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ien
e and Applied Mathemati
s,University of Kiel, Germanykj,hzh�informatik.uni-kiel.deAbstra
t In this paper we present an approximation algorithm based on a La-grangian de
omposition via a logarithmi
 potential redu
tion to solve ageneral pa
king or min-max resour
e sharing problem with M nonneg-ative 
onvex 
onstraints on a 
onvex set B. We generalize a method byGrigoriadis et al to the 
ase with weak approximate blo
k solvers (i.e.with only 
onstant, logarithmi
 or even worse approximation ratios).We show that the algorithm needs at most O(M("�2 ln "�1 + lnM))
alls to the blo
k solver, a bound independent of the data and the ap-proximation ratio of the blo
k solver. For small approximation ratiosthe algorithm needs at most O(M("�2+lnM)) 
alls to the blo
k solver.1. Introdu
tion.We 
onsider the following general pa
king problem or 
onvex min-max resour
e-sharing problem of the form:(P ) �� = minf�jf(x) � �e; x 2 Bg;where f : B ! IRM is a ve
tor of M nonnegative 
ontinuous 
onvex fun
-tions de�ned on a nonempty 
onvex 
ompa
t set B, and e is the ve
tor ofall ones. Without loss of generality we assume �� > 0. The fun
tions fm,�This resear
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21 � m � M , are the pa
king or 
oupling 
onstraints. In addition we denote�(x) = max1�m�M fm(x) for any given x 2 B. There are many appli
ationsof the general pa
king problem. Typi
al examples are s
heduling on unre-lated ma
hines, job shop s
heduling, network embeddings, Held-Karp boundfor TSP, multi
ommodity 
ows, maximum 
on
urrent 
ow, spreading metri
s,approximation of metri
 spa
e, and graph partitioning [1, 2, 3, 7, 9, 10℄.Grigoriadis and Kha
hiyan [4, 5℄ proposed an elegant method to 
omputean "-approximate solution for this problem; i.e. for a given a

ura
y " > 0,(P") 
ompute x 2 B s.t. f(x) � (1 + ")��e:The approa
h is based on the Lagrangian duality relation:�� = minx2Bmaxp2P pT f(x) = maxp2P minx2B pT f(x);where P = fp 2 IRM jPMm=1 pm = 1; pm � 0g. Denoting �(p) = minx2B pT f(x),a pair x 2 B and p 2 P is optimal, if and only if �(x) = �(p). The 
orrespond-ing "-approximate dual problem has the form:(D") 
ompute p 2 P s.t. �(p) � (1� ")��:The Lagrangian or pri
e-dire
tive de
omposition method is an iterative strat-egy that solves the primal problem (P") and its dual problem (D") by 
omput-ing a sequen
e of pairs x, p to approximate the exa
t solution from above andbelow, respe
tively.Grigoriadis and Kha
hiyan [5℄ proved that the primal problem (P") and thedual problem (D") 
an be solved with a t-approximate blo
k solver that solvesthe blo
k problem for a given toleran
e t:ABS(p; t) 
ompute x̂ = x̂(p) 2 B s.t. pT f(x̂) � (1 + t)miny2B pT f(y):Usually the number of the 
alls to the approximate blo
k solver to obtain thesolution required is applied as a 
riterion of the 
omplexity of the approximationalgorithm. The reason is that we 
onsider the general 
ase of these problemswhere the approximate blo
k solver is unknown to us (used as an ora
le in theapproximation algorithm). Therefore, the running time of the approximationalgorithm is just the produ
t of the number of 
alls and the running time ofthe blo
k solver. The number of iterations (or 
alls to the blo
k solver) in [5℄is O(M("�2 ln "�1 + lnM)).The method uses either the exponential or standard logarithmi
 potentialfun
tion [4, 5℄ and is based on a ternary sear
h pro
edure that repeatedly s
alesthe fun
tions f . Villavi
en
io and Grigoriadis [11℄ proposed a modi�ed logarith-mi
 potential fun
tion to avoid the s
aling phases and to simplify the analysis.The number of iterations used in [11℄ is also O(M("�2 ln "�1 + lnM)). Fur-thermore, Grigoriadis et al [6℄ studied a general 
overing or 
on
ave max-minresour
e sharing problem (that is orthogonal to the pa
king problem studied



Approximation Algorithms for Pa
king Problems 3here). They showed that the number of iterations or blo
k optimization stepsis only O(M("�2+lnM)) for the general 
overing problem. Therefore it is nat-ural to ask whether one 
an improve the number of iterations for the pa
kingproblem. In fa
t we redu
e the number of iterations for the general pa
kingproblem (P") and dual problem (D") to O(M("�2 + lnM)).On the other hand, in general the blo
k problem is hard to approximate[1, 2℄. This means that the assumption to have a blo
k solver with a

ura
yt = O(") is too stri
t. Therefore we 
onsider in this paper the 
ase where wehave only a weak approximate blo
k solver. A (t; 
)-approximate blo
k solveris de�ned as follows:ABS(p; t; 
) 
ompute x̂ = x̂(p) 2 B s.t. pT f(x̂) � 
(1 + t)miny2B pT f(y);where 
 � 1 is the approximation ratio. The main goal is now to solve thefollowing primal problem (using the weak blo
k solver)(P";
) 
ompute x 2 B s.t. f(x) � 
(1 + ")��e:The 
orresponding dual problem has the form:(D";
) 
ompute p 2 P s.t. �(p) � 1
 (1� ")��:New results. Our main result is an approximation algorithm that for anya

ura
y " 2 (0; 1) solves the problem (P";
) inN = O(M("�2 ln "�1 + lnM))iterations or 
oordination steps. Ea
h step requires a 
all to the weak blo
ksolver ABS(p;O("); 
) and an overhead of O(M ln ln(M=")) arithmeti
 opera-tions. Furthermore for small ratios 
 with ln 
 = O(") we improve the numberof iterations to O(M("�2 + lnM)).Related results. Plotkin et al [10℄ 
onsidered the linear feasibility vari-ants of both problems: either to �nd a point x 2 B su
h that f(x) = Ax �(1� ")b or to �nd a point x 2 B su
h that f(x) = Ax � (1+ ")b where A is the
oeÆ
ient matrix withM rows and b is anM -dimensional ve
tor. The problemsare solved in [10℄ by Lagrangian de
omposition using exponential potential re-du
tions. The number of iterations (
alls to the 
orresponding blo
k solver) inthese algorithms are O("�2� ln(M"�1)) and O(M+� log2M+"�2� ln(M"�1)),where � = max1�m�M maxx2B aTmx=bm is the width of B relative to Ax � b.Garg and K�onemann [3℄ proposed a (1 + ") approximation algorithm to solvethe linear pa
king problem within O(M"�2 lnM) iterations whi
h is indepen-dent of the width. Re
ently Young [13℄ has proposed an approximation al-gorithm for a mixed linear pa
king and 
overing problem (with 
onvex setB = IRN+ ) with running time O(Md lnM="2) where d is the maximum num-ber of 
onstraints any variable appears in. Young [12℄ studied also the linear



4
ase of the pa
king problem but with weak blo
k solvers. He proposed analgorithm that uses O(�0 lnM=(��"2)) 
alls to the blo
k solver, where �0 =max1�m�M maxx2B aTmx=bm � min1�m�M minx2B aTmx=bm and �� is the op-timal value of the pa
king problem. Furthermore, Charikar et al [1℄ noti
edthat the result in [10℄ for the pa
king problem 
an be extended also to the
ase with weak blo
k solvers and the same number O("�2� ln(M"�1)) of itera-tions. Re
ently Jansen and Porkolab [8℄ studied the general 
overing problemand showed that at most O(M(lnM + "�2 + "�3 ln 
) 
oordination steps arene
essary.Main ideas. Our paper is strongly based on ideas in [4, 5, 6, 11℄. We usethe modi�ed logarithmi
 potential fun
tion proposed in [11℄. Our algorithmis based on the s
aling phase strategy su
h that the relative error toleran
es� in all phases a
hieve the given relative toleran
e " gradually. The ora
leABS(p; t; 
) is 
alled on
e in ea
h iteration. We found that the stopping rulesproposed in [4, 5, 11℄ are too stri
t, and that the number of iterations would beat least O(M
2(lnM
+"�3 ln 
)). Therefore we analyzed a 
ombination of twostopping rules in order to obtain a running time independent of 
. In fa
t ourresult is the �rst one independent of the width �, the optimal value �� and theapproximation ratio 
. For 
ertain 
 small enough, we use an upper bound forthe di�eren
e of potential fun
tion values �t(x)��t(x) for two points x; x0 2 Bsimilar to [6℄. This enables us to show that the original method in [11℄ (with aslightly modi�ed stopping rule) uses only O(M("�2+lnM)) 
oordination stepsfor 
 with ln 
 = O(").The paper is organized as follows. In Se
tion 2 the modi�ed logarithmi
potential fun
tion and pri
e ve
tor are introdu
ed and their properties arepresented. The algorithm is des
ribed in details in Se
tion 3. Finally, in Se
tion4 the 
orre
tness and the 
omplexity of the algorithm are analyzed.2. Modi�ed logarithmi
 potential fun
tion.In order to solve the min-max resour
e sharing problem (P ), we use theLagrangian de
omposition method that is based on a spe
ial potential fun
-tion. Villavi
en
io and Grigoriadis [11℄ proposed the following modi�
ation ofKarmarkar's potential fun
tion to relax the 
oupling 
onstraints of (P ):�t(�; x) = ln � � tM MXm=1 ln(� � fm(x)); (1)where � 2 IR+ and x 2 B are variables and t 2 IR+ is a �xed toleran
eparameter (that is used in the approximate blo
k solver ABS(p; t; 
)). In ouralgorithm, we shall set values of t from 1=6 initially down to O("), where " isthe desired relative a

ura
y for the solution. The fun
tion �t is well-de�nedfor �(f(x)) < � <1 where �(x) = maxff1(x); : : : ; fM (x)g and has the barrierproperty: �t(�; x)!1 for � ! �(x) and � !1.



Approximation Algorithms for Pa
king Problems 5We de�ne the redu
ed potential fun
tion as the minimal value �t(�; x) over� 2 (�(x);1) for a given �xed x 2 B, i.e.�t(x) = min�(x)<�<1�t(�; x): (2)The minimum �(x) of �t(�; x) (using the �rst-order optimality 
ondition) isthe solution of the equation: tM MXm=1 �� � fm(x) = 1: (3)The fun
tion g(�) = tM PMm=1 ���fm is a stri
tly de
reasing fun
tion of � in(�(x);1). Therefore the impli
it fun
tion �(x) is the unique root of (3) in theinterval (�(x);1). The following two lemmas by the de�nition of �(x) showthe bounds of �(x) and �t(x), similar to those in [11℄ and [6℄.Lemma 1 �(x)=(1 � t=M) � �(x) � �(x)=(1� t) for any x 2 B.Lemma 2 (1� t) ln�(x) � �t(x) � (1� t) ln�(x) + t ln(e=t) for any x 2 B.Remark. Lemmas 1 and 2 show (for 
ertain suÆ
iently small values of t)that the minimum value �(x) approximates �(x) and that the potential fun
tion�t(x) approximates ln�(x) 
losely. This gives us the possibility to solve theapproximation problem (P";
) by minimizing the smooth fun
tion �t(x) overx 2 B based on these two Lemmas.2.1. Pri
e ve
tor fun
tion.The pri
e ve
tor p(x) 2 IRM is de�ned as follows [11℄:pm(x) = tM �(x)�(x) � fm(x) ; m = 1; : : : ;M: (4)A

ording to equation (3), ea
h pri
e value pm(x) is nonnegative and for anyx 2 B, PMm=1 pm(x) = 1, whi
h are the properties desired. Thus, we 
anjust simply 
ompute the pri
e ve
tor p from (4), whi
h is easier to 
al
ulate
ompared with other methods (e.g. using the exponential potential fun
tion).In view of the de�nition above, the following lemma holds.Lemma 3 p(x)T f(x) = �(x)(1� t) for any x 2 B.Remark. By Lemma 3, for t small enough, the dual value pT f(x) is onlyslightly less than �(x), the minimum of the potential fun
tion. This shows thatthe dual value pT f(x) is also an approximation of �(x). Therefore the primalproblem 
an also be solved by obtaining the solution of the dual value and infa
t that is what we need to 
onstru
t our algorithm.



63. The approximation algorithm.The exa
t dual value �(p) 
an be approximated by the dual value pT f(x̂),where x̂ is the blo
k solution 
omputed by the (t; 
)-approximate blo
k solverfor the 
urrent pri
e ve
tor p. Furthermore, to establish the stopping rules ofthe s
aling phases in the approximation algorithm, the value of duality gapshould be estimated in ea
h iteration. For our �rst stopping rule we use thefollowing parameter �: � = �(x; x̂) = pT f(x)� pT f(x̂)pT f(x) + pT f(x̂) : (5)If � is O("), then the duality gap is also quite small. But for larger � 
lose to1, the gap 
an be extremely large (see also Se
tion 4). Therefore, we have tode�ne a se
ond parameter. Let � be the relative error of a s
aling phase. Thenthe parameter w is given by:w = � 1+�(1+�=6)M for the �rst �-s
aling phase,1+�1+2� otherwise. (6)Let xs be the solution of sth s
aling phase. Then the two stopping rules usedin the sth s
aling phase are:Rule 1 : � � �=6;Rule 2 : �(x) � w�(xs�1):Remark. Grigoriadis et al [6, 11℄ used either only the �rst stopping rule orthe rule pT f(x)�pT f(x̂) � ��(x)=2 that is similar to the former. In the 
ase ofa weak blo
k solver, su
h stopping rules are not suÆ
ient to obtain a runningtime independent of the ratio 
. It may happen that the blo
k solver is 
alledmore times than what ne
essary. Therefore we have introdu
ed the se
ondstopping rule to make sure that the s
aling phase stops as soon as the solutionmeets the requirement of the phase. On the other hand the �rst stopping ruleis needed to have always a 
onstant de
rement in the potential fun
tion (seeSe
tion 4).The algorithm works now as follows. First we apply the s
aling phase strat-egy. In ea
h s
aling phase the relative error toleran
e � is set. Then basedon the known pair of x and p, a solution x̂ is generated by the approximateblo
k solver. Afterwards an appropriate linear 
ombination of the old solutionx and x̂ is 
omputed as the new solution. The iteration stops when the solutionsatis�es one of the stopping rules. After one s
aling phase, the error toleran
e� is halved and the next s
aling phase is started until the error toleran
e � � ".The solution generated in the last s
aling phase solves the primal problem (P";
)(see also Se
tion 4).In our algorithm we set t = �=6 for the error toleran
e in the blo
k solverABS(p; t; 
). To run the algorithm, we need an initial solution x0 2 B inadvan
e. Here we use as x0 the solution of the blo
k solver ABS(e=M; �0=6; 
)



Approximation Algorithms for Pa
king Problems 7where the pri
e ve
tor e=M is the ve
tor of all 1=M 's and the initial errortoleran
e �0 = 1.Algorithm L(f;B; "; 
):initialize: s := 0, � := �0 := 1, t := �=6, p := e=M , x := ABS(p; t; 
)and xs := x,while � > "=2 do /* �-s
aling phase */s := s+ 1, x := xs�1, finished := false,while not(finished) do /* 
oordination step */
omputer �(x) from (3) and p = p(x) 2 P from (4),x̂ := ABS(p; t; 
),
ompute � = �(x; x̂) from (5) and w from (6),if either Stopping Rule 1 or 2 is satis�ed thenxs := x, finished := true,elsex := (1� �)x+ � x̂ for an appropriate step length � 2 (0; 1℄,endend� := �=2, t := �=6,endWe set the step length � as:� = t��2M(pTf + pT f̂) : (7)We note that the step length � 
an be 
omputed also by a line sear
h tominimize the potential value �t. The algorithm and the analysis remains validif we use su
h a line sear
h to 
ompute � (see also Se
tion 4).4. Analysis of the algorithm L.In this se
tion we verify the 
onvergen
e of algorithm L by proving thatthe algorithm stops in ea
h s
aling phase after a �nite number of iterations.Furthermore we show that the ve
tor x 
omputed in the �nal phase solves theprimal problem (P";
). From now on we denote � = �(x), �0 = �(x0), f = f(x),f 0 = f(x0) and f̂ = f(x̂). Before proving the 
orre
tness of the approximationalgorithm we have the following bound for the initial solution x0.Lemma 4 If x0 is the solution of ABS(e=M; t; 
) with t = 1=6, then �(x0) �(7=6)
M��.Lemma 5 If algorithm L stops, then the 
omputed x 2 B solves (P";
).Proof: We shall 
onsider both stopping rules. If the �rst stopping rule issatis�ed, then using the de�nition of � and � � t we have(1� t)pT f � (1 + t)pT f̂ :



8A

ording to Lemma 3, the inequality above, and the value pT f(x̂) of thesolution x̂ 
omputed by the blo
k solver ABS(p; t; 
), we have� = pT f1� t � 1 + t(1� t)2 pT f̂ � 
�1 + t1� t�2 �(p):Denote by �s the value of � in the sth s
aling phase, using the fa
t that�(p) � �� and t = �s=6, we obtain � � 
(1 + �s)��. Then by Lemma 1,fm(xs) � �(xs) � �(xs) � 
(1 + �s)��.If the se
ond stopping rule is satis�ed, then we 
onsider two further 
ases.If the rule is satis�ed in the �rst phase s = 1, then a

ording to the value of win formula (6) and � = �0,�(x1) � 1 + �0(1 + �0=6)M�(x0):Sin
e x0 is the solution of ABS(e=M; t; 
) we have �(x0) � 
(1 + �0=6)M��.This implies that �(x1) � 
(1 + �0)��.Now let us assume (by indu
tion) that �(xs�1) � 
(1+�s�1)�� after s
alingphase s � 1. Thus if the se
ond stopping rule is satis�ed in phase s, thena

ording to the de�nition of w and �s = �s�1=2, we have�(xs) � (1 + �s)(1 + 2�s)�(xs�1) � (1 + �s)
��:Therefore in both 
ases we have �(xs) � (1+�s)
�� for any s > 0. Sin
e � � "when the algorithm L halts, the solution x = xs 
omputed in the last phasesolves (P";
).In the next Lemma we show that the potential fun
tion �t de
reases by a
onstant fa
tor in ea
h 
oordination step. This enables us later to prove anupper bound for the number of iterations.Lemma 6 For any two 
onse
utive iterates x, x0 2 B within a s
aling phaseof Algorithm L, �t(x0) � �t(x)� t�24M :The proof is similar to that in [6℄ and we do not give the details in thispaper. Now we are ready to estimate the 
omplexity of Algorithm L.Theorem 1 For a given relative a

ura
y " 2 (0; 1℄, Algorithm L �nishes witha solution x that satis�es �(x) � 
(1 + ")�� and performs a total ofN = O(M(lnM + "�2 ln "�1))
oordination steps.Proof: If algorithm L �nishes after a �nite number of iterations with a solutionx, then using Lemma 5 �(x) � 
(1 + ")��. First we 
al
ulate a bound on the



Approximation Algorithms for Pa
king Problems 9number N� of 
oordination steps performed in a single s
aling phase. After-wards we obtain a bound for all s
aling phases. This shows also that algorithmL halts and proves the theorem.Let x, x0 denote the initial and �nal iterates of a �-s
aling phase. In additionlet �x be the solution after N� = N� � 1 iterations in the same s
aling phase.During the phase from x to x0 we have � > t; otherwise the phase would �nishearlier. Furthermore (by the same reason) the obje
tive value �(�x) > w�(x).Then Lemma 6 provides�t(x)� �t(�x) � N� t�24M � N� t34M :By the left and right inequality of Lemma 2 we have (1� t) ln�(�x) � �t(�x) and�t(x) � (1� t) ln �(x) + t ln(e=t), respe
tively. Hen
e,N� t34M � (1� t) ln �(x)�(�x) + t ln et :This gives dire
tly a bound for N� ,N� = N� + 1 � 4Mt�3�(1� t) ln �(x)�(�x) + t ln et�+ 1:Next we shall bound the term �(x)=�(�x). For the �rst s
aling phase we have�(�x) > 1+�(1+�=6)M �(x). In this 
ase�(x)�(�x) � (1 + �=6)M1 + � < 2M1 + � :Sin
e t = 1=6 and � = 1 during the �rst s
aling phase, there are onlyO(M lnM)
oordination steps in the �rst phase. For the other s
aling phases, we have�(�x) > 1+�1+2��(x). Therefore,�(x)�(�x) � 1 + 2�1 + � = 1 + �1 + � :Then a

ording to the elementary inequality ln(1 + u) � u for u � 0,ln �(x)�(�x) � ln(1 + �1 + � ) � �1 + � < �:Substituting this in the bound for N� above and using t = �=6, we have theexpression N� = O(M��2 ln��1):Finally, the total number of 
oordination steps N is obtained by summingthe N� over all s
aling phases:



10 N = O(M(lnM +X� ��2 ln��1)):Sin
e � is halved in ea
h s
aling phase, the sum above is further bounded byP� ��2 ln��1 = O(Pdlog "�1eq=0 22q ln(2q))= O(log "�1Pdlog "�1eq=0 22q)= O("�2 log "�1);whi
h provides the 
laimed bound.4.1. Analysis for small approximation ratio 
.In this subse
tion we analyze the 
ase that the approximation ratio 
 ofthe blo
k solver is small enough, i.e., ln 
 = O("). In this 
ase we modify thealgorithm L as follows: we use only the �rst stopping rule � � t. This rule issimilar to the one in [11℄. Let L0 be the modi�ed algorithm. First it 
an beproved that the pair x and p 
omputed in the last s
aling phase is a solution ofboth primal problem (P";
) and dual problem (D";
), respe
tively. Furthermorewe prove an upper bound on the di�eren
e of the potential fun
tion for anytwo arbitrary points x and x0 in B. The proof is similar to one in [6℄ for thegeneral 
overing problem.Lemma 7 For any two iterates x, x0 2 B within a s
aling phase with �(x) > 0and �(x0) > 0,�t(x) � �t(x0) � (1� t) ln pT fpT f 0 � (1� t) ln pT f�(p) ;where p = p(x) is de�ned by (4).For the 
omplexity of the algorithm L0 we have the following theorem.Theorem 2 In the 
ase of ln 
 = O("), algorithm L0 performs a total ofN = O(M(lnM + "�2))
oordination steps.The proof will be given in the full version of the paper.4.2. Analysis of a

ura
y.In the analysis above we assumed that the pri
e ve
tor p 2 P 
an be 
om-puted exa
tly from (4). However, in pra
ti
e this is not true sin
e �(x) is neededin (4). �(x) is the root of (3) that in general 
an only be 
omputed approxi-mately. We 
an prove that if p has a relative a

ura
y bounded by O("), the



Approximation Algorithms for Pa
king Problems 11algorithm 
an still generate the desired solution. To obtain that requirement,the absolute error of � must be bounded by O("2=M). Then O(M ln(M="))arithmeti
 operations are suÆ
ient to 
ompute the pri
e ve
tor p with binarysear
h. If the Newton's method is applied, only O(M ln ln(M=")) operations areenough. The detailed analysis will be presented in the full version of this paper.A similar argument how to resolve this problem 
an be found in [4, 5, 6, 11℄.5. Con
lusion.In this paper we have proposed an approximation algorithm for the generalpa
king problem that needs only O(M(lnM + "�2 ln "�1)) 
oordination stepsor 
alls to a weak blo
k solver with approximation ratio 
. This bound isindependent of the approximation ratio 
. However, if the original methodsin [4, 5, 11℄ are used, then the number of iterations 
an be bounded only byO(M
2(lnM
 + "�3 ln 
)), whi
h is larger than our bound here signi�
antly.The reason is that the stopping rules in [4, 5, 11℄ are too stri
t and that theduality gap is too large.But we note that the original method 
ould be faster, sin
e we don't have alower bound on the number of iterations. Another interesting point is that ouralgorithm does not automati
ally generate a dual solution for general 
. We
an prove that only O(M"�3 ln(M=")) 
oordination steps are ne
essary to geta dual solution of (D";
). It would be interesting whether this bound 
an beimproved. We will fo
us on these questions in our future resear
h.Referen
es[1℄ M. Charikar, C. Chekuri, A. Goel, S. Guha and S. Plotkin, Approximating a�nite metri
 by a small number of tree metri
s, Pro
eedings of the 39th AnnualIEEE Symposium on Foundations of Computer S
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