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Abstract In this paper we present an approximation algorithm based on a La-
grangian decomposition via a logarithmic potential reduction to solve a
general packing or min-max resource sharing problem with M nonneg-
ative convex constraints on a convex set B. We generalize a method by
Grigoriadis et al to the case with weak approximate block solvers (i.e.
with only constant, logarithmic or even worse approximation ratios).
We show that the algorithm needs at most O(M (e *lne ! + In M))
calls to the block solver, a bound independent of the data and the ap-
proximation ratio of the block solver. For small approximation ratios
the algorithm needs at most O(M (e~2+41In M)) calls to the block solver.

1. Introduction.

We consider the following general packing problem or conver min-max resource-
sharing problem of the form:

(P) A* = min{\|f(z) < Xe,z € B},

where f : B — IR is a vector of M nonnegative continuous convex func-
tions defined on a nonempty convex compact set B, and e is the vector of
all ones. Without loss of generality we assume A* > 0. The functions f,,
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1 < m < M, are the packing or coupling constraints. In addition we denote
A(z) = maxi<m<wm fm(z) for any given z € B. There are many applications
of the general packing problem. Typical examples are scheduling on unre-
lated machines, job shop scheduling, network embeddings, Held-Karp bound
for TSP, multicommodity flows, maximum concurrent flow, spreading metrics,
approximation of metric space, and graph partitioning [1, 2, 3, 7, 9, 10].
Grigoriadis and Khachiyan [4, 5] proposed an elegant method to compute
an g-approximate solution for this problem; i.e. for a given accuracy € > 0,

(P.) compute x € B s.t. f(z) < (1+¢)\"e.

The approach is based on the Lagrangian duality relation:

)\* = i T x€r) = i T L
rznelgrll)leagp f(z) I;?ea;{;nelgp f(z)
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where P = {p € RV | ZZ:] Pm = 1,pm > 0}. Denoting A(p) = min,ep p’ f(z),
a pair z € B and p € P is optimal, if and only if A(z) = A(p). The correspond-
ing e-approximate dual problem has the form:

(D) compute p € P s.t. A(p) > (1 —e)\".

The Lagrangian or price-directive decomposition method is an iterative strat-
egy that solves the primal problem (P:) and its dual problem (D.) by comput-
ing a sequence of pairs x, p to approximate the exact solution from above and
below, respectively.

Grigoriadis and Khachiyan [5] proved that the primal problem (P.) and the
dual problem (D.) can be solved with a t-approximate block solver that solves
the block problem for a given tolerance t:

ABS(p,t) compute & = i(p) € B s.t. pL f(2) < (1+1) mingf(y).
ye

Usually the number of the calls to the approximate block solver to obtain the
solution required is applied as a criterion of the complexity of the approximation
algorithm. The reason is that we consider the general case of these problems
where the approximate block solver is unknown to us (used as an oracle in the
approximation algorithm). Therefore, the running time of the approximation
algorithm is just the product of the number of calls and the running time of
the block solver. The number of iterations (or calls to the block solver) in [5]
is O(M(e ?Ine™! +1InM)).

The method uses either the exponential or standard logarithmic potential
function [4, 5] and is based on a ternary search procedure that repeatedly scales
the functions f. Villavicencio and Grigoriadis [11] proposed a modified logarith-
mic potential function to avoid the scaling phases and to simplify the analysis.
The number of iterations used in [11] is also O(M (e 2Ine~! + In M)). Fur-
thermore, Grigoriadis et al [6] studied a general covering or concave max-min
resource sharing problem (that is orthogonal to the packing problem studied
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here). They showed that the number of iterations or block optimization steps
is only O(M (62 +1n M)) for the general covering problem. Therefore it is nat-
ural to ask whether one can improve the number of iterations for the packing
problem. In fact we reduce the number of iterations for the general packing
problem (P.) and dual problem (D.) to O(M (¢~ +1n M)).

On the other hand, in general the block problem is hard to approximate
[1, 2]. This means that the assumption to have a block solver with accuracy
t = O(g) is too strict. Therefore we consider in this paper the case where we
have only a weak approximate block solver. A (¢, ¢)-approximate block solver
is defined as follows:

ABS(p,t,c) compute & = (p) € B s.t. p' f(&) < (1 +1) mi}rqlpr(y),
ye

where ¢ > 1 is the approximation ratio. The main goal is now to solve the
following primal problem (using the weak block solver)

(P:c) compute z € B s.t. f(z) <e(l+¢e)\e.

The corresponding dual problem has the form:

(De.c) compute p € P s.t. A(p) > —(1 —e)A™.

1
c
New results.  Our main result is an approximation algorithm that for any
accuracy € € (0,1) solves the problem (P ) in

N =0(M(s ?Ine ! +1n M))

iterations or coordination steps. Each step requires a call to the weak block
solver ABS(p, O(e), ¢) and an overhead of O(M Inln(M/e)) arithmetic opera-
tions. Furthermore for small ratios ¢ with Inec = O(e) we improve the number
of iterations to O(M (=2 + In M)).

Related results.  Plotkin et al [10] considered the linear feasibility vari-
ants of both problems: either to find a point € B such that f(z) = Az >
(I —g)bor to find a point 2 € B such that f(z) = Az < (1 +¢)b where A is the
coefficient matrix with M rows and b is an M-dimensional vector. The problems
are solved in [10] by Lagrangian decomposition using exponential potential re-
ductions. The number of iterations (calls to the corresponding block solver) in
these algorithms are O(e " 2pln(Me™')) and O(M +plog® M +& 2pIn(Me™1)),
where p = max;<m<p max,ep a%m/bm is the width of B relative to Az > b.
Garg and Kénemann [3] proposed a (1 + ¢) approximation algorithm to solve
the linear packing problem within O(Me~21n M) iterations which is indepen-
dent of the width. Recently Young [13] has proposed an approximation al-
gorithm for a mixed linear packing and covering problem (with convex set
B = RY) with running time O(MdIn M/e?) where d is the maximum num-
ber of constraints any variable appears in. Young [12] studied also the linear
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case of the packing problem but with weak block solvers. He proposed an
algorithm that uses O(p’In M/(\*€?)) calls to the block solver, where p' =
Max| <m< M MaXge B al z/b,, — ming <<y Mingep al' /b, and \* is the op-
timal value of the packing problem. Furthermore, Charikar et al [1] noticed
that the result in [10] for the packing problem can be extended also to the
case with weak block solvers and the same number O(e 2pIn(Me™1)) of itera-
tions. Recently Jansen and Porkolab [8] studied the general covering problem
and showed that at most O(M(In M + % + ¢ ?In¢) coordination steps are
necessary.

Main ideas.  Our paper is strongly based on ideas in [4, 5, 6, 11]. We use
the modified logarithmic potential function proposed in [11]. Our algorithm
is based on the scaling phase strategy such that the relative error tolerances
o in all phases achieve the given relative tolerance £ gradually. The oracle
ABS(p,t,c) is called once in each iteration. We found that the stopping rules
proposed in [4, 5, 11] are too strict, and that the number of iterations would be
at least O(Mc?(In Mc+e 3 1Inc)). Therefore we analyzed a combination of two
stopping rules in order to obtain a running time independent of ¢. In fact our
result is the first one independent of the width p, the optimal value A\* and the
approximation ratio ¢. For certain ¢ small enough, we use an upper bound for
the difference of potential function values ¢;(z) — ¢ () for two points z,z' € B
similar to [6]. This enables us to show that the original method in [11] (with a
slightly modified stopping rule) uses only O(M (¢ 2 +1n M)) coordination steps
for ¢ with Ine = O(e).

The paper is organized as follows. In Section 2 the modified logarithmic
potential function and price vector are introduced and their properties are
presented. The algorithm is described in details in Section 3. Finally, in Section
4 the correctness and the complexity of the algorithm are analyzed.

2. Modified logarithmic potential function.

In order to solve the min-max resource sharing problem (P), we use the
Lagrangian decomposition method that is based on a special potential func-
tion. Villavicencio and Grigoriadis [11] proposed the following modification of
Karmarkar’s potential function to relax the coupling constraints of (P):

¢ M
®,(f,z) =Inf — M S (B — fin(x)), (1)

where § € Ry and z € B are variables and ¢ € R4 is a fixed tolerance
parameter (that is used in the approximate block solver ABS(p,t,c)). In our
algorithm, we shall set values of ¢ from 1/6 initially down to O(g), where ¢ is
the desired relative accuracy for the solution. The function ®; is well-defined
for A(f(z)) < 0 < oo where M\(z) = max{fi(z),..., f;u(z)} and has the barrier
property: ®.(0,x) — oo for § — A(z) and 6 — oc.
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We define the reduced potential function as the minimal value ®4(8, x) over
0 € (A(z),00) for a given fixed = € B, i.e.

() = )\(zgriign<oo D,(0,x). (2)

The minimum 6(x) of ®:(6,z) (using the first-order optimality condition) is
the solution of the equation:

t o 8
— — =1. 3
The function g(4) = & Zn]\;’:] ﬁ is a strictly decreasing function of 6 in

(A(z), 0c). Therefore the implicit function 6(z) is the unique root of (3) in the
interval (A(z),o00). The following two lemmas by the definition of #(x) show
the bounds of #(z) and ¢;(z), similar to those in [11] and [6].

Lemma 1 A(z)/(1 —t/M) <6(z) < A(z)/(1 —t) for any x € B.

Lemma 2 (1 —t)InA(z) < ¢i(z) < (1 —t)InA(z) + tln(e/t) for any x € B.

Remark. Lemmas 1 and 2 show (for certain sufficiently small values of t)
that the minimum value 6(x) approximates A(z) and that the potential function
¢+(x) approximates In A(z) closely. This gives us the possibility to solve the
approximation problem (FP: .) by minimizing the smooth function ¢:(z) over
z € B based on these two Lemmas.

2.1. Price vector function.
The price vector p(z) € R is defined as follows [11]:

ot 0(x) _

According to equation (3), each price value p,, () is nonnegative and for any
z € B, Z%zlpm(az) = 1, which are the properties desired. Thus, we can
just simply compute the price vector p from (4), which is easier to calculate
compared with other methods (e.g. using the exponential potential function).
In view of the definition above, the following lemma holds.

Lemma 3 p(z)” f(z) = 6(x)(1 —t) for any x € B.

Remark. By Lemma 3, for ¢ small enough, the dual value p” f(z) is only
slightly less than 6(z), the minimum of the potential function. This shows that
the dual value p” f(z) is also an approximation of A(x). Therefore the primal
problem can also be solved by obtaining the solution of the dual value and in
fact that is what we need to construct our algorithm.
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3. The approximation algorithm.

The exact dual value A(p) can be approximated by the dual value p” f(2),
where # is the block solution computed by the (t, ¢)-approximate block solver
for the current price vector p. Furthermore, to establish the stopping rules of
the scaling phases in the approximation algorithm, the value of duality gap
should be estimated in each iteration. For our first stopping rule we use the
following parameter v:

g = P P f(3)
V) = T ) T T ) (5)

If v is O(g), then the duality gap is also quite small. But for larger v close to
1, the gap can be extremely large (see also Section 4). Therefore, we have to
define a second parameter. Let o be the relative error of a scaling phase. Then
the parameter w is given by:

(1t0/6)M
140
1420

(6)

_ —1Ete__ for the first o-scaling phase,
w= otherwise.

Let x4 be the solution of sth scaling phase. Then the two stopping rules used
in the sth scaling phase are:

Rule 1: v<a/6,
Rule 2 : AMz) wA(zs—1).

Remark. Grigoriadis et al [6, 11] used either only the first stopping rule or
the rule pT f(z) —p? f(2) < 0f(x)/2 that is similar to the former. In the case of
a weak block solver, such stopping rules are not sufficient to obtain a running
time independent of the ratio c¢. It may happen that the block solver is called
more times than what necessary. Therefore we have introduced the second
stopping rule to make sure that the scaling phase stops as soon as the solution
meets the requirement of the phase. On the other hand the first stopping rule
is needed to have always a constant decrement in the potential function (see
Section 4).

The algorithm works now as follows. First we apply the scaling phase strat-
egy. In each scaling phase the relative error tolerance o is set. Then based
on the known pair of z and p, a solution % is generated by the approximate
block solver. Afterwards an appropriate linear combination of the old solution
x and % is computed as the new solution. The iteration stops when the solution
satisfies one of the stopping rules. After one scaling phase, the error tolerance
o is halved and the next scaling phase is started until the error tolerance o < €.
The solution generated in the last scaling phase solves the primal problem (P ;)
(see also Section 4).

In our algorithm we set ¢ = /6 for the error tolerance in the block solver
ABS(p,t,¢). To run the algorithm, we need an initial solution zq € B in
advance. Here we use as z( the solution of the block solver ABS(e/M,0/6,c)
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where the price vector e/M is the vector of all 1/M’s and the initial error
tolerance g = 1.
Algorithm L(f, B, ¢, c):
initialize: s :==0,0:=09:=1,t:=0/6,p:=¢/M, z:= ABS(p,t,c)
and zs 1=z,

while 0 > ¢/2 do /* o-scaling phase */
s:=s+1,x:=x5 1, finished := false,
while not(finished) do /* coordination step */

computer #(z) from (3) and p = p(x) € P from (4),
Z:= ABS(p,t,c),
compute v = v(z,z) from (5) and w from (6),
if either Stopping Rule 1 or 2 is satisfied then
s := x, finished := true,

else
z = (1 — 1)z + 7& for an appropriate step length 7 € (0, 1],
end
end
oc:=0/2,t:=0/6,

end

We set the step length 7 as:

(%
2M (p" f +p" f)

We note that the step length 7 can be computed also by a line search to
minimize the potential value ¢;. The algorithm and the analysis remains valid
if we use such a line search to compute 7 (see also Section 4).

4. Analysis of the algorithm L.

In this section we verify the convergence of algorithm £ by proving that
the algorithm stops in each scaling phase after a finite number of iterations.
Furthermore we show that the vector  computed in the final phase solves the
primal problem (P ). From now on we denote § = 6(z), 8' = 0(z'), f = f(z),
f'=f(z") and f= f(Z). Before proving the correctness of the approximation
algorithm we have the following bound for the initial solution z.

Lemma 4 If z( is the solution of ABS(e/M,t,c) with t = 1/6, then A(zg) <
(7/6)cMA*.

Lemma 5 If algorithm L stops, then the computed x € B solves (P ).

Proof: We shall consider both stopping rules. If the first stopping rule is
satisfied, then using the definition of v and v <t we have

1-tp"f<@+t)p"f.
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According to Lemma 3, the inequality above, and the value p” f(Z) of the
solution Z computed by the block solver ABS(p,t,c), we have

T 2
pTf 14t g, 141
= < <c|—— .
b= s aop? f"(l—t) Alp)

Denote by o, the value of ¢ in the sth scaling phase, using the fact that
A(p) < X* and t = 04/6, we obtain § < ¢(1 + 65)A*. Then by Lemma 1,
Fm(zs) < Mzg) < O(zs) < (14 05) X"

If the second stopping rule is satisfied, then we consider two further cases.
If the rule is satisfied in the first phase s = 1, then according to the value of w
in formula (6) and o = o,

1+0’0

A(zy) < T+ 00/6) M

A(ZE())
Since zq is the solution of ABS(e/M,t,c) we have A(xo) < (1 + 0¢/6) M A*.
This implies that A(z1) < ¢(1 + gg)\*.

Now let us assume (by induction) that A(zs_1) < ¢(1+05_1)A* after scaling
phase s — 1. Thus if the second stopping rule is satisfied in phase s, then
according to the definition of w and o5 = o,_1/2, we have

Azs) < (1+0)

< m)\(wsq) < (14 0s)eX”.

Therefore in both cases we have A(zs) < (14 04)cA* for any s > 0. Since 0 < ¢
when the algorithm £ halts, the solution £ = z; computed in the last phase
solves (P ;). O

In the next Lemma we show that the potential function ¢; decreases by a
constant factor in each coordination step. This enables us later to prove an
upper bound for the number of iterations.

Lemma 6 For any two consecutive iterates x, ' € B within a scaling phase
of Algorithm L,

tv?

di(z') < dy(x) — A

The proof is similar to that in [6] and we do not give the details in this
paper. Now we are ready to estimate the complexity of Algorithm L.

Theorem 1 For a given relative accuracy € € (0, 1], Algorithm L finishes with
a solution x that satisfies \(z) < ¢(1 +&)A* and performs a total of

N=0M(nM +e *Ine "))
coordination steps.

Proof: If algorithm £ finishes after a finite number of iterations with a solution
z, then using Lemma 5 A(z) < ¢(1 + &)A\*. First we calculate a bound on the
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number N, of coordination steps performed in a single scaling phase. After-
wards we obtain a bound for all scaling phases. This shows also that algorithm
L halts and proves the theorem.

Let x, ' denote the initial and final iterates of a o-scaling phase. In addition
let Z be the solution after N, = N, — 1 iterations in the same scaling phase.
During the phase from z to z' we have v > t; otherwise the phase would finish
earlier. Furthermore (by the same reason) the objective value A\(z) > wA(z).
Then Lemma 6 provides

2 3
Bula) — i(#) > Ny > Ny
By the left and right inequality of Lemma 2 we have (1 —%) In A\(Z) < ¢:(Z) and
di(z) < (1 —t)In A(z) + tIn(e/t), respectively. Hence,

— A(z) e
Ny,— < (1 —=1t)In —= In —.
U4M_( t)n)\(j)—l—tnt

This gives directly a bound for N,,

M,—WU+1§4M13<u—¢nn3@2+tm§>+1

A(Z)

Next we shall bound the term A(z)/A(z). For the first scaling phase we have

AT) > @%)\(7) In this case

() < (1+o/6)M  2M
Az) — 1+o0 140’

Since t = 1/6 and o = 1 during the first scaling phase, there are only O(M In M)
coordination steps in the first phase. For the other scaling phases, we have

A(Z) > $H=A(z). Therefore,

>~

() 1420 o
< =1 .
@ = 1+0 T14s

>~

Then according to the elementary inequality In(1 + u) < u for u > 0,
Alz)
A(T)

Substituting this in the bound for N, above and using ¢ = 0/6, we have the
expression

In <In(1+

) <

a <
0.
1+0 1+0

N, =0(Mo *Ino ).

Finally, the total number of coordination steps N is obtained by summing
the N, over all scaling phases:
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N=0M(InM + 2072 Ino™')).

Since ¢ is halved in each scaling phase, the sum above is further bounded by
Y,0 2 lno !t = 0L 1o In(27))

O(loge™! Zg:gs 1924

O(e2loge™1),

which provides the claimed bound. O

4.1. Analysis for small approximation ratio c.

In this subsection we analyze the case that the approximation ratio ¢ of
the block solver is small enough, i.e., Inc¢ = O(g). In this case we modify the
algorithm £ as follows: we use only the first stopping rule v < ¢. This rule is
similar to the one in [11]. Let £’ be the modified algorithm. First it can be
proved that the pair  and p computed in the last scaling phase is a solution of
both primal problem (P- ) and dual problem (D .), respectively. Furthermore
we prove an upper bound on the difference of the potential function for any
two arbitrary points z and z' in B. The proof is similar to one in [6] for the
general covering problem.

Lemma 7 For any two iterates x, ' € B within a scaling phase with A\(xz) > 0
and A(z') > 0,

where p = p(x) is defined by (4).
For the complexity of the algorithm £’ we have the following theorem.
Theorem 2 In the case of Inc = O(e), algorithm L' performs a total of
N =0(M(nM +£2))
coordination steps.
The proof will be given in the full version of the paper.

4.2. Analysis of accuracy.

In the analysis above we assumed that the price vector p € P can be com-
puted exactly from (4). However, in practice this is not true since () is needed
in (4). 6(x) is the root of (3) that in general can only be computed approxi-
mately. We can prove that if p has a relative accuracy bounded by O(g), the
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algorithm can still generate the desired solution. To obtain that requirement,
the absolute error of # must be bounded by O(g2/M). Then O(M In(M/e))
arithmetic operations are sufficient to compute the price vector p with binary
search. If the Newton’s method is applied, only O(M Inln(M /e)) operations are
enough. The detailed analysis will be presented in the full version of this paper.
A similar argument how to resolve this problem can be found in [4, 5, 6, 11].

5. Conclusion.

In this paper we have proposed an approximation algorithm for the general
packing problem that needs only O(M (In M + e 2Ine~!)) coordination steps
or calls to a weak block solver with approximation ratio ¢. This bound is
independent of the approximation ratio ¢. However, if the original methods
in [4, 5, 11] are used, then the number of iterations can be bounded only by
O(Mc*(In Mc + e ?Inc¢)), which is larger than our bound here significantly.
The reason is that the stopping rules in [4, 5, 11] are too strict and that the
duality gap is too large.

But we note that the original method could be faster, since we don’t have a
lower bound on the number of iterations. Another interesting point is that our
algorithm does not automatically generate a dual solution for general ¢c. We
can prove that only O(Me 3 1In(M/e)) coordination steps are necessary to get
a dual solution of (D, ). It would be interesting whether this bound can be
improved. We will focus on these questions in our future research.
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