
Controller Design for the Beam-and-Ball SystemReza Olfati-SaberLIDS, MIT 35-40977 Massachusetts Ave.Cambridge, MA 02139olfati@mit.edu Alexandre MegretskiLIDS, MIT 35-41877 Massachusetts Ave.Cambridge, MA 02139ameg@mit.eduAbstractWe design a controller for the Beam-and-Ball systemthat renders the origin semiglobally asymptotically sta-ble (semi-GAS). First, we view the problem as design-ing a controller for a second-order subsystem of thesystem. Then, using a new backstepping procedure wereconstruct the control for the whole system. As ourmain result, we developed a new version of backstep-ping procedure for systems that do not have a triangu-lar structure. 1 IntroductionThe Beam-and-Ball system (BNB) which is shown inFigure (1), consists of a beam and a ball on it. Thereis an actuator on the joint connecting the beam to thebase. The task is to bring the ball from any initial posi-tion with any initial speed to a desired position on thebeam by applying an appropriate torque to the jointand changing the angle of the beam. The BNB sys-tem is a well-known example in nonlinear control. In[1], approximate input-output linearization of the BNBsystem was studied. In [3], a Lyapunov function for theBNB system was constructed by �nding a Lyapunovfunction for a cross-term relating two subsystems ofthe system. In our approach, we design a controller fora second-order subsystem of the BNB system, then us-ing backstepping procedure [2], we �nd the controllerfor the whole system. As our main result, we intro-duce a new version of the backstepping procedure forsystems that do not have triangular structure. We be-lieve that our approach works for more general classesof nonlinear systems as well.Here is the dynamics of the BNB system ([3]):� �r + g sin(�) + � _r � r _�2 = 0(r2 + 1)�� + 2r _r _� + gr cos(�) = � (1)where r is the position, � is the angle of the beam,� is the torque applied to the beam, g is the gravityconstant (e.g. g = 9:81), and � > 0 is the frictioncoe�cient.

Applying the feedback law� = 2r _r + gr cos(�) + (r2 + 1)u (2)and taking x1 = r, x2 = _x1, x3 = �, and x4 = _x3,the dynamics of the BNB system can be written as thefollowing:8>><>>: _x1 = x2_x2 = ��x2 � g sin(x3) + x1x24_x3 = x4_x4 = u (3)Now x3 is a virtual control for the second-order sub-
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ActuatorFigure 1: Beam-and-Ball Systemsystem � _x1 = x2_x2 = ��x2 � g sin(x3) + x1 _x23 (4)Therefore, we would like to design a controller x3 =k1(x1; x2) such that the following conditions are satis-�ed:i) The equationx4 = _x3 = @k1@x1x2+@k1@x2 (��x2�g sin(k1(x1; x2))+x1x24)(5)always has a solution x4 = k2(x1; x2) for any x1and x2.ii) The origin for the second-order system� _x1 = x2_x2 = ��x2 � g sin(k1(x1; x2)) + x1k2(x1; x2)2(6)is semiglobally asymptotically stable.



Keep in mind that we only have to design k1(x1; x2).Then k2(x1; x2) = x4 is the solution of Equation (5)which is a second-order algebraic equation in x4.2 Controller designLet us rewrite the dynamics of the second-order sub-system as � _x1 = x2_x2 = f(x1; x2; x3; x4) (7)wheref(x1; x2; x3; x4) = ��x2 � g sin(x3) + x1x24 (8)and x3 = k1(x1; x2) and x4 = k2(x1; x2) are yet tobe given. The idea behind the design of k1 can besummarized in Figure (2).There is one important fact that if x3 is constant, thenx4 = 0 and the term x1x24 in the equation of _x2 playsno role. Therefore, the sign of f(x1; x2; x3; x4) canbe solely determined by x3. Noting that for �(z) =tanh(cz) where c > 0 is a constant, j�(z)j � 1 andd�(z)=dz � 0 if jzj � 1=c, one can come up with thefollowing controller:k1(x1; x2) = c1 tanh(c2(c3x1 + x2)); c1; c2; c3 > 0(9)
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f < 0

f > 0Figure 2: Desired directions of the vector �eld ( _x1; _x2) inthe phase planewhere c1 is the maximum swing-angle of the beam andc3 = tan(�) determines the slope of the line l(x1; x2) =c3x1 + x2 = 0. This controller gives the desired signfor f(x1; x2; k1(x1; x2); k2(x1; x2)) in the phase plane(x1; x2) as shown in Figure (2). It turns out that thiscontroller satis�es both of the conditions stated in theprevious section (the proof is given in the next section).Now using the backstepping procedure the controllerfor the third-order system can be given as the solution

of the following equation in v:v = �c4(x3 � k1(x1; x2)) + @k1@x1x2+ @k1@x2 (��x2 � g sinx3 + x1v2); (10)we solve this equation by iterating on v starting withv = �c4((x3 � k1(x1; x2)). Suppose v�(x1; x2; x3)be the �xed point of Equation (10). Then we de-�ne the controller for the third-order subsystem asv�(x1; x2; x3). Also, similarly the controller for thefourth-order system can be given as u�(x1; x2; x3; x4),where u� is the �xed point of the following equationu = �c5(x4 � k3(x1; x2; x3; x4)) + @k3@x1x2 + @k3@x2 f+ @k3@x3x4 + @k3@x4u;k3 = �c4((x3 � k1(x1; x2)) + @k1@x1x2 + @k1@x1 f; (11)where c5 > 0.3 Analysis for the second-order subsystemWe show that Equation (5) always has a solutionx4 = k2(x1; x2) for any x1 and x2 and controllersx3 = k1(x1; x2) and x4 = k2(x1; x2) render the origin,(x1; x2) = 0, semi-GAS for the second-order system� _x1 = x2_x2 = ��x2 � g sin(x3) + x1x24 (12)by giving a radially unbounded Lyapunov function witha negative de�nite time derivative for this second-ordersystem. For now we assume such a solution alwaysexists if x3 = k1(x1; x2) and present the existence prooflater on.To do the analysis, we approximate tanh(x) by sat(x),where sat(x) = xminf1; jxjg. Noting that l(x1; x2) =c3x1+x2, we de�ne the following areas of (x1; x2) plane:A1 = f(x1; x2) : l(x1; x2) > 1=c2gA2 = f(x1; x2) : l(x1; x2) < �1=c2gA3 = f(x1; x2) : jl(x1; x2)j � 1=c2gA++3 = f(x1; x2) : 0 � l(x1; x2) � 1=c2; x1 > 0gA+�3 = f(x1; x2) : �1=c2 � l(x1; x2) � 0; x1 > 0gA��3 = f(x1; x2) : �1=c2 � l(x1; x2) � 0; x1 < 0gA�+3 = f(x1; x2) : 0 � l(x1; x2) � 1=c2; x1 < 0gNote that A++3 [ A+�3 [ A��3 [ A�+3 = A3. A1, A2,and A3 are shown in Figure (3). We prove the follow-ing statements for the second-order system in Equation(12), under certain assumptions on c1, c2, and c3 thatwill be stated later on:i) Any solution of the system starting in A1 [ A2will enter A3 in �nite time.



ii) Any solution of the system starting in A++3 [A��3at t = 0, stays in A3 for t > 0 and asymptoticallyconverges to the origin.iii) Any solution of the system starting in A+�3 orA�+3 at t = 0, either stays in A3 for t > 0 andasymptotically converges to the origin, or con-verges to A��3 orA++3 , respectively, in �nite time.Because A1 [ A2 [ A3 = <2 the proof of these state-ments establishes global asymptotic stability (GAS) ofthe origin for this second-order system, provided thatthe given Lyapunov function is valid on <2. But inthe Lyapunov function that we give later, there is aparameter that depends on an upper bound on thenorm of the initial state. Therefore, the initial statemust belong to a compact set in <2. This is equivalentto semiglobal asymptotic stability of the origin for thenonlinear second-order subsystem.
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l=c3 x1+x2Figure 3: Areas A1, A2, A3, and also B1, B2, and B3.Proof of i): Because of the geometric symmetry weprove statement (i) for the case where the solutionstarts at a point in A1, the proof is similar for A2.We divide A1 into three areas:B1 = f(x1; x2) : l(x1; x2) > 1=c2; x1 < 0; x2 > 0gB2 = f(x1; x2) : l(x1; x2) > 1=c2; x1 � 0; x2 � 0gB3 = f(x1; x2) : l(x1; x2) > 1=c2; x1 > 0; x2 < 0gBecause in A1, l(x1; x2) > 1=c2, we have x3 =c1sat(c2l(x1; x2)) = c1, and x4 = _x3 = 0. Therefore,the dynamics of the nonlinear second-order system inEquation (12) can be written as the following linearsystem: � _x1 = x2_x2 = ��x2 � g sin(c1) (13)The solution of this linear system is given byx1(t) = 1� (x2(0) + g sin(c1)� )(1� exp(��t))� g sin(c1)� t+ x1(0);x2(t) = (x2(0) + g sin(c1)� ) exp(��t)� g sin(c1)� ;(14)

Note that x2(t) ! �g sin(c1)=� as t ! 1. Therefore,in both B1 and B2, x2 is strictly decreasing by time,and in B3 depending on whether x2 � �g sin(c1)=� orx2 < �g sin(c1)=�, x2 is strictly decreasing or increas-ing by time, respectively. Also, because _x1 = x2 andin B1 and B2, x2 > 0, x1 is strictly increasing by time.This means that any solution starting at a point in B1either intersects l1 : l(x1; x2) = 1=c2 and goes to A�+3 ,or goes to B2. Also, any solution starting at a point inB2 either intersects l1 and goes to A++3 , or intersectsx2 = 0 and goes to B3. In B3, _x1 = x2 < 0, thereforex1 is strictly decreasing by time. Now for any solutionentering B3 or starting at a point in B3, either the solu-tion intersects l1 and goes to A++3 , or the solution goestowards the asymptotic line x2 = �g sin(c1)=� and bydecreasing of x1 eventually intersects l1 and goes toA++3 . To summarize the argument, one notes that{ Any solution starting in B1 either goes to A�+3or B2.{ Any solution starting in B2 either goes to A++3or B3.{ Any solution starting in B3 goes to A++3 .This means that any solution starting in A1 = B1 [B2 [ B3 goes to A3. Also, this transition from A1 toA3 occurs in �nite time. Because in the worst case, forany point (x1; x2) 2 B3 on the solution of this system,x1 > 0 decreases to zero in �nite time, therefore thesolution intersects l1 in �nite time.Proof of ii): Now we show that any solution of thesecond-order system in Equation(12) starting in A++3at t = 0, stays in A3 for t > 0 and asymptotically goesto the origin. De�ning an a�ne change of coordinates� z1 = x1z2 = c3x1 + x2 (15)Equation (12) can be rewritten in the following formin new coordinates8<: _z1 = �c3z1 + z2;_z2 = �c3(c3 � �)z1 + (c3 � �)z2� g sin(c1 tanh(c2z2)) + �(z2)(c1c2)2z1 _z22 ;(16)where �(z2) = (1 � tanh2(c2z2))2. Note that 0 ��(z2) � 1. We take the following Lyapunov functionV (z1; z2) = 12z21 + 12�z22 (17)where � > 0. We try to �nd an upper bound on �such that _V (z1; z2) < 0. Note that the origin is in-variant under the a�ne change of coordinates given inEquation (15) (e.g. if (x1; x2) = 0, then (z1; z2) = 0).



By taking c1 relatively small we apply the followingapproximations (only for analysis purposes)sin(c1 tanh(c2z2)) � c1 tanh(c2z2)tanh(c2z2) � sat(c2z2)In new coordinates, we haveA3 = f(z1; z2) : jz2j < 1=c2g:Therefore, in A3, sat(c2z2) = c2z2 and the approximatedynamics of the system can be written as the followingform8<: _z1 = �c3z1 + z2_z2 = �c3(c3 � �)z1 � (gc1c2 + � � c3)z2+ �(z2)(c1c2)2z1 _z22 (18)First, we need to make some assumptions and prove alemma.Assumption 1: We assume gc1c2 > (5=4)(c3��) � 0.Assumption 2: _z2 takes its maximum absolute valuewhen z2 = 0.Lemma 1: _z2 is bounded. Speci�cally, _z22 < c3(c3 ��)=(c1c2)2.Proof: Based on Assumption 2, we know that _z2 takesit's maximum absolute value when z2 = 0. But fromEquation (16), _z2 is the solution of the following equa-tion _z2 = �c3(c3 � �)z1 + (c3 � �)z2� g sin(c1 tanh(c2z2)) + �(z2)(c1c2)2z1 _z22setting z2 = 0, we get_z2 = �c3(c3 � �)z1 + (c1c2)2z1 _z22 :Because � = 1+4(c1c2)2c3(c3��)z21 > 0, this second-order equation always has two solutions _z(1)2 and _z(2)2with di�erent signs. We de�ne _z2 as the solution of theabove equation with the smaller absolute value. Thus,we have _z22 < j _z(1)2 _z(2)2 j = c3(c3 � �)(c1c2)2therefore, j _z2j < pc3(c3 � �)c1c2and _z2 is bounded.Now for two di�erent areas where z1z2 � 0 and z1z2 <0 we try to �nd upper and lower bounds on � such that_V (z1; z2) < 0 for (z1; z2) 6= 0.Case 1, z1z2 � 0: In this case, we have_V (z1; z2) = �c3z21 � �(gc1c2 + � � c3)z22+ (1� �c3(c3 � �))z1z2+ ��(z2)(c1c2)2z1z2 _z22

= �(pc3z1 �p�(gc1c2 + � � c3)z2)2+ (1� �c3(c3 � �))z1z2+ (��(z2)(c1c2)2 _z22� 2p�c3(gc1c2 + � � c3))z1z2in the last equation, the �rst term is negative de�nite.Because z1z2 � 0, by taking 1 � �c3(c3 � �) � 0, or� � 1=c3(c3 � �), the second term becomes negativesemide�nite. For the last term to be negative de�nite,� must satisfy the following inequality��(z2)(c1c2)2 _z22 � 2p�c3(gc1c2 + � � c3)but �(z2) � 1 and based on Lemma 1, _z22 < c3(c3 ��)=(c1c2)2, thus��(z2)(c1c2)2 _z22 � �c3(c3 � �)therefore, we must have�c3(c3 � �) � 2p�c3(gc1c2 + � � c3)or � � 4(gc1c2 + � � c3)c3(c3 � �)2 : (19)Case 2, z1z2 < 0: In this case, we have_V (z1; z2) = �c3z21 � �(gc1c2 + � � c3)z22+ (1� �c3(c3 � �))z1z2+ ��(z2)(c1c2)2z1z2 _z22= �(pc3z1 +p�(gc1c2 + � � c3)z2)2+ (2p�c3(gc1c2 + � � c3)+ 1� �c3(c3 � �))z1z2+ �(z2)(c1c2)2z1z2 _z22In the last equation, because z1z2 < 0, the �rst termand the last term are negative de�nite. If2p�c3(gc1c2 + � � c3) + 1� �c3(c3 � �) � 0then the second term is negative de�nite as well andtherefore _V (z1; z2) < 0 for (z1; z2) 6= (0; 0). To satisfythis condition, we take � � 1=c3(c3 � �), and solve thefollowing inequality for ��c3(c3 � �)� 1 � 2p�c3(gc1c2 + � � c3)because c3(c3 � �)� 1 < c3(c3 � �), we need to solve�c3(c3 � �) � 2p�c3(gc1c2 + � � c3)or (�c3(c3 � �))2 � 4�c3(gc1c2 + � � c3)thus � � 4(gc1c2 + � � c3)c3(c3 � �)2 : (20)



Comparing Equations (19) and (20), one notes thatboth of the upper bounds on � are equal to �max, where�max = 4(gc1c2 + � � c3)c3(c3 � �)2 : (21)Also, the lower bounds on � are equal as well. Thelower bound on � is given by�min = 1c3(c3 � �) : (22)for �min and �max to be well-de�ned we must have�min < �max, or gc1c2 > (5=4)(c3 � �), which is equiv-alent to Assumption 1.Now to show that the solution of the second-order sys-tem that starts in (or enters) A++3 [A��3 , never leavesA3, �rst we need to prove the following lemma.Lemma 2: Any solution of the system that enters toA++3 , or starts in A++3 intersects z2 = 0 in �nite time.Proof: We show that in A++3 = f(z1; z2) : z1 � 0; 0 <z2 � 1=c2g, _z2 < 0. This proves that z2 is strictly de-creasing by time and goes to zero. Note that A++3 � A3and in A3, we have_z2 = �c3(c3��)z1�(gc1c2+��c3)z2+�(z2)(c1c2)2z1 _z22or_z2 = �(c3(c3��)��(z2)(c1c2)2 _z22)z1�(gc1c2+��c3)z2but based on Lemma 1, we havec3(c3 � �) > (c1c2)2 _z22 > �(z2)(c1c2)2 _z22Also, because in A++3 , z1 � 0 and z2 > 0, we get _z2 < 0.Now, we try to show how large �max can be. Takec3 = � + �, where � > 0. We have�max(�) = 4(gc1c2 � �)(� + �)�2 :Therefore, by taking � to be relatively small, �max(�)can be made relatively large. Intuitively, this meansthat after the solution intersects line z2 = 0 based onLemma 2, it stays very close to this line until it con-verges to the origin and it never leaves AR = f(z1; z2) :(z21 + �maxz22) � R2g, where R = z�1 and (z�1 ; 0) is thepoint that the solution intersects z2 = 0. But for arelatively large �, AR � A3, and the solution neverleaves AR. Therefore the solution never leaves A3 andasymptotically goes to the origin.Proof of iii): For any solution starting in A�+3 , wehave _z1 = �c3z1 + z2 > 0. Therefore, z1 is strictlyincreasing. Depending on the sign of _z2, the solutioneither goes towards the line z2 = 0 and asymptoticallygoes to the origin (like in case (ii)) , or leaves A�+3 andgoes to A++3 directly, or �rst goes to B1 and then based

on the arguments in the proof of (ii) eventually goes toA++. By a similar argument, one can show that anysolution starting in A+�3 , either asymptotically goes tothe origin, or eventually goes to A��3 .The following Lemma proves that the second-order al-gebraic equation given in Equation (5) always has acontinuous solution x4 = k2(x1; x2) for any x1 and x2.Lemma 3: The following second-order equation in yalways has a continuous solution y = �(z1; z2) for anyz1 and z2.y = �c3(c3 � �)z1 + (c3 � �)z2� g sin(c1 tanh(c2z2)) + �(z2)(c1c2)2z1y2 (23)Proof: First, we prove the existence of the solution.There are two cases:Case 1, jz2j > 1=c2: In this case, �(z2) = 0 andy = �c3(c3 � �)z1 + (c3 � �)z2 � g sin(c1)is the solution of this equation. It is clear that y is acontinuous function of z1 and z2.Case 2, jz2j � 1=c2: In this case, the equation can bewritten in the following form�(z2)(c1c2)2z1y2�y�c3(c3��)z1�(gc1c2+��c3)z2 = 0for this equation we have� = 14+�(z2)(c1c2)2z1(c3(c3��)z1+(gc1c2+��c3)z2)If z1z2 � 0, thensignf�(z2)(c1c2)2z1g = signf(c3(c3��)z1+(gc1c2+��c3)z2)gtherefore, � � 1=4 > 0, and the equation has twosolutions.Now suppose z1z2 < 0, then we have� = 14 + �(z2)(c1c2)2c3(c3 � �)z21+ �(z2)(c1c2)2(gc1c2 + � � c3)z1z2)because the second term is positive semide�nite tomake � � 0 we must have14 + �(z2)(c1c2)2(gc1c2 + � � c3)z1z2 � 0Take c1c2 = � and c3 = �+n�, where � > 0 is relativelysmall and 0 < n � g � 1. We havej�(z2)(c1c2)2(gc1c2 + � � c3)z1z2)j = �(z2)�3(g � n)jz1z2)j� �3(g � n)jz1z2)j� �3c2(g � n) jz1j= c31c22g � n jz1j



de�ning zmax = 14c31c22 ; (24)for jz1j � zmax we havej�(z2)(c1c2)2(gc1c2 + � � c3)z1z2)j � 14(g � n) � 14 :Thus 14 + �(z2)(c1c2)2(gc1c2 + � � c3)z1z2 � 0and therefore � � 0. Note that c1 is relatively small.Therefore, by taking c2 relatively small, based on Equa-tion (24), zmax can be made relatively large. Therefore,in the limit, when zmax !1, Equation (23) always hasa solution for any z1 and z2 belong to a compact set in<2. It is straightforward to show that the solution iscontinuous.4 Analysis for the fourth-order systemNow suppose that V (x1; x2) be a Lyapunov function forthe second-order subsystem. Then, using backsteppingprocedure, we can construct a control Lyapunov func-tion and its associated control law for the fourth-ordersystem. Based on the arguments for the controller de-sign in section (2), the control Lyapunov function forthe fourth-order system is in the following formV4(x1; x2; x3; x4) = V (x1; x2) + 12 (x3 � k1(x1; x2))2+ 12 (x4 � k3(x1; x2; x3; x4))2;(25)We expect that after a �nite transition period, x4 !k3(x1; x2; x3; x4), or x4 ! v� and x3 ! k1(x1; x2). Butif x3 ! k1(x1; x2) then v�(x1; x2; x3) ! k2(x1; x2).Now, if x3 = k1(x1; x2) and x4 = k2(x1; x2), then_V (x1; x2) < 0. Therefore_V4(x1; x2; x3; x4) = _V (x1; x2)� c4(x3 � k1(x1; x2))2� c5(x4 � k3(x1; x2; x3))2 < 0;(26)for x 6= 0 and the origin is semi-GAS for the fourth-order system. 5 ResultsFor � = 0:1 and g = 9:81, by taking c1 = �=10,c2 = 0:5, c3 = tan(�=4) = 1, and c4 = 1, k3(x1; x2; x3)renders the origin GAS for the third-order subsystem.The simulation results are in agreement with the anal-ysis. Figure (4) shows the variations of position, speed,angle of the beam, and the angular velocity of thebeam.
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Figure 4: The variation of the state vector forthe Beam-and-Ball System with initial state(1; 0;��=2; 0).6 ConclusionsWe designed a controller for the Beam-and-Ball systemthat renders the origin semiglobally asymptotically sta-ble. For analysis, we approximated the controller bya saturation function and gave a quadratic Lyapunovfunction for the second-order subsystem of the systemwhen the solution enters the linear area of the satura-tion function. We derived upper and lower bounds ona parameter � which determines the shape of the levelsets of the Lyapunov function. We showed that theorigin is globally asymptotically stable for the second-order system. Then, using a new version of the back-stepping procedure, we obtained the controller for thewhole fourth-order system. Simulation results approvethe analysis. Also, the controller manages to bring theball from any (bounded) initial position and speed tothe origin e�ciently without doing unnecessary move-ments. References[1] J. Hauser, S. Sastry, and P. Kokotovi�c. Nonlin-ear control via approximate input-output linearization.IEEE Trans. on Automatic Control, vol.37:pp. 392{398, 1992.[2] M. Krsti�c, I. Kanellakopoulos, and P. Kokotovi�c.Nonlinear and Adaptive Control Design. John Wiley &Sons, 1995.[3] R. Sepulchre, M. Jankovi�c, and P. Kokotovi�c.Constructive Nonlinear Control. Springer-Verlag, 1997.


