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Cancer is a disease characterized by abnormal division of cells combined with the
malignant behaviour of these cells. Malignant cancer cells tend to spread, either by direct
growth into adjacent tissue through invasion and dispersal or by implantation into
distant sites by metastasis. In this paper, we will concentrate on the first type of tumour
growth and consider a reaction—diffusion model for competition cells with nonlinear
diffusion term modelling contact inhibition between normal and tumour cell populations
for which wave propagation is usually observed in clinical data. Mathematically, based
on a combination of perturbation methods, the Fredholm theory and the Banach fixed
point theorem, we theoretically justify the existence of the travelling wave solution.
Numerical simulations are finally illustrated to confirm our rigorous results.
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1. Introduction

Cancer is a disease developed, with few exceptions, from mutations on single
somatic cells that may divide uncontrollably, invade adjacent normal tissues and
give rise to secondary tumours (metastasis) on sites different from their primary
origin (Hanahan & Weinberg 2000). Although tumour progression involves a
complex network of interactions among cancer cells and their host microenviron-
ment (Israel 1996), it is observed that all neoplasms evolve according to a
universal scheme of progression (Clark 1991; Evan & Vousden 2001). For tumour
growth, viewed usually as a competition process between tumour cells and
surrounding normal tissue cells, numerous mathematical models have recently
been investigated. These include some examples based on ordinary differential
equations (ODEs) modelling tumour growth and tumour—host interaction as
competing populations (Michelson & Leith 1991; Gatenby 1995), and reaction—
diffusion systems modelling the dispersal behaviour of tumour cell growth
(Sherratt 1993; Gatenby & Gawlinski 1996; Sherratt 2000) and also some
particularly novel models that reflect the cancer evolution and its interaction
with the immune system (Sherratt 1993; Bellomo & Preziosi 2000).
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The ODE model of Gatenby (1995) is an important reference to the study of
tumour growth. Gatenby (1995) modelled the interaction of the tumour and
normal cells as populations competing for space and other resources in some
small volume of tissue within an organ. Using the Lotka—Volterra population
competing principle (see Murray 2002), Gatenby established some critical
mathematical parameters that can be used to control the outcome of different
stages of neoplasm—host competition. He also proposed novel modes of therapies
based on tumour classification and treatment strategies, and his results predict
that therapies directed only at the tumour population will generally be
inadequate. Successful tumour therapy requires enhancement of the competitive
state of adjacent normal cells. Treatment strategies must therefore be developed
to increase the carrying capacity of the environment for normal cells.

With regard to interaction between the normal and tumour cell populations,
diffusion has also been used very successfully in models for spatial spread (Sherratt
1993; Gatenby & Gawlinski 1996; Sherratt 2000). Diffusion terms in reaction—
diffusion equations of tumour growth are broadly divided into two categories. One
is the linear diffusion term (e.g. Sherratt 1993) and the other is the nonlinear one
(Gatenby & Gawlinski 1996; Sherratt 2000). Sherratt (1993) developed a
reaction—diffusion model with the linear diffusion term for the initial growth of a
tumour. This model also incorporated the immune response to the cancer cells.
The author analysed the partial differential equations system for travelling wave
solutions and obtained a lower bound on the wave speeds. Under biologically
relevant approximations, a necessary and sufficient condition was derived for the
existence of a travelling wave solution. Moreover, this model predicted that there
is a critical level of immune response above which the immune system prevents the
initial growth of the tumour. For the nonlinear diffusion model, it first goes back to
Gatenby & Gawlinski (1996 ), in which the authors presented a nonlinear reaction—
diffusion system with three equations describing the spatial distribution and
temporal development of tumour tissue, normal tissue and excess H™ ion
concentration. In view of the fact that the neoplastic tissue is unable to spread
without the surrounding healthy tissue, the authors assumed that the flux of
neoplastic tissue is dependent on the normal cells’ movement. They found that the
tumour spreading speeds determined via the marginal stability analysis of the
model were consistent with the tumour growth rates in vivo.

Recently, Sherratt (2000) introduced a new nonlinear diffusion term that
reflects the phenomenon known as contact inhibition of migration between
different cell populations. Based on the Lotka—Volterra competition (Murray
2002), Sherratt considered the following reaction—diffusion model for the early
stages of solid tumour growth:

ou 0 u 0
2 il 1 —qy—
ot 0z u+vax(u+v) +u(l—u—wv),
(1.1)
o0v 0 v 0
%" u+v£(u+v) +o(y —u—w).

As stated in Sherratt (2000), u(z, t) and v(z, t) represent the normal cell and
tumour densities, respectively. Mathematically, both variables are rescaled to
ensure that the normal cell density ¥=1 in normal tissue. When the parameter
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v is greater than 1, the tumour cell population assumes a better growth rate
than that of the normal cells. In the kinetic items, — (u+v) serves the decline
effect in cell division rate owing to overcrowding. Sherratt (2000) introduced
the new nonlinear diffusion term based on the consideration of contact
inhibition which reflects the phenomenon that the movement of one
population is affected by that of the other one. In accordance with the
classical diffusion model for the spatial spread of population, the product of
the fraction u/(u+v) and the overall flux —F(u+wv) indicates the flux for
population u. The same situation happens with the population v(z, t) in the
second equation. When the ratio v/u is a constant, the term (u/(u+ v)) X
(0/0z)(u+ v) is equal to (0/0z)u, and this can be seen from the following
identity (see Sherratt 2000 for more details):

— —(u+v)+—=———
u+v6x(u v) 0r wu-+wv oz

u 0 ou —u® 0 (v)

By neglecting the highest derivatives in the travelling wave equations
corresponding to system (1.1), Sherratt (2000) solved two coupled first-order
equations and obtained the leading-order wavefront solutions.

To the best of our knowledge, no rigorous work has previously been done for the
existence of travelling wavefronts when the nonlinear diffusion terms are present,
as shown in system (1.1). The purpose of this paper is to revisit the competition
equation with a new motility term modelling contact inhibition between cell
populations, theoretically justifying the existence of a travelling wave solution
with large wave speed in system (1.1) by adopting the asymptotic method
developed by Faria et al. (2006) and Ou & Wu (2007). Although here we use the
same idea as that in Faria et al. (2006) and Ou & Wu (2007), there are crucial
differences in that the singularly perturbed terms are nonlinear and thus result in
particular difficulties in transforming the differential system into an integral
system so that the fixed point theorem can be applicable.

The remainder of this paper is organized as follows: in §2, we prove the
existence of a travelling wave solution. Simulations are provided in §3 to not only
confirm our result but also compare the difference between the leading-term
solution and the real solution.

2. Travelling wave solution with large wave speed

In this section, we prove the existence of a spreading wave in our system with
large wave speeds. Our first result, theorem 2.1, is essentially from Sherratt
(2000). But for technical reasons, we need to reanalyse the result since we have
changed the wave variable into z=z+ ct instead of z=xz— ct in Sherratt (2000).
As can be seen below, the main result in this section is our theorem 2.4, which
provides us with the justification for the existence of wavefronts.

To study the existence of travelling wave solutions with large wave speeds in
system (1.1), we look for solutions that are functions of the travelling wave
variable z=z+ ct, with u(z, t)= U(2) and v(z, t)= V(2). In view of the symmetry
of w and v in (1.1), we will rewrite the equations in terms of V(z) and
N(z)= U(z) + V(2) — 1, which gives
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&N  dN
L N(N+1D)+(y—=1V =0
sz Cdz ( ) (7 ) 9
d vV o\ dN dv 21)
il ===+ V(y—1=N) =
dz (1+N> dz] e PVl )

It is easy to see that (N, V)=(0,0) and (N, V)=(y—1, v) are two equilibria
solving the above system. Thus, we take the boundary conditions for (N, V) as
N(—e) =0, N(w) =~y —1,
and
V(o) =0, V() =7.
For wavefronts with large wave speeds, we want to develop the idea, originated

from Canosa (1973) for the Fisher equation, to show the existence. We thus rescale
the travelling wave coordinate by writing {= z/ ¢ for equations (2.1) to have

1 d°N dN
1d vV \dN| 4V (22)
@ (H—N>d—z g TV -i-N =0

Let e=1/ ¢, then ¢ is small when ¢ is large. In particular, when ¢ is zero, system
(2.2) reduces to

—i—]g—N(N+1) Fy—1)V =0,
(2.3)
%

Obviously, system (2.3) has two uniform steady-state solutions, (0,0) and
(y—1,v). By solving system (2.3), we have the following result, which is
actually due to Sherratt (2000).

Theorem 2.1. Assume y>1. Then system (2.3) has a heteroclinic orbit (Ny(Z),
Vo(§)) connecting the two uniform steady-state solutions (0, 0) and (y—1, 7).

Proof. From system (2.3), we can deduce that

o)) e

which upon the use of separation of variable gives

Vv _ Y
N y—1+Aexp(—{)’ (25)

where A >0 1is a constant of integration. From the second equation of (2.3), we have
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dVv N(?)

— ==V V() —=—v +1]. 2.6
= VO VO TE 26)

Let
w=—(y—=1{+1InV.
Substituting V= e®T(""Y% into (2.6) and using (2.5) gives

_ (v—1)¢ -
do __olyzDem Phde” (2.7)
14 Y

Solving (2.7) by separation of variables gives

(O 3— ’Y

C T At + B

Therefore, we obtain the solutions

{ NE@) =[y =1+ Aexp {—y{}][Bexp {—(y —1){} —Aexp {—v{} + 1],
V() =v[Bexp {—(y — 1)} —Aexp {—vC} +1] "

Since A>0, the only case giving a positive solution for N is A=0. Thus, the
wavefront solutions of (2.3) are

vy—1
No(&) = ;
") = Bexp —r 1)} +1 o)
y .
Vi C = )
R e e
where B>0 is a constant of integration.
Obviously, Ny(¢) and V() satisfy
{No(_w) =0, {No(“’) =v—1
and
Vo(=) =0, V() = 7.
This proof is complete. [ |

It is easy to see that the origin (0, 0) is a saddle and the equilibrium (y—1, v)
is a stable node.

As we said earlier, our primary aim in this paper is to rigorously establish
the existence of a travelling wave solution to system (1.1) for large wave speeds,
and we now proceed to achieve this. We will prove that the travelling wavefront
to (2.2) can be approximated by the corresponding wavefront (Ny(%), Vo({)) of
(2.3) when e is small. For later use, we now introduce some notations. Denote
C=C(R, R) as the Banach space of continuous and bounded functions
from R to R equipped with the standard norm ||¢| ¢ =sup{|¢(t)|,t € R}.
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Let C'=CYR,R)={pEC:¢' €C},Co={p € C:lim_,;,¢p=0},

C><C={<I>= <¢1> R=xel i=1,2},
(0B

and

01><01={¢= <zl> ., € CL, i=1,2},
2

where all the norms are defined by

16llc, = llolle, — Noller =l1dllc +11¢llc
and

2 2 2
@lloxe = llgille,  N®llaxe, =D ldidlla,  NPlloxer =D llgiller
i=1 i=1 i=1

0

We observe that (]I\,[) can be approximated by (]I\/fo) and hence assume that

N = NO + le
(2.9)
V - VO + WQ,
where Ny and Vj satisfy system (2.3), i.e.
dN,
_d—CO_ No(No +1) +(y —1) Vy =0,
(2.10)
dV,
_d—CO+ Voly =1—=Ny) =0,

and W; and W, are subject to the boundary condition W+ «)=0, i=1, 2.
Substituting (2.9) into (2.2) and letting a prime be d/d{, using the first equation
of (2.10), we have

eW{ —=Wi— W, + H(Wy, Wy, Ny, V) = 0, (2.11)
where
H(Wy, Wa, Ny, Vo) = =2Ng W, + (v = 1) Wa + Ry + Ry,
Ry, =-W3, (2.12)
Ryg = e[No(1 + No)(1 +2Np) + (v — 1) Vo (v =3N, —2)].
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From the second equation of (2.2), we have

Vo + W !

(2.13)

Now we prove that there exists a W = ( %L) € (Cy X ( satisfying (2.11) and
(2.13) when ¢ is small.

Since the equation eA>—2—1=0 has two real roots A; and A, with
L _1=a + 4¢)1/? 1+ (1 +4e)'/?
=7

5 0 and A 5 0, (2.14)

equation (2.11) is equivalent to the following integral equation:

—# : A (&)
Wl(c) - S(AQ— Al) J_me H( le W27N07 VO)(t) dt

L [T one
V2 Y ~'H N, t) dt.
+e(12— ) L € (W1, Wa, Ny, Vo)(2) (2.15)

For later use, by taking the derivative we can also obtain

A e
Wi =—"1 MED WL, W, Ny, Vo) () dt
1) eOg— Ay) J_me (Wy, Wa, Ny, Vo)(1)

% r 2a(E—1)
+———| &V H(W,, W, Ny, Vy)(1) dt. 2.16
8(}2_11) ¢ ( 1 2 0 0)( ) ( )

Inserting formula H of (2.12) into (2.14) and using the fact that
e(dg— Ay) = V1 + 4e,

this gives
1 4 -
M) = === Jw MED2N, W, + (v — 1) W) dt
1 )
+— eV 2N, W, + — 1) W5| dt
T+ e J¢ [ o1 (7 ) 2]
1 C
+— e Ry + R»| dt
1+48 e [ 11 12]
1 ¥ k()
+— e R, + Ry»| dt. 2.17
Mt e ) [R1y 12] (2.17)
Let
Vo + Wy , , !
G=¢e|l———=— (N, w 2.18
814“7\70+W1(°Jr ok (2.18)
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then, by (2.10), we have from (2.13)

Wi+ Wy =G+ (y— Ny) Wy — VoW, — W, W,
Multiplying € to both sides of the above equation yields

(W €] = e*[G + (v — No) Wy — Vo Wy — Wy W),

Integrating it from —oo to {, we have

—00

4 4
wyozj e*FWnu+J e D [(y = Ny ) Wy — Vo Wy — W, W] dt.

— 00

(2.19)

To work out the first integral in (2.19), we insert (2.18) and use the integration
by parts, and make use of (2.10) and (2.16) to have

14

Wy() = J e~ (y— Ny Wy — VoW dt +Js e~ Ry dt+ R(e, W)(2),

—00 —00

(2.20)

where
R21 = — W1 W2 (221)
and

Vv, + W,

R(e, W)(©) = €m

NN+ 1)+ (v =DV

hjw EOH At + 2 [ eV H dt
V1 +4e

F Vo + W
- e
e 14+ Ny + W,

X[=No(Np+1) +(y =DV,

+Agiw S H ds 4 4 [ e H ds

—(&-t)
e de.  (2.22)
V1+4e

It is easy to show from (2.14) that

lim A4, = =1 and lim Ay = .

e—07 07

Thus, we have from (2.17) and (2.20) that
<w1<:>> (J"C R —2N0 Wit (r = 1) W] dt) _ <A1<e, W)(:))
Wa (%) [50 e~ ED(y = Ny) Wy — Vo W] dt As(e, W)(2) )
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where
Ae, W I AT [PV W,] d
&, = ——e " 7|2 +(y—1 t
e =] == 2Ny, + (y = )W
TR weﬂz(c—”[—zzv Wy + (y — 1) Wa) dt
VIt 4e )t - ?
L AN
+— e’ Ry + Ryy) dt
m w ( 11 12)
L PN
+——1 &” Ry, + Ryp) dt 2.24
\/m ¢ ( 11 12) ( )
and
Z .
Ayle, W)(T) = J e~ Ry dt + Rle, W)(Z). (2.25)

We will aim to show the existence of the solution W = < %Eg) € Cy X Gy to

system (2.23). To this end, we define a linear operator L from the Lh.s. of (2.23)
as L: C()X C’U_) C()X C(] and

WL (%) Jo e CO2N, Wy + (y — 1) Wy dt
)©) = (70 .
Wa(9) o™ Iy = No) Wo — Vo W] dt
It is readily seen that L(W)e& CyX Cy when We& CyX Cy. In order to use a
fixed point theorem to verify the existence of the solution We& CyX C, to system

(2.23), we want to establish some estimates for the terms in the r.h.s. of (2.23)
when We CyX Cy. We have the following lemmas.

LW

Lemma 2.2. Forany givene and W € B(1/2) C Cy X Cy, there exists a constant
M, independent of ¢ such that

|41 (e, W)(©)| < My(e + | W+ [ W), [As(e, W)| < My(e + el W] + || W),

uniformly for all{ € (—o, o), where B(1/2) is the ball in CyX Cy with radius 1/2
and centre at the origin.

Proof. Here we prove only the second estimate. The inequality of A; can be
done in a similar manner. From (2.25) we know that

e
e W< | [ e af + 1R WL

Using (2.21) we can get the first term

¢
H e ©URy, dt’ <||W]]*. (2.26)
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For the second term, when W € B(1/2) C Cy X (), we recall formula (2.22) to
have

[R(e, W)(©)] < 2¢( Vo + || W) [uvo(zvo + 1) +[(r = 1) Vol +721”f H

2| 4| ]J: —(¢—1)
+2e(| V| + || W Ny(Ny + 1) + -1V +——— e 7 dt
(| 0| H 2”)[\ 0( 0 )\ |(7 ) 0\ AT de

—00

<de(| Vil + | W3 ) [uvo(zvo + DI+ =)Vl +%] (2.27)

From (2.12), we have

1 < 2INoll WAl + (v = I Wall + | WEI + el No(1 + No)(1 + 21Ny)

+(y = 1) Vo(y —3N; —2)|. (2.28)

Since Ny and V; are bounded, a combination of (2.26)—(2.28) gives the
desired result.

Lemma 2.3. For each 6>0, there is a >0 such that for any two elements ¢
and ¢ € B(o), and ¢ < g, we have that

[A1(e, @)(8) — Ai(e, 0) () < bll¢ — @l c,xc, (2.29)

and

[A2(e,¢)(8) — Az (e, 0) Q)] < 0ll — @l ¢ xc»

where B(a) is the ball in CyX Cy with radius o and centre at the origin.

Proof. As in lemma 2.2, here we prove the estimate only for A; and leave the
estimate for A, to interested readers. For any two elements ¢ = (g; ) and ¢ =
(Z;) € Cy X C, from (2.24) we have

P
s

—0

(=]

1 _
+m Jc I —2N (¢ — 91) + (v — 1) (o — @2)| dt

AC)

| A1 (e, 9)(0) — Ai(e, 9)(O)| < Vitie

_e(Ct)] [—2Ny(1— 1) + (v — 1)

X (P2 — 7)) dt

|6t —ol|| dt.

1 N 1
| et =gt ar+——— |

+ R,
V14 4e
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Direct computation on the above formula gives

[ A1(e, ) (€) — A1(e, 0) (O < 2Ny + (v — 1)l — ‘P”J '%ﬂ )
0| gy BNt = Dlé=el | 20 20

Ao M! 2]

Since the integral fc - | M (&) —e_(c_t)| dt=0(¢) and 1/2;=0(¢) (see

(2.14)), choosing ¢ and ¢ sufficiently small, we can obtain the estimate (2.29).

The proof of this lemma is complete. [ ]
Now we are ready to prove our main result.

Theorem 2.4. Assume v>1. Then there is a constant ¢>0 such that, for any
c>c', system (2.2) has a travelling wave solution (N(£), V({)) connecting the two
equilibria (0, 0) and (y—1, v); moreover, the wave profile (N({), V({)) converges
to (No, Vo) when the wave speed c¢— .

Proof. We first define a linear operator T = (i)

[TW]() = ¥'(0) — P (0), (2.30)
where
TY = (Tlg/), W) = (lpl(:)) e ' x '
' v, (%)
and

—(142N,) y-—1
P() = .
- VO Y — NO —1
The formal adjoint equation of TW =0 is defined by
P'(C) + Py@(¢) =0,

1€ 1+ 2N, 1— 4
<¢i( )) _ ( 0 Y ><¢1( )) (2.31)
$5(%) Vo L=y + Ny ) \ ¢2(8)
From now onwards, we will use the same argument as that in Ou & Wu (2007)

to proceed with our proof. It contains five steps as follows.
Step 1. This step is about the property of the linear operator 7. We want to

prove that if @({)= (?EC;) e C'XC" and &= <¢28> is a solution of (2.31),

then @=0. Moreover, we have RT= CX C, where R T is the range space of T.

i.e.
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Indeed, Ng—v—1 and Vy— vy hold when {— o. Thus, when { is large, the
coefficient matrix satisfies

1+ 2N, 1—v 2y —1 1—v
— .
VO 1— Y + NO Y 0
This means system (2.31) tends asymptotically to the following system with
constant coefficient matrix:

! 2y—1 1—
(¢1(C)) _ ( Y ’Y> <¢1(C)>‘ (2.32)
¢5(¢) Y 0 $2(5)
The eigenvalues A of the coefficient matrix in equation (2.32) satisfy

P=2y —1DA+y(y—1)=0. (2.33)

The two roots of (2.33) have positive real parts as y>1 and we thus know that
any bounded solution to (2.32) must be the zero solution, and that any solution
to (2.31) other than the zero solution must grow exponentially as {— o . Then
any bounded solution to (2.30) should be the zero solution. By the Fredholm
theory (see lemma 4.2 in Palmer 1984) we have that RT= CX C.

Step 2. We want to show that if ¥ = <,lf(l,;) is a bounded solution of TY =6,
where @= (! ) € Gy X Gy, then we have W(2) = () € Cy X Gy
Indeed when {— + %, the system

<w1>_<—(1+2N0) y—1 )(q’l):<@1> (2.34)
78 -V y— Ny —1 v, O,

tends asymptotically to

<Wi> _ (—(27—1) 7—1> (%) (2.35)
28 —y 0 v,

For (2.35), it is easy to know that the w— limit set of every bounded solution
is just the critical point ¥ =0. Using theorem 1.8 from Mischaikow et al. (1995),
we conclude that every bounded solution component of (2.34) also satisfies

C1—1>I—1§:loo qu(g) = O) t= 1) 2.
Similarly, when {— —o system (2.34) tends asymptotically to
Y —1 -1 28
b = Y Y. (2.36)

Obviously, the coefficient matrix of (2.36) has two eigenvalues ;= —1<0 and
As=7v—1>0, then every bounded solution must satisfy

Jim W) =0, i=1,2
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Since the main result in Mischaikow et al. (1995) is only valid for the w— limit
set, we thus invert the time from z to —z and use the result in Mischaikow et al.
(1995) again to have that any bounded solution to (2.34) must satisfy

lim ¥,({) =0, i=1, 2.

{o—

Hence the claim of step 2 holds.
Step 3. For the linear operator

L: Cy X Cy— Gy X Gy,

defined by
L)) = (Wm) <I_ [F2Ny Wi + (v — 1) W] dt)
W©)) \ Fue©y— N)Wo— VWil dr )
we will prove that RL, the range space of L, is equal to CyX Cj, that is, for each
u= (71]%) € Cy X Cy, we have a W= <W]Eg> € Cy X Cy so that
{ () — [ (2N Wy + (v = D) Wyl dt = uy (2),
Wy(2) — [~ (v — No) Wy — Voo Wi dt = uy(K).

To this end, we suppose that £ = W—u and deduce a system for £({) = (28) as

follows:
(51(@) (J— “ED2N, W, + (v — 1) Wy dt)
£ fg ED[(y = Ny) W — Vo W] dt .

Differentiating both sides gives

£1(¢ (¢ —2N, y—1Y\ [
(}()>_P0(1()>=< o >( 1()) (2.37)
£5(%) £(9) Vo v— N uy()
In view of the results that RT= C; X C'in step 1 and u€ Cy X Cy, it follows from
step 2 that there exists: 5(:)=(;;§2> satisfying (2.37) and £(4 «)=0. Going
back to the variable W, we have W=£¢+ue Cy X (.

Step 4. Denote N(L) as the null space of operator L. It follows that (see lemma
5.1 in Faria et al. 2006) there is a subspace N+ (L) in CyX Cy so that

CyX Cy=N*(L)®N(L).
Obviously, N+ (L) is a Banach space. If we let S= L] ~i(r) be the restriction of L
to N*+(L), then S: N*(L)— C, X C, is one-to-one and onto. Using the well-
known Banach inverse operator theorem, we conclude that S™': Cy X C,—

N+ (L) is a bounded linear operator.
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Step 5. When the domain of L is restricted to N1 (L), system (2.23) can be

written as
A (€
S(W)(©) = <A 8)

From lemmas 2.2 and 2.3, it follows that there exists >0 and 0<p <1 such that
for W,®, W € B(o)N\ N+ (L)

IEE W <5 (IW] +a)

W —

and
|F(E @)= FE W) <plle—"],

where

FG, W) =81 (AI(C))

It is easy to know that for any W € B(s) N\ N+ (L), we have

IEE WM<z (IW]| +0) <o

w|

Therefore, F({,®) is a uniformly contractive mapping for W € B(a) N\ N*(L).
The Banach contraction principle gives that for e€[0, o) (or ¢> ¢ =1//0),

system (2.23) has unique solution W = g; € N+ (L). Returning to the original

variable, we obtain that (N°> +< Wl) is a heteroclinic connection between the two
0 2

equilibria (y—1, v) and (0, 0). The convergence of (?ﬁ“) +< $1> to (ﬁn) as e—0 is
easily seen. This completes the proof. 0 2 0 u

3. Simulation

In this paper, we study the reaction—diffusion model with the nonlinear diffusion
term modelling contact inhibition between the normal and tumour cell
populations. By adopting the asymptotic method developed by Faria et al.
(2006) and Ou & Wu (2007), which is a combination of perturbation methods,
the Fredholm theory and the Banach fixed point theorem, we have theoretically
justified the existence of a travelling wave solution with large wave speed in
system (1.1).

In order to illustrate the validity of the theoretical result obtained in §2, we
perform numerical calculations using the software MATLAB.
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Figure 1. (a) Solutions v(z, t) (dashed line) and n(z, t) (solid line) at t=10 for system (3.1) with
initial conditions (3.2). (b) Tumour cell density solution v(z, t), t€[0,10] with the same initial
conditions. The solution stabilizes to a wavefront with speed ¢=10.

Consider the following system:

on 0 (0n
a—%<%> —n(n+1)+(y—1)v,

(3.1)
v_ 90 ( v 0n) (y—1—n)
ot o0z \1+noz o s
with initial conditions
vy—1
n(z,0) 1 4 e £(@—130)
= , (3.2)
v(z,0) i

14+ 675(17250)

where n=u+v—1 and v is taken to be 2, the constant & is the decay rate of the
initial wavefront.

As shown below, the simulations here are not only for the purpose of
confirming our theoretical results but also for comparing the leading-term
travelling wave and the real wave. The contrast between the nonlinear diffusion
and linear diffusion effects is also given, because we may have used some new
numerical schemes that are different from that in Sherratt (2000). Figure 1 is
about the numerical solution to (3.1) subject to free boundary conditions and
initial function (3.2) with £=0.1. We find from figure 1b that the solution
stabilizes to a wavefront with a speed which can be computed by the formula

c=T" L
g )
see formula (2.5) in Sherratt (2000).

Now we compare the leading-term wavefront with the true solution. Graphs of

solutions by the leading-order terms (2.3) and solutions computed from (3.1) are
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Figure 2. Solution v(z, ¢) (upper lines) and n(z, ¢) (lower lines) at t=20. The wave (dashed lines)
presents the solution of leading terms (2.8) and the waves (solid lines) come from system (3.1).
(a) £=1 and ¢=1; (b) £=0.1 and c=10.
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Figure 3. Contrast of solution v(z, t), t=20 in the nonlinear (solid line) and linear (dashed line)
diffusion cases. (a) £=0.1 and ¢=10; (b) £=0.5 and c=2.

presented (figure 2). When the wave speed is large, say ¢=10, the two solutions
match perfectly. Even in the small speed case when ¢=1, the absolute error is
within 0.018.

Next we contrast the spread of wavefronts of the nonlinear diffusion system
(system (3.1)) and that of the linear system

on 9 [0n
W_£<@> —n(n+1)+ (y — 1),

o0v 0 (0v
E_%<%> +ou(y —1—n)

with the same initial condition (3.2). Our result is that when the wave speed is
large (or the initial decaying rate £ is small), the difference is not apparent
because both of them are dominated by the same leading-term contribution

(3.3)
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Ny and Vj (figure 3a). But if the initial decaying rate is big, there is a significant
difference (figure 3b). In figure 3a,b, the spreading speeds in the linear diffusion
case (system (3.3)) are faster than those in the nonlinear diffusion case (system
(3.1)). This agrees with our expectation owing to the contact inhibition effect
in (3.1).

Finally, we should mention that even though numerical simulation can
produce wavefronts with wave speeds that are not large, theoretical proof of the
existence of such wavefronts seems extraordinarily difficult and this remains as
our future work.

Work by H.Z. was supported by the China Scholarship Council and the Natural Science
Foundation of Human Province. Work by C.O. was supported by an NSERC grant of Canada.
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