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The tail of a random 
oeÆ
ient model 21 Introdu
tionWe 
onsider the following random 
oeÆ
ient autoregressive model.yn = �1(n)yn�1 + � � �+ �q(n)yn�q + �n ; n 2 N ; (1.1)with random variables �i(n) = ai + �i�i(n), where ai 2 R and �i � 0. Set�(n) = (�1(n); : : : ; �q(n))0 ; �(n) = (�1(n); : : : ; �q(n))0 ;where throughout the paper all ve
tors are 
olumn ve
tors and 0 denotes transposition.We suppose that the sequen
es of 
oeÆ
ient ve
tors (�(n))n2N and noise variables (�n)n2Nare independent and both sequen
es are iid withE�1 = E�i(1) = 0 and E�21 = E�2i (1) = 1 ; i = 1; : : : ; q :We are interested in the existen
e of a stationary version of the pro
ess (yn)n2N, rep-resented by a random variable y1 and its properties. In this paper we investigate the tailbehaviour P(y1 > t) as t!1 : (1.2)This is, in parti
ular, the �rst step for an investigation of the extremal behaviour of the
orresponding stationary pro
ess, whi
h we will study in a forth
oming paper. Stationarityof (1.1) is guaranteed by 
ondition D0 below. To obtain the asymptoti
 behaviour of thetail of y1 we embed (yn)n2N into a multivariate set-up.Set Yn = (yn; : : : ; yn�q+1)0. Then the multivariate pro
ess (Yn) 
an be 
onsidered inthe mu
h wider 
ontext of random re
urren
e equations of the typeYn = AnYn�1 + �n ; n 2 N ; (1.3)where ((An; �n))n2N is an iid sequen
e, the An are iid random (q � q)-matri
es and the�n are iid q-dimensional ve
tors. Moreover, for every n, the ve
tor Yn�1 is independent of(An; �n).Su
h equations play an important role in many appli
ations as e.g. in queueing; seeBrandt, Franken and Lisek [3℄ and in �nan
ial time series; see Engle [8℄. See also Dia
onisand Freedman [5℄ for an interesting review arti
le with a wealth of examples.If the Markov pro
ess de�ned in (1.3) has a stationary distribution and Y has thisstationary distribution, then 
ertain results are known on the tail behaviour of Y . In theone-dimensional 
ase (q = 1) Goldie [10℄ has derived the tail behaviour of Y in a veryelegant way by a renewal type argument: the tail de
reases like a power-law. For themultivariate model, Kesten [14℄ and Le Page [20℄ show - under 
ertain 
onditions on the



The tail of a random 
oeÆ
ient model 3matri
es An - that t�P(x0Y > t) is asymptoti
ally equivalent to a renewal fun
tion, thatis t�P(x0Y > t) � G(x; t) = Ex 1Xn=0 g(xn; t� vn) ; t!1 ; (1.4)where � means that the quotient of both sides tends to a positive 
onstant. Note that,if we set x0 = (1; 0; : : : ; 0), then we obtain again (1.2). Here g(�; �) is some 
ontinuousfun
tion satisfying 
ondition (4.1) below, (xn)n�0 and (vn)n�0 are sto
hasti
 pro
esses,de�ned in (1.9) and (1.10) below.In model (1.1), we have �n = (�n; 0; : : : ; 0)0 andAn =  �1(n) � � � �q(n)Iq�1 0 ! ; n 2 N ; (1.5)where Iq�1 denotes the identity matrix of order q � 1.Standard 
onditions for the existen
e of a stationary solution to (1.3) are given inKesten [15℄ (see also Goldie and Maller [11℄) and require thatE log+ jA1j <1 and E log+ j�1j <1 (1.6)and that the top Lyapunov exponente
 = inffn�1E log jA1 � � �Anj : n 2 Ng < 0 : (1.7)In our 
ase, 
onditions (1.6) are satis�ed. Moreover, we 
an repla
e (1.7) by the fol-lowing simpler 
ondition; see e.g. Ni
holls and Quinns [19℄.D0) The eigenvalues of the matrix EA1 
 A1 (1.8)have moduli less than one, where 
 denotes the Krone
ker produ
t of matri
es.In the 
ontext of model (1.1) the pro
esses (xn)n�0 and (vn)n�0 are de�ned asx0 = x 2 S ; x0n = x0n�1Anjx0n�1Anj = x0A1 � � �Anjx0A1 � � �Anj ; n 2 N ; (1.9)andv0 = 0 ; vn = nXi=1 ui = log jx0A1 � � �Anj ; with un = log jx0n�1Anj ; n 2 N : (1.10)Here j � j denotes the Eu
lidean norm in Rq and jAj2 = trAA0 is the 
orresponding matrixnorm; we denote furthermore S = fz 2 Rq : jzj = 1g and x = x=jxj for x 6= 0.
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oeÆ
ient model 4Sin
e GARCH models are 
ommonly used as volatility models, modelling the (positive)standard deviation of a �nan
ial time series, Kesten's work 
an be applied to su
h models;see e.g. Diebolt and Guegan [6℄. Kesten [14, 15℄ proved and applied a Key RenewalTheorem to the right-hand side of (1.4) under 
ertain 
onditions on the fun
tion g, theMarkov 
hain (xn)n�0 and the sto
hasti
 pro
ess (vn)n�0; a spe
ial 
ase is the randomre
urren
e model (1.3) with P (An > 0) = 1. By 
ompletely di�erent, namely pointpro
ess methods, Davis, Mikos
h and Basrak [4℄ show that for a stationary model (1.3) {again with positive matri
es An { the stationary distribution has a (multivariate) regularlyvarying tail. Some spe
ial examples have been worked out as ARCH(1) and GARCH(1,1);see Goldie [10℄, de Haan et al. [12℄ and Mikos
h and Stari
a [18℄.The random 
oeÆ
ient model (1.1), however, does not ne
essarily satisfy the positivity
ondition on the matri
es An; see Se
tion 2 for examples. On the other hand, it is aspe
ial 
ase within Kesten's very general framework. Consequently, we derived a new KeyRenewal Theorem in the spirit of Kesten's results, but tailor-made for Markov 
hainswith 
ompa
t state spa
e, general matri
es An and fun
tions g satisfying 
ondition (4.1);see Kl�uppelberg and Pergamen
ht
hikov [16℄, Theorem 2.1. We apply this theorem to therandom 
oeÆ
ient model (1.1).The paper is organised as follows. Our main results are stated in Se
tion 2. We giveweak 
onditions implying a power-law tail for the stationary distribution of the random
oeÆ
ient model (1.1). For the Gaussian model (all random 
oeÆ
ients and noise variablesare Gaussian) we show that model (1.1) is in distribution equivalent to an autoregressivemodel with ARCH errors of the same order as the random 
oeÆ
ient model. Sin
e thelimit variable of the random re
urren
e model (1.5) is obtained by iteration, produ
ts ofrandom matri
es have to be investigated. This is done in Se
tion 3. In Se
tion 4 we 
he
kthe suÆ
ient 
onditions and apply the Key Renewal Theorem from [16℄ to model (1.1).Some auxiliary results are summarized in the Appendix.2 Main resultsOur �rst result 
on
erns stationarity of the multivariate pro
ess (Yn)n2N given by (1.3).We need some notions from Markov pro
ess theory, whi
h 
an be found e.g. in Meyn andTweedie [17℄; see also Appendix A0.The following result is an immediate 
onsequen
e of Theorem 3 of Feigin and Tweedie [9℄.Theorem 2.1. Consider model (1.1) with An given by (1.5) and �n = (�n; 0; : : : ; 0)0,where �1 has a positive density on R. If D0 holds, then Yn = (yn; : : : ; yn�q+1)0 
onverges



The tail of a random 
oeÆ
ient model 5in distribution to Y = �1 + 1Xk=2 A1 � � �Ak�1�k : (2.1)Moreover, (Yn)n2N is uniform geometri
 ergodi
.Remark 2.2. (a) From equation (2.1) we obtainY d= A1Y1 + �1 ; (2.2)where Y1 = �2 + 1Xk=3 A2 � � �Ak�1�k d= Yand Y1 is independent of (A1; �1).(b) Sin
e E ((A1 � � �An)
 (A1 � � �An)) = (E (A1
A1))n 
ondition D0 guarantees thatEjA1 � � �Anj2 � 
e�
n (2.3)for some 
onstants 
; 
 > 0. From this follows that the series in (2.1) 
onverges a.s. andthe se
ond moment of Y is �nite; see Theorem 4 of [9℄.We require the following additional 
onditions for the distributions of the 
oeÆ
ientve
tors (�(n))n2N and the noise variables (�n)n2N in model (1.1).D1) The random variables f�i(n) ; 1 � i � q ; n 2 Ng are iid with symmetri
 
ontinu-ous positive density �(�) whi
h is non-in
reasing on R+ and moments of all order exist.D2) For some m 2 N we assume that E(�1(1) � a1)2m = �2m1 E�1(1)2m 2 (1;1). Inparti
ular, �1 > 0.D3) Ej�1jm <1 for all m 2 N.D4) For every real sequen
e (
k)k2N with 0 <P1k=1 j
kj <1, the random variable� = 1Xk=1 
k �khas a symmetri
 density, whi
h is non-in
reasing on R+ .Condition D4 looks rather awkward and 
ompli
ated to verify. Therefore, we give asimple suÆ
ient 
ondition, whi
h is satis�ed by many distributions. The proof is given inAppendix A1.Proposition 2.3. If the random variable �1 has bounded, symmetri
 density f , whi
h is
ontinuously di�erentiable on [0;1) with bounded derivative f 0 � 0, then 
ondition D4holds.



The tail of a random 
oeÆ
ient model 6The following is our main result.Theorem 2.4. Assume model (1.1) su
h that 
onditions D0 �D4 hold and a2q + �2q > 0.Then the distribution of the ve
tor (2.1) satis�eslimt!1 t�P(x0Y > t) = h(x) ; x 2 S :The fun
tion h(�) is stri
tly positive and 
ontinuous on S and the parameter � is given asthe unique positive solution of �(�) = 1 ; (2.4)where �(�) = limn!1 �EjA1 � � �Anj��1=n (2.5)and the solution of (2.4) satis�es � > 2.The following model des
ribes an important spe
ial 
ase.De�nition 2.5. If in model (1.1) all 
oeÆ
ients and the noise are Gaussian; i.e �i(1) �N (0; 1) for i = 1; : : : ; q and �1 � N (0; 1), we 
all the model (1.1) a Gaussian linearrandom 
oeÆ
ient model.The proof of the following result is given in Appendix A2.Proposition 2.6. We assume the Gaussian model (1.1) with �1 > 0. This pro
ess satis�es
onditions D1 �D4. Furthermore, under 
ondition D0 the 
onditional 
orrelation matrixof Y is given byR = E(Y Y 0jAi; i � 1) = B + 1Xk=2 A1 � � �Ak�1BA0k�1 � � �A01 ; (2.6)where B = 0BBB� 1 0 � � � 00 0 � 0: : � :0 0 � 0
1CCCA :Moreoever, R is positive de�nite a.s., i.e. the ve
tor Y is 
onditionally non-degenerateGaussian with �nite se
ond moment.We show that the Gaussian model is in distribution equivalent to an autoregressivemodel with un
orrelated Gaussian errors, whi
h we spe
ify as an autoregressive pro
esswith ARCH errors, an often used 
lass of models for �nan
ial time series.



The tail of a random 
oeÆ
ient model 7Lemma 2.7. De�ne for the same q 2 N, ai 2 R, �i � 0 as in model (1.1),xn = a1xn�1 + � � �+ aqxn�q +q1 + �21x2n�1 + � � �+ �2qx2n�q "n ; n 2 N ; (2.7)with the same initial values (x0; : : : ; x�q+1) = (y0; : : : ; y�q+1) as for the pro
ess (1.1). Fur-thermore, let ("n)n2N be iid N (0; 1) random variables with initial values (x0; : : : ; x�q+1)independent of the sequen
e ("n)n2N. Then the sto
hasti
 pro
esses (xn)n�0 and the Gaus-sian linear random 
oeÆ
ient model (1.1) have the same distribution.Proof. We 
an rewrite model (1.1) in the formyn = a1yn�1 + : : :+ aqyn�q +q1 + �21y2n�1 + : : :+ �2qy2n�q ~"n ; n 2 N ; (2.8)where ~"n = �n + �1yn�1�1(n) + : : :+ �qyn�q�q(n)q1 + �21y2n�1 + : : :+ �2qy2n�q ; n 2 N ;are iid N (0; 1). This 
an be seen by 
al
ulating 
hara
teristi
 fun
tions.Remark 2.8. For q = 1 this model was investigated in Borkove
 and Kl�uppelberg [2℄ bydi�erent, purely analyti
 methods. Stationarity of the model was shown for a21 + �21 < 1.Under quite general 
onditions on the noise variables, de�ning�(�) = Eja1 + �1"j� ; (2.9)the equation �(�) = 1 has a unique positive solution � and the tail of the stationaryrandom variable x1 satis�es limt!1 t�P(x1 > t) = 
 :Moreover, this also 
overs in�nite varian
e 
ases, i.e. � 
an be any positive value.Example 2.9. Consider the autoregressive pro
ess (2.1) of order 2 with �2 = 0; i.e.xn = a1xn�1 + a2xn�2 +q1 + �21x2n�1"n ; n 2 N : (2.10)In this 
ase the 
orresponding random matri
es (1.5) have the following formAn =  �1(n) a21 0 ! ; n 2 N ; (2.11)where �1(n) = a1 + �1�1(n) andEA1 
 A1 = 0BBB� a21 + �21 a1a2 a1a2 a22a1 0 a2 0a1 a2 0 01 0 0 0
1CCCA :



The tail of a random 
oeÆ
ient model 8The stationary distribution for the pro
ess (2.10) is the distribution of the �rst 
omponentof the two-dimensional random ve
tor (2.1) with matri
es (2.11) and ve
tors �n = (�n; 0)0.Theorem 2.4 applies if �21 > 0 and a2 6= 0.Kesten proved a similar theorem for the pro
ess (1.3) (see Theorem 6 in [14℄) under thefollowing 
ondition : there existsm > 0 su
h that E (�min(A1A01))m � 1, where �min(A1A01)is the minimal eigenvalue of A1A01. However, we 
al
ulate for example (2.10)�min(A1A01) = 2a22�21(1) + a22 + 1 +p(�21(1) + a22 + 1)2 � 4a22 � 2a22 a.s.whi
h is less than 1 only for ja2j < 1=4.Noti
e that for �1 = 0 Theorem 2.4 
annot be applied. In this 
ase the ve
tor Y is Gaus-sian.
3 Produ
ts of random matri
esIn this se
tion we investigate the fun
tion �(�) as de�ned in (2.5) for matri
es (Aj)j2Npresented in (1.5) derived from model (1.1). Noti
e that A1 � � �An d= An � � �A1 for alln 2 N , sin
e the Aj are iid. Furthermore, for any fun
tion f : Rq ! R we writef(x0) = f(x) for all x 2 Rq .Lemma 3.1. Assume that 
onditions D1 �D2 are satis�ed and a2q + �2q > 0. Then thelimit �(�) in (2.5) exists for every � > 0.Proof. Denote by B(S) the set of bounded measurable fun
tions and by C(S) the set of
ontinuous fun
tions on S. De�ne for � > 0,Q� : B(S)! B(S) by Q�(f)(x) = E jx0A1j�f(x0A1) (3.1)for x 2 S and f 2 B(S), where v = v=jvj for v 6= 0. Noti
e that, if f is 
ontinuous, thenalso Q�(f) is 
ontinuous, i.e. Q� : C(S)! C(S).Denote by P(S) the set of probability measures on S. Sin
e S is a 
ompa
t in Rq , P(S) is a
ompa
t 
onvex set with respe
t to the weak topology. Furthermore, for every probabilitymeasure � 2 P(S) we de�ne the measure T� 2 P(S) byT�(f) = ZS f(x)T�(dx) = RS Q�(f)(x)�(dx)RS Q�(e)(x)�(dx) ; (3.2)where e(x) � 1, f 2 B(S).



The tail of a random 
oeÆ
ient model 9The operator T� : P(S) ! P(S) is 
ontinuous with respe
t to the weak topology and,by the S
hauder-Tykhonov theorem (see Dunford and S
hwartz [7℄, p. 450) there exists a�xpoint � 2 P(S) su
h that T� = �, i.e. T�(f) = �(f) for all f 2 B(S). This implies thatZS Q�(f)(x)�(dx) = �(�) ZS f(x)�(dx) ;where �(�) = ZS Q�(e)(x)�(dx):Noti
e that for all n 2 N ,ZS Q(n)� (f)(x)�(dx) = �n(�) ZS f(x)�(dx) : (3.3)Here Q(n) is the nth power of the operator Q. From (3.1) follows for every f 2 B(S)Q(n)� (f)(x) = E jx0A1 � � �Anj�f(x0A1 � � �An) ; x 2 S : (3.4)Therefore, by (3.3) we have�n(�) = ZS Q(n)� (e)(x)�(dx) = ZS Ejx0A1 � � �Anj��(dx) :This implies that �n(�) � EjA1 � � �Anj� :On the other hand we have�n(�) = EjA1 � � �Anj� ZS jx0Bnj��(dx) ; (3.5)where Bn = A1 � � �An=jA1 � � �Anj. We show that
� = infjBj=1 ZS jx0Bj��(dx) > 0 : (3.6)Indeed (taking into a

ount that RS jx0Bj��(dx) is a 
ontinuous fun
tion of B), if 
� = 0there exists B with jBj = 1 su
h thatZS jx0Bj��(dx) = 0 ;whi
h means that �fx 2 S : x0B 6= 0g = 0. Set N = fx 2 S : x0B = 0g and g(x) = �N 
,where N 
 = S nN and �A denotes the indi
ator fun
tion of a set A. If N 6= ; there existve
tors b1 6= 0; : : : ; bl 6= 0 with 1 � l � q su
h thatN � fx 2 Rq : x0B = 0g = fx 2 Rq : x0b1 = 0; : : : ; x0bl = 0g :
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oeÆ
ient model 10Furthermore, by (3.3) we obtain for all n 2 NZS Q(n)� (g)(x)�(dx) = �n(�) ZS g(x)�(dx) = 0 :By (3.4) this implies for n = 2q + 1E ZS jx0A1 � � �A2q+1j�g(x0A1 � � �A2q+1)�(dx)= ZN E jx0A1 � � �A2q+1j�g(x0A1 � � �A2q+1)�(dx) = 0 :Sin
e �(N ) = 1 there exists some x 2 N su
h that x0A1 � � �A2q+1 2 N a.s., i.e. for all1 � j � l P(x0A1 � � �A2q+1bj = 0) = 1 :By Lemma A.7 this is only possibly if bj = 0 for all 1 � j � l; i.e if B = 0. But this
ontradi
ts jBj = 1. Thus we obtained (3.6).Consequently,EjAn � � �A1j� � �n(�) = EjAn � � �A1j� ZS jx0Bnj��(dx) � 
�EjAn � � �A1j� ;i.e. �(�) � (EjAn � � �A1j�)1=n � �(�)(
�)1=nand from this inequality Lemma 3.1 follows by taking the limit as n!1.Lemma 3.2. Assume that 
onditions D0 �D2 are satis�ed and a2q + �2q > 0. Thenequation (2.4) has a unique positive solution.Proof. Denote 	(n) = An � � �A1 = (	ij(n))i;j=1;:::;q :Then 	11(n) = �1(n)	11(n� 1) + : : :+ �q(n)	q1(n� 1)= (�1(n)� a1)	11(n� 1) + �n ;where �n = a1	11(n� 1) + �2(n)	21(n� 1) + : : :+ �q(n)	q1(n� 1) ;
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oeÆ
ient model 11independent of �1(n). By the binomial formula and 
ondition D1 (whi
h implies that allodd moments of � are equal to zero) we have for arbitrary m 2 N with Cj2m = �2mj �,E(	11(n))2m = 2mXj=0 Cj2m�j1E[�j1(n)℄E[(	11(n� 1))j�2m�jn ℄= mXj=0 C2j2mE[(�1(n)� a1)2j℄E[(	11(n� 1))2j�2(m�j)n ℄� s(m)E(	11(n� 1))2m ;where by D2 s(m) = E (�1(n)� a1)2m > 1for some m > 1. Thus E(	11(n))2m � s(m)n, i.e.Ej	(n)j2m � E(	11(n))2m � s(m)nwhi
h implies that �(2m) = limn!1 (E j	(n)j2m)1=n � s(m) > 1.We show now that log�(�) is 
onvex for all � > 0 and hen
e 
ontinuous on R+ . To seethe 
onvexity, set &n(�) = 1n logEj	(n)j� ; � > 0 ;and re
all that log �(�) = limn!1 &n(�). Then for � 2 (0; 1) and � = 1� � we obtain byH�older's inequality for �; � > 0,&n(��+ ��) � �&n(�) + �&n(�) :By Remark 2.2(b) 
ondition D0 implies inequality (2.3) whi
h ensures that �(�) < 1 forall 0 < � � 2. Therefore equation (2.4) has a unique positive root.The proof of the following Lemma is a simpli�
ation of Step 2 of Theorem 3 ofKesten [15℄ adapted to model (1.1); see also Le Page [20℄, Step 2 of Proposition 1.2.Lemma 3.3. Assume that 
onditions D1 �D2 are satis�ed and a2q + �2q > 0. For every� > 0 there exists a 
ontinuous fun
tion h(�) > 0 su
h that for Q� as de�ned in (3.1),Q�(h)(x) = �(�)h(x); x 2 S: (3.7)The fun
tion h is unique up to a positive 
onstant. Moreover, for q = 1 it is independentof x.



The tail of a random 
oeÆ
ient model 12Proof. For q = 1 we have S = f1;�1g and then equation (3.7) is equivalent to thefollowing two equations: �(�) h(1) = p h(1) + q h(�1)�(�) h(�1) = q h(1) + p h(�1) ;where p = E j�1j� �(�1>0) and q = E j�1j� �(�1�0). By (2.9) we have �(�) = E j�1j� = p+q.Sin
e by D1 the random variable �1 has a positive density, p and q are stri
tly positive.Hen
e the solution to this system satis�es h(1) = h(�1), i.e. any solution of (3.7) is
onstant on S.For q � 2 we �rst re
all the notation of the proof of Lemma 3.1, in parti
ular (3.4) and(3.5). Set for � > 0 sn(x) = Q(n)� (e)(x)�n(�) = Ejx0A1 � � �Anj��n(�) ; x 2 S :Using (3.5)-(3.6) we obtain supx2S sn(x) � 1=
� :Noti
e that for any (q � q)-matrix A and � > 0, 
hoosing �� = min(�; 1),jjx0Aj� � jy0Aj�j � max(1; �)jx� yj��jAj� ; x; y 2 S ;whi
h implies jsn(x)� sn(y)j � (max(1; �)=
�)jx� yj�� ; x; y 2 S :By the prin
iple of Arz�ela-As
oli there exists a sequen
e (nk)k2N with nk !1 as k !1and a 
ontinuous fun
tion h(�), su
h that uniformly for x 2 S,hk(x) = 1nk nkXj=1 sj(x)! h(x) ;and Q�(h)(x) = limk!1Q�(hk)(x) = limk!1 1nk nkXj=1 Q�(sj)(x)= limk!1 �(�)nk nkXj=1 sj+1(x) = �(�)h(x) :Furthermore, if h(x) = 0 for some x 2 S, then Q(n)� (h)(x) = 0 for all n 2 N , i.e.Ejx0A1 � � �Anj�h(xn) = 0 ;
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ient model 13where x0n = x0A1 � � �An, whi
h means that h(xn) = 0 P-a.s. for all n 2 N . FromLemma A.11, where �(�) denotes the invariant measure of the Markov 
hain (xn)n�0we 
on
ludeEx h(xn) = 0 8n 2 N ) limn!1Ex h(xn) = ZS h(z)�(dz) = 0) limk!1ZS hk(z)�(dz) = ZS h(z)�(dz) = 0 :But on the other handZS hk(z)�(dz) = 1nk nkXj=1 ZS sj(z)�(dz)= 1nk nkXj=1 1�j(�) ZS Q(j)� (e)(z)�(dz)= 1nk nkXj=1 1�j(�)EjA1 � � �Ajj� ZS jz0A1 � � �Ajj�jA1 � � �Ajj� �(dz)� 
1 1nk nkXj=1 EjA1 � � �Ajj��j(�) � 
1 ;where 
1 = infjBj=1ZS jz0Bj��(dz) :Assume that 
1 = 0. Then there exists a matrix B with jBj = 1 su
h that �(N 
 \ S) = 0for N = fx 2 Rq : x0B = 0g. Denote by �(�) the Lebesgue measure on S, then�(N \S) = 0 be
ause N is a linear subspa
e of Rq . By Lemma A.11 � is equivalent to �;i.e. �(N \S) = 0. This implies that �(S) = �(N 
\S)+�(N \S) = 0, whi
h 
ontradi
ts�(S) = 1. Hen
e 
1 > 0 and h(x) > 0 for all x 2 S.Now assume that there exists some positive fun
tion g 6= h satisfying equation (3.7).De�ne �n = A1 � � �An ; n 2 N :Then for every n 2 N we haveg(x) = Q(n)� (g)(x)�n(�) = E jx0�nj� g(x0�n)�n(�) = h(x)�n(�) ~Ex f(x0�n) ; x 2 S ;where f(z) = g(z)=h(z), and for every n 2 N ,~Ex f(x0�n) = 1h(x)E jx0�nj� h(x0�n) f(x0�n) ; x 2 S ;
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tation with respe
t to the measure de�ned in (4.3) below. Sin
e therepresentation for g holds for all n = 2q + 1, the fun
tion g is 
ontinuous by Lemma A.9.De�ne � = supx2S g(x)h(x) = g(x0)h(x0) and l(x) = �h(x)� g(x) ; x 2 S :Noti
e that l(x) � 0 and l(x0) = 0. Next setL(y) = l(y)h(y) = Q�(l)(y)�(�)h(y) = : : : = Q(n)� (l)(y)�n(�)h(y) = Q(n)� (hL)(y)�n(�)h(y) ; y 2 S :We write supy2S L(y) = L(y0) = Q(n)� (hL)(y0)�n(�)h(y0) ;equivalently, for x0n = y00�n,E jy00�nj�h(xn)L(xn) = L(y0)h(y0)�n(�) :Moreover, equation (3.7) implies that E jy00�nj�h(xn) = �n(�)h(y0) for this sequen
e(xn)n�0 and therefore E jy00�nj�h(xn)(L(y0)� L(xn)) = 0 :Thus, for all n 2 N , L(xn) = L(y0) P-a.s. and thereforeEy0L(xn) = EL(y00�n) = L(y0) :By Lemma A.11, with �(�) the invariant measure of (xn)n�0 we getZS L(z)�(dz) = limn!1Ey0L(xn) = L(y0) :Sin
e L(�) is 
ontinuous and the measure �(�) is equivalent to Lebesgue measure, we haveL(y0) = L(z) = L(x0) = l(x0)h(x0) = 0 ; z 2 S :Thus l(z) = 0 for all z 2 S and Lemma 3.3 follows.4 Renewal theorem for the asso
iated Markov 
hainThe next result is based on the renewal theorem in Kl�uppelberg and Pergamen
ht
hikov [16℄for the stationary Markov 
hain (xn)n�0 and the pro
esses (vn)n�0 and (un)n�1 as de�nedin (1.9) and (1.10), respe
tively. Some general properties of (xn)n�0 are summarized inAppendix A4.
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ient model 15Moreover, let g : S � R ! R be a 
ontinuous bounded fun
tion satisfying1Xl=�1 supx2S supl�t�l+1 jg(x; t)j <1 : (4.1)The renewal theorem in [16℄ gives the asymptoti
 behaviour of the renewal fun
tionG(x; t) = Ex 1Xk=0 g(xk; t� vk)under the following 
onditions:C1) For the pro
esses (xn)n�0 and (un)n�1 de�ne the �-algebrasF0 = �fx0g ; Fn = �fx0; x1; u1; : : : ; xn; ung ; n 2 N ;with some initial value x0, whi
h is independent of (An)n2N.For every bounded measurable fun
tion f : �1i=0(S�R) ! R and for every Fn-measurablerandom variable �, E(f(�; xn+1; un+1; : : : ; xn+l; un+l; : : :)jFn)= Exnf(�; xn+1; un+1; : : : ; xn+l; un+l; : : :) (4.2)=: �(xn; �) ;i.e. �(x; a) = Exf(a; x1; u1; : : : ; xl; ul; : : :) for all x 2 S and a 2 R. Moreover, if for m 2 Nthe fun
tion f : (S � R)m ! R is 
ontinuous then �(x) = Ex f(x1; u1; : : : ; xm; um) is
ontinuous on S.C2) There exists a probability measure �(�) on S, whi
h is equivalent to Lebesguemeasure su
h that kP(n)x (�)� �(�)k ! 0 ; n!1 ;for all x 2 S, where k�k = supjf j�1 RS f(y)�(dy) denotes total variation of any measures� on S. Moreover, there exists a 
onstant � > 0 su
h that for all x 2 Slimn!1 vnn = � Px � a.s.C3) There exists some number m 2 N su
h that for all � 2 R and for all Æ > 0 thereexist y�;Æ 2 S and "0 = "0(�; Æ) > 0 su
h that 8 0 < " < "0infx2BÆ;� Px(jxm � y�;Æj < " ; jvm � �j < Æ) > 0 ;where BÆ;� = fx 2 S : jx� y�;Æj < Æg.
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ient model 16C4) There exists some l 2 N su
h that the fun
tion �1(x; t) = Ex�(xl; vl; t) satis�essupjx�yj<" supt2R j�1(x; t)� �1(y; t)j ! 0 ; "! 0 ;for every bounded measurable fun
tion � : S � R � R ! R.Theorem 4.1. (Kl�uppelberg and Pergamen
ht
hikov [16℄)Assume that 
onditions C1 �C4 are satis�ed. Then for any fun
tion g satisfying (4.1)limt!1G(x; t) = limt!1Ex 1Xk=0 g(xk; t� vk) = 1� ZS �(dx) Z 1�1 g(x; t)dt:We apply this renewal theorem toG(x; t) = 1et Z et0 u�P(x0Y > u)du ; x 2 S ; t 2 R ;where the ve
tor Y is given by (2.1) and � is the unique positive solution of (2.4).This de�nition 
orresponds to an exponential 
hange of measure, equivalently, to anexponential tilting of the bivariate Markov pro
ess (xn; vn)n�0 as follows. Denote by ~Exthe expe
tation with respe
t to the probability measure ~Px, whi
h is de�ned by~Ex F (x1; u1; : : : ; xn; un) = 1h(x)Ejx0A1 � � �Anj�h(xn)F (x1; u1; : : : ; xn; un) (4.3)for ea
h measurable fun
tion F . Then ~P and ~E are the 
orresponding quantities (as Pand E are for (xn; vn)n�0) of the Markov 
hain (~xn; ~vn)n�0 de�ned by the n-step transitiondensities ~p(n)x;v(dy; dw) = e�wh(y)e�vh(x) p(n)x;v(dy; dw) ;where p(n)x;v(dy; dw) is the n-step transition density of the original Markov 
hain (xn; vn)n�0.In order to apply Theorem 4.1 we need to 
he
k 
onditions C1 �C4.However, before we treat the general 
ase for arbitrary dimension q, we 
onsider the
ase q = 1 in the next example.Example 4.2. Consider model (1.1) for q = 1 and 0 < a21+�21 < 1, den D0 holds. De�ne(xn)n�0, (vn)n�0 and (un)n2N as in (1.9) and (1.10), respe
tively. Assume that 
onditionsD1 �D2 are satis�ed.First note that in this 
ase the fun
tion �(�) is de�ned by (2.9), and Lemma 3.2 impliesthat equation �(�) = 1 has a unique positive solution. From Lemma 3.3 we 
on
lude thatonly 
onstant fun
tions satisfy equation (3.7), and we simply set h(x) = 1 in (4.3).This 
ase is spe
ial in the sense that S = f1;�1g, i.e. the sphere degenerates to two
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ient model 17points, and we de�ne the \Lebesgue measure" on S as any point measure with �(1) > 0and �(�1) > 0. We show now dire
tly that the Markov 
hain (xn)n�1 (de�ned in (1.9))is uniform geometri
 ergodi
 with unique invariant distribution � = ~� = (1=2; 1=2) withrespe
t to both measures P and ~P. To this end we 
al
ulate the limit of the nth powertransition matrix. Setting p = P(�1 > 0) (for P) and p = E j�1j� �(�1>0) (for ~P), thetransition matrix has the formP =  p 1� p1� p p ! =  1=p2 �1=p21=p2 1=p2 ! 1 00 2p� 1 ! 1=p2 1=p2�1=p2 1=p2 ! :Sin
e for any p 2 (0; 1) we have (2p � 1)n ! 0, we 
on
lude that P n 
onverges to thematrix with all entries equal to 1=2. Obviously, for any 0 < p < 1 the matrix P isirredu
ible. Therefore, by the ergodi
 theorem for �nite Markov 
hains we 
an dire
tly(without Lemma A.10) 
on
lude that 
ondition C2 holds with � = E j�1j� log j�1j, whi
his positive (
f. Goldie [10℄, Lemma 2.2).To prove 
ondition C3 for the measure ~P set m = 1 and y�;Æ = 1 for � > 0 and Æ > 0.Then B�;Æ � f1g. Therefore, for every 0 < " < 1infx2B�;Æ ~Px(jx1 � y�;Æj < " ; jv1 � �j < Æ) � ~P1(x1 = 1 ; jv1 � �j < Æ)= E j�1j� �(�1>0 ;j log j�1j��j<Æ) = E j�1j� �(e��Æ<�1<e�+Æ) > 0;sin
e by D1 the random variable �1 has a positive density.Proposition 4.3. Consider model (1.1) with (xn)n�0, (vn)n�0 and (un)n2N de�ned in (1.9)and (1.10), respe
tively. Assume that 
onditions D0 �D2 are satis�ed and a2q + �2q > 0.Then 
onditions C1 �C4 hold with respe
t to the measure ~Px generated by the �nitedimensional distributions (4.3).Proof. First re
all �n = A1 � � �An and x0n = x0�n = x0�n=jx0�nj and v0n = log jx0�nj. Forevery bounded measurable fun
tion �(xn; vn; t) = f(x0�n; t), with f(z; t) = �(z; log jzj; t)we have by Lemma A.9 immediately that 
ondition C4 holds.Next we 
he
k C1. For n; l 2 N we havex0n+l = x0nAn+1 � � �An+ljx0nAn+1 � � �An+lj = hl(xn; An+1; : : : ; An+l)and un+l = log jx0n+l�1An+lj = log j x0nAn+l�1 � � �An+1jx0nAn+l�1 � � �An+1jAn+lj = gl(xn; An+1; : : : ; An+l) :
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tion f : �1i=0(S � R) ! R and some � - Fn measurable randomvariable we 
al
ulatef(�; xn+1; un+1; :::; xn+l; un+l; :::)= f(�; h1(xn; An+1); g1(xn; An+1); : : : ;hl(xn; An+1; : : : ; An+l); gl(xn; An+1; : : : ; An+l); : : :)= f1(�; xn; An+1; : : : ; An+l; : : :) :Therefore, E(f(�; xn+1; un+1; : : : ; xn+l; un+l; : : :)jFn)= E(f1(�; xn; An+1; : : : ; An+l; : : :)jFn)= �(xn; �n) ;where (noti
e that (�n; xn) is independent of (An+1; : : : ; An+l; : : : ))�(x; a) = Ef1(a; x; An+1; : : : ; An+l; : : : )= Ef1(a; x; A1; : : : ; Al; : : :)= Ef(a; h1(x;A1); g1(x;A1); : : : ; hl(x;A1; : : : ; Al); gl(x;A1; : : : ; Al); : : :)= Exf(a; x1; u1; : : : ; xl; ul; : : :) :From this and (4.3) we get for every m 2 N and every bounded fun
tionfm : R � (S � R)m ! R~Ex(fm(�; xn+1; un+1; : : : ; xn+m; un+m)jFn) = �m(�; xn) ; (4.4)where �m(a; x) = ~Ex(fm(a; x1; u1; : : : ; xm; um).Denote by �x the measure on the 
ylindri
 �-algebra B in �1i=0(S � R) generated bythe �nite dimensional distributions of (x1; u1; : : : ; xk; uk) (de�ned by (4.3) with initialvalue x) on Bk, where Bk is the Borel �-algebra on (S � R)k and B = �f[1k=1 Bkg.Let furthermore �xjFn be the 
onditional (on Fn) in�nite dimensional distribution of(xn+1; un+1; : : : ; xn+k; un+k; : : :). Equality (4.4) implies that the �nite dimensional distri-butions of the measure �xjFn 
oin
ide with the �nite dimensional distributions of themeasure �xn; i.e. �xjFn � �xn on B. This implies (4:2) for the measure de�ned in (4.3).Furthermore, the de�nitions of (xn)n2N and (vn)n2N imply that for every 
ontinuous falso �(x) = ~Ex f(x1; v1; : : : ; xm; vm) is 
ontinuous in x 2 R. Hen
e 
ondition C1 holds.Next we 
he
k 
ondition C2 for q � 2. The 
ase q = 1 has been treated in Example 4.2.We �rst show supx2S ~Ex (log jx0A1j)2 <1 : (4.5)
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ient model 19To see this noti
e that for every � > 0supx2R jxj� (log jxj)21 + jxj�+1 =: 
� <1 :Hen
e for every x 2 S~Ex (log jx0A1j)2 = 1h(x)E jx0A1j� h(x0A1) (log jx0A1j)2� 
�h�h� (1 +E jx0A1j�+1)� 
�h�h� (1 +E jA1j�+1) <1 ;where h� = infx2S h(x) and h� = supx2S h(x). This implies (4.5).De�ne f(x) = 1h(x)E jx0A1j� log jx0A1jh(x0A1) = ~Ex log jx0A1j ;and mk = log jx0k�1Akj � ~Ex �log jx0k�1AkjjFk�1� = log jx0k�1Akj � f(xk�1) ;then vnn = 1n nXk=1 f(xk�1) + 1n nXk=1mk ; n 2 N : (4.6)By the strong law of large numbers for square integrable martingales and (4.5) the lastterm in (4.6) 
onverges to zero ~P-a.s.By Lemma A.11 (xn)n2N is positive Harris re
urrent with respe
t to the measure ~P asde�ned in (4.3). Hen
e we 
an apply the ergodi
 theorem to the �rst term of the right-hand side of (4.6) (see Theorem 17.0.1, p. 411 in [17℄). This term then 
onverges to theexpe
tation of f with respe
t to the invariant measure ~�:limn!1 vnn = � = ZS ~�(dz) 1h(z)Ejz0A1j� log jz0A1jh(z0A1) ; ~� � a.s.: (4.7)This implies ZS ~Px( limn!1 vnn = �)~�(dx) = 1 :By Lemma A.11 the measure ~� is equivalent to Lebesgue measure, hen
e~Px( limn!1 vnn = �) = 1 (4.8)for �-almost all x 2 S. From 
ondition C1 we 
on
lude~Px( limn!1 vnn = �) = ~Exf(xl; vl) ;
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ient model 20where l = 2q + 1 and f(x; v) = ~Px( limn!1 vn + vn = �):By 
ondition C4 the fun
tion ~Px(limn!1 vnn = �) is 
ontinuous on S and therefore (4.8)holds for all x 2 S.It remains to show that the 
onstant � in (4.7) is positive. By inequality (2.3) there exist
 > 0 and 
 > 0 su
h that E j�nj2 � 
 e�
n :Choose Æ > 0 su
h that d = 
 � 2Æ > 0. Then by Chebyshev's inequality,P(jx0�nj � e�Æn) � e2ÆnE jx0�nj2 � e2ÆnE j�nj2 � 
 e�dn :Moreover, for every 0 < � < d=� and x0n = x0�n we have~Px(jx0�nj < e�n) = 1h(x) E jx0�nj�h(xn)�fjx0�nj<e�ng� h�h� �e��Æn +Ejx0�nj��fe�Æn�jx0�nj<e�ng�� h�h� �e��Æn + e��nP(jx0�nj � e�Æn)�� h�h� (e��Æn + 
 e�(d���)n) :By the Lemma of Borel-Cantelli we 
on
lude that for all x 2 Slimn!1 vnn � � > 0 ~Px � a.s.This veri�es 
ondition C2.Finally, we 
he
k 
ondition C3 for q � 2. The 
ase q = 1 has already been treated inExample 4.2. We shall show that for m = 2q + 1 and 8� 2 R, 8Æ > 0, 8y 2 S, 8" > 0,infx2S ~Px(jxm � yj < " ; jvm � �j < Æ) > 0: (4.9)Indeed, with L(z) = z=jzj, 
onsider~Px(jxm � yj < " ; jvm � �j < Æ) = ~Px(jL(x0�m)� yj < " ; j log jx0�mj � �j < Æ)= ~Px(x0�m 2 �y;";Æ) ;where �y;";Æ = fz 2 Rq n f0g : jL(z)� yj < " ; j log jzj � �j < Æ)g :
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ause theve
tor z0 = e�y 2 �y;";Æ (8� 2 R, 8Æ > 0, 8y 2 S, 8" > 0). This implies that the Lebesguemeasure of �y;";Æ is positive. By Lemma A.8 we 
on
lude thatinfx2S ~Px(x0�m 2 �y;";Æ) > 0 :This ensures (4.9), whi
h implies C3.De�ne ~G(x; t) = G(x; t)h(x) ;where h(�) > 0 satis�es equation (3.7) with positive � for whi
h �(�) = 1. Further, re
allthat by Remark 2.2 Y d= A1Y1 + �1 ;where Y1 = �2 +P1k=3A2 � � �Ak�1�k is independent of (A1; �1) and Y1 d= Y . Therefore,~G(x; t) = 1h(x)et Z et0 u�P(x0A1Y1 + x0�1 > u)du=: ~g(x; t) +  (x; t) ; (4.10)where, setting �1 = x0A1Y1 and �2 = x0�1,~g(x; t) = 1h(x)et Z et0 u�P(�1 > u)du ; (4.11) (x; t) = 1h(x)et Z et0 u� 0(x; u)du ; (4.12) 0(x; u) = P(�1 + �2 > u)�P(�1 > u) : (4.13)Proposition 4.4. Assume that 
onditions D0 �D2 are satis�ed and a2q + �2q > 0. Then~G(x; t) = 1Xn=0 ~Ex (xn; t� vn) : (4.14)Proof. Lemmata 3.1{3.3 ensure the existen
e of positive solutions of equations (2.4) and(3.7) whi
h are used in the de�nition of the measure ~P in (4.3). Now 
onsider �rst ~g(x; t)as de�ned in (4.11). Mapping u 7! u=jx0A1j and using x01 = x0A1=jx0A1j, we obtain~g(x; t) = E jx0A1j�h(x)et�log jx0A1j Z et=jx0A1j0 u�P(x01Y > u)du = ~Ex ~G(x1; t� log jx0A1j) :Let B(S � R) be a linear spa
e of bounded measurable fun
tions S � R ! R. De�ne thelinear operator � : B(S � R) ! B(S � R) by�(f)(x; t) = ~Exf(x1; t� v1) ; (4.15)
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ient model 22where we have used that v1 = u1 = log jx0A1j. Next re
all that by Proposition 4.3 
onditionC1 holds for the measure (4.3). This implies that the nth power of the operator � is de�nedby �(n)(f)(x; t) = ~Exf(xn; t� vn) :Then equation (4.10) translates into~G(x; t) = �( ~G)(x; t) +  (x; t) ;and we obtain for all n 2 N from (4.5) iteratively,~G(x; t) = �(n)( ~G)(x; t) +  (x; t) + �( )(x; t) + : : :+�(n�1)( )(x; t):Moreover, 
ondition D0 implies limn!1Ej�nj = 0 giving�(n)( ~G)(x; t) = ~Ex ~G(xn; t� vn)= 1h(x)et Z et0 u�P (x0�nY > u) du! 0 ; n!1 :This implies (4.14).Lemma 4.5. Assume the 
onditions of Theorem 2.4. Then for every x 2 S there existslimt!1G(x; t) = h(x) 1� ZS ~�(dz) 1h(z) Z 10 u��1 0(z; u)du = h(x) 
� > 0 : (4.16)Here h(�) > 0 satis�es equation (3.7) with positive � for whi
h �(�) = 1, � > 0 isde�ned in (4.7) and ~�(�) is the stationary measure of the Markov pro
ess (xn)n�0 underthe distribution ~P as de�ned in (4.3).Proof. By Proposition 4.4 it suÆ
es to �nd the limit for the sum in (4.14). We applyTheorem 4.1 to (4.14). Conditions C1 �C4 hold for q � 1 by Example 4.2 and Proposi-tion 4.3.It remains to show that the fun
tion  given by (4.12) satis�es 
ondition (4.1). ByLemma A.12 follows that  (x; t) � 0 and therefore (x; t) � 1h� ( �1(x; t) +  �2(x; t));where h� = minx2S h(x) and, with n(t) = e�t for some � > 0, �1(x; t) = 1et Z et0 u�P(�1 > u� n(t))du� 1et Z et0 u�P(�1 > u)du ; �2(x; t) = e�t�+ 1P(�2 > n(t)) :



The tail of a random 
oeÆ
ient model 23We show that the fun
tions  �i (x; t) satisfy for suÆ
iently large t > 0 the inequality �i (x; t) � 
e�
1t (4.17)for 
onstants 
; 
1 > 0. First noti
e that immediately by Lemma 3.2 we have �(�) < 1 forevery 1 < � < �. Hen
e by the de�ntion of �(�) in (2.5), for every � 2 (�(�) ; 1), thereexists some C = C� > 0 su
h that for all n 2 NE jA1 � � �Anj� � C�n :From this and H�older's inequality we obtain for arbitrary � > 0E j�1j� � E jA1j�EjY1j�� 2��1E jA1j�0�Ej�1j� +E  1Xk=3 jA2 � � �Ak�1jj�kj!�1A� 2��1E jA1j�0�E j�1j� +E j�1j� 1Xk=3 ���(k�2)EjA2 � � �Ak�1j� 1Xk=3 ��(k�2)=(��1)!��11A� 2��1EjA1j�0�E j�1j� + CE j�1j� 1Xk=3 ���(k�2)�k�2 1Xk=3 ��(k�2)=(��1)!��11A :Now 
hoose in the last term � = �1=(2�). Then for every 1 < � < � there exists somem(�) > 0 su
h that supx2S E j�1j� = supx2S Ejx0A1Y1j� < m(�) <1 : (4.18)This means that we 
an �nd some � < � su
h that (4.18) holds and Æ = ��� is arbitrarilysmall. Keeping this in mind we study now the fun
tion  �1(x; t). Indeed, for suÆ
ientlylarge t > 0 we have �1(x; t) � 1et Z et�n(t)0 (n(t) + u)�P(�1 > u)du� 1et Z et0 u�P(�1 > u)du+ (n(t))�+1et� (2� + 1)(n(t))�+1et + 1et Z et�n(t)n(t) u� �1 + n(t)u �� � 1!P(�1 > u)du� (2� + 1)(n(t))�+1et +M�n(t)et Z et�n(t)n(t) u����1duE j�1j�� (2� + 1)(n(t))�+1et +M�m(�)n(t)et Z et�n(t)n(t) uÆ�1du� (2� + 1)(n(t))�+1et +M�m(�)n(t)Æ e(1�Æ)t� (2� + 1)e�(1��(�+1))t + M�m(�)Æ e�(1�Æ��)t ;



The tail of a random 
oeÆ
ient model 24where M� = sup0<x�1((1+x)��1)=x and 
 > 0 is some 
onstant. To obtain (4.17) for thefun
tion  �1(x; t) 
hoose the parameters Æ and � su
h that Æ+� < 1 and 0 < � < (1+�)�1.The fun
tion  �2(x; t) satis�es inequality (4.17), be
ause for every m > 0 by 
ondition D3,supx2S Ej�2jm = supx2S Ej < x >1 �1jm � Ej�1jm <1 :On the other hand, if t! �1, we have immediately from de�nition (4.13), (x; t) � 1h�et Z et0 u�du � 1h� e�tand hen
e 
ondition (4.1) holds.Furthermore, taking into a

ount that ~� is equivalent to Lebesgue measure � on S (seeLemma A.11), by Theorem 4.1 and Lemma A.12 we 
on
ludelimt!1 G(x; t)h(x) = limt!1 ~G(x; t) = 1� ZS ~�(dz) Z +1�1  (z; s) ds= 1� ZS ~�(dz) 1h(z) Z +1�1 1es Z es0 u� 0(z; u) du ds= 1� ZS ~�(dz) 1h(z) Z +10 u��1 0(z; u) du= 
� > 0 :Lemma 4.6. Assume the 
onditions of Theorem 2.4. Then for every x 2 S there existslimt!1 t�P(x0Y > t) = 
� h(x) > 0 ;with h(�) and 
� as in Lemma 4.5.Proof. We use a similar argument as for the proof of the monotone density theorem inregular variation (see e.g. Bingham, Goldie and Teugels [1℄, Theorem 1.7.2). For x 2 Sset Fx(t) = Z t0 u� lx(u)du ; lx(t) = P(x0Y > t) ; t > 0 :By Lemma 4.5 we have limt!1 Fx(t)t = 
� h(x) > 0 :Monotono
ity of the fun
tion lx(�) yields for any 0 < a < b <1t� lx(bt)b�+1 � a�+1�+ 1 � Fx(bt)� Fx(at)t � t� lx(at)b�+1 � a�+1�+ 1 :
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oeÆ
ient model 25This implies
� h(x)(b� a)(�+ 1)b�+1 � a�+1 � lim inft!1 t� lx(at) � lim supt!1 t� lx(bt) � 
� h(x)(b� a)(�+ 1)b�+1 � a�+1 :Taking a = 1 in the left inequality and letting b # 1 giveslim inft!1 t� lx(t) � 
� h(x) :By a similar treatment of the right inequality with b = 1 and a " 1 we �nd thatlim supt!1 t� lx(t) � 
� h(x) and the 
on
lusion follows.Example 4.7. (Continuation of Example 4.2)Lemmata 4.5 and 4.6 imply Theorem 2.4 with the limiting 
onstant
� = 1� Z 10 u��1 ( 0(1; u) +  0(�1; u))2 du :Symmetry of the distribution of � implies that  0(1; u) =  0(�1; u), hen
elimt!1 t�P(xY > t) = 1� Z +10 u��1 (P(Y > u)�P(�1Y1 > u)) dufor any x 2 S = f1;�1g.Note that this spe
ial 
ase is already 
overed by Theorem 2.3 of Goldie [10℄.AppendixA0) Criteria for uniform geometri
 ergodi
ityWe re
all some de�nitions from Markov 
hain theory (see e.g. Meyn and Tweedie [17℄).Let (xn)n2N be a homogeneous Markov 
hain with state spa
e S � Rq and B(S) theBorel �-algebra in S. We denote byP(x;A) = Px(x1 2 A) = P(x1 2 Ajx0 = x)Pn(x;A) = Px(xn 2 A) = P(xn 2 Ajx0 = x) ; n 2 N :For every set A 2 B(S) we introdu
e the return time and the return number to A by�A = inffn � 1 : xn 2 Ag ; NA = 1Xn=1 �fxn2Ag ;(as usual we set inff;g =1). We de�ne also L(x;A) = Px(�A <1).
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oeÆ
ient model 26The Markov 
hain (xn)n2N is 
alled '-irredu
ible if there exists a non-negative measure' on B(S) su
h that8A 2 B(S) with '(A) > 0 ) L(x;A) > 0 8x 2 S :In this 
ase ' is 
alled an irredu
ibility measure. If the Markov 
hain (xn)n2N is irre-du
ible, then there exists a unique maximal irredu
ibility measure  (�) on B(S), i.e. forany irredu
ibility measure ' the relation ' �  holds; i.e. the measure ' is absolutely
ontinuous with respe
t to  . We denote byB+(S) = fA 2 B(S) :  (A) > 0g :The set A is 
alled Harris re
urrent if Px(NA =1) = 1 for all x 2 A. A Markov 
hain is
alled Harris re

urent 
hain if it is irredu
ible and every set in B+(S) is Harris re
urrent.A Markov 
hain is 
alled uniform geometri
 ergodi
 if there exists an invariant prob-ability measure �(�) on B(S) su
h that for some M > 0 and 0 < � < 1,supx2S kPn(x; �)� �(�)k �M�n :Here k � k means total variation, i.e. k�k = supjf j�1 RS f(y)�(dy).Criteria for uniform ergodi
ity are often based on \small" sets. A set � 2 B(S) is
alled a small set if there exists an m 2 N and a non-trivial measure �m on B(S) (i.e.�m(S) > 0) su
h that Pm(x;A) � �m(A) ; x 2 � ; A 2 B(S) :Moreover, for any '-irredu
ible Markov 
hain (xn)n2N there exist disjoint setsD1; : : : ; Dd 2B(S) (a so-
alled \d-
y
le") with d � 1, su
h that{ '(\di=1D
i ) = 0 and{ P(x;Di+1) = 1 for x 2 Di,where Di = Dj(i) for j(i) 2 f1; : : : ; dg and j(i) = i (mod d). The largest d for whi
h ad-
y
le o

urs for (xn)n2N is 
alled period of (xn)n2N. When d = 1, the 
hain is 
alledaperiodi
.Lemma A.1. (Meyn and Tweedie [17℄, p. 355)Suppose that (xn)n2N is irredu
ible and aperiodi
. Let � be a small set and assume thatthe measurable bounded fun
tion V : S ! [1;1) satis�essupx2� ZS V (y)p(x; dy) <1and that for some " > 0ZS V (y)p(x; dy) < (1� ")V (x); for all x 2 �
:Then (xn)n2N is positive Harris re
urrent and uniform geometri
 ergodi
.
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ient model 27A1) A simple suÆ
ient 
ondition for D4Proof of Proposition 2.3. Let l = inffk � 1 : j
kj > 0 g. For n � l set �n =Pnk=l 
k�k. If j
kj > 0 then by the 
ondition of this proposition 
k�k has a symmetri
density pk(�), 
ontinuously di�erentiable with derivative p0k(�) � 0 on [0;1). Therefore�l has a symmetri
 density, whi
h is non-in
reasing on [0;1). We pro
eed by indu
tion.Suppose that �n�1 has a symmetri
 density '�n�1(�), non-in
reasing on [0;1). We showthat �n has a density with these properties. Indeed, if 
n = 0 then �n = �n�1 and we havethe same distribution for �n. Consider now the 
ase j
nj > 0. By the properties of pn(�)and of '�n�1(�), we 
an write the density '�n(�) of �n in the following form'�n(z) = Z 1�1 pn(z � u)'�n�1(u)du= Z 10 pn(z + u)'�n�1(u)du+ Z z0 pn(z � u)'�n�1(u)du+ Z 1z pn(u� z)'�n�1(u)du ; z > 0 :Therefore the derivative of this fun
tion equals'0�n(z) = Z 10 p0n(z + u)'�n�1(u)du+ Z z0 p0n(z � u)'�n�1(u)du� Z 1z p0n(u� z)'�n�1(u)du= Z 1z p0n(u)�'�n�1(u� z)� '�n�1(u+ z)� du+ Z z0 p0n(u)�'�n�1(z � u)� '�n�1(u+ z)� du � 0 ; z > 0 ;sin
e p0n(�) � 0 and '�n�1(�) is non-in
reasing on [0;1). Therefore we obtained that for alln � l the random variable �n has a symmetri
 
ontinuously di�erentiable density, whi
h isnon-in
reasing on [0;1). Moreover, sin
e � = limn!1 �n a.s. and the sequen
e ('�n(�))n�lis uniformly bounded, i.e. supz2R ; n�l '�n(z) � '�l(0) <1 ;we have that for every bounded measurable fun
tion g with �nite support in Rlimn!1Z 1�1 g(z)'�n(z)dz = Z 1�1 g(z)'� (z)dz ;where '� (�) is the density of � . Sin
e �1 has a 
ontinuous density, also '� is 
ontinuous.Therefore, for 0 < a < b we have for all 0 < Æ < a,Z b+Æb�Æ '� (z)dz � Z a+Æa�Æ '� (z)dz = limn!1�Z b+Æb�Æ '�n(z)dz � Z a+Æa�Æ '�n(z)dz� � 0 :
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oeÆ
ient model 28Sin
e '� (�) is 
ontinuous we 
on
lude'� (b)� '� (a) = limÆ!0 12Æ �Z b+Æb�Æ '� (z)dz � Z a+Æa�Æ '� (z)dz� � 0 :A2) Gaussian linear random 
oeÆ
ient modelsProof of Proposition 2.6. It is evident that 
onditions D1 �D4 hold for this model.To show that the 
onditional 
orrelation matrix (2.6) is positive de�nite a.s. take somex 2 Rq su
h that x0Rx = 0. Then for �k = A1 � � �Ak, k 2 N , and B as de�ned in (2.6)x0Bx + 1Xk=1 x0�kB�0kx = 0 :If we denote by < x >i the ith 
oordinate of x 2 Rq , the equality above means that< �0kx >1= 0 for all k 2 N . Set �k(x) =< �0kx >1 for k 2 N and �0(x) =< x >1. Takingthe spe
ial form of the matri
es (1.5) into a

ount one 
an show by indu
tion that�k(x) = ( �1(k)�k�1(x) + : : :+ �k(1) < x >1 + < x >k+1 if 1 � k < q ;�1(k)�k�1(x) + : : :+ �q(k � q + 1)�k�q(x) if k � q : (A.1)Consequenly, if �k(x) = 0 for all 0 � k � q then < x >1= : : : =< x >q= 0. From this we
on
lude that x0Rx = 0 implies x = 0, whi
h means that R is positive de�nite a.s.A3) Auxiliary properties of �n = A1 � � �An.We study the asymptoti
 properties of �k(x) as de�ned in (A.1). First re
all the 
lassi
alAnderson inequality; see Ibragimov and Hasminskii [13℄, p. 214.Lemma A.2. (Anderson's inequality)Let � be a random variable with symmetri
 
ontinuous density, whi
h is non-in
reasingon [0;1). Then for every 
 2 R and a > 0P(j� + 
j � a) � P(j�j � a) :Lemma A.3. Assume model (1.1) su
h that D1 �D2 hold and a2q + �2q > 0. Then forevery � > 0 and k 2 N limÆ!0 supj<x>1j>�P(j�k(x)j < Æ) = 0 : (A.2)Furthermore, for k = q we havelimÆ!0 supjxj>�P(j�q(x)j < Æ) = 0 : (A.3)
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ient model 29Proof. We show �rst that for 1 � j � q and for every � > 0 su
h that Æ=�! 0 as Æ ! 0,limÆ!0 supx2Rq P(j�j(x)j < Æ ; j�j�1(x)j � �) = 0 : (A.4)Re
all that �0(x) =< x >1.To prove (A.4) noti
e �rst that by (A.1)�j(x) = �1(j)�1�j�1(x) +mj(x) ;mj(x) = a1�j�1(x) + �2(j � 1)�j�2(x) + : : :+ �j(1) < x >1 + < x >j+1 �fj<qg :Moreover, 
onditionD2 implies that �1 > 0 and therefore by Anderson's inequality (takinginto a

ount that �1(j) is independent of �j�1(x) and mj(x)) we obtainP(j�j(x)j < Æ ; j�j�1(x)j � �) = P(j�1(j)�1�j�1(x) +mj(x)j < Æ ; j�j�1(x)j � �)� P(j�1(j)�1�j�1(x)j < Æ ; j�j�1(x)j � �)� P(j�1(j)j < Æ=(��1)) :From this and 
ondition D1 we obtain (A.4). Then (A.2) follows by indu
tion.Next we show (A.3). Introdu
e for Æ > 0 and 1 � j � q the sets�Æ = q\j=1�j;Æ ; where �j;Æ = fj�j(x)j < �jg ;for �j = �j(Æ) = Æj=q. Noti
e that (A.4) implieslimÆ!0 supx2Rq P(�j;Æ \ �
j�1;Æ) = 0 :Set �� = maxi+j�q j�i(j)j and de�neF� = fj�q(1)j � �g ; BN = f�� � Ng :Take for any �xed � > 0, N > 0 the set �Æ \ F� \ BN . The de�nition of �j(x) in (A.1)implies that on this set jxj ! 0 as Æ ! 0. Hen
e, if - as in (A.3) - jxj � �, there existsÆ0 = Æ0(�; �;N) > 0 su
h that �Æ \ F� \ BN = ; for all Æ � Æ0. Therefore for this Æ > 0and for x 2 Rq with jxj > � we obtainP(j�q(x)j < Æ) � P(�Æ) + qXj=2 P(�j;Æ \ �
j�1;Æ)� P(j�q(1)j < �) +P(�� > N) + qXj=2 P(�j;Æ \ �j�1;Æ)� P(jaq + �q�q(1)j < �) + E��N + qXj=2 P(�j;Æ \ �j�1;Æ) :
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ient model 30Noti
e that the 
onditions a2q + �2q > 0 and D1 guarantee that the �rst term in the lastline tends to zero as � ! 0. Hen
e we obtain (A.3).Corollary A.4. Under the 
onditions of Lemma A.3 relation (A.3) holds with respe
t tothe distribution ~P as de�ned in (4.3), i.e.limÆ!0 supx2S ~Px(j�q(x)j < Æ) = 0 :Proof. By de�nition (4.14) and the Cau
hy-S
hwarz inequality we have~Px(j�q(x)j < Æ) = 1h(x)Ejx0�qj�h(x0�q)�fj�q(x)j<Æg� h�h�qE(j�qj2�)rsupx2S P(j�q(x)j < Æ) ;where h� = infx2S h(x), h� = supx2S h(x). The result follows from (A.3).In the following lemma we 
ompute the 
onditional density of �02q+1x in Rq withrespe
t to the random ve
tor � = �(x) = �0qx.Lemma A.5. Assume that D1 �D2 hold, a2q + �2q > 0 and x 6= 0. Then the randomve
tor �02q+1x has 
onditional P-density p1(zj�(x)) = f(z; �(x)) with respe
t to �(x). Thefun
tion f(�; �) : Rq � Rq ! [0;1) is given byf(z; y) = E 1j detT j p0(z0T�1; y) ; (A.5)where T = 0BBBB� �1(q + 1) �2(q + 1) � � � �q(q + 1)... ... ... 0�q�1(3) �q(3) � � � 0�q(2) 0 � � � 0
1CCCCA (A.6)and for z = (z1; : : : ; zq) 2 Rq , y = (y1; : : : ; yq) 2 Rqp0(z; y) = qYj=1'j(zjjzj�1; : : : ; z1; y) ;'j(zjjzj�1; : : : ; z1; y) = �fjzj�1j>0gE 1�1jzj�1j ��zj �mj(z; y)�1zj�1 � ; (A.7)m1(z; y) = a1y1 + y2 ; and for j > 1mj(z; y) = a1zj�1 + �2(j � 1)zj�2 : : :+ �j(1)y1 + yj+1�fj<qg ;where z0 = y1 and the density � is de�ned in 
ondition D1.
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oeÆ
ient model 31Proof. Let x = (x1; : : : ; xq)0 2 Rq su
h that xq 6= 0. We show that the ve
tor �0q+1x hasdensity f(�; x) as de�ned in (A.5). To this end we show �rst that x0�q+1 = �(x)0T , wherethe matrix T is de�ned in (A.6) and �(x) = (�q(x); : : : ; �1(x))0 2 Rq . By the de�nition ofAj in (1.5) we have< x0�q+1 >q = < x0�qAq+1 >q = �q(q + 1) < x0�q >1= �q(q + 1) < �0qx >1= �q(q + 1)�q(x) ;< x0�q+1 >q�1 = < x0�qAq+1 >q�1 = �q�1(q + 1) < x0�q >1 + < x0�q >q= �q�1(q + 1)�q(x) + �q(q) < x0�q�1 >1 = �q�1(q + 1)�q(x) + �q(q)�q�1(x) ;and for 1 � j < q � 1< x0�q+1 >j = < x0�qAq+1 >j= �j(q + 1) < x0�q >1 + < x0�q >j+1= �j(q + 1) < x0�q >1 +�j+1(q) < x0�q�1 >1 + < x0�q�1 >j+2= : : : = �j(q + 1) < x0�q >1 + � � �+ �q�1(j + 2) < x0�j+1 >1 + < x0�j+1 >q= �j(q + 1)�q(x) + : : :+ �q�1(j + 2)�j+1(x) + �q(j + 1)�j(x) :This gives x0�q+1 = �(x)0T .Next note that a2q + �2q > 0 impliesj detT j = qYj=1 j�q(j + 1)j = qYj=1 jaq + �q �q(j + 1)j > 0 P� a.s. :Immediately by (A.1) the ve
tor �(x) is measurable with respe
t to�f�i(k) ; 1 � i � q ; 1 � k � q ; i + k � q + 1g. Hen
e, T is independent of �(x).Therefore to prove that the ve
tor �0q+1x has density f(�; x) it suÆ
es to prove that �(x)has density p0(�; x) as in (A.7). Indeed, if x1 6= 0, then 
ondition D2 guarantees �21 > 0and �1(x) = �1(1)x1 + x2 has positive density '1(�jx) as de�ned in (A.7). This impliesthat �1(x) 6= 0 a.s., and therefore�2(x) = �1(2)�1(x) + �2(1)x1 + x3has 
onditional density with respe
t to �1(x)p�2(z2j�1(x)) = '2(z2j�1(x); x) ;where the fun
tion '2 is also de�ned in (A.7). Similarly we 
an show thatp�j(zjj�j�1(x); : : : ; �1(x)) = 'j(zjj�j�1(x); : : : ; �1(x); x)for every 2 � j � q. Therefore �(x) = (�q(x); : : : ; �1(x))0 has density (A.7) in Rq providedx1 6= 0.



The tail of a random 
oeÆ
ient model 32To 
omplete the proof we show that the 
onditional density of the ve
tor �02q+1x withrespe
t to �(x) equals f(�; �(x)) a.s. for x 6= 0. To this end re
all that (A.3) implies< �(x) >1= �q(x) 6= 0 a.s. for every ve
tor x 6= 0. Now taking into a

ount that the Anare iid we obtain for every bounded measurable fun
tion F : Rq ! RE(F (x0�2q+1)j�(x)) = E(F (�(x)0Aq+1 � � �A2q+1)j�(x)) = 	(�(x)) ;where 	(y) = EF (y0�q+1) = ZRq F (z) f(z; y) dz ; y 2 Rq ; y1 6= 0 :This 
on
ludes the proof.The followig result is an immediate 
onsequen
e of the de�nition of ~P in (4.3) andLemma A.7.Corollary A.6. Under the 
onditions of Lemma A.5 the random ve
tor �02q+1x has a
onditional ~P-density with respe
t to �(x) given by~p1(zj�) = jzj� h(z)j�j� h(�) p1(zj�) ; z; � 2 Rq ; z 6= 0 ; � 6= 0 ;for p1(zjx) as de�ned in (A.5).Lemma A.7. Assume that 
onditions D1 �D2 hold and a2q+�2q > 0. Then for b ; x 2 Rqand x 6= 0 P(x0�2q+1b = 0) > 0 ) b = 0 :Proof. Lemma A.5 implies thatP(x0�2q+1b = 0) = EP(x0�2q+1b = 0j�(x)) = E Zfz2Rq : z0b=0g p1(zj�(x)) dz :If this probability is positive, then there exists a ve
tor � 2 Rq with < � >1 6= 0 su
h thatZfz2Rq : z0b=0g p1(zj�) dz > 0 :This is possible if and only if b = 0 sin
e the Lebesgue measure of the setfz 2 Rq : b0z = 0g equals to zero for all b 6= 0.Denote by mes(�) the Lebesgue measure in Rq .
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ient model 33Lemma A.8. Assume that 
onditions D1 �D2 hold, q � 2 and a2q + �2q > 0. Then thereexists some Æ0 > 0 su
h that for all 0 < Æ < Æ0infx2SP(x0�2q+1 2 B) � p�(Æ)�Æ(B) ; (A.8)infx2S ~Px(x0�2q+1 2 B) � ~p�(Æ)~�Æ(B) ; (A.9)for every measurable set B � Rq . Here p�(Æ); ~p�(Æ) > 0 and�Æ(B) = E R
Æ �B(z0T )dz ; ~�Æ(B) = E R
Æ jz0T j� �B(z0T )dz ; (A.10)
Æ = fy = (y1; : : : ; yq)0 2 Rq : Æ � jyjj � Æ�1 ; j = 1; : : : ; qg ;and the matrix T is de�ned in (A.6). Furthermore, if mes(B) > 0 then there exists someÆ0 > 0 su
h that �Æ(B) > 0 and ~�Æ(B) > 0 for all 0 < Æ < Æ0.Proof. From Lemma A.5 we know that for a some 0 < Æ < 1P(x0�2q+1 2 B) = EP(x0�2q+1 2 B)j�(x))� E�f�(x)2KÆgP(x0�2q+1 2 B)j�(x))= E�f�(x)2KÆg IB(�(x)) ;where KÆ = fy = (y1; : : : ; yq)0 2 Rq : Æ � jy1j and jyj � Æ�1g andIB(�) = ZRq �B(z) p1(zj�)dz = E ZRq �B(z0T ) p0(z; �)dz � E Z
Æ �B(z0T ) p0(z; �)dz :Next we show for K
Æ = Rq nKÆlimÆ!0 supx2S P(�(x) 2 K
Æ) = 0 ; limÆ!0 supx2S ~Px(�(x) 2 K
Æ) = 0 : (A.11)Indeed, we have P(�(x) 2 K
Æ) � P(j < �(x) >1 j < Æ) +P(j�(x)j > Æ�1)� supx2S P(j�q(x)j < Æ) + Æ(EjA1j)q :(A.3) gives the left limit in (A.11); from Corollary A.4 we obtain the right limit.Noti
e that (A.7) implies that for every Æ > 0M�(Æ) = infz2
Æ ; x2KÆ p0(z; x) > 0 ;whi
h yields P(x0�2q+1 2 B) �M�(Æ)P(�(x) 2 KÆ)�Æ(B) :
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oeÆ
ient model 34From this and (A.11) we obtain (A.8). Similarly~Px(x0�2q+1 2 B) � ~Ex�f�(x)2KÆg ~IB(�(x)) ;where ~IB(�) = ZRq �B(z) ~p1(zj�)dz = 1j�j� ZRq jzj� h(z)h(�) �B(z) p1(zj�)dz= 1j�j� E ZRq jz0T j� h(z0T )h(�) �B(z) p0(z; �)dz� h�h�j�j� E Z
Æ jz0T j� �B(z) p0(z; �)dz ;with h� = supx2S h(x) and h� = infx2S h(x). Therefore, on KÆ we have~IB(�) � Æ�M�(Æ)h�h� ~�Æ(B) ;whi
h together with (A.11) implies (A.9).Let now B be a measurable set in Rq . By the monotone 
onvergen
e theorem we havelimÆ!0 �Æ(B) = E limÆ!0 Z
Æ �B(z0T )dz = E ZRq �B(z0T )dz= mes(B)E 1j detT j ;limÆ!0 ~�Æ(B) = E limÆ!0 Z
Æ jz0T j��B(z0T )dz = E ZRq jz0T j��B(z0T )dz= ZRq jzj��B(z)dzE 1j detT j :This implies the se
ond part of the lemma.The following Lemma is needed to verify 
ondition C4.Lemma A.9. Assume that D1 �D2 hold and a2q + �2q > 0. Then�(x; t) = ~Ex f(x0�2q+1; t) ; x 2 S ; t 2 R ;is uniformly 
ontinuous on S for every measurable bounded fun
tion f : S�R ! R; i.e.lim"!0 supjx�yj�" supt2R j�(x; t)� �(y; t)j = 0 :Proof. Let V : Rq ! [0;1) be a 
ontinuous fun
tion su
h that V (z) = 0 for jzj � 1 andRRq V (z)dz = 1. For example takeV (z) = v�1� exp(� 11� jzj2 )�fjzj�1g ; where v� = Zjzj�1 exp(� 11� jzj2 ) dz :
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ient model 35For some � 2 (0; 1) de�ne K� = fy 2 Rq : j < y >1 j � � ; jyj � 1=�g and �� = �=4 andg�(x) = 1(��)q ZRq �K�(y)V �y � x�� � dy = Zjyj�1 �K�(x+ ��y)V (y) dy :Then g� : Rq ! [0; 1℄ is 
ontinuous and for every x 2 Rqg�(x) � �K�=4(x) and g�(x) = 1� g�(x) � �K
4�(x) : (A.12)We 
an represent the fun
tion � in the following form�(x; t) = ~Exf(x0�2q+1; t) = ~Ex g�(�(x)) f(x0�2q+1; t) + ��(x) ;where ��(x) = ~Ex g�(�(x)) f(x0�2q+1; t). By (A.12) and (A.11), setting f � = sup jf j weobtain ��� = supx2S j��(x)j � f � supx2S ~Px(�(x) 2 K
4�)! 0 as �! 0 :From the de�nition of ~E in (4.3) we obtain~Ex g�(�(x)) f(x0�2q+1; t) = 1h(x) E g�(�(x)) f1(x0�2q+1; t) ;where f1(z; t) = jzj�h(z)f(z; t). By Lemma A.5 we 
an represent this term asE g�(�(x)) f1(x0�2q+1; t) = E ZRq f1(z; t) �(z; �(x))dz = E	�(�(x); t)with f 1(z; t) = E f1(z0T ; t) and  �(z; �) = p0(z; �)g�(�). Here 	� allows the representation	�(�; t) = Z
Æ f 1(z; t) �(z; �)dz + Z

Æ f 1(z; t) �(z; �)dz= 	�;Æ(�; t) + ��;Æ(�; t) ; (A.13)where 
Æ = fy 2 Rq : Æ � j < y >j j � Æ�1 ; j = 1; : : : ; qg. Next we show that for every� > 0 limÆ!0 sup�2K�=4P(�(�) 2 

Æ) = 0 : (A.14)To this end notesup�2K�=4P(�(�) 2 

Æ) � qXj=1 supj<�>1j��=4P(j�j(�)j < Æ) + supj�j�4=�P(j�(�)j > 1=Æ)� qXj=1 supj<�>1j��=4P(j�j(�)j < Æ) + Æ supj�j�4=� E j�(�)j
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ient model 36By the de�nition of �(�) in (A.1) we �nd for every m > 0 some 
onstant 
m > 0 su
h thatsupj�j�4=� E j�(�)jm � 
m=�m <1 :Therefore the limit relation (A.2) implies (A.14). Moreover, noti
e that the last inequalityyields limN!1 supj�j�4=�E�fj�(�)j>Ng j�(�)j� = 0 :Next we estimate ��;Æ(�; t) as de�ned in (A.13). Taking into a

ount thatjf1(z; t)j � f �h�EjT j jzj� = f �1 jzj�we obtain for � 2 Rq and N > 0j��;Æ(�; t)j � f �1 g�(�) Z

Æ jzj� p0(z; �)dz= f �1 g�(�)E j�(�)j� �f�(�)2

Æg� f �1�f�2K�=4g �N�P(�(�) 2 

Æ) +E�fj�(�)j>Ng j�(�)j�� :This together with (A.14) ensures for every � > 0���;Æ = sup�2Rq ; t2R j��;Æ(�; t)j ! 0 as Æ ! 0 :From this we 
on
lude for x; y 2 S su
h that jx� yj � � and for � > 0j�(x; t)� �(y; t)j � E ���� 1h(x)	�;Æ(�(x); t)� 1h(y)	�;Æ(�(y); t)����+ 2��� + 2���;Æ� 	��;Æ ���� 1h(x) � 1h(y)���� + 2��� + 2���;Æ+ qÆ� f �1 mes(
Æ)E supz2
Æ j �(z; �(x))�  �(z; �(y))j� 	��;Æ supjx�yj�� ���� 1h(x) � 1h(y)����+ 2��� + 2���;Æ+ qÆ� f �1 mes(
Æ) supz2
Æ ;j�1��2j�� j �(z; �1)�  �(z; �2)j+ qÆ� f �1 mes(
Æ)P(j�(x)� �(y)j > �) ;where 	��;Æ = sup j	�;Æj. We take into a

ount that the fun
tion  �(z; �) is uniformly 
on-tinuous on 
Æ�Rq . Moreover, the last probability is bounded by Chebyshev's inequality:P(j�(x)� �(y)j > �) � 1� E j�(x)� �(y)j � 1� E j�qj jx� yj � �� E j�qj :Finally, taking the limits lim�!0 limÆ!0 lim�!0 lim�!0 implies Lemma A.9.



The tail of a random 
oeÆ
ient model 37A4) General Markov properties of (xn)n2NWe 
onsider now the Markov 
hain (xn)n2N as de�ned in (1.9).Lemma A.10. Assume that 
onditions D1 �D2 hold, q � 2 and a2q + �2q > 0. Then thefollowing hold.(a) The distribution of the random ve
tor x2q+1 has the following properties: let A bea measurable set in S and denote by �(�) the Lebesgue measure on B(S), then(i) if �(A) > 0 then infy2S Py(x2q+1 2 A) > 0 and infy2S ~Py(x2q+1 2 A) > 0;(ii) if �(A) = 0 then Py(x2q+1 2 A) = 0 and ~Py(x2q+1 2 A) = 0 for all y 2 S.(b) The Markov 
hain (xn)n2N (with respe
t to both measures P and ~P) is �-irredu
ibleand aperiodi
. Moreover, every measurable subset of S is small.Proof. (a) Re
all that x0n = x0�n=jx0�nj. Note that for every x 2 S and every measurableset A 2 S,Px(x2q+1 2 A) = P(x0�2q+1 2 BA) ; ~Px(x2q+1 2 A) = ~Px(x0�2q+1 2 BA) ;where BA = L�1(A) = fy 2 Rq n f0g : L(y) 2 Ag and L(y) = y=jyj. From (A.8){(A.9)we obtain for some 0 < Æ < 1P2q+1(x;A) � p�(Æ)�Æ(BA) = �Æ(A) ; ~P2q+1(x;A) � ~p�(Æ) ~�Æ(BA) = ~�Æ(A) (A.15)for positive 
onstants p�(Æ) and ~p�(Æ).Next we show �(A) > 0 ) mes(BA) > 0 : (A.16)Re
all that q � 2, hen
e if �(A) > 0 there exists a open set V � A � S with �(V ) > 0.Then L�1(V ) � BA, but this set is open and nonempty in Rq (L(�) is a 
ontinuousfun
tion on Rq n f0g and V � L�1(V )), therefore mes(L�1(V )) > 0, whi
h gives (A.16).If mes(BA) > 0 then, by Lemma A.8, there exists some Æ > 0 su
h that �Æ(BA) > 0 and~�Æ(BA) > 0. Then (i) follows from (A.15). Next we show now that�(A) = 0 ) mes(BA) = 0 : (A.17)Assume that mes(BA) > 0. Then there exists an open set V � BA with mes(V ) > 0. Byde�nition of BA the image U = L(V ) = fL(y) y 2 V g � A. We show that U is an openset in S. Indeed, for z0 2 U there exists y0 2 V su
h that z0 = L(y0) = y0=jy0j. Sin
e V isopen there exists some Æ > 0 su
h that fy 2 Rq : jy � y0j < Æg � V . Set " = Æ=jy0j andtake z 2 S su
h that jz � z0j < ". Note that for yz = jy0jz we have L(yz) = z andjyz � y0j = jy0jjz � z0j < jy0j" = Æ :
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e yz 2 V and therefore z 2 U , i.e. fz 2 S : jz � z0j < "g � U . ConsequentlyU = L(V ) is an open set in S. For q � 2 the Lebesgue measure of any open non-empty setin S is positive. This is a 
ontradi
tion to �(A) = 0 and hen
e (A.17) holds. Furthermore,if mes(BA) = 0 then by Lemma A.5 and Corollary A.6,Py(x2q+1 2 A) = EP(y0�2q+1 2 BAj�(y)) = E ZBA p1(zj�(y))dz = 0 :~Py(xq+1 2 A) = ~Ey ~Py(y0�2q+1 2 BAj�(y)) = ~Ey ZBA ~p1(zj�(y))dz = 0 :(b) Note that (i) immediatly implies �-irredu
ibility. From inequalities (A.15) we 
on-
lude then that every measurable subset in S is small. To prove aperiodi
ity supposethat there exist sets D1; : : : ; Dd in B(S) su
h that Px(x1 2 Di+1) = 1 for x 2 Di andsome i 2 N . (Re
all that Di = Dj(i) for j(i) 2 f1; : : : ; dg and j(i) = i (mod d); i.e.(Di ; i�1) = fD1; : : : ; Dd; D1; : : : ; Dd; : : :g). Hen
e, if x 2 D1 then Px(xi 2 Di+1) = 1 forall i 2 N . Therefore, denoting m = 2q+1 and Pi(x;D) = Px(xi 2 D) we get for all i 2 NPx(xm+i 2 Dm+i+1) = ZS Pi(x; dy)Py(xm 2 Dm+i+1) = 1 :Then (ii) implies �(D1) > 0; : : : ;�(Dd) > 0. On the other hand, however, Px(xm 2Dm+1) = 1 implies that Px(xm 2 Di) = 0 for allDi 6= Dm+1 and by (i) we obtain �(Di) =0. This 
ontradi
ts �(Di) > 0. Therefore d = 1 with respe
t to P. Aperiodi
ity withrespe
t to ~P is obtained by the same argument. This 
on
ludes the proof of Lemma A.10.Lemma A.11. Assume that 
onditions D1 �D2 hold, q � 2 and a2q + �2q > 0. Then theMarkov 
hain (xn)n�0 with state spa
e S is positive Harris re
urrent and uniform geomet-ri
 ergodi
 with respe
t to P (and ~P). It has invariant measure �(�) (and ~�(�), respe
tively),whi
h is equivalent to Lebesgue measure �(�) on S.Proof. De�ne V : Rq ! [1;1) by V (y) = 1 + j < y >1 j. ThenEx V (x1) = 1 +E j < x0A1 >1 jjx0A1j = L(x)V (x) ;where L(x) = 1V (x) �1 +E j�1(1) < x >1 + < x >2 jjx0A1j � :Sin
e a2q + �2q > 0 implies that �2q(1) > 0 P-a.s. we obtainlimj<x>1j!1 :x2S L(x) = 12 �1 +E j�1(1)jj�(1)j � � 120�1 +E j�1(1)jq�21(1) + �2q(1)1A < 1 :
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oeÆ
ient model 39Similarly we obtain ~Ex V (x1) = 1 + ~Ex j < x0A1 >1 jjx0A1j = ~L(x)V (x) ;where by (4.3)~L(x) = 1V (x) �1 + ~Ex j < x0A1 >1 jjx0A1j � = 1V (x) �1 +E &(x) j < x0A1 >1 jjx0A1j � ;&(x) = 1h(x) jx0A1j� h(x0A1) :Sin
e &(�) is a 
ontinuous positive fun
tion on S with E &(x) = 1 for all x 2 S, we �nd bythe same argumentlimj<x>1j!1 :x2S ~L(x) = 12 �1 + ~Ex0 j�1(1)jj�1j � = 12 �1 +E &(x0) j�1(1)jj�1j � < 1 ;where x0 = (1; 0; : : : ; 0)0. Thus, for " > 0 there exists 0 < r < 1 su
h thatsupj<x>1j>rL(x) < 1� " ; supj<x>1j>r ~L(x) < 1� " ;and we obtain that the fun
tion V (�) satis�es the 
onditions of Lemma A.1 on the set� = fx 2 S : j < x >1 j � rg. By the se
ond part of Lemma A.10 every subset of S issmall and therefore, by Lemma A.1, (xn)n�0 is uniform geometri
 ergodi
 with respe
t toboth measures P and ~P. It has stationary distributions �(�) and ~�(�), respe
tively.Next we use Lemma A.10(a) to show that � respe
tively ~� are equivalent to Lebesguemeasure on S.If �(A) = limn!1Px(xn 2 A) = 0 and �(A) > 0, then Lemma A.10(a,i) we obtain thefollowing 
ontradi
tion�(A) = limn!1Px(xn+2q+1 2 A) = limn!1ZS Py(x2q+1 2 A)P(n)(x; dy) � infy2SPy(x2q+1 2 A) > 0 :Next, if �(A) = 0 then by Lemma A.10(a,ii)�(A) = limn!1Px(xn+2q+1 2 A) = limn!1ZS Py(x2q+1 2 A)P(n)(x; dy) = 0 :Hen
e �(�) and �(�) are equivalent on S. In the same way we obtain the equivalen
e of~�(�) and �(�) on S.



The tail of a random 
oeÆ
ient model 40A5) A property of  0.Lemma A.12. If 
onditions D0 and D4 hold, then the fun
tion  0(x; u) de�ned in (4.13)is non-negative and for all x = (< x >1; : : : ; < x >q)0 2 S with < x >1 6= 0mes(fu � 0 :  0(x; u) > 0g) > 0 ; (A.18)where mes(�) denotes Lebegues measure on R.Proof. By de�nition we have 0(x; u) = P(�1 + �2 > u)�P(�1 > u)with �1 = x0A1Y1 and �2 = x0�1 =< x >1 �1. If < x >1= 0, then �2 = 0, and therefore 0(x; u) = 0. We show that  0(x; u) � 0 if < x >1 6= 0. By 
onditioning on �2 we get 0(x; u) = Z 10 (P(u� t < �1 � u)�P(u < �1 � u+ t)) p�2(t)dt ;where p�2(�) is the density of �2, whi
h is by D4 symmetri
 and non-in
reasing on [0;1).SettingA = �fAi ; i 2 Ng, again byD4, the 
onditional density p�1(�jA) of �1 is symmetri
and non-in
reasing on R+ . Hen
e for 0 � t � u we havefx(u; t) = P(u� t � �1 � u)�P(u < �1 � u+ t)= E(P(u� t � �1 � ujA)�P(u < �1 � u+ tjA))= E(Z uu�t p�1(ajA)da� Z u+tu p�1(ajA)da)= E Z uu�t(p�1(ajA)� p�1(a+ tjA))da � 0 :On the other hand, for t > u we getfx(u; t) = E�Z uu�t p�1(ajA)da� Z u+tu p�1(ajA)da�= E�Z 0u�t p�1(ajA)da+ Z u0 p�1(ajA)da� Z u+tu p�1(ajA)da�= E�Z t�u0 p�1(ajA)da+ Z u0 p�1(ajA)da� Z 2uu p�1(ajA)da� Z u+t2u p�1(ajA)da�= E�Z t�u0 (p�1(ajA)� p�1(a+ 2ujA))da+ Z u0 (p�1(ajA)� p�1(a+ ujA))da� � 0 ;again sin
e p�1(�jA) is non-in
reasing on R+ . This proves the �rst part of this lemma.We show now (A.18). Let x 2 S with < x >1 6= 0. If for this x 2 Smes(fu � 0 :  0(x; u) > 0g) = 0 ;
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ient model 41then  0(x; u) = 0 for all u � 0, be
ause the fun
tion  0(x; u) is 
ontinuous on u � 0, i.e.Z 10  0(x; u) du = Z 10 Z 10 fx(u; t) du p�2(t) dt = 0 :Sin
e mesfu � 0 : p�2(u) > 0g > 0 there exists 0 < t0 <1 su
h thatZ 10 fx(u; t0) du = 0and taking into a

ount that the fun
tion fx(�; t0) is nonnegative and 
ontinuous we obtainthat for all u � t0 fx(u; t0) = E Z uu�t0(p�1(ajA)� p�1(a + t0jA))da = 0 ;giving E Z +10 (p�1(ajA)� p�1(a + t0jA))da = Z +10 (p�1(a)� p�1(a+ t0))da = 0 :By monotoni
ity of p�1(�) = E p�1(�jA) we get for every t 2 [0; t0℄p�1(a) = p�1(a + t0) = p�1(a+ t) for almost all a � 0 : (A.19)Sin
e mes(fa � 0 : p�1(a) > 0g) > 0 (re
all that the fun
tion p�1(�) is monotone onR+ and RR+ p�1(a)da = 1=2) there exists some a� � 0 with p�1(a�) > 0 for whi
h (A.19)is satis�ed; i.e. p�1(a�) = p�1(a) for all a 2 [a�; a� + t0℄. Now set a� = maxfa � a� :p�1(a) = p�1(a�)g and note that a� <1 sin
e RR p�1(a)da <1. Therefore (A.19) impliesthe existen
e of some a0 2 (a� � Æ ; a�) � [a�; a�℄ (with Æ = min((a� � a�)=2 ; t0=2)) su
hthat p�1(a�) = p�1(a0) = p�1(a0 + t0) :But this is a 
ontradi
tion to the de�nition of a�, be
ause a0 + t0 > a�. This implies(A.18).Referen
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