of thevoxelsit goesthrough.Similar streamlinesusuallybelong
to thesame�ber bundle

TheFiber BundleAssumption

Performing�ber trackingcanbe seenasa kind of featuretransform,wherethe
datavolumeis transformedinto asetof featurepoints.Eachvoxel insidethewhite
matterin the brain is usedfor seedinga �ber trackingprocedureor performing
stochastic�ber tracking. Theresultis similar to a Houghtransform,whereeach
�ber traceis analogousto theline integral of theHoughtransformandmapsto a
speci�c point in a �ber featurespace.

In this �ber featurespaceweassumethereareclustersof points,correspondingto
major �ber tractssuchasthecorpuscallosumandthecingulumbundles.These
clustersof points live in a high-dimensionalspace,the �ber featurespace,but
will intrinsically have only two dimensionscorrespondingto thecrosssectionof
a �ber bundle.Earlywork on asimilar topicmaybefoundin (Westin,1991).

5.3.2 Learning and Representations

To bringorderinto the�ber featurespace,weproposeto utilize methodsinspired
by dimensionreduction,manifoldlearningandspectralclustering.

LaplacianEigenmaps

LaplacianEigenmapsis spectraltechniquefor manifold learning,which maps
nearbypointson a manifold in a possiblyhigh-dimensionalEuclideanfeature-
spacetonearbypointsalow-dimensionalEuclideanspace.Usingthismethod,it is
possibleto maphigh-dimensionalobjectssuchas�ber tracesinto a3-dimensional
Euclideanspace.Thismappingisusedin thisthesisto assigncolorsto �ber traces,
in awaythat�ber traceswith similarconnectivity, shapeandpositionaremapped
to similarcolors.Thisgreatlyenhancestheperceptionof connectivity in the�ber
tracedataset.

NormalizedCuts

A recentlyproposedclusteringtechnique,calledNormalizedcutsor NCut,make
a strongconnectionbetweenrecentspectralmethodsfor manifold learningand
certaingraph-basedmethodsfor dataclustering.Theeigenvalueproblemsolved
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Figure5.5: Anaxial sliceofa brain. Left: Intensitycorrespondsto fractionalanisotropy.
Middle: Color correspondsto main principal directionof diffusion. Red:
left–right, green: anterior-posterior, blue: superior–inferior. Right: A ren-
deringusingtensorellipsoidglyphs.Courtesyof GordonKindlmann.

in NCut is almostidenticalto theonesolved for creatingLaplacianEigenmaps.
Usingthismethodfor dataclustering,�ber tracesareclusteredinto �ber bundles.
In factany clusteringtechniquewould bepossibleto usefor this task,NCut was
chosenmainly becauseof its similarity to the LaplacianEigenmapsand other
spectralmethodsfor manifoldlearning.

5.3.3 Visualization of Fiber Tract Connectivity

ScalarInvariants

Usingthescalarinvariantsde�ned in 5.2.1wemayvisualizea2-D sliceof a3-D
DT-MRI volumeof ahumanbrain.See�gure 5.5for ademonstrationof fractional
anisotropy.

Glyphs

If the (2,0) or contravariant diffusion tensoris transformedinto a (1,1) mixed
tensorusingthemetricgij , it is possibleto interpretit asa linear transformation
andaspectraldecompositioninto eigenvectorsandeigenvaluesis possible.

In �gure 5.6,twovariantsof tensorglyphsareshown: Ellipsoidsandsuperquadrics
(Kindlmann,2004). Tensorglyphsshow thestrength,anisotropy andorientation
of thediffusiontensors.

Streamlines/Streamtubes

Theresultof �ber trackingmaybevisualizedusingeitherstreamlinesor stream-
tubes.By choosingtheappropriateviewpoint, lighting andpossiblyaselectionof



5.3 Visualization of StreamlineData 47

Figure5.6: A detail of an axial sliceof thebrain shownin �gur e 5.5. Left: Tensorel-
lipsoids.Middle: Tensorsuperquadrics(Kindlmann,2004).Right: Stream-
tubes.Courtesyof GordonKindlmann.

a subsetof �ber tracesto visualize,it is possibleto understandthegeometryand
connectivity of thedataset.See�gure 5.6.

StreamtubeColoring

Whenthe setof �ber tracesbecomestoo complex, an enhancementof the per-
ceptionof connectivity may be createdif the �ber tracesarecoloredaccording
to their position,shapeandconnectivity. Similar colorshelptheuserto mentally
group�ber tracesinto bundles.Fibertracesmayalsobeclusteredandcoloredin
verydifferentcolors,to emphasizethedifferencebetweendistinctclusters.

VoxelColoring

Finally, the resultof streamtubecoloring may be transformedto voxel spaceso
thateachvoxel is coloredor clusteredin thesamewayasthe�ber trace(s)passing
throughit. Alternatively this maybeviewedascoloringeachvoxel accordingto
its connectivity pro�le – voxelsconnectingsimilar partsof thebrainaremapped
to similar colorsor clusters.Seechapter9 �gure 9.4 for a demonstrationof the
concept.





6
Review of Papers

This chapterprovidesa shortreview of thepapersincludedin thesecondpartof
this thesis.All papershave beenreformattedandminor changeshave beenmade
to correctmisspellingsandtypographicalerrors.

6.1 Paper I: Coloring of DT-MRI Fiber TracesUsingLapla-
cian Eigenmaps

Thispaper(Brunetal.,2003)waspresentedin 2003atthe9thInternationalWork-
shopon ComputerAided SystemsTheory(Eurocast'03)in LasPalmasde Gran
Canaria,Spain. The proceedingswerepublishedin SpringerLectureNotesin
ComputerScience.Herethe conceptof �ber coloring or streamlinecoloring is
introducedfor the �rst time. The idea is to visualizea set of streamlines,ob-
tainede.g.by tractographyin DT-MRI data,by choosingcolorsfor theindividual
streamlinessuchthatsimilar streamlinesareassignedsimilar colors. Thisgreatly
enhancestheuser's perceptionof connectivitywithin thewhite matteraswell as
theseparationof �ber tracesinto �ber bundlesfor theDT-MRI application.

To createthemappingfrom streamlinesto colors,a recentlyproposedmethodfor
manifoldlearningcalledLaplacianEigenmaps(Belkin andNiyogi, 2002)is used.
This paperthusshows that dimensionalityreductionandmanifold learningcan
beusedto solve a medicalvisualizationproblem.In principlemany othermeth-
odsfor dimensionalityreductioncouldalsohave beenused,for instanceIsomap
(Tenenbaumetal., 2000)or LLE (RoweisandSaul,2000).

Sincethe paperwas �rst presented,the ideaof embeddingstreamlinesor �ber
tracesin a low-dimensionalspacehasbeenfurther explored in (O'Donnell and
Westin,2005). Also, the particularmeasureof �ber similarity describedin this
paperhave beenevaluatedby othersin (Mobertset al., 2005). This methodfor
spectralcoloring of �ber traceshave beenwidely appreciatedfor its aesthetic
value.A largeposterof colored�ber tracesfrom a humanbrainhasfor instance
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beendisplayedfor thepublicat thenationallytouringexhibition SeHjärnan(See
theBrain)sponsoredby Vetenskapsrådet(TheSwedishResearchCouncil).

6.2 Paper II: Clustering Fiber TracesusingNormalizedCuts

Thesecondpaper(Brun et al., 2004)waspresentedat the SeventhInternational
Conferenceon Medical ImageComputingand Computer-AssistedIntervention
(MICCAI'04) in Saint-Malo,France,and publishedin SpringerLectureNotes
in ComputerScience.Herea spectralgraphtheoreticalmethodstronglyrelated
to the LaplacianEigenmaps(Belkin andNiyogi, 2002),calledNormalizedCuts
(Shi andMalik, 2000)is usedto cluster�ber tracedatain DT-MRI into discrete
bundles.Our interestin this methodcamemainly from thefactthatit washighly
similar to LaplacianEigenmaps.

Methodsinspiredby this paperhasalreadybeenimplementedby otherpeople
(Endersetal.,2005),andcitedseveraltimes(O'DonnellandWestin,2005;Moberts
etal.,2005;Blaasetal., 2005;Enderset al.,2005;Jonassonetal., 2005;Maddah
etal., 2005;Koubyet al., 2005;O'Donnell andWestin,2006).It wasthe�rst ap-
plicationof aspectralclusteringmethodto �nd �ber bundlesin DiffusionTensor
MRI �ber tracedata.It alsofeatureda novel measureof �ber similarity basedon
themeanvectorandcovariancematrixof thepointsbuilding up the�ber trace.

6.3 Paper III: A Tensor-Lik eRepresentationfor Averag-
ing, Filtering and Inter polation of 3-D Object Orien-
tation Data

In apaper(Brunet al.,2005a)presentedin Genoaat theIEEEInternationalCon-
ferenceonImageProcessing(ICIP'05) anextrinsicmethodfor averaging,�ltering
andinterpolationof dataon SO(3) is presented.In theliterature,many methods
for performingsignalprocessingonSO(3) have beendescribed.

Thecontribution in this paperis mainly that it pointsout how algorithmsfor lin-
earaveraging,�ltering andinterpolationcanbe directly translatedinto tools for
manifold-valuedsignalprocessing,givenasuitableextrinsicrepresentation.From
thediscussionin thepreviouschapter3, it is clearthatwhile onecommonopinion
amongresearchersis thatextrinsic methodsshouldbeseenasapproximationsto
intrinsicditto, extrinsicmethodsmayin factbeoptimalin somecases.
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6.4 Paper IV: FastManif old Learning Basedon Rieman-
nian Normal Coordinates

In the fourth paper(Brun et al., 2005b),presentedat the Scandinavian Confer-
enceon ImageAnalysis(SCIA'05) andpublishedin SpringerLectureNotesin
ComputerScience,anew kind of methodfor manifoldlearningis presented.This
methodis highly relatedto differentialgeometryandthe logarithm,the inverse
of theexponentialmap,on themanifold. Fromanalgorithmicpoint of view this
methodsharessomesimilaritieswith Isomap,but is differentfrom mostmodern
methodsfor manifoldlearningby not relyingonthesolutionof a largeeigenvalue
problem.Apart from beingusefulfor visualizationanddimensionalityreduction
of manifold-valueddata,thelogarithmde�nedonamanifoldisalsoafundamental
building block in methodsfor performingintrinsic signalprocessingon manifold
valuedsignals.

The methodis calledLOGMAP in the paper, but for the restof this thesisthe
nameSampleLogmapsor S-Logmapswill beusedfor thewholeclassof methods
thatestimatethelog mapon amanifoldgivenasetof samples.





7
Discussion

Theresultspresentedin this thesispoint towardstheusefulnessof manifoldsand
manifoldlearningin imageanalysisandvisualization.

7.1 Manif old Learning in Diffusion TensorImaging

Thework on DiffusionTensorMRI shouldbeseenmainly asa proof of concept,
indicatingthatnew techniquesfor nonlineardimensionalityreductionareuseful
in realapplications.It is alsoimportantto notethatmanifoldlearninggivesinspi-
rationto look atdatain new ways.

Themaincontributionsin thispartof thethesisare:

� Theintroductionof �ber coloringandvoxel coloring,i.e. continuousmap-
pingof positionandshapeof �ber tracesto acolorspacein orderto enhance
visualizationof connectivity andorganizationof thewhitematterin thehu-
manbrain.

� The �rst useof theNCutcriteria to perform�ber traceclustering,andthe
�rst useof spectralclustering,to organize�ber tracesinto �ber bundles.
It shouldbe notedthat the useof NCut for clusteringof voxelsbasedon
connectivity wasindependentlyreportedin (Behrens,2004).

� Theintroductionof two simpleandnovel waysto measure�ber similarity:
Thesimilarity of �ber traceendpointsandthesimilarity of �ber tracemean
vectorandcovariancematrix.

Mappingof �ber tracesto colors,suchthatsimilar �ber tracesareassignedsim-
ilar colors, also works for streamlinesin generaland the resultsare therefore
not limited to Diffusion TensorMRI but applicableto all approachesinvolving
streamlines.

So far only LaplacianEigenmapshave beentestedfor �ber coloring. It is likely
that other methodsfor manifold learningand even linear dimensionreduction
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work equallywell or evenbetter. Themethodof samplelogmapspresentedin this
thesishowever is probablynot useful for this particularapplication,at leastnot
without heavy preprocessingof thedataandtransformationof �ber tracesinto a
suitablefeaturespace.

While methodssuchasLaplacianEigenmapsworksfairly well evenfor datathat
doesnotstrictly comefrom asinglemanifold,but ratherfrom many smallerman-
ifolds scatteredin featurespace(eachcorrespondingto a�ber bundle),thesample
logmapsrely heavily on theassumptionof a singlemanifold.For this reason,the
maincriticismof thework presentedhereshouldbethatit exploits therobustness
of the LaplacianEigenmaps,to give reasonableresultseven for datawherethe
assumptionof asinglemanifoldfails.

7.2 Intrinsic vs. Extrinsic Methods for Manif old-Valued
SignalProcessing

In this partof thethesis,signalprocessingon a manifoldembeddedin Euclidean
spacewasexploredusingtheexamplesof thecircle,S1, andtheQ-representation
for SO(3). Bothof thesemanifoldsareexamplesof symmetricspaces.

Themaincontributionsof thework presentedin thispartof thethesisare:

� The ideaof translatingalgorithmsfor linearaveraging,�ltering andinter-
polationfor 1-D signalsto 3-D objectorientationdataon SO(3). This is
not always the bestchoice,but it may sometimesbe convenientfrom an
applicationpointof view.

� The embryoof a motivation for usingextrinsic averagingandsignalpro-
cessingin compactsymmetricspacesthroughthe diffusionmean. This is
clearlywork thathasnotbeencompleted,but it is still mentionedin thisthe-
siswhile theideamightbeimportantfor futurework. It alsoservesasamo-
tivationfor exploringextrinsicmeansonSO(3) usingtheQ-representation.

While our researchgrouphasbeenworking with extrinsic signalprocessingon
RPn for many years,for instanceto representand�lter line- andhyperplaneori-
entations,this pieceof researchis useful to put someof the earlier work into
context.

Futureusesof the Q-representationcould be for instanceto perform template
matchingin animagevolumewith a rotatingtemplate.
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7.3 SampleLogmaps– Intrinsic Processingof Empirical
Data

Finally thesamplelogmapspresenta novel way to performnonlineardimension
reductionaswell asthebeginningof a framework for intrinsic signalprocessing
on manifoldsknown only from samples.

Themaincontributionsof thework presentedin thispartof thethesisare:

� A simpleandnovel wayto performmanifoldlearningandnonlineardimen-
sionreductionusingsamplelogmaps.

� A way to translatealgorithmsfor vectorspacesto sampledmanifoldsand
performintrinsicmanifold-valuedsignalprocessing.

Eventhoughthecurrentway of estimatinga samplelogmapcouldbe improved,
thetheoreticalpropertiesof theanalyticallog mapandits importanceto manifold-
valuedsignal processing,makes methodsfor estimationof samplelogmapsa
promising�eld of research.Importantis also to comparethe samplelogmaps
with otherapproachesfor manifoldlearning,awork whichhasalreadyaddressed
in partby otherresearchersin the�eld (Kayo,2006).

Onelastnoteonsamplelogmapsis thattheterminologyusedin chapter11might
notbeperfectwhile “LOGMAP”, “LogMap” or “Logmap” is verysimilar to “log
map”which is usuallytheanalyticallog mapon themanifoldandnothingelse.It
is moreappropriateto talk about“an estimatedlog map” andnamethis classof
methods“samplelogmaps”or “S-Logmaps”for short.

7.4 Futur e research

Themainobjective of futureresearchfor thePhDthesisis to seekamoreuni�ed
framework for dealingwith manifold-valueddataand signals. Here are some
directionswhichcouldbefruitful:

� Mapping�ber tracesto anRGB color space,trying to preserve somekind
of shapemetricin theRGBspace,is farfrom optimalfor humanperception.
Carefulmappingof �ber tracesinto a CIE Lab or CIE XYZ color system
may, at leastin theory, createa mappingwhereperceived color distance
correspondsmoreaccuratelyto distancesin thefeaturespaceathand.

� Sampledmanifold-valueddataisoftenaffectedbynoise,for instanceisotropic
Gaussiannoiseaddedin theembeddingspace.This increasestheapparent
dimensionalityof themanifold. It would beusefulto have methodsto re-
move this noisefrom thedatabeforeapplyingmanifoldlearning.

� From a morephilosophicalpoint of view, the mappingof �ber tracesto
a featurespacegive raiseto many new possibilitiesrelatedto registration
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of datasets.Oneaspectof this hasalreadybeenexplored in (O'Donnell
andWestin,2005)where�ber tracesfrom differentbrainsaremappedto
a commonfeaturespaceusingLaplacianEigenmaps.This allow for new
waysto compareconnectivity betweendifferentbrainsin apopulation.

Anotheraspectrelatedto registrationis to actuallyperformregistrationof
two DT-MRI volumesusingfeaturesderived from connectivity. Justlike
scalarinvariantsmaybeusedto registertwo DT-MRI datasets,featuresde-
scribingvoxel connectivity mayalsobeusedto steertheregistration.Either
featuresof voxel connectivity whichareinvariantto rotationor featuresfor
which we have transformationlaws so that they transformappropriately
with thevolume. Describingtheconnectivity of a singlevoxel by theco-
variancetensorof the�ber tracespassingthroughtheinsideof thevoxel is
oneexampleof asimplebut suitablerepresentationfor this. It will naturally
transformasacontravarianttensorfor linear(af�ne) transformationsof the
imagevolume.

� Many thingsremainto beexploredrelatedto connectivity basedvoxel col-
oringanddirectvolumerendering.

� Investigatethepropertiesof the“dif fusionmean”in variousmanifolds.

� Improved estimationof distancefunctionson sampledmanifolds. Apart
from thework which is thecoreof theIsomapalgorithm(Bernsteinet al.,
2000),somerecentactivity havefocusedonamorerobustestimationof dis-
tanceson sampledmanifoldswhich arelesssensitive to “shortcuts”(Nils-
sonandAndersson,2005).

� Moreapplicationsfor manifoldlearningin medicalimageanalysis.

� Thecreationof agenericframework for manifold-valuedsignal-processing,
for analyticalmanifoldsaswell assampledand“learned”manifolds.

� RobustgradientEstimation.Oneof thestepsin thecurrentsamplelogmap
algorithmis to estimatethegradient.This is dif�cult in thevicinity of the
cut locusandthereis aclearneedfor robustmethodshere.

� Canimageprocessingbe appliedin manifoldsto �nd edges,cornersand
otherinterestingfeaturesinsidesampledmanifolds?

� Are therewaysto characterizesampledmanifoldswith respectto genusand
topology?

Insidemanifolds,new worlds arewaiting to be exploredandstudied. Thereis
a needfor quantitative aswell asexplorative analysisof manifolds. And there
is a greatneedto standardizemethodsfor working with manifold-valuedsignal
processing.



8
Coloring of DT-MRI Fib er Traces

Using Laplacian Eigenmaps 1

AndersBruna, Hae-JeongParkb, HansKnutssonc andCarl-FredrikWestina

a Laboratoryof Mathematicsin Imaging,BrighamandWomen'sHospital,Harvard
MedicalSchool,Boston,USA, anders@bwh.harvard.edu ,

westin@bwh.harvard.edu ,
b Clinical NeuroscienceDiv., Lab. of Neuroscience,BostonVA HealthCare

System-BrocktonDivision,Dep.of Psychiatry, HarvardMedicalSchoolandSurgical
PlanningLaboratory, BrighamandWomen'sHospital,HarvardMedicalSchool,

hjpark@bwh.harvard.edu ,
c MedicalInformatics,LinköpingUniversity, Inst. för MedicinskTeknik,

Universitetssjukhuset,Linköping,Sweden,knutte@imt.liu.se .

Abstract: We proposea novel postprocessingmethodfor visualizationof �ber
tracesfrom DT-MRI data. Using a recentlyproposednon-lineardimensionality
reductiontechnique,Laplacianeigenmaps(Belkin and Niyogi, 2002), we cre-
atea mappingfrom a setof �ber tracesto a low dimensionalEuclideanspace.
Laplacianeigenmapsconstructsthismappingsothatsimilar tracesaremappedto
similar points,givena custommadepairwisesimilarity measurefor �ber traces.
We demonstratethat when the low-dimensionalspaceis the RGB color space,
this canbeusedto visualize�ber tracesin a way which enhancestheperception
of �ber bundlesandconnectivity in thehumanbrain.

8.1 Intr oduction

DiffusionTensorMRI (DT-MRI) makesit possibleto non-invasively measurewa-
terdiffusion,in any direction,deepinsidetissue.In �brous tissuesuchasmuscles
andhumanbrainwhitematter, watertendto diffuselessin thedirectionsperpen-
dicular to the �ber structure.This meansthatdespitethefact thatspatialresolu-

1Publishedin theProceedingsof the9th InternationalConferenceonComputerAided Systems
Theory(EUROCAST'03).
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tion in MRI is toolow to identify individualmuscle�bers or axons,amacroscopic
measureof diffusionin a voxel maystill reveal informationaboutthe�ber struc-
turein it. UsingDT-MRI it is thereforepossibleto infer thedirectionof the�ber
in for instancewhite matterin the humanbrain. In particular, it is possibleto
estimatethedirectionof the�bers whenthe�ber organizationis coherentwithin
thevoxel.

Whenawholevolumeof datais acquiredusingDT-MRI, eachvoxel containsin-
formationaboutthe local characteristicsof diffusion insidethatparticularvoxel.
Thediffusionis describedby a tensorD , asymmetricpositive de�nite 3 � 3 ma-
trix, which throughtheStejskal-Tannerequation(8.1)explainsthemeasurements
obtainedfrom theMR scanner

Sk = S0e� bĝT
k D ĝk : (8.1)

Hereĝk is anormalizedvectordescribingthedirectionof thediffusion-sensitizing
pulse,b is the diffusion weighting factor (Bihan et al., 1986)andS0 is a non-
diffusion weightedmeasure.In orderto estimatea tensorD insideeachvoxel,
at leastonenon-diffusion weightedimageS0 andsix diffusionweightedimages
with differentdirectionsareneeded(Westinet al., 1999). TheproductĝT

k Dĝk is
often referredto asthe ApparentDiffusion Coef�cient, ADC, anddescribesthe
amountof diffusionin thegradientdirection.

The tensorcan be visualizedas an ellipsoid, describedby the eigenvectorsof
thediffusiontensorD , scaledwith thesquareroot of their respective eigenvalue.
This ellipsoid will representan isosurfaceof the probability distribution which
describesthepositionof a watermolecule,dueto diffusion,a shorttime after it
hasbeenplacedin the centerof the tensor. A sphericalellipsoid thereforecor-
respondsto an isotropic tensor, which describesthat waterdiffusion is equally
probablein any direction. When the ellipsoid is more oblateor elongated,it
meansthat waterdiffuseslessor more in a particulardirection,and the tensor
is thereforereferredto asanisotropic.Theanisotropy is oftencharacterizedusing
somerotationallyinvariantandnormalizedtensorshapemeasure,for instancethe
FractionalAnisotropy index (Westinetal., 1999)

F A =
1

p
2

p
(� 1 � � 2)2 + (� 2 � � 3)2 + (� 1 � � 3)2

p
� 2

1 + � 2
2 + � 2

3

: (8.2)

Oneof themostintriguing usesof DT-MRI datais thepossibility to follow and
visualize�ber pathwaysin thebrain.Traditionallythishasbeenaccomplishedus-
ing �ber trackingalgorithms,seefor instance(Basser,1995;Basseret al., 2000;
Westinet al., 1999). In theseapproachesa pathoriginatingfrom a seedpoint is
calculatedby iteratively moving a virtual particle in the directionin which dif-
fusion is strongest,theprincipaldiffusiondirection(PDD). This directioncorre-
spondsto themajoreigenvectorof thediffusion tensor, which is theeigenvector
correspondingto thelargesteigenvalue.It is widely believedthatfor humanbrain
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whitematter, in areaswherethediffusiontensorsarehighly anisotropic,thePDD
is highly correlatedwith theorientationof theunderlying�ber structure.

Oneway to visualizethe �ber organizationof white matteris to placea virtual
particleinsidea voxel in white matteranditeratively move it accordingto a ve-
locity �eld de�ned by theprincipaldiffusiondirection.This tracewill bealigned
with theunderlying�ber structuresandvisualizingit will give the impressionof
lookingatactual�ber pathways.

Thispaperwill in thefollowing sectionsintroduceanovel postprocessingmethod
for visualizationof �ber tracesfrom DT-MRI. Wewill focusonenhancingtheper-
ceptionof organizationandconnectivity in thedata.Themethodwill not specif-
ically addressthe shortcomingsof �ber tracking,but assumethat a setof �ber
traceshasalreadybeenobtained.Insteadthemaincontribution of this paperwill
beto show how aspectralnon-lineardimensionalityreductiontechnique,suchas
Laplacianeigenmaps,canbeappliedto theproblemof organizing�ber tracedata.
Themainapplicationwill bevisualizationof largecollectionsof �ber traces.

8.2 Previous Work

Visualizationof DT-MRI still posesachallengefor themedicalimagingcommu-
nity, sincethedatais high dimensionalandcontainsa lot of interestinganatom-
ical structure.A simplebut effective way to visualizetensordatais to mapthe
tensorsto scalarsor colorsandthenvisualizethedatausingany methodfor vol-
umeor imagevisualization.CommonlyusedscalarmappingsincludeFractional
Anisotropy Index, traceandthenormof thetensor. Color mappinghasalsobeen
usedto encodeorientationof thePDD. While thesemappingsaregoodin some
applications,they areunintuitive or insuf�cient in others.

To copewith the high dimensionalityof tensordata,specialtensorglyphshave
beendesigned,seefor instance(Westinet al., 1999). Commonlyusedglyphs
areshort line segmentsshowing the orientationof the PDD andellipsoidsrep-
resentingall six degreesof freedomof a tensor. Otherinterestingapproachesto
encodetensorshapeandorientationarereactiondiffusion patterns(Kindlmann
et al.,2000)andline integral convolution (McGraw etal., 2002).

Fibertraces,asdescribedin theintroduction,have beensuccessfullybeenusedto
reveal�ber pathwaysin thebrain,seefor instance(Basseretal.,2000).Oftenthe
traceshave beenrepresentedby streamtubes(Zhanget al., 2003),sometimesin
combinationwith coloringschemesand/orvariationof thestreamtubethickness
accordingto somequalityof theunderlyingtensor�eld.

In theareaof postprocessingof �ber traces,prior to visualization,work on clus-
tering of �ber traceshave beenreportedrecently. Theseapproachesdependon
a similarity measurebetweenpairsof �ber traces,which is usedin combination
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Figure8.1: Left: Fiber tracesfrom a humanbrain. Simple PDD �ber tracking have
beeninitiatedfrom andconstrainedto voxelswith high anisotropy index. A
sagittalview. Theheadfacingleft. Right: A schematicview of major �ber
bundlesin thebrain. Adaptedfrom Gray's Anatomyof theHumanBodyas
displayedat Bartleby.com.

with a traditionalclusteringmethod(“fuzzy c-meansclustering”(Shimony et al.,
2002)and“K nearestneighbors”(Ding et al., 2003)). Outsidethemedical�eld,
modelbasedcurveclusteringhasbeenstudiedin (Gaffney andSmyth,2003).The
methodpresentedin this articlewill sharemany similaritieswith automaticclus-
teringmethods.It will however give a continuouscoloringof the �ber traces,as
opposedto thediscretesetof labelsassignedduringclustering. It couldalsobe
consideredasa preprocessingstepto clustering.Similar to theclusteringmeth-
ods,ourapproachis automaticandinvolvesnouserinterventionexceptparameter
selection.Thisis in sharpcontrastfrom manualapproachesto organizetracesinto
bundles,suchasthevirtual dissectionproposedin (Catanietal.,2002).However,
all thepostprocessingmethodsfor �ber tracessharethesameweakness:they rely
onagood�ber trackingalgorithmto performwell.

8.3 EmbeddingFiber Traces– a Moti vation

If �ber tracesareinitiatedfrom seedpointsin theentirewhitematter, asin �gure
8.1 left, a quick glancemotivatesthe needfor somekind of color mappingin
orderto enhancetheperceptionof the�ber organizationin thebrain.Wetherefore
proposea postprocessingstep,prior to visualization,in which each�ber traceis
assignedacolor from acontinuousRGB colorspace.Theintuition is thatsimilar
tracesshouldbe assignedsimilar colors,while dissimilar tracesaremappedto
dissimilarcolors.This will enhancethevisualizationof �ber bundles.
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8.4 SpectralClustering and Embedding

In order to map the �ber traceswe usea spectralembeddingtechniquecalled
LaplacianeigenmapswhichwasrecentlyproposedbyBelkinandNiyogi in (Belkin
andNiyogi, 2002).Thecoreof thealgorithmis theuseof a local similarity mea-
sure,which is usedto constructa graphin which eachnodecorrespondto a data
point andwheretheedgesrepresentconnectionsto neighboringdatapoints. It is
thestructureof this graphwhich representsthemanifoldto bediscovered,which
is accomplishedthroughthesolutionof aneigenvalueproblemwhich mapseach
datapoint to a low-dimensionalEuclideanspace.This mappinglocally preserves
thegraphstructure.In short,pointsclosein thegrapharemappedto nearbypoints
in thenew Euclideanspace.

In our application,the datapointsare�ber traces.The effect we would like to
obtain is that traceswithin a �ber bundle are mappedto similar points in the
low-dimensionalspace.The manifoldswe hopeto reveal would correspondto
a parameterizationof a speci�c �ber bundle. Not a parameterizationalong the
�bers – all pointsof a �ber traceshouldprojectto thesamepoint in thenew low-
dimensionalspace–but in thedirectionperpendicularto the�bers. In thecaseof a
thin bundlesuchasthecingulatefasciculuswewouldexpectaclusteringeffect to
dominate,all traceswithin this thin bundleshouldprojectto moreor lessasingle
point in a low dimensionalspace.Ontheotherhand,alargebundlestructuresuch
asthecorpuscallosumcanbeparameterizedalongtheanterior-posterioraxisand
wewouldexpectit to berepresentedasaone-dimensionalmanifold.

While �ber tracesnaturallyresidein a low dimensional3-D space,a traceitself
mustbeconsideredasa high-dimensionalobject,or at leastanobjectwhich we
havedif�culties in representingasapoint in alow dimensionalvectorspace.Con-
structingan explicit global similarity measurefor �ber tracesis alsosomewhat
dif�cult – to whatextentaretwo tracessimilar?How canwecomeupwith asim-
ilarity measurewhich correspondsto a mappingof tracesinto a low-dimensional
space?Luckily Laplacianeigenmapsandotherspectralmethodsonly needsa lo-
cal similarity measure,a measurewhich determinethesimilarity betweena data
point andit' s neighbors.This meansthatwe only needto constructa similarity
measurewhichis ableto identify andmeasuresimilarity betweentwo verysimilar
traces.In thecaseof two verydissimilartraces,wemayassumezerosimilarity.

Using this similarity measure,a graphis constructedin which nodesrepresent
�ber tracesandwhereedgesconnectneighboringtraces.

8.5 Laplacian Eigenmaps

For anin depthexplanationof Laplacianeigenmaps,asexplainedby Belkin and
Niyogi, see(BelkinandNiyogi, 2002).In brief, thealgorithmfor Laplacianeigen-
mapsconsistsof threesteps:
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1. Constructionof agraphwhereeachnodecorrespondsto adatapoint. Edges
are createdbetweennodeswhich are closeto eachother in the original
space.A neighborhoodof �x ed sizearoundeachdatapoint or the setof
K nearestneighborscould for instancebeusedascriteria for creatingthe
edgesin thegraph.

2. Weightsareassignedto eachedgein thegraph. In general,largerweights
areusedfor edgesbetweenpointswhicharecloseto eachotherin theorig-
inal space.In thesimplestcase,all weightsaresetto 1. A Gaussiankernel
or similar couldalsobeused.

3. Solutionof thegeneralizedeigenvalueproblem:

D ij =
� P N

k=1 Wik if i = i
0 if i 6= j

(8.3)

L = D � W (8.4)

Ly = �D y (8.5)

whereN is thenumberof nodesandL is calledtheLaplacianmatrixof the
graph.Theeigenvectorsderivedfrom equation8.3areorderedaccordingto
theireigenvalues.Dueto thestructureof theL , thesmallesteigenvaluewill
correspondto a constanteigenvectorandis discarded,but then eigenvec-
torscorrespondingto thenext smallesteigenvaluesareusedasembedding
coordinatesfor thedatapointsin thenew space.

We never performedthe formationof the graphin steponeexplicitly, but per-
formeda thresholdingof theweightssothatvery smallweightsweresetto zero,
whichcorrespondsto absenceof anedgein thegraph.

Laplacianeigenmapssharemany similaritieswith otherrecentspectralalgorithms
for clusteringandembeddingof data,for instanceKernelPCA (Schölkopf et al.,
1998)andspectralmethodsfor imagesegmentation(MeilaandShi,2001),andwe
expecta qualitatively similar behavior from all of themeven if the interpretation
of the resultsis somewhatdifferentin thevariousmethods.For a unifying view
of thebehavior of spectralembeddingsandclusteringalgorithms,see(Brandand
Huang,2003). Oneof the mostimportantaspectsof spectralmethodsfor clus-
teringandembedding,includingLaplacianeigenmaps,is thefactthatthey areall
posedaseigenvalueproblems,for whichef�cient algorithmsarewidely available.

8.6 Similarity Thr ough Connectivity

Thereis no similarity measuregiven for �ber tracesper seandthereforemany
waysof choosingtheedgeweightsexist. In this initial effort to clusterandem-
bedtracesfor visualizationpurposes,we will only try a simplebut yet effective
similarity measure.
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Themeasureis basedontheideathattwo traceswith similarendpointsshouldbe
consideredsimilar. Thatis, weonly look at theendpointsfor apairof �ber traces,
anddiscardall otherinformation.In �gure 8.1(right) wewould for instancewant
a tracewith endpoints{A,A '} to have high similarity with a tracewith endpoints
{B,B'}. However, trace{C,C'} shouldbeconsidereddissimilarfrom both{A,A '}
and {B,B'}, even thoughthey all sharea commonorigin. This could also be
interpretedasameasureof connectivity.

Heref i; 1 andf i; end correspondsto the �rst andlast coordinatesof the i th �ber
traceandWij is theweightbetweennodes/ �ber tracesi andj :

f i = (f i; 1; f i; end); (8.6)
~f i = (f i; end; f i; 1); (8.7)

Wij =

(
0 if i = j

exp
�

� kf i � f j k2

2� 2

�
+ exp

�
� kf i � ~f j k2

2� 2

�
if i 6= j

(8.8)

We note that Wij is symmetricwith respectto i and j . This measureis also
invariantto re-parameterizationof the�ber trace,for instancereversenumbering
the �ber tracecoordinates.It will alsogive traceswhich connectssimilar points
in spacea largeweightwhile dissimilarconnectivity will resultin a weightclose
to zerogiventhat� is chosencarefully.

This similarity measurewill work �ne in mostcaseswherethe �ber tracesare
not damagedand really connectdifferent partsof the brain in an anatomically
correctway. Other similarity measuresusedin clusteringmethodshave been
basedon correlationmeasuresbetween�ber traces(Shimony et al., 2002;Ding
et al., 2003). Thosecorrelationmeasurescould be usedaswell to build up the
graphneededby aspectralembeddingmethodsuchasLaplacianeigenmaps.For
the purposeof demonstrationandunderthe assumptionthat the �ber tracesare
ok, theabovedescribedsimilarity shouldwork �ne andit is alsofasterto compute
thancorrelationmeasures.

8.7 In Vivo DT-MRI Data

Real DT-MRI data from the brain of a healthyvolunteerwas obtainedat the
BrighamandWomen's HospitalusingLSDI techniqueon a GE Signa1.5 Tesla
HorizonEchospeed5.6 systemwith standard2.2 Gauss/cm�eld gradients.The
time requiredfor acquisitionof thediffusiontensordatafor oneslicewas1 min;
no averagingwasperformed. The voxel resolutionwas0:85mm � 0:85mm �
5mm.

A randomsampleof 4000pointsinsidewhitematterwith diffusiontensorshaving
high FA were selectedas seedpoints for the �ber tracking. Traceswere then
createdby trackingin both directionsstartingfrom theseseedpoints,following
the principal eigenvector of diffusion using a steplength of 0:5mm and linear
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interpolationof thetensors.Thetrackingwasstoppedwhenreachingavoxel with
FA lower than certain thresholdapproximatelycorrespondingto the boundary
betweenwhite andgray matter. Fiber tracesshorterthan10mmwereremoved.
This resultedin asetof approximately3000�ber traces.

8.8 Experiments

The algorithmwasimplementedin MATLAB. While the numberof �ber traces
wereat most5000thePDD trackingmethod,calculationof thegraphLaplacian
andthesolutionof thegeneralizedeigenvalueproblemcouldbeperformedwith-
outoptimizations.MATLAB wasusedfor visualizationexceptin �gure 8.5,where
thein-housesoftware3-D Slicer(Gering,1999;Geringet al.,1999)wasused.

For thecolor mapping,theThesecond,third andfourth eigenvectorwerescaled
to �t into theinterval [0; 1] andthenusedfor thechannelsred,greenandblue,to
color thecorresponding�ber traces.

The embeddingof �ber tracesinto a RGB color spacewas tested�rst on syn-
theticdata,thenon realhumanbrainDT-MRI data. Thesynthetictoy examples
shouldbe consideredas illustrationsof the methodratherthannearrealisticor
challengingexperiments.

Figure8.2 shows how the embeddinginto color spaceworks for a setof �ber
tracesarrangedasa Möbiusstrip. The traceson (left) aremappedinto an RGB
space,which determinesthecolor of eachtrace. In the right plots, the imageof
this mappingin RGB space(�rst two embeddingcoordinates)is shown. Each
dot in the right plots correspondto a singletracein the left plots. The circular
structureof theMöbiusstripcanthusbeseenin thegeometryof theleft image,in
thecoloringof theleft imageandin theshapeof the�ber bundleafterembedding
it into RGB spaceto theright.

Figure8.3 (left) shows how tracesconnectingoppositesidesof a spherearecol-
ored. Coloring accordingto the three�rst embeddingcoordinates.This setof
traceshasthetopologyof the“projective plane”,RP2. Notethateventhoughit is
impossibleto seethetracesinsidethesphere,we candeducehow tracesconnect
by looking at thecolorswhich matchon oppositesides.However, theprojective
planecannotbeembeddedin threedimensionswithout intersectingitself, which
meansthatthecolormappingof thissetof tracesis many-to-onein somesense.

Figure8.3 (right) shows a syntheticexampleof four �ber bundles,two crossing
eachotherandtwo having the sameorigin. Becauseof our similarity measure
basedonconnectivity of the�ber traceendpoints,crossingsandoverlapswill not
disturbthe embedding.Laplacianeigenmapswill color eachin a color closeto
its neighborscolors.In thiscasetheclusteringpropertiesof Laplacianeigenmaps
becomesobvious,which is welcomedasno obviousmanifoldstructureexists in



8.9 Discussion 65

Figure8.2: Synthetictoy examplesof coloring “�ber traces”shapedasa Möbius strip.
Top: A very regularbundle(left) andits embedding(right). Note how the
embedding�nds a perfectcircle. Bottom: A morerandombundle(left) and
its embeddingusinga little too small � (right). Note how the embedding
tendsto enhanceclustersin the data,but the topology is still somewhat a
circle.

thedata.

Theexperimentsonrealdatain �gures 8.4and8.5show how themethodworksin
practice.Thevalueof theonly parameter� waschosenempirically. Startingwith
a largesigmais safein general,while atoosmallsigmagiveunstablesolutionsof
theeigenvalueproblem.In �gure 8.5anexampleis shown wherethe�ber traces
have beenprojectedbackto aT2 weightedcoronalslice.

8.9 Discussion

All the �gures show differentaspectsof the ideaof usingLaplacianeigenmaps,
togetherwith a custommadesimilarity measure,to enhancethevisualizationof
�ber organization. Both the syntheticandreal brain datashow very promising
results,andthecolorsreveal that themethodhasbeenableto organizeandem-
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Figure8.3: Syntheticexampleswith “�ber traces”connectingoppositepointsonasphere
(left) andwith four �ber bundles(right), two crossingeachotherand two
having thesameorigin. Coloringaccordingto thethree�rst embeddingco-
ordinates.

Figure8.4: Fiber tracesfrom a humanbrain,coloredsuchthat traceswith similar end-
pointshave beenassignedsimilar colors. SimplePDD �ber trackinghave
beeninitiated from and constrainedto voxels with high anisotropy index.
Left: Axial view. The headfacingup. Middle: Sagittalview. The head
facingleft. Right: Coronalview. Theheadfacinginwards.

bedthe �ber tracesinto a spacewheredifferentanatomicalstructureshave been
mappedto differentpositions.In therealbraindata,it canfor instancebenoted
that traceson theleft hemispherein generalhave a differentcolor from thoseon
theright. Smallstructuressuchasthecingulum,goingfrom posteriorto anterior
above thecorpuscallosum,arealsomorevisible thanksto thecoloring.

Theexperimentspresentedin thispaperhavebeenchosenwith greatcare.Finding
the correct� hasnot alwaysbeeneasyandwhat is a goodembeddingof �ber
tracesin RGB-spacefor visualizationis subjective. Optimalchoiceof � aswell
asananalysisof thestability for theembeddingis certainlyinterestingtopicsfor
futureresearch.
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Figure8.5: Left: Fiber tracesfrom a humanbrain,coloredsuchthat traceswith similar
endpointsareassignedsimilar colors.A cuttingplaneis usedto givea cross
sectionview of corpuscallosumandslicesfrom a T2 weightedvolumeadd
additionalunderstandingof the anatomy. Visualizationdoneusingthe 3-D
Slicer(Gering,1999;Geringetal., 1999).Right: Fibertracesfrom ahuman
brain, coloredsuchthat traceswith similar endpointsare assignedsimilar
colors.Only theintersectionof thetraceswith acoronalT2 weightedsliceis
shown. This kind of voxel coloringcouldfor instanceassistwhenmanually
segmentingwhitematterin DT-MRI images.

Wehavesofarnotfocusedonoptimizingthespeedof thispostprocessingmethod
for �ber traces.After the coloring is only doneonceper dataset.However, for
morethanamaximumof 5000�ber tracesusedin ourexperiments,we feel there
is aneedto take greatercarein termsof memorymanagementandspeed.Firstof
all theeigenvalueproblemsolvedin Laplacianeigenmapsis sparse,giventheright
similarity measure.Also thereexistsmethodsto reducethesizeof theeigenvector
calculationby usingsamplingmethodssuchasin theNyströmmethod(Fowlkes
et al.,2001).

Thesimilarity measureusedsofar is ef�cient, but simple. Correlationmeasures
of �ber tracesimilarity have beenusedby othergroupsandthis methodfor �ber
tracevisualizationcould de�nitely bene�t from a betterde�nition of local �ber
tracesimilarity. Two issuesraises.Oneis to de�ne a bettersimilarity measure
which is ableto “glue together”broken �ber traces,as�ber trackingis sensitive
to noise.Theotherissueis speed,asthe�ber tracesimilarity measureis evaluated
for all pairsof traces.We have doneexperimentswith highly ef�cient andmore
correlation-like similarity measures,but the resultsare still too preliminary to
presenthere.
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8.10 Conclusion

The goal of this projectwasto �nd a postprocessingmethodfor DT-MRI �ber
traces,to enhancetheperceptionof �ber bundlesandconnectivity in thebrainin
general.Wecanconcludethatdespitethesimplicityof thesimilarity function,this
approachbasedon Laplacianeigenmapshasbeenableto generateanatomically
interestingvisualizationsof thehumanbrainwhite matter. Many interestingnew
topicsarisein thelight of this novel way of organizingDT-MRI data:clustering,
segmentationandregistrationbeingprominentcandidatesfor futureresearch.
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Abstract: In thispaperwepresentaframework for unsupervisedsegmentationof
whitematter�ber tracesobtainedfrom diffusionweightedMRI data.Fibertraces
arecomparedpairwiseto createaweightedundirectedgraphwhich is partitioned
into coherentsetsusingthe normalizedcut (N cut) criterion. A simpleandyet
effective methodfor pairwisecomparisonof �ber tracesis presentedwhich in
combinationwith theN cut criterionis shown to produceplausiblesegmentations
of bothsyntheticandreal�ber tracedata.Segmentationsarevisualizedascolored
stream-tubesor transformedto asegmentationof voxel space,revealingstructures
in away thatlookspromisingfor futureexplorative studiesof diffusionweighted
MRI data.
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9.1 Intr oduction

DiffusionWeightedMRI (DWI) makesit possibleto non-invasively measurewa-
ter diffusionwithin tissue.In a volumeacquiredusingDWI, eachvoxel contains
adiffusiontensoror otherhigherorderdescriptorfor thelocalwaterdiffusion. In
�brous tissuesuchasmusclesandhumanbrainwhitematter, watertendto diffuse
lessin thedirectionsperpendicularto the �ber structure.This makesit possible
to studythe local �ber orientationsindirectly by interpretingthewaterdiffusion
within thevoxel. FromDWI datait is thereforepossibleto createsocalled�ber
tracesfrom virtual particles,traveling alongthedirectionof maximumdiffusion,
startingfrom a setof seedpoints(Basser,1995;Basseret al., 2000;Westinetal.,
2002),a.k.a�ber tracking.Performing�ber trackingin DWI datafrom thehuman
braingivesvaluableinsightsabout�ber tractconnectivity, usefulin for instance
surgical planningandfor thestudyof variousdiseasessuchasschizophrenia.

In our experimentswe have exclusively useddatafrom socalleddiffusiontensor
MRI (DT-MRI) (Bihan et al., 1986), wherethe diffusion inside a voxel is de-
scribedby asecondordersymmetricpositive de�nite 3 � 3 tensor, whichmaybe
thoughtof asan ellipsoid. An elongatedellipsoid representhigh diffusivity in a
particulardirection,which maybe interpretedasthedominantorientationof the
�bers going thru that particularvoxel. From this data,�ber traceswerecreated
within thewhite matterareasusinga standard�ber trackingalgorithmfollowing
theprincipaldirectionof diffusionbasedon a fourth-orderRunge-Kutta integra-
tion scheme.

Thecontribution of this paperis a novel postprocessingmethodfor clusteringor
segmentationof such�ber traces.Fiber tracesaregroupedaccordingto a pair-
wise similarity function which takes into accountthe shapeandconnectivity of
�ber traces. The clusteringmethodwe proposebuilds on so callednormalized
cuts,which have previously beenintroducedin the computervision community
by ShiandMalik (ShiandMalik, 2000)for automaticsegmentationof digital im-
ages.This resultsin anunsupervisedsegmentationof humanbrainwhite matter,
in which �ber tracesaregroupedinto coherentbundles,applicableto any DWI
technologyableto produce�ber traces.For anoverview of themethod,see�gure
9.1.

9.1.1 PreviousWork

Thereare numerousexampleswhere�ber tracesfrom DWI have successfully
revealed�ber tracts in the humanbrain, seefor instance(Basseret al., 2000;
Behrenset al., 2003a;Westinet al., 2002). Stream-tubeshave often beenused
for visualization(Zhanget al., 2003), sometimesin combinationwith coloring
schemesandvariationof the stream-tubethicknessaccordingto someaspectof
the underlyinglocal diffusion descriptor. The idea of using �ber tracesto ob-
tain segmentationsof white matter�ber tracts,aswell asgraymatterareas,have
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Figure9.1: An overview of theproposedmethod.Whethertheresultshouldbein voxels
or �ber tracesdependshighly on the application. Fiber tracesare�e xible,
they are for instanceable to representmultiple �ber directionsgoing thru
a point in space. Voxels are on the other handmore suitablefor volume
rendering.

beenexploredin a numberof papersrecently. In (Behrenset al., 2003a)a seg-
mentationof deepgray matterstructuresis performedusing probabilistic�ber
tracking,which connectspre-segmentedareasof thehumancortex with the tha-
lamus.Therealsoexist manualapproachesto organize�ber tracesinto �ber bun-
dles, suchas the virtual dissectionproposedin (Cataniet al., 2002). In (Brun
et al., 2003)the ideaof pseudo-coloring(soft clustering)�ber tracesto enhance
theperceptionof connectivity in visualizationsof humanbrainwhite matterwas
presented.Someunsupervisedapproachesto clusteringof �ber traces,similar to
theonein thispaper, havealsobeenreported.For instancefuzzyc-meanscluster-
ing (Shimony et al., 2002)andK nearestneighbors(Ding et al., 2003). Outside
theareaof medicalimageprocessing,clusteringof curves(Gaffney andSmyth,
2003)hasbeenreported.

9.2 Determining Fiber Similarity

Many clusteringmethods,including theN Cut beingusedin this paper, operate
on a graphwith undirectedweightededgesdescribingthepairwisesimilarity of
the objectsto be clustered.This graphmay be describedusinga weight matrix
W , which is symmetricandhasvaluesrangingfrom 0 (dissimilar)to 1 (similar).

A �ber trace,representedasan orderedsetof points in space,is a fairly high-
dimensionalobject. Thereforethe pairwisecomparisonof all �ber tracescould
potentiallybe a time-demandingtask if �ber tracesimilarity is cumbersometo
calculateandthenumberof �ber tracesis high. In this paperwe proposeto split
thecomputationof similarity into two steps:

1. Mappinghigh-dimensional�ber tracesto a relatively low-dimensionalEu-
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clideanfeaturespace,preservingsomebut not all informationabout�ber
shapeand�ber connectivity. Thismappingis oblivious,actingoneach�ber
separately.

2. The useof a Gaussiankernel for comparisonof points in the Euclidean
featurespace.This functionactson pairsof �ber traces.

It is importantto point out earlythateventhoughtheabove mappingto a feature
spacemayseemto becrudeat a �rst glance,it workssurprisinglywell for �ber
tracesin practice.For asetof N �ber tracesthe�rst calculationabovecostO(N ),
while thesecondcalculationcostO(N 2) operations.This is alsothe reasonfor
pre-processingthe�ber datain the�rst step,makingthesecondcalculationmore
computationallyef�cient.

9.2.1 Mapping Fiber Tracesto an EuclideanFeatureSpace

The position,shapeandconnectivity areimportantpropertiesof a �ber traceto
preserve in the mappingto a featurespace. If we regarda �ber traceas just a
setof pointsin space,we capturea sketchof thesepropertiesby calculatingthe
meanvectorm andthe covariancematrix C of the pointsbuilding up the �ber
trace.In orderto avoid non-linearscalingbehavior, we take thesquarerootof the
covariancematrix,G =

p
C Now themappingof a �ber F maybedescribed

�( F ) = (mx ; my ; mz; gxx ; gxy ; gxz ; gyy ; gyz ; gzz)T ; (9.1)

whichis a9-dimensionalvector. Thismappinghasthedesirablepropertythatit is
rotationandtranslationinvariantin thesensethattheEuclideandistancebetween
two �ber tracesmappedto the9-dimensionalspaceis invariantto any rotationsor
translationsin theoriginal space.For applicationswheremeanandcovarianceis
notenoughto discriminatebetweendifferentclustersof �ber traces,higherorder
centralmomentscouldaddmorefeaturedimensionsto theabove mapping.Also,
in caseswhen�ber connectivity is moreimportantthanshape,a higherweight
couldbegiven to the�ber traceend-pointsin thecalculationof themeanvector
andcovariancematrix above. Differentweightscouldalsobegiven to themean
vectorandthecovariancecomponentsin themappingin eq(9.1).

9.2.2 Using the GaussianKernel for Pairwise Comparison

When�ber traceshave beenmappedto pointsin a Euclideanfeaturespace,they
may be comparedrelatively easyfor similarity. We chooseGaussiankernels
(a.k.a.RadialBasisFunctionsin NeuralNetworksliterature)

K (x; y) = exp(�
k x � y k2

2� 2 ) (9.2)

which aresymmetricandcontaina parameter� which we mayuseto adjustthe
sensitivity of thesimilarity function.This functionmapssimilar pointsin feature
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spaceto unity anddissimilarpointsto zero.

9.2.3 Constructing W

By combiningthemappingto aEuclideanfeaturespacewith theGaussiankernel,
weobtaintheweightsof anundirectedgraphdescribingthesimilarity betweenall
pairsof �ber traces.Theweightsarestoredin amatrixW de�ned as

wab = K (�( Fa); �( Fb)) : (9.3)

This matrix is expectedto besparse,having mostof thevaluescloseto zero.

9.3 Normalized Cut and Clustering

Clustering,segmentationandperceptualgroupingusingnormalizedcutswasin-
troducedto the computervision communityby Shi andMalik in (Shi andMa-
lik, 2000). The points to be clusteredare representedby a undirectedgraph
G = (V; E), wherethe nodescorrespondto thepointsto be clusteredandeach
edgehasweightw(i; j ) whichrepresentthesimilarity betweenpoint i andj . The
cut is a graphtheoreticalconceptwhich for a partitionof thenodesinto two dis-
junct setsA andB bipartitioningV is de�ned as

cut(A; B ) =
X

u2 A;v 2 B

w(u; v) (9.4)

Using the cut, an optimal partitioningof the nodesmay be de�ned asone that
minimizesthecut. Intuitively thiscouldbeusedfor segmentation,while themin-
imum cut correspondsto a partitioningwhich keepswell connectedcomponents
of thegraphtogether. However, thereis no biasin theminimumcut which says
it shouldpartition thegraphin two partsof equalsize. Shi andMalik therefore
de�ned thenormalizedcut,which is de�ned as

N cut(A; B ) =
cut(A; B )

asso(A; V )
+

cut(A; B )
asso(B ; V )

(9.5)

whereasso(A; V ) =
P

u2 A;t 2 V w(u; t). This new measureN cut tries to min-
imize the cut, while at the sametime penalizingpartitionsin which onesetof
nodesis only looselyconnectedto thegraphat large. If we de�ne x i = 1 when

nodei 2 A, x i = � 1 whennodei 2 B , d(i ) =
P

j w(i; j ), k =
P

x i > 0 diP
i di

, D is a
matrix with d = d(i ) in it' s diagonalandW is thematrixde�ned by w(i; j ) then
it is shown in (ShiandMalik, 2000)that

N cut =
(1 + x)T (D � W )(1 + x)

k1T D1
+

(1 � x)T (D � W )(1 � x)

(1 � k)1T D1
: (9.6)
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whichcanbeshown to beequivalentto

N cut =
yT (D � W )y

yT Dy
(9.7)

whereyi 2 f 1; � bg, b = k=(1 � k), for y = (1 + x) � b(1 � x) while yT d = 0.
Relaxingthe problemby allowing y to take any real valuesresultsin the mini-
mizationof thesocalledRayleighquotient,whichcanbeminimizedby solving

(D � W )y = �D y (9.8)

It is shown in (Shi andMalik, 2000)that thesecondsmallesteigenvectorof eq.
(9.8)minimizestherealvaluedversionof thenormalizedcut.

In our implementationwe usedthe secondsmallesteigenvector to obtain a 1-
d orderingof the verticesof the graph. A randomsearchwas then performed
to determinea good thresholdfor the bipartitioning of the graph. To test the
goodnessof aspeci�c thresholdthetruediscreteN cut wascalculated.Whenthe
graphhasbeensplit into two, (ShiandMalik, 2000)recommendsthepartitioning
continuesrecursively until theN cut raisesabove acertainvalue.

9.4 Results
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Figure9.2: Top left: A setof synthetic�ber tracesin 2-D. Top middle: Thematrix W .
Rows andcolumnssortedaccordingto thesecondsmallesteigenvector. The
Gaussiankernelhave beenchosenso that � ve clusterspresentthemselves
naturally. Top right: The 15 smallesteigenvaluesof (D � W )=D. Bot-
tom: Segmentationobtainedfrom recursivebipartitioningof the�ber traces.
Maximumvalueof theN cut setto 0.2,2.5and4.5respectively.
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Figure9.3: Left: Axial view of a segmentationobtainedfrom recursive bipartitioning
of thewhite matter�ber traces.Maximumvalueof theN cut wassetto 1.5
andGaussiankernel � = 20. . The colorsof �ber tracesindicatecluster
membership.Middle: Coronalview. Right: The matrix W . Rows and
columnssortedaccordingto thesecondsmallesteigenvector.

Figure9.4: Pseudo-coloringof �ber traces.RGB colorsarederiveddirectly from scaled
versionsof the2nd,3rd and4th eigenvectorof (D � W )=D. Usinga very
large Gaussiankernel, � = 100, resultsin a soft clusteringeffect. Note
theenhancedperceptionof �ber connectivity andshape,despitethe lack of
discreteclusters.Left: Whole brain white mattervisualizedusingpseudo-
colored�ber traces.Middle: A subsetof thewhite matter�ber tracesvisu-
alizedusingpseudo-colored�ber traces.Right: Pseudo-coloringof voxels
belongingto whitematterenhanceperceptionof connectivity in slicesor vol-
umes.To �ll in holesin white matterwhen�ber tracesweretransformedto
voxels,anearest-neighborapproachcombinedwith awhitemattermaskwas
used.

Themethodwastestedon both syntheticdatasetsand�ber tracesfrom real dif-
fusion weightedMRI. Resultsarevisualizedusingboth stream-tubesandcolor
codedvoxel data.All algorithmswereimplementedin MATLAB.

� In �gure 9.2 themethodis testedon syntheticallygenerated�ber tracesin
2-D.

� In �gure 9.3real�ber tracesobtainedfrom DT-MRI wasusedasinput.

� In �gure 9.4 themethodwastestedwith a very largevalueof � anddirect
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mappingof thesecond,third andfourtheigenvectorto colorssimilar to the
approachdescribedin (Brunet al.,2003).

9.5 Discussion

Wehave not yet investigatedtheeffectsof noiseto theclustering.Also, themax-
imum numberof �ber traceswe have analyzedsofar is only about5000,dueto
thecurrentimplementationin MATLAB which doesnot fully exploit thesparsity
of W . Never the less,theexperimentsshow thepotentialof theN Cut criterion
andtheproposedmeasureof �ber similarity.

Oneinsight from the experimentsis that pseudo-coloringof �ber tracesis very
effective to revealerrorsin �ber trackingalgorithms.A collectionof �ber traces
maylook ok at a �rst glance,but afterpseudo-coloring,theanomaliesareeasily
spotted.Oneexampleof this is in �gure 9.4 (middle)wherethe red �ber traces
may be identi�ed instantlyasoutliersbecausethey have a very different color
thansurrounding�ber traces.

In our experimentswe have segmented�ber tracesand then sometimestrans-
formedthe resultsbackto voxel space.Onemay askif it would be possibleto
segmentvoxels directly, andwhat featuresto useto discriminatevoxels. A so-
lution with obvioussimilaritiesto theapproachpresentedin this paperwould be
to perform�ber tracking,possiblystochastic(Behrenset al., 2003a),from each
voxel insidewhitematterandregardthe�ber tracesasanon-localfeaturesof the
voxels– macro features.

The continuouscoloring in �gure 9.4 appearsto be morevisually pleasingthan
the discretecoloring accordingto the segmentationin �gure 9.3. One may in
factaskif a structuresuchasthecorpuscallosumis meaningfulto partition into
severalclustersor whetherit is betterdescribedasone�ber bundleparameterized
by a coordinatesystemgoing from anteriorto posterior. Onecould think of the
smoothlyvarying colors in �gure 9.4 ascoordinatesystems,parameterizingall
�ber tracesin thecrossbundledirections.It is in fact thenalsonaturalto adda
parameterizationof eachbundlein the�ber direction.

In conclusiontheproposedclusteringmethodseemsto beapromisingnew wayto
automaticallyrevealtheglobalstructureof whitematterby segmentationof �ber
tracesobtainedfrom DWI data.Webelieve this to beusefulin for instanceexplo-
rative studiesof thebrainandfor visualizationof DWI datain surgical planning
applications.Importantto notethoughis thatall postprocessingmethodsfor �ber
tracessharethesameweakness:they all rely on a good�ber trackingalgorithm
to performwell.
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Abstract: Averaging,�ltering andinterpolationof 3-D objectorientationdatais
importantin bothcomputervisionandcomputergraphics,for instanceto smooth
estimatesof object orientationand interpolatebetweenkeyframesin computer
animation. In this paperwe presenta novel framework in which the non-linear
natureof theseproblemsis avoidedby embeddingthe manifold of 3-D orienta-
tionsinto a 16-dimensionalEuclideanspace.Linearoperationsperformedin the
new representationcanbe shown to be rotationinvariant,andde�ning a projec-
tion backto theorientationmanifold resultsin optimalestimateswith respectto
theEuclideanmetric. In otherwords,standardlinear�lters, interpolatorsandes-
timatorsmay be appliedto orientationdata,without the needfor an additional
machineryto handlethenon-linearnatureof theproblems.This novel represen-
tationalsoprovidesaway to expressuncertaintyin 3-D orientation,analogousto
thewell known tensorrepresentationfor linesandhyperplanes.

10.1 Intr oduction

Averaging,�ltering andinterpolationof scalarandvectorvaluedsetsandsignals
usinglinearmethodshasbeencommonpracticein engineeringsciencefor a long
time. However, when the databelongsto a non-linearmanifold, theory is not
asdeveloped.This paperdiscussan importantspecialcaseof the latter, namely
whenthedatabelongsto thesetof all 3-D orientations.Problemsrelatedto this

1Publishedin the Proceedingsof the IEEE InternationalConferenceon Image Processing
(ICIP'05).
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manifold hasbeenstudiedin both computervision andcomputergraphics. In
computeranimation,objectandcameraorientationsare interpolatedover time,
to createsmoothtransitionsbetweenkeyframesspeci�edby theanimator(Shoe-
make,1985;Barretal.,1992;Grassia,1998;LeeandShin,2002;Johnson,2003).
In computervisionit is commonto estimatetheorientationof objects,suchasair-
planesandfaces(Srivastava andKlassen,2002),relative to thecoordinatesystem
of a camera.Otherapplicationareasincludereductionof noisefrom raw datain
sequence-dependent continuummodelingof DNA andthestudyof platetectonics
(Moakher,2002).

Objectorientationis often mixed up with rotations,becauseit is a well known
fact that any 3-D orientationmay be obtainedby a single rotationof an object
from a referenceorientation.In short,orientationis a state,rotationis anaction
or a changeof orientation. Oneearly approachto dealwith orientationdatain
computergraphicswasto describeorientationusingEulerangles,whichspeci�es
orientationasa sequenceof rotationsaboutthreepre-chosenaxes. In a classi-
calpaperby Shoemake(Shoemake, 1985),thisapproachwasshown to beinferior
to a representationusingquaternions.Thekey observation wasthatunit quater-
nionscouldrepresentorientationandthusinterpolationcouldbedoneonS3. One
drawback however is that antipodalquaternions,q and � q, representthe same
rotationandthusquaternionshasto be �ipped to the samehemisphereprior to
interpolation.Thisapproachhasbeenextendedby severalothers,seefor instance
(Barretal.,1992).Otherapproacheshaveusedtheintrinsicmetricof thespaceof
orientationsandrotations,suchasparameterizationandinterpolationsusingthe
logarithmandexponentialmapde�nedonthelie-groupof rotationsin 3-D,SO(3)
(Grassia,1998;LeeandShin,2002;Moakher,2002;Johnson,2003). Otherap-
proacheshavebeenbasedone.g.intrinsicformulationsof non-linearoptimization
problems(Lee and Shin, 2002), global linearizationsuchas in (Johnstoneand
Williams, 1999)and extrinsic meanvaluesfor orientationdata(Srivastava and
Klassen,2002). Theapproachpresentedin this paperis relatedto thenotion of
extrinsicmean.Wewill build from thequaternionrepresentationof rotations,cre-
atinga novel one-to-onemappingof orientationsinto 16-dimensionalEuclidean
space.In this new representation,standardlinear methodsfor interpolationand
�ltering canbe applied,and the result is thenprojectedback to the setof unit
quaternionswhicharetheninterpretedasorientations.

10.2 Quaternions

Quaternionswereinventedby Sir William Rowan Hamilton in 1843,after a 15
yearsearchfor asuccessorof complex numbers.Thehistoryandtheoryof quater-
nionsis too rich to cover in a shortpaper, andwe will herefocuson somemain
propertieswhich make quaternionssuitablefor representingrotationsin 3-D. A
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quaternionq canbewrittenon theforms

q = q1 + q2i + q3j + q4k
= (q1; [q2 q3 q4]T ) = (s; v )

(10.1)

wherethecoef�cients q1, q2, q3 andq4 2 R. Theconjugateis thende�ned as

q = q1 � q2i � q3j � q4k: (10.2)

Thepurelyimaginarypartsof aquaternionsatisfyHamilton's rules

i2 = j 2 = k2 = � 1 (10.3)

ij = � j i = k (10.4)

j k = � kj = i (10.5)

ki = � ik = j: (10.6)

Addition andmultiplicationcanthenbede�ned

a + b = (a1 + b1) + (a2 + b2)i
+( a3 + b3)j + (a4 + b4)k

(10.7)

ab = (a1b1 � a2b2 � a3b3 � a4b4)
+( a1b2 + a2b1 + a3b4 � a4b3)i
+( a1b3 � a2b4 + a3b1 + a4b2)j
+( a1b4 + a2b3 � a3b2 + a4b1)k:

(10.8)

Thenormis de�ned as

n(a) =
p

qq =
p

qq =
q

a2
1 + a2

2 + a2
3 + a2

4; (10.9)

andit is multiplicative

n(ab) = n(a)n(b): (10.10)

A rotation in 3-D of a point p about the unit vector n̂ by an angle� may be
calculatedusingquaternionsusing

p0 = qpq� 1 = qpq; (10.11)

where

q = (s; v) = (cos(
�
2

); n̂ sin(
�
2

)) (10.12)

andpointsarerepresentedby

p = (0; p): (10.13)

From(10.11)and(10.12)it canbeseenthateveryunit quaternion,n(q) = 1, may
beinterpretedasarotationin 3-D, andeveryrotationin SO(3) mapsto antipodes
on S3 with q and� q representingthesamerotation(Shoemake,1985;Barretal.,
1992;Grassia,1998;LeeandShin,2002).
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10.3 Mapping Orientations to R16

Theantipodalnatureof thequaternionrepresentationof rotationsis analogousto
thatof representingline orientationsusingunit lengthvectorspointingalongthe
line. Thesevectorsmight point in eitherof two directions.In R2, line orientation
mayberepresentedusingthedoubleanglerepresentation(Granlund,1978).In n
dimensions,n � 2, line orientationscanberepresentedby takingtheouterprod-
uctof a unit vectorn̂ pointingalongtheline, which resultsin an � n symmetric
positive semi-de�nitematrix (or tensorof order2) (Knutsson,1989).

T = n̂n̂T = (� n̂)( � n̂T ) (10.14)

This tensorrepresentationis invariantto �ips of theunit vector. It identi�es an-
tipodal points on Sn� 1, which reveals that the topology of line orientationin
n dimensionsis equivalent to the projective planeRP(n� 1) . Fully generalized,
this representationmaycontinuouslyrepresentnotonly line orientations,but also
planesandhyperplanesin higherdimensions,andit is calledthestructuretensor
whenusedto analyzeimageandvolumedatalocal neighborhood.

Seenfrom the quaternionrepresentationof rotations,SO(3) mapsto antipodal
pointson S3. By identifying theseantipodalpointsonerealizesthat SO(3) has
thetopologyof theprojective spaceRP3. Analogousto thetensorrepresentation
of line orientations,we now de�ne thefollowing mapfor unit quaternions:

Q = M (q) = M (� q) (10.15)

= qT q (10.16)

= (q1; q2; q3; q4)T (q1; q2; q3; q4) (10.17)

= (cos
�
2

; sin
�
2

n̂T )T (cos
�
2

; sin
�
2

n̂T ) (10.18)

=
�

cos2 �
2 cos �

2 sin �
2 n̂T

cos �
2 sin �

2 n̂ sin2 �
2 n̂n̂T

�
(10.19)

=
1
2

�
(1 + cos� ) sin � n̂T

sin� n̂ (1 � cos� )n̂n̂T

�
(10.20)

Thenew objectQ is a4 � 4 symmetricpositive semi-de�nitematrixandthusthe
manifold of SO(3) hasbeenmappedto R16, or R10 if symmetryis taken into
account. This mappingfrom unit quaternionsis two-to-one,M (� q) = M (q).
Combinedwith themappingfrom SO(3) to quaternions,which is one-to-two, a
continuousone-to-onemappingfrom 3-D orientationsinto aEuclideanspacehas
beenobtained.

10.4 ... and Back Again

Thebasicideaof thispaperis to applylinearmethodsonthemanifoldof orienta-
tionsby inheritingtheEuclideanmetricof R16. In (SrivastavaandKlassen,2002)
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theso calledextrinsic meanis de�ned, which is theminimizationof thesumof
squareddistanceto all datapoints,usingthe extrinsic metric inheritedfrom the
spaceembeddingthemanifold

qmean = arg min
jqj=1

NX

i =1

d(q; qi )2 (10.21)

While themostnaturaldistancemetricshouldbetheintrinsicmetric,theextrinsic
metricmaybeagoodapproximationin many cases.It is shown in (Srivastavaand
Klassen,2002)that�nding theextrinsicmeanonthemanifoldis equivalentto �rst
�nding themean� in theembeddingspace,andthen�nd thepointqmean = P(� )
on themanifoldwhichminimizesthedistanceto � . UsingtheFrobeniusnormon
matricesQ 2 R42

(equivalentto theEuclideanmetriconR16) asextrinsicmetric,
weobtaintheextrinsicmeanof orientationsas

qmean = arg min
jqj=1

NX

i =1

j(M (q); M (qi )) j2F (10.22)

= P(
1
N

NX

i =1

M (qi )) : (10.23)

The orientationwhich mapsto the point on the manifold closestto Q may be
calculatedusing

P(Q) = arg min
jqj=1

jM (q) � Qj2F (10.24)

= arg min
jqj=1

Tr(( qqT � Q)(qqT � Q)T ) (10.25)

= argmax
jqj=1

Tr(Q qqT ); (10.26)

andit canbeshown thatchoosingq to bethelargesteigenvectorof Q will mini-
mizethisdistance.

The inversemappingP(Q) is not only usefulfor calculatingtheextrinsic mean.
It maybe usedto mapany point Q 2 R42

backto themanifoldof orientations,
after performingany linear combinationof datapointsmappedby M . In fact,
any variationalapproachwhich endsup minimizing an energy function in R42

which canbe expressedas a monotoneincreasingfunction of d(Qmin ; Q), for
someglobalminimumQmin , shouldbepossibleto minimizeon themanifoldof
orientationsusingP(Qmin ). In particular, we may useP(Q) to getbackto the
manifoldafterhaving performedinterpolationand�ltering in R42

.

10.5 Rotation Invariance

Are linearoperationson Q rotationinvariant?
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Lemma 1 (Rotation) Applyinga rotationqr to q prior to mappingresultsin

M (qr q) = (Rq)(Rq)T (10.27)

= R(qqT )RT (10.28)

for some4 � 4 rotationmatrix R.

Proof 1 Quaternionmultiplication is a linear operation on thecoef�cients. The
norm is multiplicativeand thus every jqj = 1 will be mappedinto a new unit
quaternion,sothemappingmustbea rotationin R4.

Theorem1 (Rotation invariance)

RM (qa)RT + RM (qb)R
T = R(M (qa) + M (qb))RT (10.29)

�R M (qa)RT = R(�M (qa))RT (10.30)

Proof 2 Followsdirectlyfrommatrix algebra.

This is suf�cient to make all linearoperationsrotationinvariant. The interpreta-
tion shouldbethatlinearoperationscanbeappliedwith thesameresultregardless
of any prior rotationof thedataset,just what is expectedfor a fair andwell bal-
ancedrepresentation.

10.6 Experiments

To test the new representation,two experimentswere performed. First cubic
splineswereusedto interpolateorientationsin thenew representation.Thendi-
rectionalnoisewasaddedand �nally a FIR �lter wasappliedon the sequence
of orientationdatato restorethe signal. See�gure 1. In order to visualizese-
quencesof orientations,a curve is plottedon a sphere,which canbe thoughtas
representingthepathof acamerapointingtowardsorigo.

10.7 Discussion

Thispaperdescribeshow to obtainacontinuousandrotationinvariantrepresenta-
tion of orientation,whichcanbeusedin aplug-and-playfashionwith prettymuch
any methodfor averaging,�ltering andinterpolationof vectorvalueddata. The
calculationof extrinsicmeanvalueis similar to themethoddescribedatpage115
in (Johnson,2003)to calculatea meanorientation. However, what we propose
hereis a representationof orientation,in which interpolationand�ltering canbe
donedirectly. Analogousto thetensorrepresentationof line andhyperplaneori-
entations(Knutsson,1989),it mayalsobeseenasa simultaneousrepresentation
of a meanvalueanduncertainty, whenthe rank of Q is larger thanone,which
couldbeusedfor instanceto performrotationinvariantstatisticaltestson asetof
orientations.



10.7 Discussion 85

(a) Interpolated

(b) Noisy

(c) Smoothed

Figure10.1: Interpolationand�ltering of noisyorientationdata.First a setof keyframe
orientations(�lled circles) are interpolatedusing cubic splinesto form a
continuouspath in a). Thendirectionalnoiseis addedin b). Finally the
noisy datain b) is �ltered usinga smoothingFIR �lter of length10. The
pathbetweenthekeyframescorrespondsto thepositionof a virtual camera
pointing towardsorigo. The line-glyphstangentthe sphereandrepresent
theup-directionrelative to thecamera.

While themethodis easyto implement,it isnotyetfully understoodwhatnegative
effects theremight be of using a global embeddingapproach. Other methods
basedonthemorenaturalintrinsicmetricmayalsobebothcomputationallyfaster
andmoredirect to implement. Never the less,we believe the simplicity of the
methodwill be attractive for at leastsomeapplications.For the imageanalysis
community, thesimilarity of this representationwith thetensorrepresentationof
line- andhyperplaneorientationsshouldbeof particularinterest.It wouldalsobe
interestingto furtherinvestigatehow low-level imagefeaturesin 3-D volumedata
canbe representedusingthis new representation.The matchingof a small 3-D
template,rotatedin all possibleorientationsandtranslatedall over thevolume,is
oneexampleof asignalwhichcanbedescribedusingtheproposedrepresentation.
In thecomputergraphicscommunityontheotherhand,thisrepresentationmaybe



86
Chapter 10. A Tensor-Lik eRepresentationfor Averaging,Filtering and

Inter polation of 3-D Object Orientation Data

ableto competewith thecommonlyusedquaternionsin somespeci�c application
areas. We guessthe possibility to replacenon-linearsignal processingof 3-D
objectorientationdata,with simple1-D signalprocessing,mightnot alwaysgive
thedesiredresultbut it will work well enoughin many situations.
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Abstract: We presenta novel methodfor manifold learning,i.e. identi�cation
of thelow-dimensionalmanifold-like structurepresentin a setof datapointsin a
possiblyhigh-dimensionalspace.The main ideais derived from the conceptof
Riemanniannormalcoordinates.This coordinatesystemis in a way a general-
ization of Cartesiancoordinatesin Euclideanspace.We translatethis ideato a
cloud of datapointsin orderto performdimensionreduction.Our implementa-
tion currentlyusesDijkstra'salgorithmfor shortestpathsin graphsandsomebasic
conceptsfrom differentialgeometry. Weexpectthisapproachto openupnew pos-
sibilities for analysisof e.g. shapein medicalimagingandsignalprocessingof
manifold-valuedsignals,wherethe coordinatesystemis “learned” from experi-
mentalhigh-dimensionaldataratherthande�ned analyticallyusinge.g. models
basedon Lie-groups.

11.1 Intr oduction

A manifold can be seenas a generalizationof a surfaceto higher dimensions.
Locally amanifoldlookslikeaEuclideanspace,RN , but onaglobalscaleit may
be curved and/orcompact,like a sphereor a torus. A manifold with a metric
tensorde�ned at eachpoint is calledaRiemannianmanifold.

1Publishedin the Proceedingsof the 14th Scandinavian Conferenceon Image Analysis
(SCIA'05).
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Recentdevelopmentsin socalledmanifoldlearninghasopenedup new perspec-
tives in non-lineardataanalysis. Classicalmethodssuchas PrincipalCompo-
nentsAnalysis (PCA, a.k.a. the Karhunen-Loeve transform)and Multidimen-
sionalScaling(MDS) ef�ciently �nds importantlinearsubspacesin a setof data
points.Methodswithin the�eld of manifoldlearningarehoweverableto identify
non-linearrelationsaswell. In this paperwe presenta new tool for dataanalysis
of thiskind, basedon theconceptof Riemanniannormalcoordinates.

Manifold learninghasbecomean established�eld of research,Kohonen's Self
OrganizingMaps (SOM) (Kohonen,1982) being an importantearly example.
Characteristicfor the newest generationof manifold learningtechniquesis ef-
�ciency and global convergence,in particularmany of them are basedon the
solutionof very large eigenvalueproblems.This includefor instancethe recent
Kernel PCA (Schölkopf et al., 1998), Locally Linear Embedding(Roweis and
Saul,2000),Isomap(Tenenbaumet al., 2000),LaplacianEigenmaps(Belkin and
Niyogi, 2002)andHessianEigenmaps(DonohoandGrimes,2003).
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Figure11.1: Traveling alonga geodesic,startingat a speci�c location in a speci�c di-
rection,will eventually take you to any placeon the surfaceof the Earth.
Riemanniannormalcoordinatescapturesthis information,mappingpoints
on thesphereto R2 in a way thatdirectionandgeodesicdistancefrom the
origin to any point is preserved. Riemanniannormalcoordinatesarethere-
forequitenaturalto usefor navigationonamanifold,at leastin thevicinity
of a point. Also notethatgeodesicson a manifoldM (left) aremappedto
linesin Riemanniannormalcoordinates(right).

Manifolds arisein datafor instancewhena setof high-dimensionaldatapoints
canbemodeledin a continuousway usingonly a few variables.A typical exam-
ple is a setof imagesof a 3-D object. Eachimagemayberepresentedasa very
high-dimensionalvector, which dependson thesceneanda few parameterssuch
asrelative cameraorientation,camerapositionandlighting conditions.Camera
orientationitself is a goodexampleof a non-linearmanifold. The manifold of
orientations,SO(3), canberepresentedby thesetof all rotationmatrices.While
the manifold-valuedparameterspaceis equivariant to importantfeaturesof the
data,namelycamera-andlighting information,it shouldalsobe invariantto un-
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interestingthingssuchasnoisefrom theimagesensors.

In thefollowing sectionswepresentanovel techniquefor manifoldlearningbased
on theconceptof Riemanniannormalcoordinates.We have translatedthis tech-
niquefrom its original settingin differentialgeometry, to the taskof mappinga
setof experimentalhigh-dimensionaldatapoints,with a manifold-like structure,
to a low-dimensionalspace.An intuitiveexplanationof Riemanniannormalcoor-
dinatesis given in �gure 11.1. They containinformationaboutthedirectionand
distancefrom a speci�c point on a manifold to othernearbypoints. Theuseful-
nessof suchinformationfor navigationis obvious,not only for navigatingon the
Earth,but alsofor creatinguserinterfacesto navigatein manifold-valueddatain
general.TheRiemanniannormalcoordinatesarealsocloselyrelatedto geodesics
andthe exponentialandlogarithmicmapsof Lie-groups,which have beenused
recentlyfor the analysisof shapein medicalimages(Fletcheret al., 2003)and
to performtime-dependentsignalprocessingof orientationdata(Lee andShin,
2002).

11.2 Theory

In this sectionwe brie�y review somebasicconceptsof differential geometry
necessaryto understandthemethodwepropose.

To eachpoint p on a manifoldM thereis a associatedtangentspace,TpM , con-
sisting of a Euclideanspacetangentialto M at p. Derivatives at p of smooth
curvespassingthroughapointp belongsto TpM .

A specialclassof curvesde�ned on Riemannianmanifoldsarethegeodesics,i.e.
length minimizing curves on M . Thesede�ne a metric d(x; y) on a manifold
derivedfrom thelengthof ageodesicpassingthroughx andy.

TheRiemannianexponentialmap,exp(v) 2 M , v 2 TpM , is a functionwhich
mapspoints in the tangentspaceof p, to points on M . If H (t) is the unique
geodesic,startingat p with velocity v, then exp(v) = H (1). Intuitively this
canbethoughtof aswalking with constantvelocity in particulardirectionon the
manifold, from a point p, duringonetime unit. This mappingis one-to-onein a
neighborhoodof p andits inverseis thelog map.

Thesetof pointson M for which thereexistsmorethanoneshortestpathfrom p
is calledthecut locusof p. Thecut locusof apoint on a sphereis for instanceits
antipodalpoint. Somemanifolds,suchasR2, lack a cut locus. Othermanifolds,
suchasthetorus,have aquitecomplex lookingcut locus.

Given a point p and an orthonormalbasisf êi g for the tangentspaceTpM , a
Riemanniannormalcoordinatesystemis provided by the exponentialmapping.
A pointx 2 M getsthecoordinate(x1; : : : ; xN ) if x = exp(x i êi ).
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The gradientof a scalarfunction f is a dual vector�eld which componentsare
simply thepartialderivatives(in theinducedbasis).

11.3 Method

Givena basispoint p from a datasetX andanorthonormalbasisof the tangent
spaceatp to a thoughtmanifoldM , wewould like to, via thelog mapinto TpM ,
expressall datapointsx 2 X usingRiemanniannormalcoordinates.Dueto the
propertiesof Riemanniannormalcoordinates,this is equivalentto measuringthe
distanceanddirectionfrom p to every otherpoint in thedataset. We chooseto
call this framework LOGMAP:

1. Froma setof datapoints,X , sampledfrom a manifoldM , choosea base
pointp 2 X .

2. To determinethedimensionof M , selectaball B (p) of theK closestpoints
aroundp. ThenperformstandardPCA in theambientspacefor B (p). This
will giveusTpM , with dim TpM = N , wherewechooseany suitableON-
basisf êi g. All y 2 B (p) aremappedto TpM by projectionon f êi g in the
ambientspace.This is the	 -mappingin �gure 11.2.

3. Approximatedistanceson M . In thecurrentimplementationwedo this by
de�ning a weightedundirectedgraph,with eachnodecorrespondingto a
datapoint andwith edgesconnectingeachnodeto its L closestneighbors.
Let theweightsof theseedgesbede�nedby theEuclideandistancebetween
datapointsin theambientspace.WethenuseDijkstra's algorithmfor �nd-
ing shortestpathsin this graph,to approximatethe geodesicdistancesin
M . Thisgivesestimatesof d(x; y) for all (x; y) 2 X � B (p).

4. To calculatethe direction from p to every point x 2 X , estimateg =P
gi êi = r yd2(x; y)jy= p numerically, using the valuesobtainedin the

previousstep.Whileweonly havevaluesof d2(x; y) for y 2 B (p), wemust
interpolatethis function in TpM , e.g. usinga secondorderpolynomial,in
orderto calculatethepartialderivativesat 	( p).

5. Estimatesof Riemanniannormalcoordinatesfor apointx arethenobtained
asx i = d(x; p) gi

jgj .

In step4) above, the numericalcalculationof thegradientat p usesthe squared
distancefunction. The reasonfor not just taking the gradientat p of the plain
distancefunctionfrom x, which is known to point in thedirectionof thegeodesic
connectingp andx, is that it is not smoothfor p � x. Using the squareof the
distancefunction,which is mucheasierto interpolate,solvesthis problemwhile
giving agradientin thesamedirection.However, whenx is closeto thecut locus
of p, eventhesquareddistancefunctionbecomesnon-smooth.In theexperiments
shown in thenext section,we have actuallyuseda slightly morerobust scheme
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Figure11.2: A schematicillustrationof ageodesicfrom x to p in amanifoldM . Dashed
curvescorrespondto iso-levelsof d2

x (y) = d2(x; y). Theseiso-curvesare
perpendicularto every geodesicpassingthroughx. Theball aroundp and
the mapping	 de�nes a chart that mapsa part of M to R2. The domain
of exp is actuallythe tangentspaceof M at p, andit is naturalto identify
vectorsin R2 with TpM .

to estimatethegradientfor pointscloseto thecut locus.This wasdoneby using
the RANSAC algorithm(FischlerandBolles,1981), to selectpointscloseto p
consistentwith asecondorderpolynomialmodelof thesquareddistancefunction.

11.4 Experiments

TheLOGMAP methodwasevaluatedusingMatlab. Themostcritical partof the
algorithm,thecalculationof shortestpaths,wasborrowedfrom theIsomapimple-
mentationof Dijkstra's shortestpaths(Tenenbaumetal.,2000).In theLOGMAP
implementation,the selectionof p was madeinteractively by the click on the
mouseandtheresultinglog mapwascalculatedalmostin realtime.

Threeexperimentson syntheticdataarepresentedhereto illustratethebehavior
of the algorithm. In eachof the experimentswe have assumedknowledgeof
how to chooseL , thenumberof neighborsfor building thegraph,andK , which
determinesthesizeof theneighborhoodusedfor dimensionestimationandlater
the estimationof gradients. It is importantto point out that selectionof these
parametersis actuallynon-trivial for many datasets,e.g. whennoiseis present.
We will not go further into the detailsof choosingtheseconstantsin this paper
however.

11.4.1 The SwissRoll

In the�rst experimentwe usethe“Swissroll” dataset,consistingof pointssam-
pled from a 2-D manifold, embeddedin R3, which looks like a roll of Swiss
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cheese.It hasbeenusedbeforeto illustratemethodsfor manifold learning,see
e.g. (Tenenbaumet al., 2000;RoweisandSaul,2000),andwe includeit mainly
asa benchmark.A setof 2000pointsfrom this datasetwereusedin theexperi-
mentandtheresultsarepresentedin �gure 11.3. Theexperimentshows that the
LOGMAP methodcorrectlyunfoldsthe roll andmapsit to Riemanniannormal
coordinatesin R2.

It is importantto notethattheresultingmappingin theSwissroll exampleis more
or lessisometric,whichis expectedfor simple�at manifolds.Thisis similarto the
behavior of Isomap.Ontheotherhand,bothIsomapandLOGMAP would fail to
produceisometricembeddingsif wewould introduceaholein theSwissroll data
set.Thisparticularproblemis solvedby HessianEigenmapsfor �at manifolds.

11.4.2 The Torus

In thesecondexperimentwe testedthemethodon a datasetconsistingof 2000
points from a torusembeddedin 3-D. The resultsin �gure 11.4 illustratehow
the methodcuts the coordinatechartat the cut locusof the point p. This par-
ticular behavior of “cutting up” themanifoldallows usto save onedimensionin
this particularexample. Thereis no embeddingof the torusinto R2. Any stan-
dardmethodfor dimensionreduction,e.g.LLE, LaplacianEigenmapsor Isomap,
would embedthis manifoldinto R3 at best.However, theautomaticintroduction
of acutby theLOGMAP methodmakesit possibleto makeaone-to-onemapping
of thismanifoldto R2.

11.4.3 The Klein Bottle

Thethird experiment�nally , shown in �gure 11.5,teststhemethodon truly high-
dimensionaldata.Thedatasetconsistsof 21 � 21 pixel imagepatches.Eachof
the2-D imagepatcheswererenderedasa 1-D sinewave patternwith a speci�c
phaseandorientation.A smallamountof normaldistributedwhitenoisewasalso
addedto the images. The resultingdataset consistedof 900 datapoints, in a
441-dimensionalspace,representingimagepatchessampleduniformly from all
possiblevaluesof phaseandorientation. It is naturalto assumethattheintrinsic
dimensionalityof this datasetis 2, sincethevariablesphaseandorientationadds
onedegreeof freedomeach.

Weobservedslightly differentshapesof thecut locus,i.e. theborderof theresult-
ingmap,dependingonthechoiceof basepointp. Thiswassomewhatunexpected,
but it hasa logicalexplanation.Eventhoughthedatasetseemsto behighly sym-
metric in termsof orientationandphase,the squareshapeof the imagepatches
themselves will breakthe otherwiseexpectedrotation invarianceand introduce
variationsin curvatureon themanifold.

The mappingof imagepatchesto R2 is visualizedby simply using the image
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patchesasglyphs,placedat variouslocationsin theplane.By carefullyidentify-
ing theedgesof thecutlocus,wemanuallyobtainaninterpretationof themapping
shown in the top left of �gure 11.5. This directedlabeledgraphrevealsthat the
topologyof thisparticularimagemanifoldis actuallythewell known Klein bottle
(Weisstein,2005). Similar conclusionsfor the topologyof local descriptionsof
phaseandorientationhaspreviously beendescribedin (Tanaka,1995;Swindale,
1996),wherethe topologyof Gabor�lters is derived from theoreticalinvestiga-
tions. Our investigationis on the contraryexperimental,andto the bestof our
knowledgeit is a new exampleof how manifold learningcanbeusedto experi-
mentallyinfer thetopologyof adataset.
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Figure11.3: A set of 2000 points from the “Swiss roll” example(Tenenbaumet al.,
2000). Colors correspondto the �rst Riemanniannormal coordinatede-
rived from the method. Left: The original point cloud embeddedin 3-D.
Right: Pointsmappedto 2-D Riemanniannormalcoordinates.
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Figure11.4: A setof 2000pointsfrom a torusembeddedin 3-D. Colorscorrespondto
the �rst Riemanniannormal coordinatederived from the method. Left:
The original point cloud embeddedin 3-D. Notice the discontinuity(red-
blue)in thecoordinatemap,revealinga partof the“cut locus”of p. Right:
Pointsmappedto 2-D Riemanniannormalcoordinates.Becausethemetric
of a torus embeddedin 3-D is not �at, the manifold is not mappedto a
perfectrectangle.Someoutliersarepresent,dueto incorrectestimationof
thegradientfor pointsnearthecut locus.
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11.5 Discussion

ThepresentedLOGMAP methodis ratherdifferentfrom many othermethodsfor
manifold learninganddimensionreduction,both in termsof the outputand in
termsof algorithmicbuilding blocks.

The possibility of a cut, a discontinuityin the mappingat the so calledcut lo-
cus, could be seennot only as a problembut also as a featureof the method.
This allows for instancethetorusandtheKlein bottle to visualizedusinga two-
dimensionalplot. Othermethods,suchas(Tenenbaumet al., 2000;Roweisand
Saul,2000;Schölkopf etal.,1998;Belkin andNiyogi, 2002;DonohoandGrimes,
2003),triesto �nd a continuousembeddingof themanifold,andfor thatat least
4 dimensionsareneededfor the Klein bottleand3 for the torus. (The top mid-
dle illustration in �gure 11.5is actuallyanexampleof an immersionandnot an
embeddingof theKlein bottle in 3-D, meaningroughly that it intersectsitself at
somepoints.)

The useof othercriteria for assigninga global coordinatesystemto a manifold
couldalsobeconsidered,for instanceconformalmappingsof 2-D manifolds.In
almostevery casewhenmappinga manifold to a low-dimensionalspace,some
kind of distortionis introducedwhile somefeaturesof theoriginal manifoldwill
bepreserved. For mostmanifolds,Riemanniannormalcoordinatescreatea very
distortedmappingfar away from thebasepoint p, in somecasesthey evenintro-
ducea cut. However, they alsopreserve all geodesicdistancesandanglesfrom
p to otherpointson themanifold,which makesthis mappingquite intuitive and
particularlyusefulfor thepurposeof navigatinginsideamanifold.At leastthis is
truein thevicinity of thebasepointp.

TheLOGMAP methodis built upby two majoralgorithmicbuilding blocks:

1. Approximation of distanceson a manifold given a set of sampleddata
points.

2. Calculationof gradientsonmanifolds,from asetof functionvaluesde�ned
at thesampleddatapoints.

For the�rst building blockwehave hereusedDijkstra's method,mainly inspired
by the Isomapimplementation.This methodhasobviousproblemsto truthfully
approximatedistances,becausedistancesaremeasuredalongzigzagtrajectories
in a graph.Oneway to make LOGMAP moreaccurateis thereforeto switchto a
moreaccuratemethodbasedon higherorderapproximationsof themanifold.

The secondbuilding block, which is aboutcalculatinggradients,could alsobe
improveda lot comparedto thecurrentimplementation.Measuringgradientsfor
smoothfunctionsis notaproblem,but for pointscloseto thecutlocusthedistance
function will introducea discontinuitywhich makesthe problemquite delicate.
Thedif�culty of gradientestimationmanifestsitself by producingspuriouspoints
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in themapping,mosteasilyseenin thetorusandtheKlein bottleexamples,close
to thecut locus.

In this paperwe have chosenexamplesof manifoldswith low intrinsic dimen-
sionality, mainly to illustratethe method,but in principle the methodworks for
manifoldsof higherdimensionalitytoo. In theexampleswe have alsousedonly
little or nonoise.While thiscanbeseenasveryoptimisticassumptionsaboutthe
data,we would like to stressthe fact that the LOGMAP methoddoesnot try to
explicitly dealwith noise.In orderto handlenoiseef�ciently, it shouldeitherbe
removedprior to theuseof LOGMAP or handledby morerobustversionsof the
distanceandgradientestimationstepswithin theLOGMAP framework. This is
clearlyanimportantareaof futureresearch.

Regardingtheef�ciency or speedpropertiesof theLOGMAP method,it is impor-
tant to mentionthat it, in contrastto many othermethodsfor manifold learning,
doesnot involve thesolutionof any large eigenvalueproblemor any otherlarge
scaleiterativeminimizationprocedure.Insteadit reliestotallyontheability to fast
approximatedistancesonthemanifoldandcalculategradients.A key observation
is alsothatdistancesd(x; y) areonly calculatedfor pairs(x; y) 2 X � B (p). This
is far lessdemandingthancalculatingthedistancefor all pairs(x; y) 2 X � X ,
which is donein for instanceIsomap.

In summary, we have introduceda novel methodfor manifold learningwith in-
terestingmathematicalandcomputationalproperties.We have alsoprovided an
exampleof how manifold learningcanassistin identifying a rathernon-trivial
manifold, in this casea Klein bottle, from a high-dimensionaldataset. We be-
lieve this to beof generalinterestto peoplewithin the�elds of manifoldlearning
andmedicalimageanalysis,to for instancedevelopbettertoolsfor shapeanalysis,
andto inspirethe futuredevelopmentof manifold learningandmanifold-valued
signalprocessingin general.
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