
Dynamic Parameter Encodingfor Genetic Algorithms �Nicol N. Schraudolph Richard K. Belewnici@cs.ucsd.edu rik@cs.ucsd.eduComputer Science & Engineering DepartmentUniversity of California, San DiegoLa Jolla, CA 92093-0114July 20, 1992AbstractThe common use of static binary place-valuecodes for real-valued parameters of the phen-otype in Holland's genetic algorithm (GA)forces either the sacri�ce of representationalprecision for e�ciency of search or viceversa. Dynamic Parameter Encoding (DPE)is a mechanism that avoids this dilemmaby using convergence statistics derived fromthe GA population to adaptively control themapping from �xed-length binary genes toreal values. DPE is shown to be empiricallye�ective and amenable to analysis; we ex-plore the problem of premature convergencein GAs through two convergence models.1 MotivationGenetic Algorithms (GAs) are capable of ef-�ciently searching complex �tness landscapesutilizing methods inspired by biological evol-ution [7]. The work reported here used theGAucsd1 software which implements a pop-ular form of the GA, applying the operators�Reprinted fromMachine Learning 9, 9{21 (1992).1GAucsd is our variant of the GENESIS package[5] supporting | among other enhancements | user-transparent DPE. It is a public domain program andcan be obained via Internet �le transfer or electronicmail from the �rst author.

of selective reproduction, mutation and cros-sover to a �xed-length binary genome. Whilethe common restriction to �xed-length geneticrepresentations in GA experiments is rootedin convention and convenience, theoretical ar-guments have been made in support of binaryalphabets [4, p. 80{82].If the function to be optimized by the GAis de�ned over a continuous domain, its real-valued parameters can only have approximategenotypic representations as binary codes of agiven length. The choice of code length de-termines not only the resolution of the GAsearch for this gene and the precision of itsresult2, but also the size of the space of rep-resentations the GA has to search.Unfortunately the GA searches long place-value codes rather ine�ciently: in the earlyphases of the search a lot of computationale�ort is invested in evaluating the least sig-ni�cant digits of the gene. The optimal valuefor these digits, however, will typically dependon the more signi�cant ones, and little use-ful information can be obtained from samplingthe former until the latter have converged to2We use the term resolution to denote the numberof alleles in a gene, and precision for the distance (onthe real line) between neighboring alleles.1



their optimal value. Likewise, once this hashappened there is no need to spend any moresearch e�ort on the most signi�cant digits |the plain GA though will pay equal attention toall digits of the representation throughout itssearch, thus wasting its implicit parallelism3on an inherently sequential search problem.Moreover, in the absence of meaningful �t-ness information early in the search, the leastsigni�cant bit positions will converge to an ar-bitrary value due to genetic drift, a processaggravated by genetic hitchhiking | incid-ental associations with highly successful allelesin the more signi�cant bits (see Section 5.2).Once these bits have converged the GA cannotsearch them e�ciently anymore; thus the GAsearch progressing sequentially from the mostsigni�cant bits can only achieve a limited res-olution before it is beached by the prematureconvergence spreading from the less signi�cantsection of the gene.In this situation one strategy to obtain ahigh-precision result might be to use a verycrude precision at �rst and allow the GA toconverge. At this point the resulting popu-lation could be re-encoded onto the same setof bits such that search is restricted to theidenti�ed region, and the GA restarted. Thisprocess could then be iterated until the res-ult has the desired precision. In essence, thisis what Dynamic Parameter Encoding (DPE)does autonomously and for each real-valuedgene in parallel. By adaptively controllingthe encoding scheme in this way, DPE demon-strates that a sacri�ce of search resolution neednot necessarily lead to an identical loss of pre-cision in the search result. This correspond-ence is just an artifact of the assumption |implicit in many implementations of the GA| that the encoding scheme remains constant3This implicit parallelism [7] occurs in the evalu-ation of low-order schemata, ie. exactly where it is notuseful in case of a standard place-value representation.

throughout the search.The next two sections of this paper describethe DPE algorithm and demonstrate its e�ect-iveness, respectively. We then contrast DPEwith related approaches to the problem of realvalue representations in GAs, and the ARGOTstrategy [11] in particular. This comparison inturn motivates an analysis of GA convergencewhich attempts to quantify the conditions un-der which the DPE algorithm succeeds.2 The DPE AlgorithmFor the purpose of evaluation, each parameterof a �tness function f has to be recovered fromits representation as an l-bit binary gene. The�rst step of this decoding process is to inter-pret the gene as an unsigned binary (possiblyGray-coded) integer i. A real-valued para-meter in the search interval [a; b) can then bederived through the linear4 transformationT (i) = a+ (b� a) i+X2l (1)where X is a random value with uniformdensity over [0; 1) included in order to elim-inate potential aliassing e�ects caused by thequantization error inherent in the represent-ation. This means that T maps each alleleonto a subinterval of length (b � a)=2l insteadof just a single point on the real line; the ef-fective allele �tness measure is therefore theMonte Carlo integral of f over the correspond-ing subinterval.The GA can identify the optimum of f in[a; b) only if it is located in the subintervalwhose �tness integral is optimal. The num-ber of subintervals must be large enough forthis to happen, thus imposing a lower boundon the length l of the gene | we call this the4Other (e.g. logarithmic) representation schemescan be implemented by suitably post-processing T (i).2



minimal resolution required by f for searchingthis gene.The length of each subinterval at the endof the search determines the precision of theresult obtained. For static encoding schemesa minimal precision requirement therefore im-poses another lower bound on l. In mostcases this is the bound that limits the e�ortsto improve the GA search by reducing genelength: often comparatively coarse search res-olution would be su�cient to identify the op-timal subinterval but we need to know moreprecisely where in that subinterval the op-timum is located. DPE addresses this needby remapping the gene such that the availablesearch resolution is reused on a �ner scale in anoptimal subinterval once that has been identi-�ed. By applying this process repeatedly DPEfacilitates �nal results of any desired precisionindependent of gene length, as long as the min-imal resolution requirement is met.DPE treats each real-valued parameter of fidentically and independently; Figure 1 illus-trates its operation for one such gene. Eachgeneration the DPE algorithm constructs a his-togram of the population over the quarters ofthe current search interval formed by the twomost signi�cant bits of the gene. By summingover neighboring quarters we obtain the popu-lation counts for three overlapping target inter-vals, then take their exponential traces. Suchexponential historic averaging | whose timeconstant is a free parameter of DPE | makesthese counts less sensitive to the noise inherentin GA search than the raw target histogram,hence more reliable as an indicator of stableconvergence. If the largest count exceeds agiven trigger threshold we consider the popu-lation converged on the corresponding targetinterval and invoke a zoom operator.The zoom operation restricts subsequentGA search to the target interval by suitably

-a b <quarterscurrent search intervalpossible target intervalsFigure 1: Intervals used by the DPE zoom.altering the decoding transformation T (Equa-tion 1). The binary gene of every individual inthe population is then manipulated such thatthose lying inside the target interval are leftin place by the zoom5. Those lying outside are\folded" onto the target interval in the process;this method is less disruptive than random re-initialization in that it preserves the existingschema frequencies.Note that the overlap of target intervalseliminates the risk of zooming into the wrongtarget interval due to small sampling errors incase the optimum is close to a target intervalboundary. Since the zoom operator doublesthe precision of the gene, each allele can be as-signed to one of two new subintervals duringthe remapping; this choice is made by an in-dependent coin toss for each individual, i.e. arandom re-initialization of the gene's least sig-ni�cant bit.3 Empirical ResultsTo verify the e�ciency of the DPE algorithmwe checked its performance on a classical GAtest function suite [2]; see Table 1 for numberof genes d, length l (in bits) of each gene, and5This is achieved with a bit shift left plus someadditional manipulations in the two most signi�cantbit positions.3



the name of each test function to be minimized.Table 1: De Jong's GA test function suite.fn d l Commentf1 3 10 paraboloidf2 2 12 Rosenbrock's saddlef3 5 10 step functionf4 30 8 x4 with noise (� = 1)f5 2 17 Shekel's foxholesIn a large empirical study Scha�er et al. haveidenti�ed values for population size, crossoverand mutation rate that produce good onlineperformance on this test suite [9]; we are us-ing their results (which are almost identical toearlier recommendations by John J. Grefen-stette) here, and also follow their practice ofGray coding all genes [1]. To keep the experi-ment as straightforward as possible we did notfollow the common practice of using an elit-ist selection strategy6, and kept the followingparameters invariant unless noted otherwise:Population Size: 30Crossover Rate: 0.95Mutation Rate: 0.005Generation Gap: 1.0Scaling Window: 1Trigger Threshold: 0.9Trace Time Constant: 10The search resolution was held constant atl = 3 for all experiments using DPE to fa-cilitate comparison of results across the testsuite; the control experiments used the valuesgiven in Table 1. The results are shown inFigure 2, which traces �f , the average value of6Later control experimentswith elitist strategy pro-duced very similar results.
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trialsFigure 2: Performance for De Jong's functionswith DPE (dashed) vs. without (solid).the objective function in the population7 over10 identical runs (with di�erent initial randomnumber seed) and 10000 evaluations of eachfunction; experiments using DPE (dashed) arecompared to those that did not (solid) on a log-arithmic scale. Other experiments showed thatthe DPE parameters can be optimized furtherfor each individual function; a few such casesare reported below.The positive e�ect of DPE is most evidenton functions f1 and f3. For them the experi-ments both with and without DPE show a sim-ilar initial performance improvement; withoutDPE, however, the curve soon bottoms out asit reaches a level where the mutation noise be-comes dominant. With DPE, each zoom oper-ation reduces the phenotypic e�ect of a muta-7For display purposes this performance measurewas smoothed throughan exponential tracewith a timeconstant of 10 generations.4



tion, thus keeping mutation noise in check.8The result is continuous performance improve-ment over many orders of magnitude: the av-erage function values after 10000 trials withDPE were 6 � 10�10 and 4 � 10�7 for f1 and f3,respectively.For f2 and f4 DPE initially manages to sig-ni�cantly improve performance, too. After4000 evaluations, however, it levels out in bothcases, albeit at a far better level than withoutDPE. This happens because both functionshave their optima located on an extremely 
atridge (f2) or plateau (f4). In such a case, onceDPE gets close to the optimum the �tness dif-ferences become so small that mutation noiseprevents su�cient convergence to trigger thezoom operation.Lowering the mutation rate does reducemutation noise but simultaneously exacerbatesthe problem of premature convergence. Al-though measures favoring exploration over ex-ploitation (e.g. large populations, high cros-sover rates, low selective pressure) can be usedto combat premature convergence, they inher-ently slow down the search process | thegained precision is thus bought at a high com-putational price.Figure 3 illustrates that even with more thantripled population size and crossover rate9 nochoice of mutation rate enables the plain GAto optimize the quadratic function f1 | trivialby optimization standards | to any high preci-sion. Note that the initial rate of performanceimprovement is now signi�cantly less than inFigure 2 due to the more exploration-orientedparameter settings. For comparison, DPEwith trigger threshold 0.8 and a trace constant8A more elaborate example of this approach is theadaptive control of mutation variances in evolutionarystrategies [10].9Population size 100, crossover rate 3.0 | that is,three independent two-point crossovers for each pair ofparents.
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 DPEtrialsFigure 3: Performance of plain GA on f1 forvarious mutation rates, contrasted with DPEperformance.of 12 generations supplies average results wellbelow 10�16 (below 10�21 in some runs) in thesame number of trials.Returning to Figure 2, we note that withour default set of parameters DPE actuallyworsens the performance for f5, the only mul-timodal function in the test suite. However,this merely demonstrates that there is nouniversally optimal parameter setting for theGA[6]; in this case three bits per gene do notprovide enough search resolution for DPE toevaluate which of f5's 25 optima is the best.Indeed, when allowed a resolution of six bitsper gene10, DPE consistently converges on theglobal optimum within 18000 trials, whereasthe plain GA's performance is still an order ofmagnitude away after 25000 evaluations (Fig-ure 4).Note that over the �rst 13000 trials (whereno performance advantage is visible) DPE10To compensate for the enlargened search space wealso increased the trace time constant to 50 genera-tions; all other parameters remained the same.5
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                                        trialsFigure 4: Double resolution search of f5 withDPE (dashed) vs. without (solid).gradually eliminates all non-global optimafrom consideration; once the search space hasbecome unimodal DPE rapidly homes in on thetarget and the population promptly convergesto the global optimum. This strategy is quiteappropriate in that it puts most of the compu-tational e�ort into the hard problem of decid-ing which basin of attraction is the best, thenwastes little time on the comparatively easytask of converging on the identi�ed optimum.Since De Jong's test suite provides with f5only one multimodal function, we performedadditional tests on the following problem [10]:f7(~x) = � 10Xi=1 xi sinpjxij , jxij � 500: (2)The best of the over 109 local optima of thisfunction are located far from the global op-timum yet are almost as attractive (within 3%of optimal), making it especially hard for DPEto prune this search space.A \fast" zoom operator (trace time con-stant: two generations) with a high triggerthreshold of 0.95, however, was still able toconsistently identify the optimal basin of at-

traction of f7 within 8000 evaluations in ex-periments using a population size of 100. Thiscan be achieved with the plain GA just aswell, but any low-order bits in the genome willhave converged by that time, making furtherprogress to the actual optimum (via mutationonly) very di�cult. DPE makes the transitionfrom global to local search far more gracefully,locating the optimum to any desired precision.4 Previous WorkWe are by no means alone in suggesting thatcertain aspects of genetic encoding schemes ingeneral, and those for real numbers in particu-lar, should be under adaptive control of theGA itself | Deb for instance has investig-ated 
oating point optimization using a GAwith \messy" representations as advocated byGoldberg [3].Shaefer in particular has in
uenced ourwork with his GA-based function optimizationstrategy ARGOT [11], whose many heuristicsinclude an operator very much like the zoomoperator described here. However, ARGOTalso features an \inverse zoom" operator thatexpands the search space if there is little con-vergence. While such an ability to backtrackwould certainly be very useful as an insuranceagainst misguided zoom operations we believeit impossible to establish a well-founded, gen-eral trigger criterion for this operator.Consider the experiment reported in Fig-ure 4 for instance. Although convergence wasvery low for the �rst 13000 trials, this did notmean that the global optimum of f5 wasn'tin the search space | it was just hard to�nd. Other examples can easily be found toshow that the absence of convergence is indeedneither a necessary nor a su�cient indicator ofthe situation that warrants an inverse zoom,viz. the absence of the global optimum from6



the current search space. Moreover, any po-tential trigger criterion for the inverse zoomhas to be based upon available information.However, since the GA does by de�nition notprovide any information about the �tness land-scape outside its search space, we are forced toconclude that in general there is no indicatorfor the presence of a global optimum outsidethe search space.Two more approaches closely related to AR-GOT and DPE have recently come to our at-tention: the Adaptive Search Space Scaling al-gorithm applied to medical image registration[8], and the technique of Delta Coding [12].Like ARGOT, these methods employ a formof inverse zoom that makes implicit assump-tions (such as piecewise monotonicity) aboutthe function being searched, thus sacri�cinggenerality for performance. By contrast, theheuristic DPE employs for deciding when totrigger a zoom operation is based on the sametermination criterion typically used with theplain GA: stable convergence of the popula-tion. In this sense DPE converges to the globaloptimum if and only if the plain GA does, andis therefore best characterized as a successionof GAs over search spaces iteratively re�nedthrough bisection.This strong reliance on the plain GA makesDPE highly amenable to standard GA analysistechniques such as schema analysis; the priceto pay for it is the irreversibility of the zoomoperator as argued above. Consequently, DPEalso inherits the GA's premature convergenceproblem, which we address by applying thezoom operator conservatively. In fact, much ofthe work reported here can be viewed as an at-tempt to make the zoom operator safe|cf. theoverlap of target intervals and the smoothingof convergence statistics. In order to provideguidance in setting the DPE algorithm's para-meters such that DPE zooms as rapidly as pos-

sible without converging prematurely we nowtake a closer look at the mechanics of GA con-vergence.5 Models of ConvergenceWith or without DPE, the GA can convergeto the global optimum only if the gene lengthprovides su�cient resolution, so that the sizeof the subspace corrsponding to each genotypeis small enough for its �tness integral to reli-ably predict its optimum. By presenting twomodels of convergence in GAs we now attemptto provide similar guidelines for setting thetwo parameters DPE introduces, namely trig-ger threshold and trace time constant.5.1 Expected Convergence LevelThe zoom operator should be triggeredwhenever a gene has converged on one of thethree target intervals. In the presence of muta-tion, however, convergence is never complete;rather, the opposing forces of selection and de-structive mutations lead to an equilibrium inwhich the frequency of any schema depends onboth its �tness and the mutation rate. In orderto formulate a sound trigger criterion for thezoom operator it is therefore necessary to takethe mutation rate m into account.Consider a single bit position anywhere inthe genotype and let r0 be the population re-lative schema �tness of the zero allele in thatposition, i.e. r0 = f0= �f . In each generationthe proportion p0 of these zero alleles in aGA population will change by a factor of r0through �tness-proportional selection. Muta-tion will then destroy a fraction m of the zer-oes; however, it will also create new zeroesthrough back-mutation. These e�ects11 com-11We deliberately ignore the linkage e�ects of cros-sover here; they are the focus of the next section.7



bine to yield the expected change of proportionof zero alleles during one generation:�p0 = (r0 � 1)p0 �mr0p0 +m(1� r0p0) (3)Equilibrium is reached when �p0 = 0. Sub-stituting into Equation 3 and solving for p0 we�nd that the equilibrium proportion ~p0 of zeroalleles in the population as a function of muta-tion rate is~p0(m) = m(2m� 1)r0 + 1 (4)Since the relative schema �tness r0 dependson the population �tness average �f , which inturn depends on the composition of the popu-lation, Equation 4 describes the level of alleleconvergence only implicitly. It can, however,be recast in terms of the absolute �tness ra-tio r = f0=f1 by using the fact that �f =p0f0 + (1� p0)f1 to obtainr0 = 1p0 + 1�p0r (5)This equation can be substituted into Equa-tion 4 to yield an explicit prediction of theexpected level of allele convergence, shown inFigure 5 for various values of r, assuming |without loss of generality | that the zero al-lele conveys a �tness disadvantage, i.e. r < 1.Also shown (in dashed lines) are the approxim-ate solutions obtained by using Equation 4 dir-ectly with a �xed r0; the �gure demonstratesthat at low values of ~p0(m) this does providea good estimate since then �f � f1 and hencer0 � r.For a Gray-coded gene the three target in-tervals of the DPE zoom operator can be ex-pressed as �rst-order schemata 0# � � � , 1# � � �and #1 � � � . The above analysis therefore ap-plies to the DPE algorithm and can be usedto specify the trigger threshold for the zoomoperator: if DPE is to prune those parts of
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mFigure 5: equilibrium proportion ~p0(m) of los-ing allele for various r (solid) and r0 (dashed).the search space whose absolute schema �tnessis less than r, a zoom to a target subintervalshould be triggered whenever the proportionof the population outside that subinterval fallsbelow the corresponding value of ~p0(m) at thegiven mutation rate.Note that in standard binary coding (as op-posed to Gray coding) the center zoom tar-get interval is the union of two second-orderschemata, 01 � � � and 10 � � � . Since a crossoverafter the �rst bit between two representativesof these schemata moves both outside the tar-get interval, high levels of convergence will bemuch harder to achieve for the center intervalthan for the other two targets. This disruptivee�ect of crossover complicates the above ana-lysis considerably and would necessitate the in-troduction of a separate DPE trigger threshold(dependent on both crossover and mutationrate) for the center target interval. To avoid8



such undesirable complications the use of Graycode for DPE-mapped genes is highly recom-mended; it is also generally preferable as it re-duces Hamming cli�s that could mislead theGA search [1].5.2 Genetic HitchhikingIn the previous section we showed that theDPE trigger threshold must not be set toohigh since this would make it impossible forDPE to eliminate slightly suboptimal areas ofthe search space from consideration. On theother hand it is clear that the threshold shouldnot be set too low either in order to be su�-ciently immune to noise. Disregarding the non-cumulative e�ects of stochastic variance andquantization noise introduced by the variousgenetic operators, we now demonstrate how themain contributor to the GA's noise problem,sampling error, can distort convergence stat-istics.Sampling error is the systematic and cumu-lative error in convergence statistics resultingfrom the fact that the GA can only explore avery small subspace of the entire search spaceduring its search. This means that the GA hasonly empirical | and potentially misleading| estimates of the true schema �tness aver-ages to work with. Crossover reduces samplingerror by continually recombining genome frag-ments in novel ways, allowing more accurateestimates of the true schema �tness averagesdespite of a limited population size.Sampling error can cause premature conver-gence | with DPE, in form of a misguidedzoom operation | and is particularly promin-ent in a phenomenon known as genetic hitch-hiking, referring to the fact that a \hitchhiker"gene that does not convey any �tness advant-age may still become predominant by exploit-ing an incidental correlation with a highly suc-cessful \booster" gene.

To demonstrate this phenomenon, we modela GA operating on a 2-bit genome. The �rstbit is the booster gene that conveys a high re-productive advantage R = f1#=f0# upon theindividuals carrying it. The second bit is thehitchhiker that is completely neutral with re-spect to selection, i.e. f00 = f01 and f10 = f11.We assume that initially a certain propor-tion pi of the population have the booster al-lele, and that all of these also carry the hitch-hiker: p11 = pi, p10 = 0. Of the remainder ofthe population, half have the hitchhiker allele:p00 = p01 = (1 � p11)=2. From these initialconditions we follow the evolution of allele fre-quencies through time by repeatedly applyingselection, mutation and crossover to the popu-lation.Selection is assumed to be proportional tothe population-relative schema �tness, i.e. theallele frequencies p0 after selection are given byp0xy = rxypxy, wherer00 = r01 = 1p0# + Rp1# (6)and r10 = r11 = Rr00.Applying mutation at a per-bit rate of mnext we �nd thatp00xy = m2+(1�2m)(p0xy+m(p0�xy+p0x�y)) (7)Crossover between the two bit positions, ap-plied with a probability of c, �nally gives usp000xy = p00xy + c(p00�xyp00x�y � p00xyp00�x�y) (8)After examining the new allele frequenciesp000 we can iterate the model by initializing thenext generation (pxy  p000xy). The typical res-ult is an evolution of the hitchhiker allele fre-quency as shown in Figure 6:1. Due to its initial correlation with thebooster allele, the hitchhiker frequencyrises rapidly at �rst, with a slope depend-ent mostly on R, but also pi.9
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                                                 5pigenerationsFigure 6: Evolution of modelled hitchhiker al-lele frequency for R = 2, c = 0:02, m = 0:001and pi = 0:01 (solid); variations (dashed) for�vefold increase ofR, c,m and pi, respectively.2. At a point jointly determined by R, c, mand pi crossover manages to decouple thehitchhiker allele from the booster, and itsfrequency peaks out.3. The decay of the hitchhiker allele back to itsequilibrium proportion of 50% is achievedby mutation alone and hence very slow atrealistic mutation rates.12The slow decay unfortunately means thatthis model can not be used to derive somelower bound on the DPE trace time constant,since in a typical multidimensional genome theabundant linkage forces will tend to overwhelmmutation, and the duration for which the hitch-hiker stays above threshold will thus be dom-inated by the frequency of such hitchhiking12There are variants of GA search employing veryhigh mutation rates; they are not considered here sincethey either use non-convergent populations, or con-verge by a di�erent mechanism.

events. We can, however, use the maximumproportion of the hitchhiker as a lower boundon the trigger threshold. Even so it is clearthat this model is still far from reality; we con-sider it but a �rst step towards a fuller under-standing of the premature convergence prob-lem.6 DiscussionThe DPE algorithm described here provides auseful extension of the GA search procedureto real-valued parameters of arbitrary preci-sion. By tracking the convergence of a popula-tion and using it to restrict subsequent search,DPE e�ciently �nds precise parameter valuesusing a minimal number of bit positions. Theexperiments reported here | and others wehave performed | suggest that DPE can of-ten help the GA �nd better solutions faster.Compared to other algorithms adapting theGA search space, DPE is more conservat-ive and hence amenable to standard GA ana-lysis techniques. We have analyzed the rolemutation plays as an inhibitor of convergenceas well as ways in which sampling error canfool DPE into prematurely converging on sub-optimal regions, but the latter analysis is farfrom complete. Further progress will require abetter understanding of the conditions leadingto premature convergence | an essential steptowards a more general theory of GA search.AcknowledgementsWe thank the Cognitive Computer Science Re-search Group at UCSD for their comment-ary on early drafts of this paper. This workwas partially supported by Los Alamos Na-tional Laboratories under INCOR contractCNLS/89-423.10
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