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Abstract

We design a controller for the Beam-and-Ball system
that renders the origin semiglobally asymptotically sta-
ble (semi-GAS). First, we view the problem as design-
ing a controller for a second-order subsystem of the
system. Then, using a new backstepping procedure we
reconstruct the control for the whole system. As our
main result, we developed a new version of backstep-
ping procedure for systems that do not have a triangu-
lar structure.

1 Introduction

The Beam-and-Ball system (BNB) which is shown in
Figure (1), consists of a beam and a ball on it. There
is an actuator on the joint connecting the beam to the
base. The task is to bring the ball from any initial posi-
tion with any initial speed to a desired position on the
beam by applying an appropriate torque to the joint
and changing the angle of the beam. The BNB sys-
tem is a well-known example in nonlinear control. In
[1], approximate input-output linearization of the BNB
system was studied. In [3], a Lyapunov function for the
BNB system was constructed by finding a Lyapunov
function for a cross-term relating two subsystems of
the system. In our approach, we design a controller for
a second-order subsystem of the BNB system, then us-
ing backstepping procedure [2], we find the controller
for the whole system. As our main result, we intro-
duce a new version of the backstepping procedure for
systems that do not have triangular structure. We be-
lieve that our approach works for more general classes
of nonlinear systems as well.

Here is the dynamics of the BNB system ([3]):

0

{ P + gsin(f) + Br — r6? (1)

(r2 + 1)8 + 2rif + grcos(f) =

where 7 is the position, 8 is the angle of the beam,
7 is the torque applied to the beam, g is the gravity
constant (e.g. g = 9.81), and S > 0 is the friction
coefficient.
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Applying the feedback law

7 = 21 + grcos(d) + (r* + 1)u (2)

and taking 1 = r, o = @1, ©3 = 0, and x4 = i3,
the dynamics of the BNB system can be written as the
following;:

j31 = I3
iy = —fxy — gsin(xz) + 22 3)
T3 = T4
Ty = u

Now z3 is a virtual control for the second-order sub-

Figure 1: Beam-and-Ball System

system

Lo (@
iy = —fwy — gsin(zz) + 183

Therefore, we would like to design a controller 3 =
k1 (x1,x2) such that the following conditions are satis-
fied:

i) The equation

Ok, Ok,
Ty =T3 = 8—;1;'1,E2+8—;L'2

(5)
always has a solution x4 = ko (1, 22) for any z;
and z».

ii) The origin for the second-order system

{ Ty = I3
.’tz = *ﬂ.’l)g 798111(]{71(.’1?1,.’1?2)) +.’L‘1]€2(.T1,.’1?2)2
(6)

is semiglobally asymptotically stable.

(— B2 —gsin(ki (w1, 22))+a127)



Keep in mind that we only have to design ki (z1,x2).
Then ko(x1,22) = x4 is the solution of Equation (5)
which is a second-order algebraic equation in x4.

2 Controller design

Let us rewrite the dynamics of the second-order sub-
system as

{ :; i .;2(-’131,332,-?73,-774) (7)

where
f(x1, 29,13, 04) = — o — gsin(zz) + z12] (8)
and 3 = ki(x1,22) and x4 = kao(x1,22) are yet to

be given. The idea behind the design of k; can be
summarized in Figure (2).

There is one important fact that if z3 is constant, then
r4 = 0 and the term z12? in the equation of i plays
no role. Therefore, the sign of f(x1,za,z3,24) can
be solely determined by x3. Noting that for o(z) =
tanh(cz) where ¢ > 0 is a constant, |o(z)| &~ 1 and
do(z)/dz =~ 0 if |z] > 1/c, one can come up with the
following controller:

c1,C9,c3 >0

(9)

k1(x1,22) = 1 tanh(co(czzr + x2));

| = tan(a) x1 + x2 =0 dxd/dt: —

x2 b | |
r~

x1
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Figure 2: Desired directions of the vector field (%1, %2) in
the phase plane

where ¢; is the maximum swing-angle of the beam and
c3 = tan(a) determines the slope of the line I(x, z2) =
csx1 + xo = 0. This controller gives the desired sign
for f(x1,x2, k1 (x1,x2), ka(x1,22)) in the phase plane
(z1,x2) as shown in Figure (2). It turns out that this
controller satisfies both of the conditions stated in the
previous section (the proof is given in the next section).
Now using the backstepping procedure the controller
for the third-order system can be given as the solution

of the following equation in v:

v = 704(;1:3 — kl(mla'r?)) + 8901
+ G5 (—fay —gsinas + 731U2)= (10)

we solve this equation by iterating on v starting with
v = —ca((w3s — k1(z1,22)). Suppose v*(x1,x2,23)
be the fixed point of Equation (10). Then we de-
fine the controller for the third-order subsystem as
v*(x1, T2, x3). Also, similarly the controller for the
fourth-order system can be given as u*(z1, 2,3, T4),
where u* is the fixed point of the following equation

ok ok
u = —c5(ra — k321,22, 73,24)) + 502+ 52 f
Oks Oks
+ Dus L4 +8z4u

ks

—ca((z3 — ku(21,22)) + Qray + g,

(11)

where c5 > 0.

3 Analysis for the second-order subsystem

We show that Equation (5) always has a solution
x4 = ko(z1,z2) for any x; and z2 and controllers
x3 = ki (z1,29) and x4 = ko(x1,z2) render the origin,
(z1,x2) = 0, semi-GAS for the second-order system

{”:31 - . ) (12)

To —pBzy — gsin(zs) + z1x;

by giving a radially unbounded Lyapunov function with
a negative definite time derivative for this second-order
system. For now we assume such a solution always
exists if z3 = ki (21, 22) and present the existence proof
later on.

To do the analysis, we approximate tanh(z) by sat(z),
where sat(z) = xmin{l, |z|}. Noting that I(z1,z2) =
c3x1+o, we define the following areas of (1, z2) plane:

Ay = {(z1,m2)  l(z1,72) > 1/c2}

Ay = {(z1,22) : l(z1,22) < —1/c2}

Az = (@1, 22) : [l(z1,22)] < 1/eo}
ATt = {(z1,22) 1 0 < I(my,m2) < 1/eo, 11 > 0}
A7 = {(z1,m2) 1 —1/ca < U(wy,22) < 0,21 > 0}
A7 = A(z1,22) : —1/co < l(z1,22) < 0,21 < 0}
AT = {(z1,22) 1 0 < (@1, 29) < 1/, 21 <0}

Note that A7 T U A7~ U Ay~ UA; T = A3, Ay, Ay,
and Ajz are shown in Figure (3). We prove the follow-
ing statements for the second-order system in Equation
(12), under certain assumptions on ¢y, ¢2, and c3 that
will be stated later on:

i) Any solution of the system starting in A; U A,
will enter Az in finite time.



ii) Any solution of the system starting in AT TUA; ~
at t = 0, stays in As for ¢t > 0 and asymptotically
converges to the origin.

iii) Any solution of the system starting in A7~ or
AT at t = 0, either stays in Az for ¢ > 0 and
asymptotically converges to the origin, or con-
verges to A; ~ or A7, respectively, in finite time.

Because A; U Ay U A3 = R2 the proof of these state-
ments establishes global asymptotic stability (GAS) of
the origin for this second-order system, provided that
the given Lyapunov function is valid on 2. But in
the Lyapunov function that we give later, there is a
parameter that depends on an upper bound on the
norm of the initial state. Therefore, the initial state
must belong to a compact set in ®2. This is equivalent
to semiglobal asymptotic stability of the origin for the

nonlinear second-order subsystem.
x2

7 =
© Bl [
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B2
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Figure 3: Areas A1, A>, A3, and also B, B, and Bs.

Proof of i): Because of the geometric symmetry we
prove statement (i) for the case where the solution
starts at a point in A;, the proof is similar for A,.
We divide A, into three areas:

B1 = {(37172132) : l(&?l,mz) > 1/6272131 < 072132 > 0}
By = {(x1,%2) : l(x1,22) > 1/ca, 21 > 0,22 > 0}
Bs = {(x1,%2) 1 l(x1,22) > 1/ca, 21 > 0,22 < 0}

Because in A, l(z1,z2) > 1/co, we have z3 =
cisat(eal(x1,22)) = ¢1, and x4 = &3 = 0. Therefore,
the dynamics of the nonlinear second-order system in
Equation (12) can be written as the following linear

system:
.’il = I3
. . 13
{mg = —fx9 — gsin(c¢y) (13)
The solution of this linear system is given by
p(t) = L(@a(0) + LBED)(1 — exp(—pt))
_ gsm(cl)t-l—rl(O)
pa(t) = (22(0) + L) exp(—pt) — Ll

(14)

Note that x4 (t) = —gsin(c1)/0 as t — oco. Therefore,
in both By and B,, x4 is strictly decreasing by time,
and in Bs depending on whether x5 > —gsin(¢y)/8 or
xo < —gsin(c1)/B, xo is strictly decreasing or increas-
ing by time, respectively. Also, because 1 = z2 and
in By and Bs, x5 > 0, x; is strictly increasing by time.
This means that any solution starting at a point in By
either intersects Iy : [(z1,72) = 1/c2 and goes to A3 T,
or goes to Bs. Also, any solution starting at a point in
B, either intersects /; and goes to Ag‘+, or intersects
o = 0 and goes to Bs. In Bs, &, = x5 < 0, therefore
x is strictly decreasing by time. Now for any solution
entering Bs or starting at a point in Bg, either the solu-
tion intersects [; and goes to A7, or the solution goes
towards the asymptotic line zo = —gsin(c;)/8 and by
decreasing of x; eventually intersects Iy and goes to
A;*. To summarize the argument, one notes that

Any solution starting in B either goes to A; "
or BQ.

— Any solution starting in By either goes to 143++
or B3.

Any solution starting in Bs goes to A3 ™.

This means that any solution starting in Ay = By U
By U B3 goes to As. Also, this transition from A4; to
As occurs in finite time. Because in the worst case, for
any point (z1,z2) € B3 on the solution of this system,
x1 > 0 decreases to zero in finite time, therefore the
solution intersects {; in finite time.

Proof of ii): Now we show that any solution of the
second-order system in Equation(12) starting in A5 "
at t = 0, stays in A3 for ¢ > 0 and asymptotically goes
to the origin. Defining an affine change of coordinates

{21 - " (15)

2o = C3X1 + X9

Equation (12) can be rewritten in the following form
in new coordinates

Z1 = —cC321 + 29,
29 = —c3(cz — Bz + (c3 — B)z2
— gsin(cp tanh(caza)) + A(22)(c102)%21 22,

(16)
where A(z2) = (1 — tanh®(cp2))?. Note that 0 <
A(z2) < 1. We take the following Lyapunov function

1.
—zf+

1.
5 —nz3 (17)

V(Zl,ZQ) = 2

where 7 > 0. We try to find an upper bound on 75
such that V(z1,22) < 0. Note that the origin is in-
variant under the affine change of coordinates given in
Equation (15) (e.g. if (x1,22) = 0, then (z1,22) = 0).



By taking c¢; relatively small we apply the following
approximations (only for analysis purposes)

sin(c; tanh(cazo)) =& ¢ tanh(coz29)

tanh(co29)

R

sat(c222)
In new coordinates, we have
A3 = {(2172’2) : |Zz‘ < 1/62}.

Therefore, in As, sat(caz2) = ¢229 and the approximate
dynamics of the system can be written as the following
form

,é‘l = —321+ 22
Z2 = —cz(es — B)z1 — (gerea + B —c3)za (18)
+ )\(2‘2)(6162)22123

First, we need to make some assumptions and prove a
lemma.

Assumption 1: We assume gejca > (5/4)(e3—8) > 0.

Assumption 2: %, takes its maximum absolute value
when z5 = 0.

Lemma 1: 2y is bounded. Specifically, 22 < c3(c3 —
B)/(erea)?.

Proof: Based on Assumption 2, we know that 25 takes
it’s maximum absolute value when z, = 0. But from
Equation (16), 2, is the solution of the following equa-
tion

zp = —cz(es — B)a + (3 — Bz
— gsin(cg tanh(ca2a)) + A(22)(c102)%21 22

setting zo = 0, we get
29 = —cz(cs — B)z1 + (cre2)2145.

Because A = 1+4(c1e2)?c3(cs — B)27 > 0, this second-
order equation always has two solutions z"él) and 252)
with different signs. We define 2, as the solution of the

above equation with the smaller absolute value. Thus,

we have ( 8)

.2 (1) .(2) €3(C3 —

5 < |2y 727 | = ——— Tt

%9 |Z2 2 ‘ (0162)2
therefore,

c3(ecg —
5] < 3(cs — B)
C1Co

and %, is bounded.

Now for two different areas where z1zo > 0 and 2129 <
0 we try to find upper and lower bounds on 7 such that
V(z1,22) < 0 for (z1,22) # 0.

Case 1, z129 > 0: In this case, we have

V(Zl s 22)

—c32i —n(geico + B —c3)zs
+ (1 —nes(ez — B))z1 22
+ n)\(zz)(clcz)Qzlzgig

—(vesz1 — V/nlgerca + B — ¢3)22)°
(1 =mnes(es — B))z122

(M (22)(cre2)?23

— 2v/nes(geies + B — ¢3))z120

+ +

in the last equation, the first term is negative definite.
Because z12z2 > 0, by taking 1 — nes(es — 8) < 0, or
n > 1/cs3(cs — B), the second term becomes negative
semidefinite. For the last term to be negative definite,
1 must satisfy the following inequality

nA(22)(c102)° %5 < 2¢/nes(geres + B — cs)

but A(z2) < 1 and based on Lemma 1, 22 < c3(c3 —
B)/(c1c2)?, thus

nA(z2)(cre2)?23 < mes(es — B)

therefore, we must have

nes(cs — B) < 2v/nes(gercs + B — ¢3)

or
4(geica + B — c3)

03(03 - ﬂ)2

Case 2, z129 < 0: In this case, we have

V(Zl,ZQ) 2

—c32? —n(geics + B — c3)23
(1 =mnes(es — B))z122
nA(22)(c1¢0)? 212223
—(Vesz + Vnlgerea + 8 — c3)z2)”
(2v/nes(gerca + B — c3)

1 —nes(ez — B))2122
A(ZQ)(01C2)221222§

+ +

+ 4+ +

In the last equation, because z1z2 < 0, the first term
and the last term are negative definite. If

2\/1;03(90102 +B8—c3)+1—nes(es—B) >0

then the second term is negative definite as well and
therefore V (21, 25) < 0 for (21, 22) # (0,0). To satisfy
this condition, we take n > 1/c3(cs — 83), and solve the
following inequality for 7

nes(es — B) — 1< 2¢/nes(geies + B — c3)

because c¢3(cz — ) — 1 < e3(es — B), we need to solve

nes(cs — B) < 2y/nes(gercs + B — ¢3)

or
(nes(cs — B))* < 4nes(geies + B — c3)
thus
4(geica + B —c3)
03(03 - ﬂ)2

n<



Comparing Equations (19) and (20), one notes that
both of the upper bounds on 7 are equal to 7,42, where
4(geiea + B — ¢3)

Thmax = - c3 (03 — ﬁ)z . (21)

Also, the lower bounds on 7 are equal as well. The
lower bound on 7 is given by

B 1
Tmin = (es — B)
for nmin and 7pyar to be well-defined we must have

Nmin < TMmaz, O gcica > (5/4)(cz — ), which is equiv-
alent to Assumption 1.

(22)

Now to show that the solution of the second-order sys-
tem that starts in (or enters) AT% U A5 ™, never leaves
Ajs, first we need to prove the following lemma.
Lemma 2: Any solution of the system that enters to
A;ﬂ or starts in A§+ intersects zo = 0 in finite time.
Proof: We show that in A§+ ={(z1,22) 121 > 0,0 <
zo < 1/ea}, 29 < 0. This proves that z, is strictly de-
creasing by time and goes to zero. Note that A7 C A3
and in Az, we have

2y = —cz(cz—B)z1—(gerca+B—c3)z2+A(22) (cr2) 2125
or
g = —(ca(ca—B) —A(22)(c102)23) 21 — (gerca+B—cs) 22
but based on Lemma 1, we have

cs(cz — B) > (e162)?23 > A(22)(c1¢20)?23
Also, because in AT T, 2z > 0 and z3 > 0, we get 23 < 0.

Now, we try to show how large n,,,. can be. Take
c3 = [+ €, where € > 0. We have

e (€) = 4(gcica — €)

mer (B + €)e?

Therefore, by taking e to be relatively small, 9,4, (€)
can be made relatively large. Intuitively, this means
that after the solution intersects line zo = 0 based on
Lemma 2, it stays very close to this line until it con-
verges to the origin and it never leaves Ag = {(21, 22) :
(23 4+ Nmaez3) < R?}, where R = 27 and (27,0) is the
point that the solution intersects zo = 0. But for a
relatively large 1, Agp C Az, and the solution never
leaves Ar. Therefore the solution never leaves 43 and
asymptotically goes to the origin.

Proof of iii): For any solution starting in A§+, we
have 2y = —c3z; + zo > 0. Therefore, z; is strictly
increasing. Depending on the sign of Z,, the solution
either goes towards the line 2z, = 0 and asymptotically
goes to the origin (like in case (ii)) , or leaves A5 and
goes to A7 directly, or first goes to By and then based

on the arguments in the proof of (ii) eventually goes to
ATT. By a similar argument, one can show that any
solution starting in A7 ~, either asymptotically goes to
the origin, or eventually goes to A3 .

The following Lemma proves that the second-order al-
gebraic equation given in Equation (5) always has a
continuous solution z4 = ky(z1,x2) for any z; and zs.
Lemma 3: The following second-order equation in y
always has a continuous solution y = k(z1, 22) for any
z1 and zs.

y = —csles—B)ar + (3 — Bz
— gsin(c tanh(caza)) + A(22)(c102)% 219>
(23)
Proof: First, we prove the existence of the solution.
There are two cases:
Case 1, |z2] > 1/co: In this case, A(z2) = 0 and

y = —c3(cz — B)z1 + (c3 — B)z2 — gsin(cr)

is the solution of this equation. It is clear that y is a
continuous function of z; and zs.

Case 2, |z2] < 1/cy: In this case, the equation can be
written in the following form

A(22)(c1e2)? 21y —y—c3(c3—B)z1—(geica+B—c3)z0 = 0

for this equation we have

1 .
A= Z‘FA(ZQ)(ClCQ)zZl(Cg(Cg—ﬂ)21+(90102+ﬁ—03)22)
If z129 > 0, then

sign{A(z2)(c1¢2)?21} = sign{(cs(cs—B)z1+(gc1ca+B—c3)22)}

therefore, A > 1/4 > 0, and the equation has two
solutions.

Now suppose z1z2 < 0, then we have

A = % + Az2)(c1e2)2c3(ez — B)22
+  Mz2)(c1e2)?(gerca + B — c3)z122)

because the second term is positive semidefinite to
make A > 0 we must have

1
1 + AM22)(c1e2)?(gerea + B — ¢3)z122 > 0

Take ¢y¢o = € and ¢3 = f+ ne, where € > 0 is relatively
small and 0 < n < g — 1. We have

A(z2)e? (g — n)|z122)]

A(z2)(c162)?(gerca + 8 — ¢3)212))

< g —n)lznz)|
63
< —2
- 02(9*”)‘1|
- A4y,
g—n



defining
1

mazr — 53 24
* 4011“05' (24)
for |z1]| < Zmax we have
\)\(22)(0102)2(90102 + 6 —c3)z129)| < # < 1
: ~4(g—n) — 4

Thus

i + A(z2)(c1e2)? (gerea + B — ¢3)z122 > 0
and therefore A > 0. Note that ¢; is relatively small.
Therefore, by taking ¢, relatively small, based on Equa-
tion (24), Zmaz can be made relatively large. Therefore,
in the limit, when 2,4, — 00, Equation (23) always has
a solution for any z; and z; belong to a compact set in
R2. It is straightforward to show that the solution is
continuous.

4 Analysis for the fourth-order system

Now suppose that V (1, z2) be a Lyapunov function for
the second-order subsystem. Then, using backstepping
procedure, we can construct a control Lyapunov func-
tion and its associated control law for the fourth-order
system. Based on the arguments for the controller de-
sign in section (2), the control Lyapunov function for
the fourth-order system is in the following form

‘/4(.’E1,.’E2,.’E3,.’174) = V(.’L‘l,.’Eg) + %(’Eg - kl(flfl,.’lig))2
+ %(-774 — ks (w1, 2,73, 14))?,

(25)

We expect that after a finite transition period, x4 —

k3(x1, 2, 23,24), Or x4 — v* and z3 — k1 (x1,22). But

if 3 — ki(x1,22) then v*(z1,29,23) — ka(z1,22).

Now, if 3 = ki(z1,22) and x4 = ko(z1,22), then

V(z1,z2) < 0. Therefore

Vi(z1, 20, 23,24) = V(z1,22) — calas — ki (21, 22))?

— cs(a — ks(21,22,23))% <0,
(26)
for x # 0 and the origin is semi-GAS for the fourth-
order system.

5 Results

For § = 0.1 and g = 9.81, by taking ¢; = «/10,
co = 0.5, c3 =tan(n/4) = 1, and ¢4 = 1, k3(z1, 22, 23)
renders the origin GAS for the third-order subsystem.
The simulation results are in agreement with the anal-
ysis. Figure (4) shows the variations of position, speed,
angle of the beam, and the angular velocity of the
beam.

60 T T

0 2 4 6 8 10 12 14 16 18 20
time (sec)

Figure 4: The variation of the state vector for
the Beam-and-Ball System with initial state
(15 0) _7T/2) 0)

6 Conclusions

We designed a controller for the Beam-and-Ball system
that renders the origin semiglobally asymptotically sta-
ble. For analysis, we approximated the controller by
a saturation function and gave a quadratic Lyapunov
function for the second-order subsystem of the system
when the solution enters the linear area of the satura-
tion function. We derived upper and lower bounds on
a parameter 17 which determines the shape of the level
sets of the Lyapunov function. We showed that the
origin is globally asymptotically stable for the second-
order system. Then, using a new version of the back-
stepping procedure, we obtained the controller for the
whole fourth-order system. Simulation results approve
the analysis. Also, the controller manages to bring the
ball from any (bounded) initial position and speed to
the origin efficiently without doing unnecessary move-
ments.
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