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Justification for wavefront propagation in a
tumour growth model with contact inhibition
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Cancer is a disease characterized by abnormal division of cells combined with the
malignant behaviour of these cells. Malignant cancer cells tend to spread, either by direct
growth into adjacent tissue through invasion and dispersal or by implantation into
distant sites by metastasis. In this paper, we will concentrate on the first type of tumour
growth and consider a reaction–diffusion model for competition cells with nonlinear
diffusion term modelling contact inhibition between normal and tumour cell populations
for which wave propagation is usually observed in clinical data. Mathematically, based
on a combination of perturbation methods, the Fredholm theory and the Banach fixed
point theorem, we theoretically justify the existence of the travelling wave solution.
Numerical simulations are finally illustrated to confirm our rigorous results.

Keywords: travelling wavefronts; reaction–diffusion; tumour growth;
contact inhibition
*A

Rec
Acc
1. Introduction

Cancer is a disease developed, with few exceptions, from mutations on single
somatic cells that may divide uncontrollably, invade adjacent normal tissues and
give rise to secondary tumours (metastasis) on sites different from their primary
origin (Hanahan & Weinberg 2000). Although tumour progression involves a
complex network of interactions among cancer cells and their host microenviron-
ment (Israel 1996), it is observed that all neoplasms evolve according to a
universal scheme of progression (Clark 1991; Evan & Vousden 2001). For tumour
growth, viewed usually as a competition process between tumour cells and
surrounding normal tissue cells, numerous mathematical models have recently
been investigated. These include some examples based on ordinary differential
equations (ODEs) modelling tumour growth and tumour–host interaction as
competing populations (Michelson & Leith 1991; Gatenby 1995), and reaction–
diffusion systems modelling the dispersal behaviour of tumour cell growth
(Sherratt 1993; Gatenby & Gawlinski 1996; Sherratt 2000) and also some
particularly novel models that reflect the cancer evolution and its interaction
with the immune system (Sherratt 1993; Bellomo & Preziosi 2000).
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The ODE model of Gatenby (1995) is an important reference to the study of
tumour growth. Gatenby (1995) modelled the interaction of the tumour and
normal cells as populations competing for space and other resources in some
small volume of tissue within an organ. Using the Lotka–Volterra population
competing principle (see Murray 2002), Gatenby established some critical
mathematical parameters that can be used to control the outcome of different
stages of neoplasm–host competition. He also proposed novel modes of therapies
based on tumour classification and treatment strategies, and his results predict
that therapies directed only at the tumour population will generally be
inadequate. Successful tumour therapy requires enhancement of the competitive
state of adjacent normal cells. Treatment strategies must therefore be developed
to increase the carrying capacity of the environment for normal cells.

With regard to interaction between the normal and tumour cell populations,
diffusion has also been used very successfully in models for spatial spread (Sherratt
1993; Gatenby & Gawlinski 1996; Sherratt 2000). Diffusion terms in reaction–
diffusion equations of tumour growth are broadly divided into two categories. One
is the linear diffusion term (e.g. Sherratt 1993) and the other is the nonlinear one
(Gatenby & Gawlinski 1996; Sherratt 2000). Sherratt (1993) developed a
reaction–diffusion model with the linear diffusion term for the initial growth of a
tumour. This model also incorporated the immune response to the cancer cells.
The author analysed the partial differential equations system for travelling wave
solutions and obtained a lower bound on the wave speeds. Under biologically
relevant approximations, a necessary and sufficient condition was derived for the
existence of a travelling wave solution. Moreover, this model predicted that there
is a critical level of immune response above which the immune system prevents the
initial growth of the tumour. For the nonlinear diffusion model, it first goes back to
Gatenby &Gawlinski (1996), in which the authors presented a nonlinear reaction–
diffusion system with three equations describing the spatial distribution and
temporal development of tumour tissue, normal tissue and excess HC ion
concentration. In view of the fact that the neoplastic tissue is unable to spread
without the surrounding healthy tissue, the authors assumed that the flux of
neoplastic tissue is dependent on the normal cells’ movement. They found that the
tumour spreading speeds determined via the marginal stability analysis of the
model were consistent with the tumour growth rates in vivo.

Recently, Sherratt (2000) introduced a new nonlinear diffusion term that
reflects the phenomenon known as contact inhibition of migration between
different cell populations. Based on the Lotka–Volterra competition (Murray
2002), Sherratt considered the following reaction–diffusion model for the early
stages of solid tumour growth:
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As stated in Sherratt (2000), u(x, t) and v(x, t) represent the normal cell and
tumour densities, respectively. Mathematically, both variables are rescaled to
ensure that the normal cell density uh1 in normal tissue. When the parameter
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g is greater than 1, the tumour cell population assumes a better growth rate
than that of the normal cells. In the kinetic items, K(uCv) serves the decline
effect in cell division rate owing to overcrowding. Sherratt (2000) introduced
the new nonlinear diffusion term based on the consideration of contact
inhibition which reflects the phenomenon that the movement of one
population is affected by that of the other one. In accordance with the
classical diffusion model for the spatial spread of population, the product of
the fraction u/(uCv) and the overall flux KV(uCv) indicates the flux for
population u. The same situation happens with the population v(x, t) in the
second equation. When the ratio v/u is a constant, the term ðu=ðuCvÞÞ!
ðv=vxÞðuCvÞ is equal to (v/vx)u, and this can be seen from the following
identity (see Sherratt 2000 for more details):
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By neglecting the highest derivatives in the travelling wave equations
corresponding to system (1.1), Sherratt (2000) solved two coupled first-order
equations and obtained the leading-order wavefront solutions.

To the best of our knowledge, no rigorous work has previously been done for the
existence of travelling wavefronts when the nonlinear diffusion terms are present,
as shown in system (1.1). The purpose of this paper is to revisit the competition
equation with a new motility term modelling contact inhibition between cell
populations, theoretically justifying the existence of a travelling wave solution
with large wave speed in system (1.1) by adopting the asymptotic method
developed by Faria et al. (2006) and Ou & Wu (2007). Although here we use the
same idea as that in Faria et al. (2006) and Ou & Wu (2007), there are crucial
differences in that the singularly perturbed terms are nonlinear and thus result in
particular difficulties in transforming the differential system into an integral
system so that the fixed point theorem can be applicable.

The remainder of this paper is organized as follows: in §2, we prove the
existence of a travelling wave solution. Simulations are provided in §3 to not only
confirm our result but also compare the difference between the leading-term
solution and the real solution.
2. Travelling wave solution with large wave speed

In this section, we prove the existence of a spreading wave in our system with
large wave speeds. Our first result, theorem 2.1, is essentially from Sherratt
(2000). But for technical reasons, we need to reanalyse the result since we have
changed the wave variable into zZxCct instead of zZxKct in Sherratt (2000).
As can be seen below, the main result in this section is our theorem 2.4, which
provides us with the justification for the existence of wavefronts.

To study the existence of travelling wave solutions with large wave speeds in
system (1.1), we look for solutions that are functions of the travelling wave
variable zZxCct, with u(x, t)ZU(z) and v(x, t)ZV(z). In view of the symmetry
of u and v in (1.1), we will rewrite the equations in terms of V(z) and
N(z)hU(z)CV(z)K1, which gives
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It is easy to see that (N, V)Z(0, 0) and (N, V)Z(gK1, g) are two equilibria
solving the above system. Thus, we take the boundary conditions for (N, V ) as

NðKNÞZ 0;

V ðKNÞZ 0;
and

NðNÞZgK1;

V ðNÞZg:

((

For wavefronts with large wave speeds, we want to develop the idea, originated
from Canosa (1973) for the Fisher equation, to show the existence.We thus rescale
the travelling wave coordinate by writing zZz/c for equations (2.1) to have

1

c2
d2N

dz2
K

dN

dz
KNðN C1ÞCðgK1ÞV Z 0;

1

c2
d

dz

V

1CN

 !
dN

dz

" #
K

dV

dz
CV ðgK1KNÞZ 0:

8>>>>><
>>>>>:

ð2:2Þ

Let 3Z1/c2, then 3 is small when c is large. In particular, when 3 is zero, system
(2.2) reduces to
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Obviously, system (2.3) has two uniform steady-state solutions, (0, 0) and
(gK1, g). By solving system (2.3), we have the following result, which is
actually due to Sherratt (2000).

Theorem 2.1. Assume gO1. Then system (2.3) has a heteroclinic orbit (N0(z),
V0(z)) connecting the two uniform steady-state solutions (0, 0) and (gK1, g).

Proof. From system (2.3), we can deduce that
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which upon the use of separation of variable gives

V

N
Z

g

gK1CA exp ðKgzÞ ; ð2:5Þ

whereAR0 is a constant of integration. From the second equation of (2.3), we have
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Let

uZKðgK1ÞzC lnV :

Substituting VZeuCðgK1Þz into (2.6) and using (2.5) gives
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ðgK1ÞeðgK1ÞzCA eKz

g
: ð2:7Þ

Solving (2.7) by separation of variables gives

eu Z
g

eðgK1ÞzKA eKz CB
:

Therefore, we obtain the solutions

NðzÞZ ½gK1CA exp fKgzg�½B exp fKðgK1ÞzgKA exp fKgzgC1�K1;

V ðzÞZg½B exp fKðgK1ÞzgKA exp fKgzgC1�K1:

(

Since AR0, the only case giving a positive solution for N is AZ0. Thus, the
wavefront solutions of (2.3) are

N0ðzÞZ
gK1

B exp fKðgK1ÞzgC1
;

V0ðzÞZ
g

B exp fKðgK1ÞzgC1
;

8>>><
>>>:

ð2:8Þ

where BR0 is a constant of integration.
Obviously, N0(z) and V0(z) satisfy

N0ðKNÞZ 0;

V0ðKNÞZ 0;
and

N0ðNÞZgK1;

V0ðNÞZg:

((

This proof is complete. &

It is easy to see that the origin (0, 0) is a saddle and the equilibrium (gK1, g)
is a stable node.

As we said earlier, our primary aim in this paper is to rigorously establish
the existence of a travelling wave solution to system (1.1) for large wave speeds,
and we now proceed to achieve this. We will prove that the travelling wavefront
to (2.2) can be approximated by the corresponding wavefront (N0(z), V0(z)) of
(2.3) when 3 is small. For later use, we now introduce some notations. Denote
CZC(R, R) as the Banach space of continuous and bounded functions
from R to R equipped with the standard norm kfkCZsupfjfðtÞj; t 2Rg.
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Let C1ZC1ðR;RÞZff2C : f0 2Cg;C0Zff2C : limt/GNfZ0g,
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ð2:9Þ

where N0 and V0 satisfy system (2.3), i.e.
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and W1 and W2 are subject to the boundary condition Wi(GN)Z0, iZ1, 2.
Substituting (2.9) into (2.2) and letting a prime be d/dz, using the first equation
of (2.10), we have

3W 00
1KW 0

1KW1 CHðW1;W2;N0;V0ÞZ 0; ð2:11Þ

where
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1;
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8>><
>>: ð2:12Þ
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From the second equation of (2.2), we have
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Now we prove that there exists a WZðW1
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(2.13) when 3 is small.
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equation (2.11) is equivalent to the following integral equation:
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For later use, by taking the derivative we can also obtain
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then, by (2.10), we have from (2.13)

W 0
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Multiplying ez to both sides of the above equation yields
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To work out the first integral in (2.19), we insert (2.18) and use the integration
by parts, and make use of (2.10) and (2.16) to have
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It is easy to show from (2.14) that
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Thus, we have from (2.17) and (2.20) that
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where
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We will aim to show the existence of the solution WZ
W1ðzÞ
W2ðzÞ

� �
2C0!C0 to

system (2.23). To this end, we define a linear operator L from the l.h.s. of (2.23)
as L: C0!C0/C0!C0 and

LðW ÞðzÞZ
W1ðzÞ
W2ðzÞ

 !
K

Ð z
KNeKðzKtÞ½K2N0W1CðgK1ÞW2� dtÐ z
KNeKðzKtÞ½ðgKN0ÞW2KV0W1� dt

 !
:

It is readily seen that L(W )2C0!C0 when W2C0!C0. In order to use a
fixed point theorem to verify the existence of the solution W2C0!C0 to system
(2.23), we want to establish some estimates for the terms in the r.h.s. of (2.23)
when W2C0!C0. We have the following lemmas.

Lemma 2.2. For any given 3 andW 2Bð1=2Þ3C0!C0, there exists a constant
M0 independent of 3 such that

jA1ð3;W ÞðzÞj%M0ð3C3kWkCkWk2Þ; jA2ð3;W Þj%M0ð3C3kWkCkWk2Þ;

uniformly for all z2(KN, N), where B(1/2) is the ball in C0!C0 with radius 1/2
and centre at the origin.

Proof. Here we prove only the second estimate. The inequality of A1 can be
done in a similar manner. From (2.25) we know that

jA2ð3;W Þj%
����
ðz
KN

eKðzKtÞR21 dt

����C jRð3;W ÞðzÞj:

Using (2.21) we can get the first term����
ðz
KN

eKðzKtÞR21 dt

����% jjW jj2: ð2:26Þ
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For the second term, when W 2Bð1=2Þ3C0!C0, we recall formula (2.22) to
have

jRð3;W ÞðzÞj%23ðjV0jCkW2kÞ jN0ðN0C1ÞjC jðgK1ÞV0jC
2kHkffiffiffiffiffiffiffiffiffiffiffiffiffi
1C43

p
� �

C23ðjV0jCkW2kÞ jN0ðN0 C1ÞjC jðgK1ÞV0jC
2kHkffiffiffiffiffiffiffiffiffiffiffiffiffi
1C43

p
� � ðz

KN
eKðzKtÞ dt

%43ðjV0jCkW2kÞ jN0ðN0 C1ÞjC jðgK1ÞV0jC
2kHkffiffiffiffiffiffiffiffiffiffiffiffiffi
1C43

p
� �

: ð2:27Þ

From (2.12), we have

kHk%2jN0jkW1kCðgK1ÞkW2kCkW 2
1kC3kN0ð1CN0Þð1C2N0Þ

CðgK1ÞV0ðgK3N0K2Þk: ð2:28Þ

Since N0 and V0 are bounded, a combination of (2.26)–(2.28) gives the
desired result.

Lemma 2.3. For each dO0, there is a sO0 such that for any two elements f
and 42BðsÞ; and 3%s; we have that

jA1ð3;fÞðzÞKA1ð3;4ÞðzÞj%dkfK4kC0!C0
ð2:29Þ

and

jA2ð3;fÞðzÞKA2ð3;4ÞðzÞj%dkfK4kC0!C0
;

where B(s) is the ball in C0!C0 with radius s and centre at the origin.

Proof. As in lemma 2.2, here we prove the estimate only for A1 and leave the

estimate for A2 to interested readers. For any two elements fZðf1
f2
Þ and 4Z

ð41
42
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�����
ðz
KN

el1ðzKtÞffiffiffiffiffiffiffiffiffiffiffiffiffi
1C43

p KeKðzKtÞ

" #
½K2N0ðf1K41ÞCðgK1Þ

!ðf2K42Þ� dt
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el2ðzKtÞjK2N0ðf1K41ÞCðgK1Þðf2K42Þj dt

C
1ffiffiffiffiffiffiffiffiffiffiffiffiffi

1C43
p

ðz
KN

el1ðzKtÞkf2
1K42

1k dtC
1ffiffiffiffiffiffiffiffiffiffiffiffiffi

1C43
p

ðN
z

el2ðzKtÞkf2
1K42

1k dt:
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Direct computation on the above formula gives

jA1ð3;fÞðzÞKA1ð3;4ÞðzÞj%ð2N0 CðgK1ÞÞkfK4k
ðz
KN

����� 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1C43

p el1ðzKtÞ

KeKðzKtÞ

����� dtC ð2N0 CðgK1ÞÞkfK4k
l2

C
2s

jl1j
kfK4kC 2s

jl2j
kfK4k:

Since the integral
Ð z
KN

�� 1ffiffiffiffiffiffiffiffi
1C43

p el1ðzKtÞKeKðzKtÞ�� dtZOð3Þ and 1/l2ZO(3) (see

(2.14)), choosing 3 and s sufficiently small, we can obtain the estimate (2.29).
The proof of this lemma is complete. &

Now we are ready to prove our main result.

Theorem 2.4. Assume gO1. Then there is a constant c�O0 such that, for any
cOc�, system (2.2) has a travelling wave solution (N(z), V(z)) connecting the two
equilibria (0, 0) and (gK1, g); moreover, the wave profile (N(z), V(z)) converges
to (N0, V0) when the wave speed c/N.

Proof. We first define a linear operator TZ
T1

T2

� �

½TJ�ðzÞZJ0ðzÞKP0JðzÞ; ð2:30Þ

where

TJZ
T1J

T2J

 !
; JðzÞZ

J1ðzÞ
J2ðzÞ

 !
2C1!C1

and

P0 Z
Kð1C2N0Þ gK1

KV0 gKN0K1

 !
:

The formal adjoint equation of TJZ0 is defined by

F0ðzÞCP0FðzÞZ 0;

i.e.

f0
1ðzÞ

f0
2ðzÞ

 !
Z

1C2N0 1Kg

V0 1KgCN0

 !
f1ðzÞ
f2ðzÞ

 !
: ð2:31Þ

From now onwards, we will use the same argument as that in Ou & Wu (2007)
to proceed with our proof. It contains five steps as follows.

Step 1. This step is about the property of the linear operator T. We want to

prove that if FðzÞZ f1ðzÞ
f2ðzÞ

� �
2C1!C1 and FZ

f1ðzÞ
f2ðzÞ

� �
is a solution of (2.31),

then FZ0. Moreover, we have RTZC!C, where RT is the range space of T.
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Indeed, N0/gK1 and V0/g hold when z/N. Thus, when z is large, the
coefficient matrix satisfies

1C2N0 1Kg

V0 1KgCN0

 !
/

2gK1 1Kg

g 0

 !
:

This means system (2.31) tends asymptotically to the following system with
constant coefficient matrix:

f0
1ðzÞ

f0
2ðzÞ

 !
Z

2gK1 1Kg

g 0

 !
f1ðzÞ
f2ðzÞ

 !
: ð2:32Þ

The eigenvalues l of the coefficient matrix in equation (2.32) satisfy

l2Kð2gK1ÞlCgðgK1ÞZ 0: ð2:33Þ
The two roots of (2.33) have positive real parts as gO1 and we thus know that
any bounded solution to (2.32) must be the zero solution, and that any solution
to (2.31) other than the zero solution must grow exponentially as z/N. Then
any bounded solution to (2.30) should be the zero solution. By the Fredholm
theory (see lemma 4.2 in Palmer 1984) we have that RTZC!C.

Step 2. We want to show that if JZ
J1

J2

� �
is a bounded solution of TJZQ,

where QZ
Q1

Q2

� �
2C0!C0; then we have JðzÞZ J1

J2

� �
2C0!C0:

Indeed when z/CN, the system

J0
1

J0
2

 !
K

Kð1C2N0Þ gK1

KV0 gKN0K1

 !
J1

J2

 !
Z

Q1

Q2

 !
ð2:34Þ

tends asymptotically to

J0
1

J0
2

 !
Z

Kð2gK1Þ gK1

Kg 0

 !
J1

J2

 !
: ð2:35Þ

For (2.35), it is easy to know that the uK limit set of every bounded solution
is just the critical point JZ0. Using theorem 1.8 from Mischaikow et al. (1995),
we conclude that every bounded solution component of (2.34) also satisfies

lim
z/CN

JiðzÞZ 0; i Z 1; 2:

Similarly, when z/KN, system (2.34) tends asymptotically to

J0
1

J0
2

 !
Z

K1 gK1

0 gK1

 !
J1

J2

 !
: ð2:36Þ

Obviously, the coefficient matrix of (2.36) has two eigenvalues l1ZK1!0 and
l2ZgK1O0, then every bounded solution must satisfy

lim
z/KN

JiðzÞZ 0; i Z 1; 2:
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Since the main result in Mischaikow et al. (1995) is only valid for the uK limit
set, we thus invert the time from z to Kz and use the result in Mischaikow et al.
(1995) again to have that any bounded solution to (2.34) must satisfy

lim
z/KN

JiðzÞZ 0; i Z 1; 2:

Hence the claim of step 2 holds.
Step 3. For the linear operator

L : C0!C0/C0!C0;

defined by

LðW ÞðzÞZ
W1ðzÞ
W2ðzÞ

 !
K

Ð z
KNeKðzKtÞ½K2N0W1 CðgK1ÞW2� dtÐ z
KNeKðzKtÞ½ðgKN0ÞW2KV0W1� dt

 !
;

we will prove that RL, the range space of L, is equal to C0!C0, that is, for each

uZ
u1ðzÞ
u2ðzÞ

� �
2C0!C0; we have a WZ

W1ðzÞ
W2ðzÞ

� �
2C0!C0 so that

W1ðzÞK
Ð z
KNeKðzKtÞ½K2N0W1 CðgK1ÞW2� dt Z u1ðzÞ;

W2ðzÞK
Ð z
KNeKðzKtÞ½ðgKN0ÞW2KV0W1� dt Z u2ðzÞ:

(

To this end, we suppose that xZWKu and deduce a system for xðzÞZ x1ðzÞ
x2ðzÞ

� �
as

follows:

x1ðzÞ
x2ðzÞ

 !
Z

Ð z
KN eKðzKtÞ½K2N0W1CðgK1ÞW2� dtÐ z
KNeKðzKtÞ½ðgKN0ÞW2KV0W1� dt

 !
:

Differentiating both sides gives

x01ðzÞ
x02ðzÞ

 !
KP0

x1ðzÞ
x2ðzÞ

 !
Z

K2N0 gK1

KV0 gKN0

 !
u1ðzÞ
u2ðzÞ

 !
: ð2:37Þ

In view of the results that RTZC!C in step 1 and u2C0!C0, it follows from

step 2 that there exists: xðzÞZ x1ðzÞ
x2ðzÞ

� �
satisfying (2.37) and x(GN)Z0. Going

back to the variable W, we have WZxCu2C0!C0.
Step 4. Denote N(L) as the null space of operator L. It follows that (see lemma

5.1 in Faria et al. 2006) there is a subspace NtðLÞ in C0!C0 so that

C0!C0 ZNtðLÞ4NðLÞ:

Obviously, NtðLÞ is a Banach space. If we let SZLjNtðLÞ be the restriction of L
to NtðLÞ, then S : NtðLÞ/C0!C0 is one-to-one and onto. Using the well-
known Banach inverse operator theorem, we conclude that SK1 : C0!C0/
NtðLÞ is a bounded linear operator.
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Step 5. When the domain of L is restricted to NtðLÞ, system (2.23) can be
written as

SðW ÞðzÞZ
A1ðzÞ
A2ðzÞ

 !
:

From lemmas 2.2 and 2.3, it follows that there exists sO0 and 0!r!1 such that
for W ;F;J2BðsÞhNtðLÞ

kFðz;W Þk% 1

3
ðkWkCsÞ

and

kFðz;FÞKFðz;JÞk%rkFKJk;

where

Fðz;W ÞZSK1
A1ðzÞ
A2ðzÞ

 !
:

It is easy to know that for any W 2BðsÞhNtðLÞ, we have

kFðz;W Þk% 1

3
ðkWkCsÞ%s:

Therefore, F(z,F) is a uniformly contractive mapping for W 2BðsÞhNtðLÞ.
The Banach contraction principle gives that for 32[0, s) (or cOc�Z1=

ffiffiffi
s

p
),

system (2.23) has unique solution WZ
W1

W2

� �
2NtðLÞ: Returning to the original

variable, we obtain that N0

V0

� �
C W1

W2

� �
is a heteroclinic connection between the two

equilibria (gK1, g) and (0, 0). The convergence of N0

V0

� �
C W1

W2

� �
to N0

V0

� �
as 3/0 is

easily seen. This completes the proof. &
3. Simulation

In this paper, we study the reaction–diffusion model with the nonlinear diffusion
term modelling contact inhibition between the normal and tumour cell
populations. By adopting the asymptotic method developed by Faria et al.
(2006) and Ou & Wu (2007), which is a combination of perturbation methods,
the Fredholm theory and the Banach fixed point theorem, we have theoretically
justified the existence of a travelling wave solution with large wave speed in
system (1.1).

In order to illustrate the validity of the theoretical result obtained in §2, we
perform numerical calculations using the software MATLAB.
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Figure 1. (a) Solutions v(x, t) (dashed line) and n(x, t) (solid line) at tZ10 for system (3.1) with
initial conditions (3.2). (b) Tumour cell density solution v(x, t), t2[0,10] with the same initial
conditions. The solution stabilizes to a wavefront with speed cZ10.
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Consider the following system:

vn

vt
Z

v

vx

vn

vx

 !
KnðnC1ÞCðgK1Þv;

vv

vt
Z

v

vx

v

1Cn

vn

vx

 !
CvðgK1KnÞ;

8>>>>><
>>>>>:

ð3:1Þ

with initial conditions

nðx; 0Þ
vðx; 0Þ

 !
Z

gK1

1CeKxðxK130Þ

g

1CeKxðxK250Þ

0
BBB@

1
CCCA; ð3:2Þ

where nZuCvK1 and g is taken to be 2, the constant x is the decay rate of the
initial wavefront.

As shown below, the simulations here are not only for the purpose of
confirming our theoretical results but also for comparing the leading-term
travelling wave and the real wave. The contrast between the nonlinear diffusion
and linear diffusion effects is also given, because we may have used some new
numerical schemes that are different from that in Sherratt (2000). Figure 1 is
about the numerical solution to (3.1) subject to free boundary conditions and
initial function (3.2) with xZ0.1. We find from figure 1b that the solution
stabilizes to a wavefront with a speed which can be computed by the formula

cZ
gK1

x
;

see formula (2.5) in Sherratt (2000).
Now we compare the leading-term wavefront with the true solution. Graphs of

solutions by the leading-order terms (2.3) and solutions computed from (3.1) are
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http://rspa.royalsocietypublishing.org/


space
220 225 230 235
0

0.5

1.0

1.5

2.0

2.5(a)
ce

ll 
de

ns
ity

(b)

0 20 40 60 80 100
space

Figure 2. Solution v(x, t) (upper lines) and n(x, t) (lower lines) at tZ20. The wave (dashed lines)
presents the solution of leading terms (2.8) and the waves (solid lines) come from system (3.1).
(a) xZ1 and cZ1; (b) xZ0.1 and cZ10.

160 180 200 220 240 26020 40 60 80 100
space space

0

0.5

1.0

1.5

2.0

2.5(a) (b)

tu
m

ou
r 

ce
ll 

de
ns

ity

Figure 3. Contrast of solution v(x, t), tZ20 in the nonlinear (solid line) and linear (dashed line)
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presented (figure 2). When the wave speed is large, say cZ10, the two solutions
match perfectly. Even in the small speed case when cZ1, the absolute error is
within 0.018.

Next we contrast the spread of wavefronts of the nonlinear diffusion system
(system (3.1)) and that of the linear system

vn

vt
Z

v

vx

vn

vx

 !
KnðnC1ÞCðgK1Þv;

vv

vt
Z

v

vx

vv

vx

 !
CvðgK1KnÞ

8>>>>><
>>>>>:

ð3:3Þ

with the same initial condition (3.2). Our result is that when the wave speed is
large (or the initial decaying rate x is small), the difference is not apparent
because both of them are dominated by the same leading-term contribution
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http://rspa.royalsocietypublishing.org/


1273Justification for wavefront propagation

 on September 16, 2016http://rspa.royalsocietypublishing.org/Downloaded from 
N0 and V0 (figure 3a). But if the initial decaying rate is big, there is a significant
difference (figure 3b). In figure 3a,b, the spreading speeds in the linear diffusion
case (system (3.3)) are faster than those in the nonlinear diffusion case (system
(3.1)). This agrees with our expectation owing to the contact inhibition effect
in (3.1).

Finally, we should mention that even though numerical simulation can
produce wavefronts with wave speeds that are not large, theoretical proof of the
existence of such wavefronts seems extraordinarily difficult and this remains as
our future work.

Work by H.Z. was supported by the China Scholarship Council and the Natural Science
Foundation of Human Province. Work by C.O. was supported by an NSERC grant of Canada.
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