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Abstra
t. One sour
e of 
omplexity in the �-
al
ulus is its ability tospe
ify an unbounded number of swit
hes between universal (AX) andexistential (EX) bran
hing modes. We therefore study the problems ofsatis�ability, validity, model 
he
king, and impli
ation for the universaland existential fragments of the �-
al
ulus, in whi
h only one bran
h-ing mode is allowed. The universal fragment is ri
h enough to expressmost spe
i�
ations of interest, and therefore improved algorithms areof pra
ti
al importan
e. We show that while the satis�ability and va-lidity problems be
ome indeed simpler for the existential and universalfragments, this is, unfortunately, not the 
ase for model 
he
king and im-pli
ation. We also show the 
orresponding results for the alternation-freefragment of the �-
al
ulus, where no swit
hes between least and greatest�xed points are allowed. Our results imply that e�orts to �nd a polyno-mial time model-
he
king algorithm for the �-
al
ulus 
an be repla
edby e�orts to �nd su
h an algorithm for the universal or the existentialfragments.

1 Introdu
tionIn formal veri�
ation, we reason about systems and their properties by reasoningabout formal models of systems and formal spe
i�
ations of the properties [5℄.The algorithmi
 nature of formal veri�
ation makes it fully automati
, 
onve-nient to use, and attra
tive to pra
titioners. At the same time, formal veri�
ationis very sensitive to the size of the formal model of the system and the formalspe
i�
ation. Commer
ial veri�
ation tools need to 
ope with the ex
eedinglylarge state spa
es that are present in real-life designs. One of the most im-portant developments in this area is the dis
overy of symboli
 methods [2, 26℄.Typi
ally, symboli
 model-
he
king tools pro
eed by 
omputing �xed-point ex-pressions over the model's set of states. For example, to �nd the set of statesfrom whi
h a state satisfying some predi
ate p is rea
hable, the model 
he
kerstarts with the set y of states in whi
h p holds, and repeatedly adds to y the set? This work was supported in part by NSF grant CCR-9988172, AFOSR MURI grantF49620-00-1-0327, and a Mi
rosoft Resear
h Fellowship.



EXy of states that have a su

essor in y. Formally, the model 
he
ker 
al
ulatesthe least �xed point of the expression y = p _EXy.The �-
al
ulus is a logi
 that 
ontains the next modalities EX and AX, andthe �xed-point operators � and � [20℄. As su
h, it des
ribes �xed-point 
ompu-tations in a natural form. The �-
al
ulus is an extremely general modal logi
.It is as expressive as automata on in�nite trees, and it subsumes most knownspe
i�
ation formalisms, in
luding dynami
 logi
s su
h as PDL [13℄ and tem-poral logi
s su
h as LTL and CTL? [8, 7℄ (see [17℄ for a general result). Thealternation-free fragment of �-
al
ulus (AFMC, for short) [12℄ has a restri
tedsyntax that does not allow alternating nesting of �xed-point operators, mak-ing the evaluation of expressions very simple [6℄. The alternation-free fragmentsubsumes the temporal logi
 CTL.Four de
ision problems arise naturally for every spe
i�
ation formalism: thesatis�ability problem (given a formula ', is there a model that satis�es '?)
he
ks whether a spe
i�
ation 
an be implemented, and algorithms for de
idingthe satis�ability problems are the basis for program synthesis and 
ontrol [3, 29,28℄; the validity problem (given ', do all models satisfy '?) 
he
ks whether thespe
i�
ation is trivially satis�ed, and is used as a sanity 
he
k for requirements[24℄; the model-
he
king problem (given a formula ' and a model M , does Msatisfy '?) is the basi
 veri�
ation problem; and the impli
ation problem (giventwo formulas ' and  , is '!  valid?) arises naturally in the 
ontext of modularveri�
ation, where it must be shown that a module satis�es a property under anassumption about the environment [27, 22℄.The satis�ability, validity, and impli
ation problems for the �-
al
ulus are allEXPTIME-
omplete [13, 1℄ (sin
e the �-
al
ulus is 
losed under negation, it iseasy to get EXPTIME 
ompleteness for the validity and impli
ation problems byredu
tions to and from the satis�ability problem). The model-
he
king problemfor the �-
al
ulus was �rst 
onsidered in [12℄, whi
h des
ribes an algorithm with
omplexity O((mn)l+1), where m is the size of M , n is the size of ', and lis the number of alternations between least and greatest �xed-point operatorsin '. In [11℄, the problem was shown to be equivalent to the nonemptinessproblem for parity tree automata, and thus to lie in NP \ 
o-NP. Today, it isknown that the problem is in UP \ 
o-UP [18℄1, and best known algorithm for �-
al
ulus model 
he
king is of time 
omplexity roughly O(mn l2 ) [25, 30, 19℄, whi
his still exponential in the number of alternations. The pre
ise 
omplexity of theproblem, and in parti
ular, the question whether a polynomial-time solution forit exists, is a long-standing open problem.In this paper we study the 
omplexity of the four de
ision problems for theexistential and universal fragments of �-
al
ulus. The existential fragment 
on-sists of formulas where the only allowed next modality is the existential one(EX), and the universal fragment 
onsists of formulas where the only allowednext modality is the universal one (AX). We 
onsider �-
al
ulus in positivenormal form, thus the stri
t synta
ti
 fragments are also semanti
 fragments1 The 
lass UP is a subset of NP, where ea
h word a

epted by the Turing ma
hinehas a unique a

epting run.



| there is no way of spe
ifying an existential next in the universal fragmentby negating a universal one, and vi
e versa. Both sublogi
s indu
e the stateequivalen
e similarity (mutual simulation), as opposed to bisimilarity, whi
h isindu
ed by the full �-
al
ulus [15℄. The existential and universal fragments ofthe �-
al
ulus subsume the existential and universal fragments of the bran
hing-time logi
s CTL and CTL�. For temporal logi
s, the universal and existentialfragments have been well-studied (see, e.g., [22℄). As we spe
ify in the table inFigure 1, the satis�ability, validity, and impli
ation problems for the universaland existential fragments of CTL and CTL� are all easier than the 
orrespondingproblems for the full logi
s [13, 32, 9, 22℄. On the other hand, the model-
he
king
omplexities for the universal and existential fragments of CTL and CTL? 
oin-
ide with the 
omplexities of the full logi
s, and the same holds for the system
omplexities of model 
he
king (i.e., the 
omplexities in terms of the size of themodel, assuming the spe
i�
ation is �xed) [4, 23℄.Unlike CTL and CTL?, it is possible to express in �-
al
ulus unboundedswit
hing of AX and EX modalities. Su
h an unbounded swit
hing is an ap-parent sour
e of 
omplexity: for example, �-
al
ulus 
an express the rea
habilityproblem on And-Or graphs, whi
h is PTIME-
omplete, while the rea
habilityproblem on plain graphs (existential rea
hability), and its universal 
ounterpart,are NLOGSPACE-
omplete. A

ordingly, the system 
omplexity of the model-
he
king problem for �-
al
ulus is PTIME-
omplete, whereas the one for CTLand CTL? is only NLOGSPACE-
omplete [16, 12, 23℄. By removing the swit
hingof modalities from the �-
al
ulus, one may hope that the algorithms for the fourde
ision problems, and model 
he
king in parti
ular, will be
ome simpler. Sin
emost spe
i�
ations assert what a system must or must not do in all possiblefutures, the universal fragment of the �-
al
ulus is expressive enough to 
apturemost spe
i�
ations of interest. Also, the symboli
 evaluation of LTL formula isredu
ed to model 
he
king of an existential �-
al
ulus formula. Hen
e, our studyis not only of a theoreti
al interest | an eÆ
ient algorithm for the universal orexistential fragments of the �-
al
ulus is of pra
ti
al interest.We determine the 
omplexities of the four de
ision problems for the univer-sal and existential fragments of the �-
al
ulus, as well as their alternation-freefragments. Our results are summarized in Figure 1. It turns out that the hope toget easier algorithms for the universal and existential fragments is only partiallyful�lled. We show that while the satis�ability and validity problems be
omeeasier for the existential and universal fragments, both the model-
he
king andimpli
ation problems stay as hard as for the full �-
al
ulus. In parti
ular, ourresults imply that e�orts to �nd a polynomial time model-
he
king algorithmfor the �-
al
ulus 
an be repla
ed by e�orts to �nd a polynomial time model-
he
king algorithms for the universal or the existential fragments. Note that thepi
ture we obtain for �-
al
ulus does not 
oin
ide with the pi
ture obtained inthe study of the universal and existential fragments of CTL and CTL?, wherethe restri
tion to the fragments makes also the impli
ation problem easier.One key insight 
on
erns the size of models for the existential and univer-sal fragments of the �-
al
ulus. We prove the membership of the satis�ability



problem for the existential fragment of �-
al
ulus in NP via a linear-size modelproperty. This is in 
ontrast to the full �-
al
ulus, whi
h has only an exponential-size model property [21℄. This shows that extending propositional logi
 by theEX modality and �xed-point operators does not make the satis�ability prob-lem harder. On the other hand, a similar extension with AX results in a logi
for whi
h the linear-size model property does not hold, and whose satis�abilityproblem is PSPACE-
omplete.A se
ond insight is that, in model-
he
king as well as impli
ation problems,the swit
hing of EX and AX modalities 
an be en
oded by the boolean 
on-ne
tives _ and ^ in 
ombination with either one of the two modalities and�xed-point operators. Let us be more pre
ise. The model-
he
king problem forthe �-
al
ulus is 
losely related to the problem of determining the winner ingames on And-Or graphs. The system 
omplexity of �-
al
ulus model 
he
kingis PTIME-hard, be
ause a �-
al
ulus formula of a �xed size 
an spe
ify an un-bounded number of swit
hes between universal and existential bran
hing modes.In parti
ular, the formula �y:t_EXAXy spe
i�es winning in a And-Or rea
habil-ity game, and formulas with alternations between least and greatest �xed-pointoperators 
an spe
ify the winner in a And-Or parity game. One would thereforeexpe
t that the universal and existential fragments of �-
al
ulus, in whi
h noswit
hing between bran
hing modes is possible, would not be suÆ
iently strongfor spe
ifying And-Or rea
hability. Indeed, in [11℄ the authors de�ne a fragmentL2 of �-
al
ulus that expli
itly bounds the number of swit
hes between both AXand EX modalities and ^ and _ boolean operators. This fragment is as expres-sive as extended CTL?, and it 
annot spe
ify rea
hability in And-Or graphs (thesystem 
omplexity of model 
he
king is NLOGSPACE-
omplete). However, inmodel 
he
king as well as impli
ation problems, we 
an 
onsider models in whi
hthe su

essors of a state are labeled in a way that enables the spe
i�
ation to di-re
tly refer to them. Then, it is possible to repla
e the existential next modalityby a disjun
tion over all the su

essors, and it is possible to repla
e the universalnext modality by a 
onjun
tion that refers to ea
h su

essor. More spe
i�
ally,if we 
an guarantee that the su

essors of a state with bran
hing degree two arelabeled by l (left) and r (right), then the existential next formula EXy 
an berepla
ed by AX(l! y) _AX(r! y), and the universal next formula AXy 
anbe repla
ed by EX(l^ y)^EX(r ^ y). While these observations are te
hni
allysimple, they enable us to solve the open problems regarding the 
omplexity ofthe universal and existential fragments of the �-
al
ulus.
2 Propositional �-Cal
ulusThe propositional �-
al
ulus (MC, for short) is a propositional modal logi
 aug-mented with least and greatest �xpoint operators [20℄. Spe
i�
ally, we 
onsidera �-
al
ulus where formulas are 
onstru
ted from Boolean propositions withBoolean 
onne
tives, the temporal operators EX and AX, as well as least (�)and greatest (�) �xpoint operators. We assume without loss of generality that�-
al
ulus formulas are written in positive normal form (negation only applied



Satis�ability Validity Impli
ation Model 
he
king system 
omplexityCTL? 2EXPTIME 2EXPTIME 2EXPTIME PSPACE NLOGSPACE8CTL? PSPACE PSPACE EXPSPACE PSPACE NLOGSPACE9CTL? PSPACE PSPACE EXPSPACE PSPACE NLOGSPACECTL EXPTIME EXPTIME EXPTIME linear time NLOGSPACE8CTL PSPACE 
o-NP PSPACE linear time NLOGSPACE9CTL NP PSPACE PSPACE linear time NLOGSPACEMC EXPTIME EXPTIME EXPTIME NP \ 
o-NP PTIME8MC PSPACE 
o-NP EXPTIME NP \ 
o-NP PTIME9MC NP PSPACE EXPTIME NP \ 
o-NP PTIMEAFMC EXPTIME EXPTIME EXPTIME linear time PTIME8AFMC PSPACE 
o-NP EXPTIME linear time PTIME9AFMC NP PSPACE EXPTIME linear time PTIMEFig. 1. Summary of known and new results
to atomi
 propositions). Formally, given a set AP of atomi
 propositions and aset V of variables, a �-
al
ulus formula is either:{ true, false, p or :p, for all p 2 AP ;{ y, for all y 2 V ;{ '1 ^ '2 or '1 _ '2, where '1 and '2 are �-
al
ulus formulas;{ AX' or EX', where ' is a �-
al
ulus formula;{ �y:' or �y:', where y 2 V and ' is a �-
al
ulus formula.We say variable y is bound in �y:' and �y:'. A variable is free if it is not bound.A senten
e is a formula that 
ontains no free variables. We refer to AX and EXas the universal and existential next modalities, respe
tively. For a �-
al
ulusformula ', de�ne the size j'j of ' as the size of the redu
ed DAG representationof '. Note that this is always smaller than or equal to the usual de�nition ofsize in terms of the number of synta
ti
 symbols o

urring in the formula, ourresults hold for this de�nition as well.The universal �-
al
ulus, (8MC, for short) is the fragment of �-
al
ulus inwhi
h the only next modality allowed is the universal one. Dually, the existential�-
al
ulus (9MC, for short) is the fragment of �-
al
ulus in whi
h the only nextmodality allowed is the existential one. Note that sin
e �-
al
ulus formulas arewritten in a positive normal form, there is no way to spe
ify existential next in8MC by negating a universal one.A �-
al
ulus formula is alternation free if, for all y 2 V , there are respe
tivelyno o

urren
es of � (�) on any synta
ti
 path from an o

urren
e of �y (�y) to ano

urren
e of y. For example, the formula �x:(p_�y:(x_EXy)) is alternation freeand the formula �x:�y:((p^ x) _EXy) is not alternation free. The alternation-free �-
al
ulus (AFMC, for short) is a subset of �-
al
ulus 
ontaining onlyalternation-free formulas. We also refer to the universal and existential fragmentsof AFMC, denoted by 8AFMC and 9AFMC, respe
tively.



A �-
al
ulus formula is guarded if for all y 2 V , all the o

urren
es of y thatare in a s
ope of a �xpoint modality � 2 f�; �g are also in a s
ope of a nextmodality whi
h is itself in the s
ope of �. For example, the formula �y:(p_EXy)is guarded and the formula EX�y:(p_ y) is not guarded. We assume that all �-
al
ulus formulas are guarded. As proved in [23℄, every �-
al
ulus formula 
an belinearly translated to an equivalent guarded one, thus we do not lose generalitywith our assumption.The semanti
s of �-
al
ulus formulas is de�ned with respe
t to Kripke stru
-tures. A Kripke stru
ture K = hAP;W;R;w0; Li 
onsists of a set AP of atomi
propositions, a setW of states, a total transition relation R �W �W , an initialstate w0 2 W , and a labeling L : W ! 2AP that maps ea
h state to the set ofatomi
 propositions true in that state.Given a Kripke stru
ture K = hAP;W;R;w0; Li and a set fy1; : : : ; yng offree variables, a valuation V : fy1; : : : ; yng ! 2W is an assignment of subsetsof W to the variables in fy1; : : : ; yng. For a valuation V , a variable y and a setW 0 � W , denote by V [y  W 0℄ the valuation mapping y to W 0 and y0 to V(y0)for all y0 6= y. A formula ' with free variables fy1; : : : ; yng is interpreted overthe stru
ture K as a mapping 'K from valuations to 2W . Thus, 'K(V) denotesthe set of states that satisfy ' with the valuation V . The mapping 'K is de�nedindu
tively as follows:{ trueK(V) =W and falseK(V) = ;.{ For p 2 AP , the set pK(V) = fw 2W j p 2 L(w)g and (:p)K(V) =fw 2W j p 62 L(w)g.{ ('1 ^ '2)K(V) = 'K1 (V) \ 'K2 (V).{ ('1 _ '2)K(V) = 'K1 (V) [ 'K2 (V).{ (AX')K(V) = fw 2W j 8w0: if (w;w0) 2 R then w0 2 'K(V)g.{ (EX')K(V) = fw 2W j 9w0:(w;w0) 2 R and w0 2 'K(V)g.{ (�x:')K(V) = T fW 0 �W j 'K(V [x W 0℄) �W 0g.{ (�x:')K(V) = S fW 0 �W jW 0 � 'K(V [x W 0℄)g.For a senten
e, no valuation is required. For a state w 2 W of the Kripkestru
ture K, and a senten
e ', we write K; w j= ' i� w 2 'K. By the Knaster-Tarski Theorem, the �xpoints always exist.
3 Satis�ability and ValidityThe satis�ability and validity problems for �-
al
ulus and its alternation-freefragment are EXPTIME-
omplete [1, 13℄. In this se
tion we study the satis�a-bility and validity problems for the universal and existential fragments.For a 8MC formula ', let ['℄ denote the linear-time �-
al
ulus formula ob-tained from ' by omitting all its universal path quanti�ers. It is easy to see that' of 8MC is satis�able i� ['℄ is satis�able. Indeed, a model for ['℄ is also amodel for ', and ea
h path in a model for ' is a model for ['℄. Sin
e the sat-is�ability problem for linear-time �-
al
ulus and its alternation-free fragment isPSPACE-
omplete [31℄, so is the satis�ability problem for 8MC and 8AFMC.



Theorem 1. The satis�ability problem for 8MC and 8AFMC is PSPACE-
omplete.Sin
e both 9MC and 9AFMC subsume propositional logi
, the satis�abilityproblem for these logi
s is 
learly hard for NP. We show that the satis�abilityproblem is in fa
t NP-
omplete. To show membership in NP, we prove a linear-size model property for 9MC.Lemma 1. Let ' be a formula of 9MC. If ' is satis�able, then it has a modelwith at most O(j'j) states and O(j'j) transitions.Proof. The proof is similar to the one used in [22℄ to show a linear-size modelproperty for 9CTL. We pro
eed by indu
tion on the stru
ture of 9MC formulas.With ea
h 9MC formula ', we asso
iate a set S' of models (Kripke stru
tures)that satisfy '. We de�ne S' by stru
tural indu
tion. The states of the models inS' are labeled by both the atomi
 propositions and the variables free in '. Weuse S'1 ! S'2 to denote the set of models obtained by taking a modelM1 fromS'1 , a model M2 from S'2 , adding a transition from the initial state of M1 tothe initial state of M2, and �xing the initial state to be the one of M1. We useS'1 \� S'2 to denote the set of models obtained by taking a modelM1 from S'1and a model M2 from S'2 , su
h that M1 and M2 agree on the labeling of theirinitial states, �xing the initial state to be the initial state of M1, redire
tingtransitions to the initial state of M2 into the initial state of M1, and addingtransitions from the initial state of M1 to all the su

essors of the initial stateof M2. Finally, we use S'(#) #, where # is an atomi
 proposition not in AP , todenote the set of models obtained from a model in S'(#) by adding transitionsfrom states labeled by # to all the su

essors of the initial state, and removing# from the labels of states. We 
an now de�ne S' as follows. Note that we donot 
onsider the 
ase where ' = x, for x 2 V , as we assume that ' is a senten
e.{ Strue is the set of all one-state models over AP .{ Sfalse = ;.{ Sp, for p 2 AP , is the set of all one-state models over AP in whi
h p holds.{ S:p, for :p 2 AP , is the set of all one-state models over AP in whi
h p doesnot hold.{ S'1_'2 = S'1 [ S'2 .{ S'1^'2 = S'1 \� S'2 .{ SEX'1 = Strue ! S'1 .{ S�x:'1(x) = S'1('1(false)).{ S�x:'1(x) = S'1(#^('1(true))) #.For example, if AP = fpg, and ' = �x:'1(x) with '1(x) = EX(p ^ x) ^EX(:p^ x), then '1(#^ ('1(true))) = EX(p^#^EXp^EX:p)^EX(:p^# ^ EXp ^ EX:p), and S' 
ontains the two models obtained from the modelM1 des
ribed in Figure 2 by labeling the initial state by either p or :p. Also, ifAP = fp; qg and ' = EXp ^ (�y:q _ (p ^ EXy)), then S' 
ontains the models
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Fig. 2. Linear-size models.
obtained from the models M2 and M3 des
ribed there by 
ompleting labels of por q the are left unspe
i�ed.The models in S' are \e
onomi
al" with respe
t to states that are requiredfor satisfa
tion of formulas that refer to the stri
t future. For example, the initialstate of models in SEX'1 has a single su

essor that satis�es '1, and models inS�y:'(y) that do not satisfy '(false) in the initial state, are required to satisfy'(false) in a su

essor state.It is not hard to prove, by indu
tion on the stru
ture of ', that ea
h modelin S' has O(j'j) states and O(j'j) transitions. We now prove, by an indu
tionon the stru
ture of ', the following two 
laims.1. For every model M 2 S', we have that M satis�es '.2. For every model M that satis�es ', there is a model M 0 2 S' su
h that Mand M 0 agree on the labeling of their initial states.Note that Claim (2) implies that if ' is satis�able, then S' is not empty. Thus,the two 
laims together imply that if ' is satis�able, then it has a satisfyingmodel in S', whi
h is guaranteed to be of size linear in j'j.The proof for ' of the form true, false, p, :p, '1 _ '2, and '1 ^ '2 is easy.For the other 
ases, we pro
eed as follows.Let ' = EX'1. By the indu
tion hypothesis, all models in S'1 satisfy '1.Hen
e, (1) follows immediately from the de�nition of S'. To see (2), 
onsider amodel M that satis�es '. Sin
e Strue is the set of all one-state models over AP ,it 
ontains a modelM 0 that agrees withM on the labeling of their initial states.Let ' = �x:'1(x). By the semanti
s of �-
al
ulus, a model that satis�es'1('1(false)), satis�es ' as well. Hen
e, (1) follows immediately from the de�-nition of S'. To see (2), 
onsider a model M that satis�es '. This means thatfor some i > 0, the model M satis�es 'i1(false). We 
onstru
t a model M 0 thatsatis�es '1('1(false)) and agrees with M on the label of the initial state. Let #be a proposition not in AP , and 
onsider the formula '1(# ^ 'i�11 (false)). ThemodelM 
an be attributed by # to satisfy '1(#^'i�11 (false)). Moreover, sin
e' is guarded, the initial state of M is attributed by # only if there is a self loopin the initial state. Su
h a self loop 
an be unwound, so we 
an assume that the



initial state of M is not attributed by #. Sin
e ' is satis�able, so is '1(false),and so there is a model N of '1(false). The stru
ture M 0 is obtained from Mby repla
ing all states attributed by # with N (i.e., all transitions leading intoa state attributed by # are redire
ted to the initial state of N). Then, M 0 is amodel of '1('1(false)), and agrees with M in the labeling of the initial states.Let ' = �x:'1(x). By the semanti
s of �-
al
ulus, a model M satis�es ' i�M satis�es 'i1(true), for all i � 0. Consider a modelM 2 S'. By the de�nition ofS', the modelM satis�es '1(true), and the states attributed # satisfy '1(true)as well. Sin
e '1(true) is existential, the states attributed # 
ontinue to satisfy'1(true) after the new edges are added. In fa
t, it is not hard to see that afterthe new edges are added, the states attributed # also satisfy '1(#). Thus, for alli � 1, the model M 
an be unfolded (i� 1) times to show M satis�es 'i1(true),and we are done. To see (2), let M be a model of ' and let # be a propositionnot in AP . Then, M satis�es '1('1(true)), and it 
an be attributed by # tosatisfy '1(# ^ '(true)). As in the previous 
ase, sin
e ' is guarded, we 
anensure that this leaves the labeling of the initial state un
hanged, possibly afterunwinding a self loop in the initial state. In addition, adding transitions fromstates attributed by # to all su

essors of the initial state, leaves the label ofthe initial state un
hanged, and thus results in a model in S' that agrees withM on the labeling of their initial states. utNote that �-
al
ulus with both universal and existential next modalities haveonly an exponential-size model property. Thus, the linear-size model property
ru
ially depends on the fa
t that the only next modality that is allowed isthe existential one. The linear-size model theorem shows that the satis�abilityproblem for 9MC and 9AFMC is in NP.Theorem 2. The satis�ability problem for 9MC and 9AFMC is NP-
omplete.Sin
e a formula ' is satis�able i� :' is valid, and sin
e negating an 9MCformula results in a 8MC formula and vi
e versa, the following theorem is animmediate 
orollary of Theorems 1 and 2.Theorem 3. The validity problem is 
o-NP-
omplete for 8MC and 8AFMC,and is PSPACE-
omplete for 9MC and 9AFMC.
4 Model Che
kingIn this se
tion we study the model-
he
king problem for the universal and ex-istential fragments of �-
al
ulus. We show that unlike the 
ase of satis�ability,the model-
he
king problem for the restri
ted fragments is not easier than themodel-
he
king problem for the �-
al
ulus.The model-
he
king problem for �-
al
ulus is 
losely related to the problem ofdetermining the winner in turn-based games. We �rst review here some de�nitionsthat will be used in the redu
tion of the model-
he
king problem for the full �-
al
ulus to the model-
he
king problem for the fragments. A turn-based game



graph is a dire
ted graph G = hV;Ei, with a partition Ve [ Vu of V . The gameis played between two players, player 1 and player 2. A position of the gameis a vertex v 2 V . At ea
h step of the game, if the 
urrent position v is inVe, player 1 
hooses the next position among the verti
es in fw j hv; wi 2 Eg.Similarly, if v 2 Vu, player 2 
hooses the next position among the verti
es infw j hv; wi 2 Eg. The game 
ontinues for an in�nite number of steps, and indu
esan in�nite path � 2 V !. The winner in the game depends on di�erent 
onditionswe 
an spe
ify on words in V !. The simplest turn-based game is rea
hability.Then, the winning 
ondition is some vertex t 2 V , and player 1 wins the game if� eventually rea
hes the vertex t. Otherwise, player 2 wins. A ri
her turn-basedgame is parity. In parity games, there is a fun
tion C : V ! f0; : : : ; k � 1g thatmaps ea
h vertex to a 
olor in f0; : : : ; k � 1g. Player 1 wins the parity game ifthe maximal 
olor that repeats in � in�nitely often is even.A strategy for player 1 is a fun
tion �1 : V � � Ve 7! V su
h that for allu 2 V � and v 2 Ve, we have �1(u � v) 2 fw j hv; wi 2 Eg. A strategy for player 2is de�ned similarly as �2 : V � � Vu 7! V . For a vertex s 2 V , and strategies �1and �2 for player 1 and player 2 respe
tively, the out
ome of �1 and �2 from s,denoted �(�1; �2)(s), is the tra
e v0; v1; : : : 2 V ! su
h that v0 = s and for alli � 0, we have vi+1 2 �1(v0 : : : vi�1; vi) if vi 2 Ve and vi+1 2 �2(v0 : : : vi�1; vi) ifvi 2 Vu. Finally, a vertex s 2 V is winning for player 1 in the turn-based gameif there is a strategy �1 of player 1 su
h that for all strategies �2 of player 2, theout
ome �(�1; �2)(s) is winning for player 1. When G has an initial state s, wesay that player 1 wins the game on G if s is winning for player 1 in G.We start by 
onsidering the system 
omplexity of the model-
he
king problemfor the universal and existential fragments of �-
al
ulus; that is, the 
omplex-ity of the problem in terms of the system, assuming the spe
i�
ation is �xed.As dis
ussed in Se
tion 1, the system 
omplexity of AFMC model 
he
king isPTIME-
omplete, and hardness in PTIME [16℄ 
ru
ially depends on the fa
t thatan AFMC formula of a �xed size 
an spe
ify an unbounded number of alter-nations between universal and existential bran
hing mode. As we prove in The-orem 4 below, the setting of model 
he
king enables us to trade an unboundednumber of alternations between universal and existential bran
hing modes by anunbounded alternation between disjun
tions and 
onjun
tions. The idea is thatin model 
he
king, unlike in satis�ability, we 
an 
onsider models in whi
h thesu

essors of a state are labeled in a way that enables the spe
i�
ation to dire
tlyrefer to them. Then, it is possible to repla
e the existential next modality bya disjun
tion over all the su

essors, and it is possible to repla
e the universalnext modality by a 
onjun
tion that refers to ea
h su

essor. Spe
i�
ally, if thestates of the Kripke stru
ture are labeled by l and r so that a state labeled lis a left su

essor of its prede
essor and a state labeled r is a right su

essorof its prede
essor, then the existential next formula EXy 
an be repla
ed byAX(l! y) _AX(r ! y), and the universal next formula AXy 
an be repla
edby EX(l ^ y) ^ EX(r ^ y).Theorem 4. The system 
omplexity of 8AFMC and (so, also of 9AFMC)model 
he
king is PTIME-
omplete.



Proof. Membership in PTIME follows from the linear time algorithm for AFMC[6℄. For hardness, we redu
e the problem of de
iding a winner in a turn-basedrea
hability game to model 
he
king of a 8AFMC formula of a �xed size. Sin
eone 
an model 
he
k a spe
i�
ation ' by 
he
king :' and negating the result,the same lower bound holds for 9AFMC.De
iding turn-based rea
hability games is known to be PTIME-hard alreadyfor a
y
li
 graphs with bran
hing degree two, where universal and existentialverti
es alternate, and both s and t are in Ve [14℄. Given a bipartite, a
y
li
,turn-based game graph G = hV;Ei with bran
hing degree two, a partition of Vto Ve and Vu, and two verti
es s and t in Ve, we 
onstru
t a Kripke stru
tureK = hAP;W;R;w0; Li and a formula in 8AFMC su
h that K; w0 j= ' i� player 1wins the turn-based rea
hability game on G from state s and with target t.We do the proof in two steps. First, we transform the graph G to anothergraph G0, with some helpful properties, and then we 
onstru
t the Kripke stru
-ture K from G0. Essentially, in G0 ea
h universal vertex is a left or right su

essorof exa
tly one existential vertex. Formally,G0 = hV 0; E0i, where V 0 = Ve[V 0u, andV 0u and E0 are de�ned as follows. Let Ee = E\(Ve�Vu) and Eu = E\(Vu�Ve).Re
all that ea
h vertex in Ve has two su

essors. Let Ee = Ele[Ere be a partitionof Ee so that for ea
h v 2 Ve, one su

essor vl of v is su
h that hv; vli 2 Ele andthe other su

essor vr of v is su
h that hv; vri 2 Ere . Note that a vertex u may bethe left su

essor of some vertex w1 and the right su

essor of some other vertexw2; thus Ele(w1; u) and Ere(w2; u). The goal of G0 is to prevent su
h 
ases.{ V 0u � Vu�fl; rg�Ve is su
h that (v; l; w) 2 V 0u i� (w; v) 2 Ele and (v; r; w) 2V 0u i� (w; v) 2 Ere . Thus, ea
h edge hw; vi 2 Ee 
ontributes one vertex (v; l; w)or (v; r; w) to V 0u. Intuitively, visits to the vertex (v; l; w) 
orrespond to visitsto v in whi
h it has been rea
hed by following the left bran
h of w, andsimilarly for (v; r; w) and right.{ E0e = fhv; (vl; l; v)i : hv; vli 2 Eleg [ fhv; (vr; r; v)i : hv; vri 2 Ereg. Also,E0u = fh(v; d; w); ui : hv; ui 2 Eug, and E0 = E0e [ E0u.The size of G0 is linear in the size of G. Indeed jV 0j = jVej + jEej and jE0j =jE0ej+ jE0uj � jEej+ 2jEuj. It is not hard to see that player 1 
an win the gamein G i� he 
an win in G0. Note that the bran
hing degree of G0 remains two.The 
onstru
tion of G0 ensures that the two su

essors of an existential vertexv 
an be referred to as the left or the right su

essor of v.The graph G0 = hV 0; E0i, together with s and t, indu
es the Kripke stru
tureK = hAP; V 0; E0; s; Li des
ribed below. The set of atomi
 propositions AP =ft; lg. For readability, we also introdu
e the shorthand r for :l.The propositiont holds in (and only in) the state t, and the propositions l and r hold in the leftand right su

essor respe
tively for an existential node. Thus l 2 L(hv; l; wi) andr 2 L(hv; r; wi). Finally, let ' be the 8AFMC formula �y:t_ (AX(:l_AXy)_AX(:r _ AXy)). It is now easy to see that player 1 
an win the turn-basedrea
hability game for t from s in G0 i� K; s j= '. utTheorem 5. The model-
he
king problem for 8MC (so, also for 9MC) is ashard as the model-
he
king problem for �-
al
ulus.



Proof. The idea is similar to the proof of Theorem 4, only that instead of talkingabout winning a turn-based rea
hability game, we talk about winning a turn-based parity game [10℄, to whi
h and from whi
h �-
al
ulus model 
he
king 
an beredu
ed [11℄. Without loss of generality, we assume that existential and universalverti
es alternate (the turn-based game graph is bipartite), and ea
h node hasexa
tly two su

essors. We also assume that ea
h vertex in Vu has the same
olor as the in
oming existential nodes (otherwise, we 
an dupli
ate nodes andget an equivalent game with this property) We assume that ea
h vertex of Gis labeled by the 
olor C(v), thus we 
an refer to G as a Kripke stru
ture withAP = f0; : : : ; k� 1g: the proposition i holds at vertex v i� C(v) = i. From [10℄,player 1 wins the parity game G at an existential vertex s 2 Ve i�G; s j= �k�1xk�1 : : : �x1:�x0: ( _i2[0:::(k�1)℄(i ^EXAXxi));where �n = � if n is even, and �n = � if n is odd.The formula above uses both universal and existential next modalities. Bytransforming G to a Kripke stru
ture K as in the proof of Theorem 4, we 
an useleft and right labels to verti
es in the graph and use only one type of bran
hingmode. Formally, let K be the Kripke stru
ture indu
ed by G. Then, player 1wins the parity game in G at a node s i�K; s j= �k�1xk�1 : : : �x1:�x0: ( _i2[0:::(k�1)℄(i^((AX(:l_AXxi))_(AX(:r_AXxi)))utIf the syntax of the �-
al
ulus is equipped with a
tions on moves, then theabove result follows immediately, be
ause there is no distin
tion between exis-tential and universal next modalities. Our proof shows that the result followseven if no su
h labeling is available. Our results in this se
tion show that the ef-forts to �nd a polynomial-time model-
he
king algorithm for the �-
al
ulus 
anbe repla
ed by e�orts to �nd su
h an algorithm for the universal or existentialfragments of �-
al
ulus.5 Impli
ationThe impli
ation problem for a logi
 asks if one spe
i�
ation logi
ally implies an-other spe
i�
ation; formally, given formulas ' and  of the logi
, if the formula' !  is valid. It arises naturally in modular veri�
ation [27, 22℄, where theante
edent of the impli
ation is the assumption about the behavior of a 
om-ponent's environment, and the 
onsequent is a guarantee about the behaviorof the 
omponent. For logi
s 
losed under negation, the impli
ation problem isequivalent to validity: a formula ' is valid i� true ! '. Thus, the impli
ationproblem for the �-
al
ulus is EXPTIME-
omplete. However, for the existentialand universal fragments of the �-
al
ulus, this is not the 
ase: the impli
ationproblem 
ombines both universal and existential formulas, and is more generalthan satis�ability or validity.



Theorem 6. The impli
ation problem for 9MC and 9AFMC (so, also for8MC and 8AFMC) is EXPTIME-
omplete.Proof. For formulas '1 and '2 of 9MC, we have that '1 ! '2 i� the formula'1^:'2 is not satis�able. Membership in EXPTIME follows from the 
omplexityof the satis�ability problem for the �-
al
ulus. Note that :'2 is a formula of8MC, thus we 
annot apply the results of Se
tion 3.To prove hardness in EXPTIME, we do a redu
tion from the satis�abilityproblem of AFMC, proved to be EXPTIME-hard in [13℄. Given an AFMC for-mula  , we 
onstru
t a formula 'A of 8AFMC and a formula 'E of 9AFMCsu
h that the 
onjun
tion ' = 'E ^'A is satis�able i�  is satis�able. For sim-pli
ity, we assume that  is satis�ed i� it is satis�ed in a tree of bran
hing degreetwo. Note that while our assumption does not hold for all AFMC formulas, theEXPTIME-hardness of the satis�ability problem for AFMC holds already forsu
h formulas, whi
h is suÆ
iently good for our goal here.Intuitively, the formula 'E would require the states of models of ' to beattributed by dire
tions so that at least one su

essor is labeled by l and at leastone su

essor is labeled by r. In addition, 'A would 
ontain a 
onjun
t thatrequire ea
h state to be labeled by at most one dire
tion. Thus, states that arelabeled by l 
annot be labeled by r, and vi
e versa. Then, the other 
onjun
t of'A is obtained from  by repla
ing an existential next modality by a disjun
tionover the su

essors of a state.Formally, the formula 'E = �y:EX(l ^ y) ^ EX(r ^ y) requires ea
h state(ex
ept for the initial state) to have at least two su

essors, labeled by di�erentdire
tions, and the formula '1A = �y:((:l) _ (:r)) ^AXy requires ea
h state tobe labeled by at most one dire
tion.Then, the formula '2A is obtained from  by repla
ing a subformula of theform EX� by the formula AX(r_�)_AX(l_�). We show that for every  su
hthat  is satis�able i� it is satis�able in a model of bran
hing degree two, wehave that  is satis�able i� 'E ^ '1A ^ '2A is satis�able. First, if  is satis�able,then there is a tree of bran
hing degree two that satis�es it. This tree 
an beattributed with l and r so that it satis�es the formula 'E ^'1A^'2A, by labelingthe left su

essor of ea
h node with fl;:rg and the right su

essor of ea
h nodewith f:l; rg. On the other hand, assume that the formula 'E ^ '1A ^ '2A issatis�able in a modelM . The subformula 'E ^'1A guarantees that ea
h state ofM has at least one su

essor that is not labeled l and at least one su

essor thatis not labeled r. A

ordingly, ea
h subformula of the form AX(r_�)_AX(l_�)is satis�ed in a state w ofM i� w has a su

essor that satis�es �, thus w satis�esEX�. Hen
e, the model M also satis�es  . utThe above proof 
onstru
ts, given a formula ' of �-
al
ulus, two formulas'E and 'A su
h that 'E is an existential formula, 'A is a universal formula,and ' is satis�able i� it is satis�able in a model of bran
hing degree two i�'E ^ 'A is satis�able. However, one 
annot in general 
onstru
t formulas 'Eand 'A su
h that 'E^'A is equivalent to '. This 
an be proved 
onsidering twostates of a Kripke stru
ture that are similar, but not bisimilar, and the formulaof �-
al
ulus that distinguishes them.



Note that the impli
ation problem for 8CTL? and 9CTL? are EXPSPACE-
omplete [22℄, easier than the satis�ability problem for CTL?, whi
h is2EXPTIME-
omplete. The above 
onstru
tion does not work for 8CTL?, asthe formula 'E used to label the states of a model by dire
tions spe
i�es an un-bounded number of unfoldings of the stru
ture. On the other hand, the numberof unfoldings expressible by an 9CTL? formula is bounded by the size of theformula; thus, the formula 'E does not have an equivalent formula in 9CTL?.
6 Dis
ussionWe studied the 
omplexity of the satis�ability, validity, model 
he
king, andimpli
ation problems for the universal and existential fragments of the �-
al
ulusand its alternation-free fragment. We proved that the linear-size model property,whi
h is known for 9CTL, holds also for 9MC. Interestingly, the property doesnot hold for 9CTL?, whi
h is less expressive than 9MC. Thus, the pi
ture weget here for 9MC and 9AFMC is di�erent than the one known for 9CTL? and9CTL. For the universal fragments 8MC and 8AFMC, the pi
ture does agreewith the one known for 8CTL? and 8CTL, and the 
omplexity of the satis�abilityproblem 
oin
ides with the 
omplexity known for the linear versions of the logi
s.We showed how labeling of states with dire
tions makes the model-
he
kingand the impli
ation problems for the universal and existential problems as hardas for the full logi
s. While su
h a labeling is straightforward in the 
ase of model
he
king, it is not always possible for impli
ation. Indeed, in the 
ase of CTL? andCTL, formulas 
annot spe
ify a legal labeling, making the impli
ation problemfor 8CTL? and 9CTL? stri
tly easier than the impli
ation problem for CTL?, andsimilarly for CTL. In 
ontrast, here we were able to label the dire
tions legallyusing a 8AFMC formula, making the impli
ation problems for 8MC and 9MCas hard as the one for MC, and similarly for the alternation free fragments.Another way to see the importan
e of the �xpoint modalities is to observe thatthe impli
ation problem for Modal Logi
 (�-
al
ulus with no �xpoint modalities)and its universal and existential fragments is 
o-NP-
omplete.Finally, the equivalen
e problem for a logi
 asks, given formulas ' and  ,if the formula ' $  is valid. The equivalen
e problem for the �-
al
ulus isEXPTIME-
omplete, by easy redu
tions to and from satis�ability. This givesan EXPTIME upper bound for the equivalen
e problems for 9MC and 8MC.By a redu
tion from satis�ability or validity (whi
hever is harder), we also geta PSPACE lower bound. However, the exa
t 
omplexity for the equivalen
eproblem remains open.The gap above highlights the diÆ
ulty in studying the universal and existen-tial fragments of the �-
al
ulus. It is easy to see that in all formalisms that are
losed under 
omplementation (in parti
ular, full MC), equivalen
e is as hardas satis�ability. Indeed, ' and  are equivalent i� (' ^ : ) _ ( ^ :') is notsatis�able. When a formalism is not 
losed under 
omplementation, equivalen
eis not harder than impli
ation, and is not easier than satis�ability or validity,whi
hever is harder. In the 
ase of CTL, for example, it is easy to see that the



equivalen
e problem for 8CTL and 9CTL is PSPACE-
omplete, as impli
ationhas the same 
omplexity as satis�ability or validity (whi
hever is harder). Thesame holds for word automata: if we relate the existential fragment with nonde-terministi
 automata and the universal fragment with universal automata, thenin both 
ases the language-
ontainment problem (the automata-theoreti
 
oun-terpart of impli
ation) has the same 
omplexity as the (harder between the)nonemptiness and the universality problems (the automata-theoreti
 
ounter-parts of satis�ability and validity). On
e we do not allow �xpoint modalities,the same holds for the �-
al
ulus: the equivalen
e problem for Modal Logi
 andits universal and existential fragments is 
o-NP-
omplete, as the 
o-NP-hardnessof the impli
ation problem applies already for the validity problem. So, in allthe 
ases we know, ex
ept for the universal and existential fragments of CTL?and the �-
al
ulus, the above immediate upper and lower bounds do not indu
ea gap, and the tight 
omplexity of the equivalen
e problem is known.
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