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Abstract
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1 Introduction
We consider the following random coefficient autoregressive model.
yn:al(n)ynfl+"'+aq(n)ynfq+£na nEN; (11)

with random variables «;(n) = a; + o;m;(n), where a; € R and o; > 0. Set

a(n) = (ar(n),....aq(n))", n(n) = (m(n),....ng(n))",

where throughout the paper all vectors are column vectors and ' denotes transposition.
We suppose that the sequences of coefficient vectors (1(n)),en and noise variables (&,)nen

are independent and both sequences are iid with
E( =En(1) =0 and EE =En’(l)=1, i=1,...,q.

We are interested in the existence of a stationary version of the process (y,)nen, rep-
resented by a random variable y,, and its properties. In this paper we investigate the tail

behaviour
Py, >1t) as t— oc0. (1.2)

This is, in particular, the first step for an investigation of the extremal behaviour of the
corresponding stationary process, which we will study in a forthcoming paper. Stationarity
of (1.1) is guaranteed by condition Dg below. To obtain the asymptotic behaviour of the
tail of y, we embed (y,)nen into a multivariate set-up.

Set Y, = (Yn,---,Yn—q+1)"- Then the multivariate process (Y,) can be considered in

the much wider context of random recurrence equations of the type
Y, =AY, .1+, neN, (1.3)

where ((A,, (u))nen is an iid sequence, the A, are iid random (g x ¢)-matrices and the
(, are iid g-dimensional vectors. Moreover, for every n, the vector Y,, ; is independent of
(An, Gn)-

Such equations play an important role in many applications as e.g. in queueing; see
Brandt, Franken and Lisek [3] and in financial time series; see Engle [8]. See also Diaconis
and Freedman [5] for an interesting review article with a wealth of examples.

If the Markov process defined in (1.3) has a stationary distribution and Y has this
stationary distribution, then certain results are known on the tail behaviour of Y. In the
one-dimensional case (¢ = 1) Goldie [10] has derived the tail behaviour of Y in a very
elegant way by a renewal type argument: the tail decreases like a power-law. For the

multivariate model, Kesten [14] and Le Page [20] show - under certain conditions on the
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matrices A, - that t* P(2'Y > t) is asymptotically equivalent to a renewal function, that
is

PPY >t) ~ Gz, t) :EIZg(ajn,t—vn), t— oo, (1.4)

n=0
where ~ means that the quotient of both sides tends to a positive constant. Note that,
if we set ' = (1,0,...,0), then we obtain again (1.2). Here g(-,+) is some continuous
function satisfying condition (4.1) below, (z,)n,>0 and (v,),>0 are stochastic processes,
defined in (1.9) and (1.10) below.
In model (1.1), we have ¢, = (&,,0,...,0)" and

A = (O‘l(”) QQ(")), neN, (1.5)
I 0

where I, denotes the identity matrix of order ¢ — 1.
Standard conditions for the existence of a stationary solution to (1.3) are given in
Kesten [15] (see also Goldie and Maller [11]) and require that

Elog" |A;| <oo and Elogt|(i] < > (1.6)
and that the top Lyapunov exponent
5 =inf{n 'Elog|A;---A,| :n € N} <0. (1.7)

In our case, conditions (1.6) are satisfied. Moreover, we can replace (1.7) by the fol-

lowing simpler condition; see e.g. Nicholls and Quinns [19].

D) The eigenvalues of the matrix
EA ® A (1.8)

have moduli less than one, where ® denotes the Kronecker product of matrices.

In the context of model (1.1) the processes (z,,)n>0 and (v, )n>o are defined as

A oA A
= S I = n_1-"n = n N 1.9
‘/L‘O T E ] 'rn ‘.r;l_lAn‘ |fL‘IA1 . "An‘ Y n E Y ( )

and

vo=0, v,= Zuz =log|z'Ay -+ A,|, withu, =log|z,, ;A,], neN. (1.10)
i=1

Here | - | denotes the Euclidean norm in R? and |A|? = tr A A’ is the corresponding matrix

norm; we denote furthermore S = {z € R? : |z| =1} and T = z/|z| for z # 0.
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Since GARCH models are commonly used as volatility models, modelling the (positive)
standard deviation of a financial time series, Kesten’s work can be applied to such models;
see e.g. Diebolt and Guegan [6]. Kesten [14, 15] proved and applied a Key Renewal
Theorem to the right-hand side of (1.4) under certain conditions on the function g, the
Markov chain (2,),>o and the stochastic process (v,),>0; a special case is the random
recurrence model (1.3) with P(A4, > 0) = 1. By completely different, namely point
process methods, Davis, Mikosch and Basrak [4] show that for a stationary model (1.3) —
again with positive matrices A, — the stationary distribution has a (multivariate) regularly
varying tail. Some special examples have been worked out as ARCH(1) and GARCH(1,1);
see Goldie [10], de Haan et al. [12] and Mikosch and Starica [18].

The random coefficient model (1.1), however, does not necessarily satisfy the positivity
condition on the matrices A,; see Section 2 for examples. On the other hand, it is a
special case within Kesten'’s very general framework. Consequently, we derived a new Key
Renewal Theorem in the spirit of Kesten’s results, but tailor-made for Markov chains
with compact state space, general matrices A,, and functions ¢ satisfying condition (4.1);
see Kliippelberg and Pergamenchtchikov [16], Theorem 2.1. We apply this theorem to the
random coefficient model (1.1).

The paper is organised as follows. Our main results are stated in Section 2. We give
weak conditions implying a power-law tail for the stationary distribution of the random
coefficient model (1.1). For the Gaussian model (all random coefficients and noise variables
are Gaussian) we show that model (1.1) is in distribution equivalent to an autoregressive
model with ARCH errors of the same order as the random coefficient model. Since the
limit variable of the random recurrence model (1.5) is obtained by iteration, products of
random matrices have to be investigated. This is done in Section 3. In Section 4 we check
the sufficient conditions and apply the Key Renewal Theorem from [16] to model (1.1).

Some auxiliary results are summarized in the Appendix.

2 Main results

Our first result concerns stationarity of the multivariate process (Yy,)nen given by (1.3).
We need some notions from Markov process theory, which can be found e.g. in Meyn and
Tweedie [17]; see also Appendix AO0.

The following result is an immediate consequence of Theorem 3 of Feigin and Tweedie [9].

Theorem 2.1. Consider model (1.1) with A, given by (1.5) and , = (&,,0,...,0),
where & has a positive density on R. If Do holds, then Y, = (Yn, ..., Yn—q+1)" converges
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in distribution to
Y =G+ ) A A (2.1)
k=2

Moreover, (Yn)nen is uniform geometric ergodic.

Remark 2.2. (a) From equation (2.1) we obtain
Y £ A+ G (2.2)

where

Vi=Gty A A =Y
k=3

and Y] is independent of (Ay, ().
(b) Since E((A;---A4,)® (4;---Ay)) = (E(4; ® A1))" condition Dg guarantees that

E[A; - A < ce™™ (2.3)

for some constants ¢,y > 0. From this follows that the series in (2.1) converges a.s. and

the second moment of Y is finite; see Theorem 4 of [9]. O

We require the following additional conditions for the distributions of the coefficient

vectors (1(n))nen and the noise variables (&,)nen in model (1.1).

D1) The random variables {n;(n),1 <i < q, n € N} are iid with symmetric continu-
ous positive density ¢(-) which is non-increasing on Ry and moments of all order exist.
D,) For some m € N we assume that E(a(1) — a1)*™ = o?"En(1)*™ € (1,00). In

particular, oy > 0.
D;) E|&|™ < oo for all m € N.

Dy) For every real sequence (c)ren with 0 <Y 7~ | |cx| < oo, the random variable

oo

=Y &

k=1
has a symmetric density, which is non-increasing on R, .

Condition D4 looks rather awkward and complicated to verify. Therefore, we give a
simple sufficient condition, which is satisfied by many distributions. The proof is given in
Appendix Al.

Proposition 2.3. If the random variable & has bounded, symmetric density f, which is
continuously differentiable on [0, 00) with bounded derivative f' < 0, then condition Dy
holds.
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The following is our main result.

Theorem 2.4. Assume model (1.1) such that conditions Doy — Dy hold and a?] + 03 > 0.
Then the distribution of the vector (2.1) satisfies

lim *P(2'Y >t) =h(z), z€S.

t—o0

The function h(-) is strictly positive and continuous on S and the parameter X is given as

the unique positive solution of
k(A =1, (2.4)
where
£()) = lim (Bl4; - A,N'" (2.5)
and the solution of (2.4) satisfies X > 2.

The following model describes an important special case.

Definition 2.5. If in model (1.1) all coefficients and the noise are Gaussian; i.e n;(1) ~
N(0,1) for i = 1,...,q and & ~ N(0,1), we call the model (1.1) a Gaussian linear
random coefficient model.

The proof of the following result is given in Appendix A2.

Proposition 2.6. We assume the Gaussian model (1.1) with o1 > 0. This process satisfies
conditions Dy — Dy4. Furthermore, under condition Dgq the conditional correlation matrix

of Y is given by

R=E(YY'|A;, i>1)=B+) A A BA, |-+ A}, (2.6)
k=2
where
0 0
00 - 0
B =
00 - 0

Moreoever, R is positive definite a.s., i.e. the vector Y is conditionally non-degenerate

Gaussian with finite second moment.

We show that the Gaussian model is in distribution equivalent to an autoregressive
model with uncorrelated Gaussian errors, which we specify as an autoregressive process

with ARCH errors, an often used class of models for financial time series.
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Lemma 2.7. Define for the same ¢ € N, a; € R, 0; > 0 as in model (1.1),

Tp = 01 Tp_1+ -+ QgTp_g + \/1 +otrp +- 402w e, nEN, (2.7)
with the same initial values (To, ..., T_g11) = (Yo, - -, Y—qt1) as for the process (1.1). Fur-
thermore, let (€n)nen be iid N(0,1) random variables with initial values (zg,. .., T g11)

independent of the sequence (€p)nen. Then the stochastic processes (xy)n>o0 and the Gaus-

sian linear random coefficient model (1.1) have the same distribution.

Proof. We can rewrite model (1.1) in the form

Yn = Q1Yn- 1+ oo+ QYn_q + \/1 +otys  + ...+ 02y yEn, nEN, (2.8)

where
x &n + Ulyn—lnl(n) +.ot qunftmq(n)

\/1 + oty 4.+ oty

are iid A (0,1). This can be seen by calculating characteristic functions. O

, néeN,

Remark 2.8. For ¢ = 1 this model was investigated in Borkovec and Kliippelberg [2] by
different, purely analytic methods. Stationarity of the model was shown for a? + o7 < 1.

Under quite general conditions on the noise variables, defining
k(\) = Ela; + 01|, (2.9)

the equation k(-) = 1 has a unique positive solution A and the tail of the stationary
random variable x., satisfies
lim 'P (14 > 1) = c.

t—o0

Moreover, this also covers infinite variance cases, i.e. A can be any positive value. [

Example 2.9. Consider the autoregressive process (2.1) of order 2 with o9 = 0; i.e.

Tp = 1Ty 1 + Aoy o+ /1 +0%22_16,, neN. (2.10)

In this case the corresponding random matrices (1.5) have the following form

[ au(n) ay
An_<1 ) ) neN, (2.11)

where a;(n) = a3 + oym(n) and
a% + Jf ajas a0y a%

0
EAl ® Al - “ @2

o O

a1 (05}
1 0
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The stationary distribution for the process (2.10) is the distribution of the first component
of the two-dimensional random vector (2.1) with matrices (2.11) and vectors ¢, = (&,,0)".
Theorem 2.4 applies if 07 > 0 and ay # 0.

Kesten proved a similar theorem for the process (1.3) (see Theorem 6 in [14]) under the
following condition : there exists m > 0 such that E (Apin(A4147))™ > 1, where Apin (A1 A4))

is the minimal eigenvalue of A; A}. However, we calculate for example (2.10)

2
2a;

Amin (A A =
(i) a2(1) + a2+ 1+ /(a2(1) + ad + 1)? — 4a2

< 2a3 as.

which is less than 1 only for |ay| < 1/4.

Notice that for 0y = 0 Theorem 2.4 cannot be applied. In this case the vector Y is Gaus-

sian.

3 Products of random matrices

In this section we investigate the function x()) as defined in (2.5) for matrices (A4;);en
presented in (1.5) derived from model (1.1). Notice that A;--- A, L A, A for all
n € N, since the A; are iid. Furthermore, for any function f : R? — R we write
f(z") = f(x) for all z € RY.

Lemma 3.1. Assume that conditions Dy — Doy are satisfied and a?] + 03 > 0. Then the
limit k(X) in (2.5) exists for every A > 0.

Proof. Denote by B(S) the set of bounded measurable functions and by C(S) the set of

continuous functions on S. Define for A > 0,

Qx + B(S) = B(S) by Qu(f)(x) =E[2"A [ f(a'4)) (3.1)
for z € S and f € B(S), where 7 = v/|v| for v # 0. Notice that, if f is continuous, then
also Q,(f) is continuous, i.e. @, : C(S) — C(S).

Denote by P(S) the set of probability measures on S. Since S is a compact in R?, P(S) is a
compact convex set with respect to the weak topology. Furthermore, for every probability
measure o € P(S) we define the measure T, € P(S) by

_ JsQ(f)(@)o(dx)
[ Qx(e)(x)o(dx)’

nuwaéﬂ@nm@ (3.2)

where e(x) = 1, f € B(S).
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The operator T, : P(S) — P(S) is continuous with respect to the weak topology and,
by the Schauder-Tykhonov theorem (see Dunford and Schwartz [7], p. 450) there exists a
fixpoint v € P(S) such that T, = v, i.e. T,(f) = v(f) for all f € B(S). This implies that

/Q,\ v(dz) = k(A /f

- [ @ @@
S
Notice that for all n € N,

/QA v(dr) = k" /f (3.3)

Here Q™ is the nth power of the operator (). From (3.1) follows for every f € B(S)

where

QW (f) (@) =E|'A, - A f(@A - A,), z€eS. (3.4)

Therefore, by (3.3) we have

_ /SQ(AH)(G)(‘T)V(dx) = /5 E|z'A; -+ A, v(dz) .

This implies that
K"\ < BlA; - A,

On the other hand we have
(V) :E|A1---An|k/ 2/ By Pr(da), (3.5)
s
where B, = A;--- A, /| Ay -+ A,|. We show that

¢, = inf /x B v(dx) > 0. (3.6)

Indeed (taking into account that [, |2/B[*v(dz) is a continuous function of B), if ¢, = 0
there exists B with |B| = 1 such that

/|:1:’BAu(d:c) ~0,
S

which means that v{x € S: 2’B#0} =0.Set N ={z € S: 2/B =0} and g(z) = x -,
where N¢ = S\ N and y, denotes the indicator function of a set A. If N' # () there exist
vectors by #0,...,0 # 0 with 1 <[ < ¢ such that

Nc{reR! : 2'B=0}={z€eR : 2'b,=0,...,2'h, =0} .
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Furthermore, by (3.3) we obtain for all n € N

[ @@ @) =) [ gl =o.
By (3.4) this implies for n = 2¢ + 1
B[ v Ay P ()
_ /NE WA Ay Py @A Ay w(da) = 0.

Since ¥(N) = 1 there exists some x € N such that 2/4;--- A, ,, € N as., ie. for all
1<j<l

P(.I’Al tee A2q+1bj == 0) =1.
By Lemma A.7 this is only possibly if b; = 0 for all 1 < j < [; i.e if B = 0. But this
contradicts |B| = 1. Thus we obtained (3.6).

Consequently,
EA, A > 5"(\) = BIA, - -AM/ 2By M(dz) > cE|A, - Ay
S

i.e.

k()
(C*)l/n

and from this inequality Lemma 3.1 follows by taking the limit as n — oc. [

K(N) < (BIA, - A" <

Lemma 3.2. Assume that conditions Do — Dy are satisfied and ag + 02 > 0. Then

equation (2.4) has a unique positive solution.

Proof. Denote
U(n) = A, - Ay = (Ty(n))

5,j=1,...,q *
Then
\Illl(n) = al(n)\Iln(n — ].) + ...+ aq(n)\Ilql(n — 1)
= (ai(n) —a)¥(n—1)+ pn,
where

pn = a1V (n—1) + as(n)Woy(n— 1)+ ...+ ag(n)¥u(n—1),
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independent of 7;(n). By the binomial formula and condition Dy (which implies that all

odd moments of 7 are equal to zero) we have for arbitrary m € N with CJ = (2;."),

E(¥Uy(n)* = ZC mO Bl (M)]E[(W1(n — 1)) 2]

_ Z(J?JE n) — a)) X |B[(¥y(n — 1))% 2 9)]
> ( JE(W1i(n —1))*"

where by Dy
s(m) = E (a;(n) —ay)*™ > 1

for some m > 1. Thus E(¥;(n))*™ > s(m)", i.e.
E[¥(n)["" > E(T11(n))"" > s(m)"

which implies that x(2m) = lim,, ., (E[¥(n)[?™)'/" > s(m) > 1.

We show now that log k() is convex for all A > 0 and hence continuous on R, . To see

the convexity, set
1
(0) = ogElW(n)], A>0,

and recall that log k(A) = lim, 6, (A). Then for o € (0,1) and 5 =1 — a we obtain by
Holder’s inequality for A, u > 0,

(X + Bu) < ag,(N) + Ben (1) -

By Remark 2.2(b) condition Dg implies inequality (2.3) which ensures that x(u) < 1 for
all 0 < p < 2. Therefore equation (2.4) has a unique positive root. [

The proof of the following Lemma is a simplification of Step 2 of Theorem 3 of
Kesten [15] adapted to model (1.1); see also Le Page [20], Step 2 of Proposition 1.2.

Lemma 3.3. Assume that conditions Dy — Do are satisfied and a3 + 03 > 0. For every
A > 0 there exists a continuous function h(-) > 0 such that for @y as defined in (3.1),

Qx(h)(z) = k(A\)h(x), =x€S. (3.7)

The function h is unique up to a positive constant. Moreover, for ¢ = 1 it is independent

of x.
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Proof. For ¢ = 1 we have S = {1,—1} and then equation (3.7) is equivalent to the

following two equations:

k(A) (1) = ph(1)+qh(-1)
K(A)h(=1) = qh(1)+ph(-1),

where p = E|a1[* X(4,50) and ¢ = E |a1]* X (o, <)- By (2.9) we have k()) = E |, |* = p+q¢.
Since by Dy the random variable «; has a positive density, p and ¢ are strictly positive.
Hence the solution to this system satisfies h(1) = h(—1), i.e. any solution of (3.7) is

constant on S.

For ¢ > 2 we first recall the notation of the proof of Lemma 3.1, in particular (3.4) and
(3.5). Set for A > 0

Q\(e)(x) Ela’'A; - A,
) R

Sp(x) = , z€S.

Using (3.5)-(3.6) we obtain
sup sp(z) < 1/e, .
zES
Notice that for any (¢ x ¢)-matrix A and A > 0, choosing A\, = min(A, 1),
2" AP — |y’ AP < max(1, N[z —y[™[A]}, a,y €S,
which implies

[3(2) = su(y)| < (max(1,N)/e)|lz —yl™, wyeS.

By the principle of Arzéla-Ascoli there exists a sequence (ny)gen with ny — oo as k — oo

and a continuous function h(-), such that uniformly for = € S,

() = %Z() > hr).
and )
QNG = lm Qe - lin nikicb(sg)(x)
~ Jim %)isw(@ — k(\)h(z)

Furthermore, if h(z) = 0 for some z € S, then Q" (h)(z) = 0 for all n € N, i.e.

E[2'A; - A, [*h(z,) =0,
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where x! = 2'A;---A,, which means that h(z,) = 0 P-a.s. for all n € N. From
Lemma A.11, where 7(-) denotes the invariant measure of the Markov chain (zy)n>0

we conclude

n—oo

E,h(z,) =0 YneN = lim E,h(z,) = / h(z)w(dz) =0
= dim [ he(e)r(ds) = /S h(2)r(dz) = 0.

k—oo S

But on the other hand
1 &
hp(2)m(dz) = — /s z)m(dz
[ memaz) nkZSm(
- I{J /Q)\ dz)
‘ZAl A‘/\

1
= — E|A AN Lot A d
nkzmw A A T )

E|A1 I
— >
Clnk Z C1,

Vv

where

c; = inf /z'B/\W(dz).

IBl=1 g
Assume that ¢; = 0. Then there exists a matrix B with |B| = 1 such that 7(N°NS) =0
for N = {z € R? : 2'B = 0}. Denote by A(:) the Lebesgue measure on S, then
AN NS) =0 because N is a linear subspace of R?. By Lemma A.11 7 is equivalent to A;
i.e. (NN S) = 0. This implies that 7(S) = 7(N°NS) + (N NS) =0, which contradicts
7(S) = 1. Hence ¢; > 0 and h(x) >0 for allz € S.

Now assume that there exists some positive function g # h satisfying equation (3.7).
Define
I, =A,---A,, neN.

Then for every n € N we have
(z) _ E[«'T, " g(«'TT,) _ h(z)

QO (9) T
(N K™(\) T k() E,; f(2'Il,), €S,

g(x) =
where f(z) = g(z)/h(z), and for every n € N,

B, f(z'TL) = ﬁE 2T PRI f(2/TL), s €S,
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i.e. B, denotes expectation with respect to the measure defined in (4.3) below. Since the
representation for g holds for all n = 2¢ 4+ 1, the function ¢ is continuous by Lemma A.9.
Define

p= ilég % = Zgg; and [(z) = ph(x) —g(x), z€S.
Notice that [(z) > 0 and [(xy) = 0. Next set
_lw) _ 0w _ _&0w _ &(GD)w)
HO = h0) TR0 T T e k) e Y
We write

g ) = ) = o)

equivalently, for z], = yIl,,
E [yolL, [ h(xn) L(wn) = L(yo)h(yo)s" (A) -

Moreover, equation (3.7) implies that E |yl |*h(z,) = s"(\)h(yo) for this sequence
(2y)n>0 and therefore
E |yoIT, [*(20) (L(yo) — L(wn)) = 0.

Thus, for all n € N, L(z,) = L(yy) P-a.s. and therefore

E, L(zn) = EL(yTL,) = L(yo) -

Yo

By Lemma A.11, with 7(-) the invariant measure of (x,),>o we get

n—oo

/L(z)ﬂ(dz) = lim E, L(z,) = L(yo) -
s
Since L(-) is continuous and the measure 7(-) is equivalent to Lebesgue measure, we have

L(yo) = L(2) = L(xg) = =0, z€8.

Thus {(z) =0 for all z € S and Lemma 3.3 follows. O

4 Renewal theorem for the associated Markov chain

The next result is based on the renewal theorem in Kliippelberg and Pergamenchtchikov [16]
for the stationary Markov chain (z,),>0 and the processes (v,),>0 and (uy),>1 as defined

in (1.9) and (1.10), respectively. Some general properties of (z,),>0 are summarized in
Appendix A4.
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Moreover, let g : S x R — R be a continuous bounded function satisfying

o]

Z sup sup |g(z,t)| < oco. (4.1)
(S wes ii<it

The renewal theorem in [16] gives the asymptotic behaviour of the renewal function

G(z,t) = By Y glaw.t — vy)

k=0
under the following conditions:

C1) For the processes (Ty)n>0 and (u,)n>1 define the o-algebras
Fo=ocf{zxo}, Fn=o0{xe,x1,u1,...,Tp,u,}, néEN,

with some initial value xq, which is independent of (An)nen.
For every bounded measurable function f : I3 (SXR) — R and for every F,,-measurable

random variable 1,

E(f(na 'rn-l-la un—i—l; cee ,l‘n+l, un+l, . )|fn)
= Eq:nf(n; T4l Uptls ey Tpags Unagy - - ) (42)

= (I)(xn: 77) )

i.e. ®(x,a) = E,f(a,z1,u1,...,2,u,...) forallz € S and a € R. Moreover, if form € N
the function f : (S x R)™ — R is continuous then ®(x) = E, f(z1,u1,. .., Tm, Upm) 1S
continuous on S.

Ca) There exists a probability measure m(-) on S, which is equivalent to Lebesgue
measure such that

P =7 =0, n— oo,

for all x € S, where ||ul| = sup < [ f(y)u(dy) denotes total variation of any measures
i on S. Moreover, there exists a constant 3 > 0 such that for all z € S

lim — = P,— as.

C3) There exists some number m € N such that for all v € R and for all 6 > 0 there
exist Y,.s € S and g = £o(v,0) > 0 such that V 0 < e < g

inf P,(|z, —yus| <€, |vm —v|<d)>0,
-TEB(S,D

where Bs, ={x € S: |x —y,s| < d}.
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C4) There ezists some | € N such that the function ®,(x,t) = E, ®(x,v;,t) satisfies

sup sup|®q(z,t) — ®1(y,t)| =0, &—0,
|lz—y|<e teR

for every bounded measurable function ® : S xR xR — R.

Theorem 4.1. (Kliippelberg and Pergamenchtchikov [16])
Assume that conditions Cy — Cy4 are satisfied. Then for any function g satisfying (4.1)

]

. . 1 >
tllglo G(z,t) = tllglc E, %g(wk,t — ) = B/Sﬂ(dx) /_Oog(x,t)dt.
We apply this renewal theorem to

t

1 e
G(x,t):—t/ wWP(2'Y > u)du, z€S,teR,
€ Jo

where the vector Y is given by (2.1) and A is the unique positive solution of (2.4).
This definition corresponds to an exponential change of measure, equivalently, to an
exponential tilting of the bivariate Markov process (z,,vn)n>0 as follows. Denote by E,

the expectation with respect to the probability measure P,, which is defined by

- 1
E, F(xy,uy, ..., Tn,up) = WEWAI . -An|Ah(xn)F(x1, Uy vy Ty Up) (4.3)

for each measurable function F. Then P and E are the corresponding quantities (as P
and E are for (x,,v,)n>0) of the Markov chain (Z,, 9, ),>0 defined by the n-step transition

densities

eMh
(y)pénv)(dy, dw),

5 (dy, dw) =
Py (dy, dw) (o) P

where p;(,fg(dy, dw) is the n-step transition density of the original Markov chain (z,, vp)n>0.

In order to apply Theorem 4.1 we need to check conditions C; — Cy.
However, before we treat the general case for arbitrary dimension ¢, we consider the

case ¢ = 1 in the next example.

Example 4.2. Consider model (1.1) for ¢ = 1 and 0 < a + 07 < 1, den Dy holds. Define
()n>0, (Un)n>0 and (uy)nen as in (1.9) and (1.10), respectively. Assume that conditions
D; — D, are satisfied.

First note that in this case the function (-) is defined by (2.9), and Lemma 3.2 implies
that equation x(A) = 1 has a unique positive solution. From Lemma 3.3 we conclude that

only constant functions satisfy equation (3.7), and we simply set h(z) =1 in (4.3).

This case is special in the sense that S = {1,—1}, i.e. the sphere degenerates to two
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points, and we define the “Lebesgue measure” on S as any point measure with A(1) > 0
and A(—1) > 0. We show now directly that the Markov chain (z,),~; (defined in (1.9))
is uniform geometric ergodic with unique invariant distribution 7 == (1/2,1/2) with
respect to both measures P and P. To this end we calculate the limit of the nth power
transition matrix. Setting p = P(ay > 0) (for P) and p = E |a1\’\X(a1>0) (for P), the

transition matrix has the form

p_ (P 1-p\ [ 1/V2 -1/V2 10 1/vV2  1/V2
1—p p 1/vV2 1/V2 0 2p—1 —-1/V2 1V2 )
Since for any p € (0,1) we have (2p — 1)" — 0, we conclude that P™ converges to the
matrix with all entries equal to 1/2. Obviously, for any 0 < p < 1 the matrix P is
irreducible. Therefore, by the ergodic theorem for finite Markov chains we can directly

(without Lemma A.10) conclude that condition Cy holds with 3 = E |a;|* log |a; /|, which
is positive (cf. Goldie [10], Lemma 2.2).

To prove condition Cs for the measure P set m = 1 and Yps = 1 for v > 0 and 6 > 0.
Then B, 5 2 {1}. Therefore, for every 0 < e < 1

inf P,(|lz) —ysl <e,lvi—v|<d) > Pilxy=1,v —v| <9
ZEBV,(;

A A
= Elo1* X(ay50 logas|-vi<s) = Elaa]" X(er-sca,<er+s) >0,
since by Dy the random variable «; has a positive density.

Proposition 4.3. Consider model (1.1) with (2,)n>0, (Vn)n>0 and (uy)nen defined in (1.9)
and (1.10), respectively. Assume that conditions Do — Dy are satisfied and a? + o7 > 0.
Then conditions Cq — Cy4 hold with respect to the measure P, generated by the finite

dimensional distributions (4.53).

Proof. First recall [T, = A, --- A, and z}, = 2/, = 2'II, /|2'T1,| and v}, = log |2'I1, |. For
every bounded measurable function ®(z,,v,,t) = f(z'Tl,,t), with f(z,t) = ®(Z,log|z|,t)
we have by Lemma A.9 immediately that condition C4 holds.

Next we check C;. For n,l € N we have

!/
P SUnAnH"'AnH — 5 A A
Tpy) = 1A A - l(xm n+ly -+ n+l)
‘xn n+l""° n+l|

and

!
P A A

Un4l = IOg ‘x’nJrlflAnJrl‘ = lOg | | An+l‘ = gl(‘rm An+17 SRR An+l) :

x;lAn+l71 e An+1|
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Now for every function f : II3°,(S x R) — R and some 7 - F, measurable random

variable we calculate

F(0 Tngrs Unsgts ooy Tngts Ungts -2
= [, h1(2n, Ang1), 91(Tn, Angr)s -
hi(ny Ansrs o Angt)s 91Ty Angrs o Anga)s -2 2)
= fim,xn, Angty ooy Anggy 1)

Therefore,

E(f(n’ l‘n-l-l) un—i—l; cee ,l‘n+l, un+l, .. )|fn)
— E(fl(n;xn,An+1,...,An+l,...)‘fn)
= (b(‘rnann)a

where (notice that (n,,z,) is independent of (4,41, ..., Apiy,...))

®(x,a) = Efi(a,z,Api1, - Ansty - 0)
== Efl(a,:r,Al,...,Al,...)
- Ef(a'; hl(x;Al)agl(x:Al); e '7hl(x;A1; s 7Al):gl(xaAla s 7Al); s )

= E,f(a,x1,u1,...,2u,...).

From this and (4.3) we get for every m € N and every bounded function
fm R (SXxR™ — R

E:c(fm(na Tp41s Un41s -+« s Tntms un+m)|Fn) = (I)m(na l‘n) ) (44)

where ®,,(a, ) = Ey(fm(a, 1, w1, . .., T, ).

Denote by p, the measure on the cylindric o-algebra B in TI2°,(S x R) generated by
the finite dimensional distributions of (z1,u1, ..., Tk, ug) (defined by (4.3) with initial
value z) on By, where By is the Borel g-algebra on (S x R)* and B = o{U, By}
Let furthermore /i, be the conditional (on F,) infinite dimensional distribution of
(Tpaty Units - oy Togks Unik, - - ). Bquality (4.4) implies that the finite dimensional distri-
butions of the measure p, - coincide with the finite dimensional distributions of the
measure f, ;i.e. i,z = p, on B. This implies (4.2) for the measure defined in (4.3).
Furthermore, the definitions of (z,)neny and (vp)nen imply that for every continuous f

also ®(z) = B, f(1, 1, ..., Tm, V) is continuous in 2 € R. Hence condition C; holds.

Next we check condition Cqy for ¢ > 2. The case ¢ = 1 has been treated in Example 4.2.
We first show

sup E, (log |2/41])? < c0. (4.5)
z€S
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To see this notice that for every A > 0

jz* (log [z])*
Ssup———+—— =: ¢ < 0.
xelg 1+ |l“/\+1

Hence for every = € S

1 -
E, (log|z'4,])? = mE |2 Ay |} h(z' Ay) (log 2" Ay |)?
T

< L+ <o,

where h, =inf, ¢ h(x) and h* = sup,_g h(x). This implies (4.5).

Define ]
flz) = mE 7' A1 [Mog |2’ A |h(Z7Ay) = B, log |2’ Ay,
T
and
= log |z}, Ax| — (log |2y 1 Agl [ Fre 1) = log |z} Ak — f(zr—1),
then

%:%Z f(zr_y) ka, n € N. (4.6)

By the strong law of large numbers for square integrable martingales and (4.5) the last

term in (4.6) converges to zero P-a.s.

By Lemma A.11 (z,)nen is positive Harris recurrent with respect to the measure P as
defined in (4.3). Hence we can apply the ergodic theorem to the first term of the right-
hand side of (4.6) (see Theorem 17.0.1, p. 411 in [17]). This term then converges to the

expectation of f with respect to the invariant measure 7:

1
lim 2% = =p= / (dz) —E|zA Mog |2/ Ai|h(Z'A)), 7 — as.. (4.7)

n—oc N )
This implies

n—oo N

/ng( lim 2 = B)7(dz) = 1.

By Lemma A.11 the measure 7 is equivalent to Lebesgue measure, hence

P,(lim % =) =1 (4.8)

n—oo N

for A-almost all 2 € S. From condition C; we conclude

P,(lim In _ B) = E,f(z,v1),

n—oo N
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where [ = 2¢g + 1 and
Uy + U

f(z,v) = Py(lim = 3).

n—00 n

By condition Cy4 the function P, (lim,_, Un ) is continuous on S and therefore (4.8)
n
holds for all z € S.

[t remains to show that the constant § in (4.7) is positive. By inequality (2.3) there exist
¢ > 0 and v > 0 such that
E|l > <ce ™.

Choose § > 0 such that d =y — 2§ > 0. Then by Chebyshev’s inequality,
P(|1‘/Hn| 2 e—én) S 626nE ‘%'Hn‘Q S e25nE |Hn‘2 S Ce_dn.

Moreover, for every 0 < p < d/X and z], = 2'II,, we have

P, (2T | < e™) = ﬁE 2T, [*h(n) X (jom, | <eomy
< Z_ (€77 + E|2'TL, X (e-sn<jorm, <ermy)
< Z_ (€7 + V" P(|2T,| > e=™))
< E(e—/\én_'_ce—(d—)\ﬂ)").

h.

By the Lemma of Borel-Cantelli we conclude that for all z € S

limv—n2p>0 f’z—a.s.

n—-oo N
This verifies condition Cs.

Finally, we check condition Cgz for ¢ > 2. The case ¢ = 1 has already been treated in
Example 4.2. We shall show that for m =2¢+ 1 and Vv € R, V§ > 0, Vy € S, Ve > 0,

ingf’x(\xm—m <ée, |vm—v|<d)>0. (4.9)
TE€
Indeed, with L(z) = z/|z|, consider

f’x(|xm —yl<e, |lvm—v| <9) = f’x(\L(x'Hm) —yl <e,|logl|2'T | —v| <)
= ]-Sz (SC’Hm € Fyyg’(;) ,

where
[yes={2 € R\ {0} : |[L(2) —y| <e, [loglz| —v| <§)}.
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For every y € S and every v € R this set is a non-empty open set in R?, because the
vector zg = e’y € I'y .5 (Vv € R, V6 > 0, Vy € S, Ve > 0). This implies that the Lebesgue
measure of Iy . 5 is positive. By Lemma A.8 we conclude that

inf P, (2'T,, €T,.5) > 0.

€S

This ensures (4.9), which implies C3. O

Define Glz.1)
~ T
t) = ’
where h(-) > 0 satisfies equation (3.7) with positive A for which x(\) = 1. Further, recall
that by Remark 2.2

Y LAY+
where Y7 = (o + > 05 Ay -+ - Ay _1(, is independent of (A, (;) and V3 Ly, Therefore,

~ 1 . ! /
G(z,t) = W/o wP (2’ A Yy + 2'¢ > u)du

= g(z,t) + (1), (4.10)

where, setting 7 = 2'A,Y; and 7, = 2/(;,

t

Gat) = M;éAeMP@>umm (4.11)
W%ﬂ::hééleﬁ%@wﬁw (4.12)
o(z,u) = P(ri+1>u)—P(r >u). (4.13)

Proposition 4.4. Assume that conditions Do — Do are satisfied and ag + 03 > 0. Then

G(x,t) = E b (zn,t — vp) . (4.14)

NE

Il
o

Proof. Lemmata 3.1-3.3 ensure the existence of positive solutions of equations (2.4) and
(3.7) which are used in the definition of the measure P in (4.3). Now consider first §(z, )
as defined in (4.11). Mapping u +— u/|z'A;| and using z| = 2'A; /|2’ A;|, we obtain

‘ZE’A1|/\
h(x)et—log |x' Aq ]
Let B(S x R) be a linear space of bounded measurable functions S x R — R. Define the
linear operator © : B(S x R) — B(S x R) by

O(f)(z,t) = Epf(z1,t — 1), (4.15)

g(z,t) = E

et/|z' A1 o
/ wWP(2Y > u)du = E,G(zy,t — log|z'Ay]).
0
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where we have used that vy = u; = log |2’ A|. Next recall that by Proposition 4.3 condition
C, holds for the measure (4.3). This implies that the nth power of the operator © is defined
by

O (f)(x,t) = Baf (Tn,t — vn) .

Then equation (4.10) translates into

G(x,t) = O(G) (2, 1) + ¢z, 1),
and we obtain for all n € N from (4.5) iteratively,
G(x,t) = OM(G)(x,t) + Y(x,t) + OW) (2, 1) + ... + O D ()(,1).
Moreover, condition Dg implies lim,_,, E|II,,| = 0 giving

t

O (@) (x,t) = E,G(tn,t—v,)
1

= D P (LY > w)du 5 0 :
h(a:)et/g u P (21, u)du — 0, n—oc

This implies (4.14). O

Lemma 4.5. Assume the conditions of Theorem 2.4. Then for every x € S there exists

00
t—o00 0

1 1

lim G(z.1) = h(z)~ / ﬁ(dz)—/ PV (zw)du = h(z)y* > 0. (4.16)
BJs h(z)

Here h(-) > 0 satisfies equation (3.7) with positive X for which k(\) = 1, 8 > 0 is

defined in (4.7) and 7(-) is the stationary measure of the Markov process (x,)n>0 under
the distribution P as defined in (4.3).

Proof. By Proposition 4.4 it suffices to find the limit for the sum in (4.14). We apply
Theorem 4.1 to (4.14). Conditions C; — Cy4 hold for ¢ > 1 by Example 4.2 and Proposi-
tion 4.3.

It remains to show that the function ¢ given by (4.12) satisfies condition (4.1). By
Lemma A.12 follows that ¢(z,t) > 0 and therefore

(o t) < hi*wr(x,t) + (2. 1)).

where h, = mingeg h(z) and, with n(t) = e** for some p > 0,

1 (e 1 [
Vi(z,t) = - wP(1 > u —n(t))du — — P (1 > u)du,
€ Jo € Jo

6)‘t

vy (z,t) = )\+1P(7'2>n(t)).
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We show that the functions ¢ (x,t) satisfy for sufficiently large ¢ > 0 the inequality
Vi(z,t) < ce” (4.17)

for constants ¢, ¢; > 0. First notice that immediately by Lemma 3.2 we have () < 1 for
every 1 < 6 < X. Hence by the defintion of x(f) in (2.5), for every v € (k(f), 1), there
exists some C = C), > 0 such that for all n € N

E|A,--- A, <Cv.
From this and Hélder’s inequality we obtain for arbitrary p > 0

Elnl” < E[A|EV

. 0
2B (A | El&) + E (ZAQ---Ak_lgk)

k=3

IN

0 0 -1
< 2XTEAL [BIG+EIG) D p B4y A | (Zp“k—?)/‘”—”)
k=3

k=3

- 0-1
< 27'El4, ) \§1|€+CE\§1|€ZP_M 2 (ZPG )

k=3

Now choose in the last term p = v%/®% Then for every 1 < # < X there exists some
m(f) > 0 such that
supE |7|” = supE|2'4,Y1]? < m(f) < oo (4.18)
TES €S
This means that we can find some 6 < A such that (4.18) holds and § = A —@ is arbitrarily
small. Keeping this in mind we study now the function ¢ (x,t). Indeed, for sufficiently

large ¢ > 0 we have

IR 1 ML
vil) < 2 (n(0) +0P Pl > = 5 [ R > -+ PO
0 0
t A+1 1 et —n(t) + A
! ¢! n(t) U
A+1 et —n(t)
S (2)\ + 1)% + M*itt)/ u)\—ﬂ—lduE ‘7_1‘0
¢ e Jaw
A+l et—n(t)
< (2A+1)M+M*M/ Sy
et et
n(t)
Ay @M m(f)n(t)
s PN =a My
< (224 1) U+ Mrm(9) o= (1=0-1)

5 3
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where M* = supg_,<;((1+2)*—1)/x and ¢ > 0 is some constant. To obtain (4.17) for the
function 1} (z, t) choose the parameters § and p such that d+u < land 0 < p < (1+\)71

The function ¢} (z, t) satisfies inequality (4.17), because for every m > 0 by condition Dy,

sup E|7|™ = supE| <2 >, §|™ < E[§]™ < 00.
TES TES

On the other hand, if t = —oo, we have immediately from definition (4.13),

et

1
wdu < —e

b(x,t) < e <

and hence condition (4.1) holds.

Furthermore, taking into account that 7 is equivalent to Lebesgue measure A on S (see

Lemma A.11), by Theorem 4.1 and Lemma A.12 we conclude

i G2 1) —lﬁzﬂo z,s)ds
lim = lim G(z,t) = 5/5(01) (2, s)d

t—oc  h(x) t—00
— %/ﬁ(dz /+OO ! / urpo(z, 1) du ds

= 5 / dz / u o (2, u) du

O

Lemma 4.6. Assume the conditions of Theorem 2.4. Then for every x € S there exists

lim *P(2'Y > t) = v* h(z) > 0,

t—o00

with h(-) and v* as in Lemma 4.5.

Proof. We use a similar argument as for the proof of the monotone density theorem in
regular variation (see e.g. Bingham, Goldie and Teugels [1], Theorem 1.7.2). For z € S
set

Fx(t):/otuAlx(u)du, L) =P@Y > 1), t>0.

By Lemma 4.5 we have
- Fa(t)
lim ——

t—soo

=~v"h(xz)>0.
Monotonocity of the function /,(+) yields for any 0 < a < b < 0o

A1 A _ A1 _ A+
b a < F,(bt) — F,(at) < lz(at)b a
A+1 t A+1

t* 1, (bt)
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This implies

(b—a)(\+1)

7 o) e b=a)A+1)

< liminf * I, (at) < limsup £ I,(bt) < ~* h(x) A —

t—o0 t—o0

Taking @ = 1 in the left inequality and letting b | 1 gives

liminf t* 1, (t) > 7" h(z) .

t—o00

By a similar treatment of the right inequality with b6 = 1 and a 1 1 we find that
limsup, . t*1,(t) < v* h(x) and the conclusion follows. [

Example 4.7. (Continuation of Example 4.2)
Lemmata 4.5 and 4.6 imply Theorem 2.4 with the limiting constant

1 (Yo (L, u) + 1o (=1, u))
ﬂ/ 2 d

u.
Symmetry of the distribution of £ implies that ¢y(1,u) = tho(—1, u), hence

+oo
lim *P(2Y > t) 6/ P >u) —P(aY; > u))du

t—o0
for any z € S = {1, —1}.

Note that this special case is already covered by Theorem 2.3 of Goldie [10].

Appendix

A0) Criteria for uniform geometric ergodicity

We recall some definitions from Markov chain theory (see e.g. Meyn and Tweedie [17]).
Let (2,)nen be a homogeneous Markov chain with state space S C R? and B(S) the
Borel g-algebra in S. We denote by

P(z,A) = P, (1€ A) = P(z; € Alzg = 1)
P"(z,A) = P (z,€A) = Pz, € Alzg=2), neN,
For every set A € B(S) we introduce the return time and the return number to A by

T, =inf{n>1: 2, € A}, NA:ZX{InGA}7

n=1

(as usual we set inf{(} = o00). We define also L(z, A) = P,(7, < o).
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The Markov chain (,),en is called g-irreducible if there exists a non-negative measure
¢ on B(S) such that

VA€ B(S) with (A)>0 =  L(xA) >0 VYzeS.

In this case ¢ is called an irreducibility measure. If the Markov chain (x,)nen is irre-
ducible, then there exists a unique mazimal irreducibility measure (-) on B(S), i.e. for
any irreducibility measure ¢ the relation ¢ < ¢ holds; i.e. the measure ¢ is absolutely

continuous with respect to ). We denote by
B, (S)={Ae€B(S) : ¢v(A) >0}.

The set A is called Harris recurrent if P,(N, = oo) = 1 for all z € A. A Markov chain is
called Harris reccurent chain if it is irreducible and every set in B, (S) is Harris recurrent.
A Markov chain is called uniform geometric ergodic if there exists an invariant prob-
ability measure 7(-) on B(S) such that for some M > 0 and 0 < p < 1,
sup [|P" (@, ) — 7| < Mp".
z€S
Here || - || means total variation, i.e. ||| = SUD | f1< fs f(y)p(dy).
Criteria for uniform ergodicity are often based on “small” sets. A set I' € B(S) is
called a small set if there exists an m € N and a non-trivial measure v, on B(S) (i.e.
vm(S) > 0) such that

P (1, A) > vm(A), z€D, AeB(S).

Moreover, for any ¢-irreducible Markov chain (z,,),en there exist disjoint sets Dy, ..., Dy €
B(S) (a so-called “d-cycle”) with d > 1, such that

—¢(Ni-; Df) = 0 and

~P(z,D;y1) =1 for z € D;,
where D; = Dj;) for j(i) € {1,...,d} and j(i) = i (mod d). The largest d for which a
d-cycle occurs for (z,)nen is called period of (zp)pen. When d = 1, the chain is called

aperiodic.

Lemma A.1. (Meyn and Tweedie [17], p. 355)
Suppose that (x,)nen is irreducible and aperiodic. Let T be a small set and assume that

the measurable bounded function V : S — [1,00) satisfies

mmLV@W@@ﬁ<m

zel

and that for some € > 0
/ V(y)p(x,dy) < (1 —¢)V(x), forall xeT".
S

Then (z,)nen is positive Harris recurrent and uniform geometric ergodic.
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A1) A simple sufficient condition for D,

Proof of Proposition 2.3. Let | = inf{k > 1 : |¢| > 0}. For n > [ set 7, =
Sor— ek If |ex] > 0 then by the condition of this proposition ¢, has a symmetric
density pi(+), continuously differentiable with derivative pj () < 0 on [0, 00). Therefore
7; has a symmetric density, which is non-increasing on [0, oc). We proceed by induction.
Suppose that 7, 1 has a symmetric density ¢_ (), non-increasing on [0, 00). We show
that 7,, has a density with these properties. Indeed, if ¢, = 0 then 7, = 7,1 and we have
the same distribution for 7,,. Consider now the case |c,| > 0. By the properties of p,(-)

and of ¢, _ (), we can write the density ¢, (-) of 7, in the following form

o (2) = / " gz — W, (u)du

o0

= / (2 +u)g07n_1(u)du+/ pn(z —u)p,  (u)du
0 0
+/ pa(u—2)p,  (u)du, 2z>0.

Therefore the derivative of this function equals
46 = [ e, @t [ G- e, du- [ -2, wde
0 0 z
> !
= [ 5w (0= 2) o (ut2)) du
+/ P (u) (90%71(2 —u) — 807,1,1(“"‘2)) du <0, 2>0,
0

since p; () < 0and ¢_ _ (+) is non-increasing on [0, oc). Therefore we obtained that for all
n > [ the random variable 7,, has a symmetric continuously differentiable density, which is
non-increasing on [0, oc). Moreover, since 7 = lim,,, 7, a.s. and the sequence (¢, (-))n>i

is uniformly bounded, i.e.

sup ¢, (2) < ¢, (0) < oo,
zeR,n>1

we have that for every bounded measurable function g with finite support in R
o< o<

im [ g2 (e = [ gl o)z

n— 00
—00 —00

where ¢_(+) is the density of 7. Since & has a continuous density, also ¢, is continuous.
Therefore, for 0 < a < b we have for all 0 < § < a,

b+4d a+4 b+d a+d
/ v, (2)dz —/ ¢, (2)dz = lim </ ¢, (2)dz —/ can(z)dz> <0.
b—o a—6 n=0 \Jb—4 a—6
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Since ¢_(+) is continuous we conclude
1 b+d a+0
o) = erl) =t o ([ "otz = [ s <o n
0—0 26 bh—3§ a—35
A2) Gaussian linear random coefficient models
Proof of Proposition 2.6. It is evident that conditions Dy — D4 hold for this model.

To show that the conditional correlation matrix (2.6) is positive definite a.s. take some
x € R? such that 2’ Rz = 0. Then for [T, = Ay --- Ag, k € N, and B as defined in (2.6)

¥'Bx+Y 2Ty Bllz =0.
k=1
If we denote by < x >, the ith coordinate of x € R, the equality above means that
< Iz >;= 0 for all k € N. Set 0(z) =< I}z >, for k € N and 6y(x) =< x >,. Taking

the special form of the matrices (1.5) into account one can show by induction that

0,(x) = (k)0 (x) + ... +oap(l) <z > +<z>,, if 1<k<g; (A1)
* ar (B)B—1 () + . .. + ag(k — g + 1)Bp_y(2) if k>q. ‘
Consequenly, if 0 (z) = 0 for all 0 < k < ¢ then <z > = ... =<z > = 0. From this we

conclude that 2’ Rx = 0 implies = 0, which means that R is positive definite a.s. [

A3) Auxiliary properties of II,, = A;--- A,.

We study the asymptotic properties of 0y (x) as defined in (A.1). First recall the classical

Anderson inequality; see Ibragimov and Hasminskii [13], p. 214.

Lemma A.2. (Anderson’s inequality)
Let n be a random variable with symmetric continuous density, which is non-increasing

on [0,00). Then for every c € R and a > 0
P(ln+c[ <a) <P(n| < a).

Lemma A.3. Assume model (1.1) such that Dy — Dy hold and a? + o2 > 0. Then for
every > 0 and k € N

lim sup P(|Ok(z)] <) =0. (A.2)

020 | <a>, [>p

Furthermore, for k = q we have

lim sup P(|6,(z)| < d) =0. (A.3)

0—0 lz|>p
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Proof. We show first that for 1 < j < ¢ and for every € > 0 such that §/e — 0 as § — 0,

lim sup P(|6;(z)| <9, |0;_1(x)] > € =0. (A.4)

0—0 .’EERQ

Recall that 0y(z) =< z >,.
To prove (A.4) notice first that by (A.1)
0j(x) = m(7)o10j-1(x) +mj(z),
mj(z) = a10;1(x) + aa(j — 10j2(x) + ... + (1) <z > + < >4 Xjcgy -

Moreover, condition Dy implies that o1 > 0 and therefore by Anderson’s inequality (taking

into account that 7,(j) is independent of 6;_;(x) and m;(z)) we obtain

P(10;(z)] <0,10;-1(2)] = €) = P(|n(j)o0;-1(2) + m;(2)] < 5,101 (x)] = €)
< P(Im(5)o1b;-1(x)] <0,[0;-1(x)] =€)
P([m(j)! < 6/(e01)).

From this and condition D; we obtain (A.4). Then (A.2) follows by induction.

IN

Next we show (A.3). Introduce for 6 > 0 and 1 < j < ¢ the sets

q
= ﬂ Fj’(;, where Fj’(; = {|0](SC)| < Gj},

j=1

for €; = ¢;(6) = 07/9. Notice that (A.4) implies

lim sup P([;5NT5_,5) =0.

6—0 rcRY

Set o = max;;j<4 |@;(j)| and define
Fo= {2 v}, By={a" <N},

Take for any fixed v > 0, N > 0 the set I's N F,, N By. The definition of #;(x) in (A.1)
implies that on this set |x| — 0 as § — 0. Hence, if - as in (A.3) - |z| > pu, there exists
do = do(pt, v, N) > 0 such that I's N F, N By = for all § < dq. Therefore for this § > 0
and for x € R? with || > u we obtain

P([0,(x)] < 0) <P(Ts) + iP(Fm N5 1)

q
P(ly(1) < ») + P(a* > N) + 3 P[0T, 1)
j=2

q
(6
~ + > P(T5NT ).

J=2

P(lag + agng(1)| <v) +
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Notice that the conditions a + o > 0 and Dy guarantee that the first term in the last

line tends to zero as v — 0. Hence we obtain (A.3). O

Corollary A.4. Under the conditions of Lemma A.3 relation (A.3) holds with respect to
the distribution P as defined in (4.3), i.e.

(lsirré sup P,(|0,(x)| < 8) =0.

—U zes

Proof. By definition (4.14) and the Cauchy-Schwarz inequality we have

i 1 __
Po(|by(z)| < 0) = WE\%"Hq|Ah($'Hq)X{\9q(z)\<5}

< - E(|Hq|ﬂ)\/supP<9q<x>| <),
* TES

where h, = inf,cg h(z), h* = sup,cg h(x). The result follows from (A.3). O

In the following lemma we compute the conditional density of H’2q+1x in R? with

respect to the random vector p = p(z) = IT' z.

Lemma A.5. Assume that Dy — Dy hold, ag + 03 > 0 and x # 0. Then the random

vector Iy @ has conditional P-density p\(z|p(x)) = f(z, p(x)) with respect to p(z). The

function f(-,-) + R? x R? — [0, 00) is given by

Fe) =B ml=T ). (A.5)
where
ar(g+1) aa(g+1) -+ agg+1)
e - A6
a-1(3)  ay(3) A0
a(2) 0 0

and for z = (z1,...,24) €ERL, y=(y1,...,y,) € R

q
p[](Z,y) - H QOj(Zj|Zj,1, teey Zlay) )
j=1

1 cj m'(Z, y)
izl 2y = X0 B o1|2j-1] ¢< : 012';'71 > , (A-D)

mi(z,y) = ay1+y2, and for j>1
mi(z,y) = arzj-1+aa(j —1)zj—a... +a;(1)y + Yi+1X{j<q} s

where zg = y1 and the density ¢ is defined in condition D;.
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Proof. Let z = (z1,...,2,)" € R? such that z, # 0. We show that the vector II| ,z has
density f(-,x) as defined in (A.5). To this end we show first that 2'II_,, = 6(z)'T, where
the matrix 7" is defined in (A.6) and 0(x) = (0,(z),...,0:(z))" € R?. By the definition of
Aj; in (1.5) we have
<2l >, = <2MA,, >, = aqg+1) <2, >
= og(q+1) <ILa > = ay(qg+ 1)f(z),
<2, >, = <2TMA > = a1(¢g+1) <2, > + <2, >,
= ag1(q+1)0y(z) + ay(q) < xIqul > = agi(g+ 1)0y(z) + ag(q)f4-1(z)

and for 1 <j<q—1

<2, > = <2MA,, >=a;(g+1) <2'T, > + <2, >,
= aj(q+1) <2, > +aj(q) <oT, > + <2, >,

= (g +1)0,(x) + . + g1 (G +2)011(2) + (7 + 1)0;(x)
This gives 2Tl ; = 0(z)'T.
Next note that a? + o7 > 0 implies
q q
|detT|:H\th(j+1)|:H\aq+aq77q(j+1)\>0 P—as..
7j=1 7j=1

Immediately by (A.1) the vector #(x) is measurable with respect to

of{ai(k), 1 <i < q,1 <k <gq,i+k < g+ 1}. Hence, T is independent of 6(z).
Therefore to prove that the vector II |2 has density f(-,z) it suffices to prove that 6(z)
has density po(-,7) as in (A.7). Indeed, if ; # 0, then condition Dy guarantees o2 > 0
and 6;(x) = ay(1)z,; + x, has positive density ¢;(-|z) as defined in (A.7). This implies
that 6;(z) # 0 a.s., and therefore

Oa(x) = a1(2)01 () + ao(1l)x, + x4
has conditional density with respect to 6 (z)
Po, (22|01(2)) = @2(22/01(2), 2),
where the function ¢, is also defined in (A.7). Similarly we can show that
Py, (210j-1(2), ..., 01(2)) = ¢;(2;]0;-1(2), ..., b1 (), )

for every 2 < j < q. Therefore 0(z) = (0,(z),...,0:(x))" has density (A.7) in R? provided
x, #0.
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To complete the proof we show that the conditional density of the vector II5, ;2 with
respect to p(z) equals f(-,p(x)) a.s. for  # 0. To this end recall that (A.3) implies
< p(x) >,= 0,(x) # 0 a.s. for every vector x # 0. Now taking into account that the A,
are iid we obtain for every bounded measurable function F' : R? — R

E(F(2'Tzg41)|p(z)) = B(F(p(x)' Agi1 - - - Asg1) p(z)) = W(p())

where

U(y) = EF(yT,,,) = / F(2) f(zy)dz, yeRY,yy #0.
R

q

This concludes the proof. [

The followig result is an immediate consequence of the definition of P in (4.3) and
Lemma A.7.

!

2417 has a

Corollary A.6. Under the conditions of Lemma A.5 the random wvector 11
conditional P-density with respect to p(z) given by

B 2I* h(z
p1<Zp>=p'A—h§ﬁ§pl<z|p>, fpERT. 2 £0,p40,

for p1(z|z) as defined in (A.5).

Lemma A.7. Assume that conditions Dy — Dy hold and a?] —1—03 > 0. Then for b,z € R?
and x # 0
P(SE’HQq_Hb = 0) >0 = b=0.

Proof. Lemma A.5 implies that

P(a/Mlayirh = 0) = EP(aTlayis = Olp()) = E | pi(2lp(2)) dz

{z€R?:2'b=0}

If this probability is positive, then there exists a vector p € R? with < p >, 0 such that

/ pi(z|p)dz > 0.
{z€R?: 2'b=0}

This is possible if and only if b = 0 since the Lebesgue measure of the set
{z € R? : 'z = 0} equals to zero for all b #0. O

Denote by mes(-) the Lebesgue measure in R?.
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Lemma A.8. Assume that conditions Dy — Dy hold, ¢ > 2 and ag + 03 > 0. Then there

exists some &g > 0 such that for all 0 < § < dy

inf P(2'Tl,,,, € B) > p.(0)us(B),

z€S
inf P (‘T H2q+1 € B) > ﬁ*(é)ﬁt;(B) )

€S -

for every measurable set B C RI. Here p,(0),p«(0) > 0 and

us(B) =E fm xg(#T)dz,  j5(B f 12'T1* x5 (2'T) dz,

Qé :{y:(yla---ayq)’eRq . 5§‘y]‘§6 1:j_17"'7Q}7

(A.8)
(A.9)

(A.10)

and the matriz T is defined in (A.6). Furthermore, if mes(B) > 0 then there exists some

do > 0 such that us(B) > 0 and fis(B) > 0 for all 0 < 6 < do.
Proof. From Lemma A.5 we know that for a some 0 < § < 1
P(:1:'H2q+1 € B) = EP(‘T,HQq—l—l € B)|p(z))

> EX{p(z)GKg}P(xIH2q+1 € B)|p(z))
= EX{p(:E)EK,;} Ip(p(z)),

where K5 ={y = (y1,...,y,) €R? : § < y,;| and |y|<d '} and

I5(p) Z/R XB(Z)pl(Z|p)dZZE/R ><B(»Z"T)po(z,p)dzZE/Q xg(2'T) po(z, p)dz.

)

Next we show for K§ = R? \ K,

lim sup P(p(z) € K§) =0,  lim sup P,(p(z) € K§) =0.

Indeed, we have

P(p(z) € K5) < P(| < p(z) >, | <) +P(|p(z)| >0
< sup P({f(z)] < 0) + o(E|A])".

(A.3) gives the left limit in (A.11); from Corollary A.4 we obtain the right limit.

Notice that (A.7) implies that for every § > 0

M.(0) = inf po(z,2) >0,

2€Qs ,x€K;

which yields

P(2/Tl,,,, € B) > M,(8)P(p(x) € Ky)ps(B) .

(A.11)
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From this and (A.11) we obtain (A.8). Similarly

f’x($ln2q+1 € B) > ECEX{p(:r)EK,;} Ip(p(x))

where

Tp(0) = / ROCEICHIEE / q ARG (el

| h(p)
1 |2'T M h(2'T) N o (2. 0)ds

h.
> ESE [ TP ) nl e,
h*|pl Qs
with h* = sup,g h(x) and h, = inf,cg h(x). Therefore, on K5 we have

Iolp) > PM.(9) 1= is(B)

which together with (A.11) implies (A.9).

Let now B be a measurable set in R?. By the monotone convergence theorem we have
lim ps(B) = E lim/ xp(Z'T)dz = E/ xp(Z'T)dz
0—0 0—0 05 Ra
1
E—
|det T|’

iy o) =Bl |

= mes(B)

12'T Px (2T )dz = E/ 12'T |Px (2T )dz

R4

1
A
= dzE .
[

This implies the second part of the lemma.

The following Lemma is needed to verify condition Cy.

Lemma A.9. Assume that Dy — Dy hold and a? 4+ 02 > 0. Then
®(z,t) = B, f(2'Togyr,t), z€S,tER,
1s uniformly continuous on S for every measurable bounded function f : S XR — R; i.e.

lim sup sup |®(z,t) — P(y,t)|=0.
e20 jg—y|<e teR
Proof. Let V : R? — [0, 00) be a continuous function such that V(z) = 0 for |z| > 1 and
o V(2)dz = 1. For example take
V() = v, exp(- ) here v = [ exp(—
)= v explm T Xy, Where 0 = xp

l21<1

1
1— |27

)dz.
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For some € € (0,1) define K, ={y € R? : | <y >, |>¢€, |yl <1/e} and v, = €¢/4 and

00) = oo [ v () au- [tV

(ve) Ve

Then g, : R? — [0,1] is continuous and for every = € R?

9:(x) < xi,,(x) and G () =1—gc(x) < Xk (2) - (A.12)

We can represent the function ® in the following form

®(,t) = Ep f (+'Tlagp1, 1) = Eq ge(p(x)) f(2'Tlygy, 1) + Ac(2)

where A () = E;g.(p(7)) f(2'Tly,,t). By (A.12) and (A.11), setting f* = sup |f] we
obtain
A =sup |A(z)| < f* sup P.(p(z) € K;)—0 as €—0.
z€S z€eS

From the definition of E in (4.3) we obtain

- 1

Ez ge(p(x)) f(xIH2q+1, t) = m Ege(p(x)) fl(leQq-H: t) ’

where fi(z,t) = |2|*h(Z) f(2,t). By Lemma A.5 we can represent this term as

Ege(p(2)) fi(@' Ty, ) =E | Fi(2,8) be(z, p(z))dz = BV (p(2), 1)

Ra

with f,(z,t) = E f1(2'T, t) and ¥(z, p) = po(z, p)gc(p). Here U, allows the representation

V(pt) = / Tt (e p)dz 4 | Fy(ot) (2 p)dz

c
) Qg

= \Ije,(s(pa t) + A6,6(p7 t) ) (A]-S)

where Qs = {y € RY : § < | <y>; | <", j=1,...,q}. Next we show that for every
e>0

lim sup P(0(p) € Q) =0. (A.14)

0—0 pEK6/4

To this end note

q
sup P(B(p) €05) <> sup P(6;(0) < 0)+ sup P(I0(p)] > 1/9)
PEK /4 j=1 1<p>1|>e/4 pl<4/e
q
<> swp P(4(p)| <0)+3 sup E6(p)
j=1 [<p>1]>¢€/4 pl<4/e
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By the definition of f(p) in (A.1) we find for every m > 0 some constant ¢,, > 0 such that

sup E|0(p)|" < ¢ /€™ < .
pl<d/e

Therefore the limit relation (A.2) implies (A.14). Moreover, notice that the last inequality
yields

lim sup Ex 0(p)|>N ‘9( )‘ =0.
Nooo picaye PPN

Next we estimate A _;(p, ) as defined in (A.13). Taking into account that
[F1(z. )] < fREIT][2]* = fi |2

we obtain for p € R? and N >0

Ao D) < Fioelp) / 12 po(z, p)dz
5

= f19:(0) E10(0)]* X(o(pycasy
< fiX{pek, 4} (NAP(H(P) € Q5) + E X{9(p)> N} |9(P)|A> :
This together with (A.14) ensures for every € > 0

Als;= sup [As(pt)] =0 as §—0.
’ pERY R

t I ) p y Y i 2A€ QAE )
h(y) ’

+2A7 +2A%;

at)— d(yt) < E \

h(z

)
L1 1
= Yo |h@) T hy)
f1 mes(Q2s)E sup |¢(z, p(x)) — Ye(z, p(y))]

2€Q5

IN

Ui sup +2A7 +2A%;

L L‘
oyl | P(2) DY)
4—5(]—A f1 mes(€y) sup [Ve(z, p1) — Ye(2, p2)|

2€Q;5 .| p1—p2|<p
q .
55 fimes(€Q;) P(|p(x) — p(y)| > p) ,

where U? 5 = sup ¥, 5. We take into account that the function ¢ (z, p) is uniformly con-

tinuous on 5 X R?. Moreover, the last probability is bounded by Chebyshev’s inequality:
1 1 i
P(lp(z) = p(y)| > p) < i p(z) = p(y)] < e | |z —y] < e T,

Finally, taking the limits lim,_,q lims_, lim,_,o lim,_,o implies Lemma A.9. [
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A4) General Markov properties of (,),en

We consider now the Markov chain (z,),en as defined in (1.9).

Lemma A.10. Assume that conditions Dy — Dy hold, ¢ > 2 and ag + 03 > 0. Then the
following hold.

(a) The distribution of the random vector xo411 has the following properties: let A be
a measurable set in S and denote by A(-) the Lebesgue measure on B(S), then

(i) if A(A) > 0 then infycg Py(2901 € A) >0 and infyeg Py(29941 € A) > 0;

(1) if A(A) =0 then Py(29041 € A) = 0 and Py(r991 € A) =0 for all y € S.

(b) The Markov chain (y)nen (with respect to both measures P and P) is A-irreducible

and aperiodic. Moreover, every measurable subset of S is small.

Proof. (a) Recall that z!, = 2'II,, /|2'TI,|. Note that for every 2 € S and every measurable
set A €S,

Py(x2441 € A) =P (a'llog1 € By), 15fls(w2q+1 € 4) = f)x(x,HQtH—l € B,),

where B, = L7'(A) = {y e R?\ {0} : L(y) € A} and L(y) = y/|y|. From (A.8)—(A.9)

we obtain for some 0 < § < 1
P> (2, A) > p.(6) ps(By) = vs(A),  P¥(x, A) > p.(6) is(B,) = 75(A)  (A.15)

for positive constants p,(d) and p.(9).

Next we show
A(A) >0 = mes(By) >0. (A.16)

Recall that ¢ > 2, hence if A(A) > 0 there exists a open set VVC A C S with A(V) > 0.
Then L~'(V) C B,, but this set is open and nonempty in R? (L(:) is a continuous
function on R? \ {0} and V' C L~1(V)), therefore mes(L~'(V')) > 0, which gives (A.16).
If mes(B,) > 0 then, by Lemma A.8, there exists some § > 0 such that us(B,) > 0 and
fis(B,) > 0. Then (i) follows from (A.15). Next we show now that

A(A)=0 = mes(B,) =0, (A.17)

Assume that mes(B,) > 0. Then there exists an open set V' C B, with mes(V') > 0. By
definition of B, the image U = L(V) = {L(y) y € V} C A. We show that U is an open
set in S. Indeed, for 2y € U there exists yo € V such that zo = L(yo) = yo/|yo|. Since V is
open there exists some 6 > 0 such that {y € R? : |y —yo| < 6} C V. Set € = ¢/|yo| and
take z € S such that |z — 29| < £. Note that for y, = |yo|z we have L(y,) = z and

Y. — Yol = |vollz — 20| < |yole =19
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Hence y, € V and therefore z € U, ie. {z € S : |z — 2| < €} C U. Consequently
U = L(V) is an open set in S. For ¢ > 2 the Lebesgue measure of any open non-empty set
in S is positive. This is a contradiction to A(A) = 0 and hence (A.17) holds. Furthermore,
if mes(B,) = 0 then by Lemma A.5 and Corollary A.6,

Py (w241 € A) = EP(y'Tlz011 € Bylp(y)) = E / pi(z|p(y))dz =0.
By

Py(zg1 € A) = EyPy(y'Tlags1 € Bylp(y)) = Ey /B pi(zlp(y))dz = 0.
A
(b) Note that (i) immediatly implies A-irreducibility. From inequalities (A.15) we con-
clude then that every measurable subset in S is small. To prove aperiodicity suppose
that there exist sets Dy,..., Dy in B(S) such that Py(x; € D;1y) = 1 for x € D; and
some i € N. (Recall that D; = Dy, for j(i) € {1,...,d} and j(i) = ¢ (mod d); i.e.
(D;, ;~1) ={D1,...,Dq,Dy,...,Dy,...}). Hence, if 2 € D; then P,(z; € D;;;) =1 for
all i € N. Therefore, denoting m = 2q + 1 and P(z, D) = P,(x; € D) we get for all i € N

P,(zpmti € Dypgitr) = / P'(z,dy)Py(vm € Dinyiz1) = 1.
s

Then (iz) implies A(Dy) > 0,...,A(Dy) > 0. On the other hand, however, P,(x,, €
Dy, i1) = 1 implies that P, (z,, € D;) = 0 for all D; # D,,,; and by (i) we obtain A(D;) =
0. This contradicts A(D;) > 0. Therefore d = 1 with respect to P. Aperiodicity with

respect to P is obtained by the same argument. This concludes the proof of Lemma A.10.
O

Lemma A.11. Assume that conditions Dy — Doy hold, ¢ > 2 and a3 + 03 > (0. Then the
Markov chain (x,)n>0 with state space S is positive Harris recurrent and uniform geomet-
ric ergodic with respect to P (and P). It has invariant measure () (and 7(-), respectively),

which is equivalent to Lebesque measure A(-) on S.
Proof. Define V : R? — [1,00) by V(y) =14 | <y >, |. Then

| <a'Ar > |

E,V =14+ E
($1) + |:1:’A1\

L(x) V (),

where

1 (1) <z > + <>,
L(z) = 7 @) <1 +E oA :

Since a; + o7 > 0 implies that a?(1) > 0 P-a.s. we obtain

lim  L(x) = 1 (1 VE oz1(1)> <

<1.
|<e>,|->1:2€5 2 la(1)]

L P O]
2 a2(1) + a2(1)
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Similarly we obtain

i ~ ‘ < ‘/L‘IAl >1 |
E,V -1+E, ————
(371) + |:1:’A1\

where by (4.3)

. 1 - <2'Ap > 1 | < 2’A; > |
L(z) = 1+ B, (S0 1+ Eq(z) - L710)
@) =7 < B Ay 7 B

o(x) = % o Ay BT AY)

Since ¢(+) is a continuous positive function on S with E¢(z) =1 for all z € S, we find by

the same argument

lim  L(r) =+ <1 +Em00‘1(1)> _1 <1 +E<(x0)0‘1(1)> <1,

|<z>;|—1:2€S 2 |O£1‘ 2

where g = (1,0,...,0)". Thus, for £ > 0 there exists 0 < r < 1 such that

sup L(z)<1-—¢, sup L(z) <1—¢,
[<z> > [<z> >
and we obtain that the function V(-) satisfies the conditions of Lemma A.1 on the set
I'={xe€S : | <xz> | <r} By the second part of Lemma A.10 every subset of S is
small and therefore, by Lemma A.1, (z,,)n>0 is uniform geometric ergodic with respect to

both measures P and P. It has stationary distributions 7(-) and #(-), respectively.

Next we use Lemma A.10(a) to show that 7 respectively 7 are equivalent to Lebesgue

measure on S.
If 7(A) = lim, oo P,(z, € A) = 0 and A(A) > 0, then Lemma A.10(a,i) we obtain the

following contradiction

m(A) = lim P, (2449041 € A) = lim | P, (9,01 € AP (2, dy) > ing P,(z9441 € A) > 0.

n—oc n—oo [g y€e

Next, if A(4) = 0 then by Lemma A.10(a,ii)

m(A) = lim P,(v,49041 € A) = lim [ P, (9,1 € A)P™(2,dy) =0.

n—o0 n—oo S

Hence 7(-) and A(-) are equivalent on S. In the same way we obtain the equivalence of
7(-) and A(-)on S. O
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A5) A property of .

Lemma A.12. If conditions Do and Dy hold, then the function yo(x, u) defined in (4.13)
is non-negative and for all v = (< x >,,..., <z >)) € S with <x ># 0

mes({u >0 : YPg(x,u) >0}) >0, (A.18)
where mes(-) denotes Lebeques measure on R.
Proof. By definition we have

Po(x,u) =P(r + 1 > u) — P(ry > u)

with 7 = 2’A,Y) and n = 2'(; =<z >; &. If <2 >,= 0, then 7, = 0, and therefore
Yo (z,u) = 0. We show that ¢y(z,u) > 0 if <z >,;# 0. By conditioning on 7, we get

Yoz, u) = /000 Plu—t<n <u)-Plu<n <u+t))p,(t)dt,

where p_ (-) is the density of 75, which is by D4 symmetric and non-increasing on [0, 0o).
Setting A = o0{A;,7i € N}, again by Dy, the conditional density p_ (-|.A) of 7, is symmetric

and non-increasing on R, . Hence for 0 < ¢ < u we have

fa(u,t) = Plu—t<mn <u)—-Plu<n <u+t)
= EPu—-t<7m <uld)—Plu<n <u+tlA))

= B([ e [ p ()
= B[ a0l - b+ )0 > 0.

On the other hand, for ¢t > u we get

falu,t) = E</uutpn(a./4)da—/uu+t pn(a|./4)da>

0 u u-+t
_ E</ pTl(aA)da—l-/ pTl(a|A)da—/ pn(a|./4)da>
u—t 0 u
u-+t

t—u u 2u
_ E</ pn(a.A)da—l-/ pTI(a|A)da—/ pn(a|./4)da—/ p. (alA)da
0 0 u 2

t—u U
= B([ 0n @ = p 0+ 20400t [0 (04 =, (0 0 A)da) >
0 0
again since p_ (-|.4) is non-increasing on R, . This proves the first part of this lemma.

We show now (A.18). Let x € S with < x >,;# 0. If for this z € S

mes({u >0 : ¢y(z,u) >0}) =0,
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then ty(z,u) = 0 for all u > 0, because the function vg(x, u) is continuous on u > 0, i.e.

[ e wan= [ [7 L aup,wa=o

Since mes{u > 0 : p_ (u) > 0} > 0 there exists 0 < ¢, < oo such that

/00 fo(u,tg)du=0
0

and taking into account that the function f,(-, %) is nonnegative and continuous we obtain
that for all u > ¢,

Folusto) =E [ (0, (alA) = p, (0 + ol A))da = 0,
u—to
giving

+00 +oo

E [ (el d) =, (0 ol )da= [ (0, (0) = p (0t t0))da= 0.

0 0

By monotonicity of p_ (-) = Ep, (-|.A) we get for every ¢ € [0, %]
p;,(a) = p, (a+ty) = p. (a+t) for almost all a > 0. (A.19)

Since mes({a > 0 : p_(a) > 0}) > 0 (recall that the function p_(-) is monotone on
R, and fR+ p;, (a)da = 1/2) there exists some a, > 0 with p_ (a,) > 0 for which (A.19)
is satisfied; i.e. p, (a.) = p, (a) for all a € [a,,a, + t;]. Now set a* = max{a > a, :
p., (a) = p, (a,)} and note that a* < oo since [, p, (a)da < oo. Therefore (A.19) implies
the existence of some ay € (a* — §,a*) C [a.,a*] (with 6 = min((a* — a.)/2,15/2)) such
that

Py, (as) = p; (a0) = p,, (a0 + to) -

But this is a contradiction to the definition of a*, because ag + tg > a*. This implies
(A18). O
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