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Abstract: Compression systems of real signals (images, video, audio) generate sourcesof information with di�erent levels of priority which are then encoded with variable lengthcodes (VLC). This paper addresses the issue of robust transmission of such VLC encodedheterogeneous sources over error-prone channels. VLCs are very sensitive to channel noise:when some bits are altered, synchronization losses can occur at the receiver. This paperdescribes a new family of codes, called multiplexed codes, that allow to con�ne the de-synchronization phenomenon to low priority data while allowing to reach asymptotically theentropy bound for both (low and high priority) sources. The idea consists in creating �xedlength codes for high priority information and in using the inherent redundancy to describelow priority data, hence the name multiplexed codes. Theoritical and simulation resultsreveal a very high error resilience at almost no cost in compression e�ciency.Key-words: source coding, variable length codes, data compression, data communication,entropy codes
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Une nouvelle classe de codes pour la compression robustede données hétérogènes: les Codes MultiplexésRésumé : Les systèmes de compression de signaux réels (images, vidéo, son) produisentdes sources d'informations de priorités di�érentes, qui sont encodées en utilisant des codes àlongueur variable (VLC). Cet article traite du problème de la transmission de telles sourcessur des canaux sujets à erreurs. Les codes à longueur variable sont très sensibles au bruitde transmission: lorsque des inversions de bits se produisent, la synchronisation est perdueau décodeur. Une nouvelle famille de codes, les codes multiplexés, permettent de con�nerle phénomène de désynchronisation à des données moins prioritaires, tout en permettantd'atteindre la borne entropique pour l'ensemble des données. Le principe consiste à créerun code à longueur �xe pour la source de données prioritaires et d'utiliser la redondanceintrinsèque de ce code pour décrire les données moins prioritaires. Les résultats de simula-tions et théoriques démontrent une résistance aux erreurs très importante pour une perted'e�cacité en compression très faible.Mots-clés : codage de source, codes à longueur variable, compression de données, com-munications numériques, codage entropique



Multiplexed Codes 31 IntroductionEntropy coding, producing variable length codewords (VLC), is a core component of anydata compression scheme. Unlike �xed length codes (FLC), variable length codes are de-signed to exploit the inherent redundancy of a symbol distribution. The main drawback ofVLCs is their high sensitivity to channel noise: when some bits are altered by the channel,synchronization losses can occur at the receiver, the position of symbol boundaries are notproperly estimated, leading to dramatic symbol error rates.This phenomenon has �rst led some authors to abandon VLCs, and prefer a pre-processing(e.g. non-uniform quantization) providing uniformly distributed symbols, and allowing theusage of �xed length codes. However, the high computational cost of signal-adaptive non-uniform quantizers has in parallel motivated studies of the synchronization ability of VLCsas well as the design of codes with better synchronization properties. The authors in [7] havedeveloped a state model for synchronization recovery suitable for analyzing the performanceof various codes with respect to error recovery. It is shown that Hu�man codes generat-ed for a given source may have di�erent �re-synchronization� capabilities. In particular, in[13], the authors show that some Hu�man codes, tailored to a given source, may containa codeword that can serve as a �re-synchronization� point. However, the existence of thiscodeword depends on the source statistics, hence it may not always exist. Modi�ed VLCs,self-synchronizing Hu�man codes [8], and reversible VLCs [11, 14, 3], have been designedto �ght against desynchronizations. They all add redundancy in the generated bitstream.In video coding standards (H.263, MPEG1-4), synchronization codewords (synchronizationmarkers) are inserted at �xed intervals in the bitstream.Soft VLC decoding ideas, exploiting residual source redundancy (the so-called �excess-rate�), have also been shown to reduce the �de-synchronization� e�ect as well as the residualsymbol error rates. These ideas rely on capitalizing on source coder suboptimality, byexploiting inner codeword redundancy and exploiting correlation within the sequence ofsymbols (inter symbol dependency). Models incorporating both VLC-encoded sources andchannel codes (CC) have also been considered [9, 5, 3]. The authors in [9] derive a globalstochastic automaton model of the transmitted bitstream by computing the product of theseparate models (Markov source (MS), source coder (SC) and channel coder (CC)). Theauthors in [6] push further the above idea by designing an iterative estimation techniquealternating the use of the three models (MS, SC, and CC).The above methods often consist in re-augmenting the redundancy of the bitstream, byintroducing an error correcting code or dedicated patterns in the chain. Also, the decodingalgorithms, often relying on MAP estimators, have a rather high complexity. Here, we con-sider instead the design of a new family of codes, called �multiplexed codes�, that allow tocontrol (even avoid) the �de-synchronization� phenomenon of VLC encoded sources, whilestill allowing to reach asymptotically the entropy bound and to rely on simple instanta-neous decoding techniques. The principle underlying these codes builds upon the idea thatcompression systems of real signals generate sources of information with di�erent levels ofpriority (e.g. texture and motion information for a video signal). This idea underlies un-equal error protection (UEP) techniques, which allocate di�erent levels of protection to theRR n° 4922



4 Hervé Jégou , Christine Guillemotdi�erent types of information, either to signal frequency bands [12], to bit planes [10], or toquantization layers [4].In the wake of this idea, we consider two sources, a high priority source and a lowpriority source referred respectively as SH and SL in the sequel. The codes designed aresuch that the risk of �de-synchronization� is con�ned to the low priority information. Theidea consists in creating a �xed length code (FLCs) for the SH source, and in exploiting theinherent redundancy to represent or store information of the low priority source SL. Hence,the source SH inherits some of the properties of FLCs such as random access in the datastream and high error resilience. It is shown that these codes allow to almost reach theentropy bound.The rest of the paper is organized as follows. Section 2 introduces the notations we use inthe sequel. Section 3 outlines the principle of multiplexed codes, discusses their compressionproperties and describes the �rst coding algorithm in the case of two sources. The approachrelies on a mapping of the low priority �ow of data into a sequence of Ni-valued variables,where Ni depends on the realization of the high priority sequence of symbols. A mappingthat would be optimal with respect to reaching the entropy bound may require the variableNi to take its value in a very large set. An optimization aiming at reducing the complexityof the mapping is proposed. It relies on a hierarchical processing of the variables to becomputed. Still to reduce the computational cost, a second method is described in section 4.The approach relies on a decomposition on a constrained set of Ni-valued variables (i.e. ona constrained partition of the �xed length codewords into equivalence classes) expressed interms of prime-valued variables. The resulting loss in compression depends on the distancebetween the respective probability density functions (pdf) of the constrained set ofNi-valuedvariable and of the source SH. A heuristic method for selecting the set of Ni-valued variables(i.e., the partition) that would best approximate the pdf of the source SH is described insection 5. The impact of channel noise, considering a binary symmetric channel, on theoverall source distortion is analyzed in section 6. Last, the choice of the parameters of thealgorithm are discussed in section 7 and simulation results are provided in section 8.2 Problem statement and NotationsLet SH = (S1; S2; : : : ; St; : : : ; SKH ) be a sequence of source symbols of high priority takingtheir values in a �nite alphabet A composed of 
 symbols, A = fa1; a2; : : : ; ai; : : : ; a
g.Note that, in the following, we reserve capital letters to random variables, and small lettersto values of these variables. Bold face characters will be used to denote vectors or sequences.The stationary probability of the source SH is denoted � = (�1; �2; : : : ; �i; : : : ; �
), where �istands for the probability that a symbol of SH equals ai. Let h be the stationary entropy ofthe source per symbol, given by h = �P
i=1 �i log2(�i). Let SL = (S01; S02; : : : ; S0i0 ; : : : ; S0KL)be a sequence of source symbols of lower priority taking their values in a �nite alphabetA0. We assume that the realization sL of this source has been pre-encoded into a bitstreamb = (b1; b2; : : : ; br; : : : ; bKB) with a VLC coder (e.g. Hu�man or arithmetic coder). Theproblem addressed here is the design of a family of joint codes for the two sources SH andINRIA



Multiplexed Codes 5class Ci codeword ci;q symbol ai Ni=card(Ci) probability �i index qC1 0000 a1 6 0.43 00001 10010 20011 30100 40101 5C2 0110 a2 5 0.30 00111 11000 21001 31010 4C3 1011 a3 4 0.25 01100 11101 21110 3C4 1111 a4 1 0.02 0Table 1: An example of multiplexed codes (c = 4).SL that would guarantee no �de-synchronization� of the high priority source SH at almostno cost in terms of compression e�ciency.3 Multiplexed Codes3.1 PrincipleLet c be a �xed number of bits reserved for the representation of any symbol of the alphabetA. The c bits de�ne a set of N = 2c codewords. This set of codewords is partitioned into 
subsets, Ci; i = 1 : : :
, called equivalence classes associated to symbols ai of the alphabet A,as shown in Table 1. The condition c � log2(
) is required to have at least 1 codeword persubset. Each equivalence class Ci contains a set of codewords fci;0; ci;1; : : : ; ci;q ; : : : ; ci;Ni�1g,where the integer Ni stands for the number of codewords in the subset (cardinality of theequivalence class) and is such that P
i=1Ni = N .A symbol St = ai of the �ow SH can be encoded with any c-bit codeword ci;q belongingto the equivalence class Ci (see example of Table 1). Hence, each codeword St can be mappedinto a pair (Ci; Q) of two variables denoting respectively the equivalence class and the indexof the codeword in the equivalence class Ci. The variable Q is an Ni-valued variable, takingits value between 0 and Ni�1 (see Table 1) and representing the inherent redundancy of thec-bits �xed length codes. This redundancy will be exploited to describe the lower priority�ow of data. Therefore, to the realization of the sequence of symbols SH one can associatea sequence of Ni-valued variables N = N1; : : : Ni; : : : NKH , which will be used to describeRR n° 4922



6 Hervé Jégou , Christine Guillemot
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qFigure 1: Link between the source SH , the low priority source formatted as a state �ow q ofNi-valued variables, and multiplexed codewords. Here, the path in red denotes the chosencodewords.jointly the SH and SL data �ows.De�nition 1: A multiplexed code is de�ned as the function which maps a c-bits �xedlength codeword ci;q into a pair of variables comprising the symbol value ai of the alphabetA (on which the high priority source is quantized) and the value q of a variable Q denotingthe index of the codeword in the equivalence class associated to ai as:ci;q � ( ai; q ) (1)For example, let A = fa1; a2; a3; a4g be the alphabet of the source SH with the stationaryprobabilities given by �1 = 0:43, �2 = 0:30, �3 = 0:25, and �4 = 0:02. Table 1 givesan example of partitioning of the set of N = 2c codewords into the 4 equivalence classesassociated to the alphabet symbols. This partitioning reveals 4 Ni-valued variables, whereNi is the cardinality of each class. Note that, in Table 1, the codes are ranked in thelexicographic order, but the method is not restricted to this order. Knowing the sequence sHto be transmitted, it appears that several choices of codewords are available, as depicted in�gure 1. Thus, additional variables realizations can be described by the indexes of codewordswithin the equivalence classes related to the realization sH . These indexes are referred to asstate values q,
INRIA



Multiplexed Codes 73.2 Conversion of the lower priority bitstreamIt appears from above that the design of multiplexed codes relies on the choice of thepartition C = fC1; : : : ; C
g. The encoding then proceeds with the conversion of the lowerpriority bitstream into a �ow of variables taking their values in the di�erent sets of Ni-valuedvariables.In order to be multiplexed with symbols of SH , the lower priority bitstream b mustbe mapped into a sequence of Ni-valued variables. Let us consider the mapping of therealization sH = s1 : : : st : : : sKH into the sequence n = n1 : : : nt : : : nKH . The sequence ofnt-valued variables can also be seen as a unique �-valued variable �, where � = QKHt=1 nt:The variable � hence veri�es 0 � � � �� 1. The quantity � denotes the number of di�erentmultiplexed sequences of codewords ci;q that can be used as a coded representation of thesequence sH . One of these sequences can be used as a multiplexed coded description of thetwo sequences sH and sL 1. The sequence of multiplexed codewords to be transmitted willthen depend on the bitstream representation b of the source SL.The maximum amount of information that can be stored in the �-valued variable � istheoretically log2(�) bits. However, since this variable is used to store bits of the bitstreamb, only K 0B = blog2(�)c bits can be stored, leading to an overhead equal to log2(�)K0B .The last2 K 0B bits of b are then seen as the binary representation of an integer 
 comprisedbetween 0 and 2K0B � 1, that can be expressed as
 = K0BXr=1 b(r+KB�K0B) 2r�1 (2)The variable 
 must then be expanded into a sequence of pairs (nt; qt) that will provideentries in the multiplexed codes table. Let us recall that qt denotes the index of a codewordin the equivalence class associated to the realization st of a given symbol St. There aredi�erent ways to expand the variable 
 into the sequence of nt-valued variables (qt), wheret = 1; : : :KH . One possible method is to use the recursive Euclidean decomposition:De�nition 2: The recursive Euclidean decomposition of a positive integer x by a se-quence y = (y1; y2; : : : ; yK) of positive integers is the unique sequence r = (r1; r2; : : : ; rK) 2NK such that:(x = r1 + y1(r2 + y2(: : : (rt + yt(: : : (rK�1 + yK�1 rK) : : :)) : : :))8t 2 [1::K]; 0 � rt � yt � 1 (3)It leads to expand 
 as q1 +n1(q2 +n2(: : : (qKH�1 +nKH�1 qKH ) : : :)). The componentsqt can then be calculated by the algorithm 1.In summary, the encoding proceeds as follows:1In fact, only a part of sL, whose length depends on the multiplexing capacity of the sequence sH2Any other subset of K0B bits of b can be used
RR n° 4922



8 Hervé Jégou , Christine GuillemotAlgorithm 1 Conversion of the integer 
 into the sequence qfor t = 1 to KH doqt = 
0 modulo nt
0 = 
0�qtntend for t st nt 
0 qt ci;qt1 a1 6 159 957 3 00112 a1 6 26 659 1 00013 a3 4 4 443 3 11104 a2 5 1 110 0 01105 a3 4 222 2 11016 a3 4 55 3 11107 a1 6 13 1 00018 a1 6 2 2 0010Table 2: Euclidean decomposition of the variable 
 and corresponding multiplexed code-words.1. For t = 1; : : :KH , let nt be the cardinality of the equivalence class associated to therealization st of the symbol St.2. The integer � is computed as � = QKHt=1 nt. The number K 0B of bits of the lowerpriority bitstream b that can be jointly encoded with the sequence SH is given byblog2(�)c.3. The K 0B last bits of the low priority bitstream b are converted into the sequence ofpairs (nt; qt), t = 1 : : :KH , using the algorithm (1) of the Euclidean decomposition ofEqn. (3).4. The sequence of pairs (st; qt) provides the entries in the table of multiplexed codes,hence allows to select the sequence of c-bits �xed length codes to be transmitted onthe channel.5. If K 0B � KB , the KB � K 0B �rst bits of the bitstream b are then concatenated tothe sequence of multiplexed codewords. Otherwise, the remaining symbols of SH arenot multiplexed but sent using other codes on the channel, such as FLCs or Hu�mancodes.As all steps are reversible, the decoding proceeds in the reverse order.
INRIA



Multiplexed Codes 9Algorithm 2 Conversion of the integer 
 into the sequence of states q using the hierarchicalalgorithm (for sequences such that 9 l=KH = 2l).for j = 1 to l do {Processing of values nt2t1 involved in further processing}for i = 1 to 2l�j dot1 = (i� 1) 2j + 1t2 = i 2jtm = (t1 + t2 � 1)=2nt2t1 = ntmt1 nt2tm+1end forend forfor j = l to 1 by � 1 do {Processing of values qt2t1}for i = 1 to 2l�j dot1 = (i� 1) 2j + 1t2 = i 2jtm = (t1 + t2 � 1)=2qtmt1 = qt2t1 modulo ntmt1qt2tm+1 = (qt2t1 � qtmt1 )=ntmt1end forend for3.3 ExampleLet us consider again the source alphabet described in section 3 and the multiplexed codegiven in Table 1. Considering the sequence of symbols SH given in Table 2, the algorithmproceeds �rst with the derivation of the sequence of nt variables as shown in Table 2. Thisleads to � � 218:66. Therefore, the last 18 bits of the bitstream b = 1010 1011 0000 1110 01are used to process the variable 
 =P18r=1 br:2r�1 = 159 957. The Euclidean decompositionof the variable 
 according to Eqn. 1 leads to the sequence of qt variables (indexes of thecodewords in the classes of equivalence associated to the sequence of symbols) given inTable 2. The sequence of pairs (st; qt) provides directly the entries in the table of c-bits�xed length codewords, i.e. in the table of multiplexed codes.3.4 A hierarchical algorithm for the computation of 
The decomposition of 
 involves to deal with long integers. If the long integer 
 is comput-ed according to the algorithm 1, i.e. as in the example of Table 2, the complexity can beevaluated as follows. Each step of the algorithm presented in Table 2 computes a modulooperation and a division whose operands are respectively 
0 and the integer nt. Such opera-tions can be processed with O(KH) elementary operations. It leads to a maximal complexityin the order of O(K2H ).
RR n° 4922



10 Hervé Jégou , Christine GuillemotAlgorithm 3 Conversion of the sequence of states q into the global state 
 using thehierarchical algorithm (for sequences such that 9 l=KH = 2l).for j = 1 to l dofor i = 1 to 2l�j dot1 = (i� 1) 2j + 1t2 = i 2jtm = (t1 + t2 � 1)=2qt2t1 = qtmt1 + ntmt1 qt2tm+1nt2t1 = ntmt1 nt2tm+1end forend for
 = n2l1A hierarchical algorithm allows to reduce this complexity using another decompositionof 
. For sake of clarity, we assume that KH = 2l. The approach can be easily extended toany length. Let nt2t1 denotes the product Qt2t=t1 nt. Similarly, qt2t1 is de�ned asqt2t1 = qt1 + nt1(qt1+1 + : : : (qt2�1 + nt2�1qt2) : : :): (4)If the number of terms in Eqn. 4 is a power of two, i.e if t2 � t1 � 1 = 2l0 , then the entitiesnt2t1 and qt2t1 can be respectively decomposed asnt2t1 = n t2+t1�12t1 nt2t2+t1+12 ; (5)qt2t1 = q t2+t1�12t1 + n t2+t1�12t1 qt2t2+t1+12 : (6)Notice that 
 = q2l1 , hence the state 
 can be decomposed as
 = q2l�11 + n2l�11 q2l2l�1+1: (7)Similarly, each term of Eqn. 7 can be recursively decomposed using Eqn. 5 and Eqn. 6.Thus, the conversion of the integer 
 into a sequence of states q can be done iteratively, asdescribed in algorithm 2. Note that each level j generates the variables required for levelj+1. The reverse algorithm is also described (algorithm 3). The complexity of this algorithmstrongly depends on the complexity of the algorithms used for the multiplication, divisionand modulo operations. Karatsuba [2] has explicitly shown that these operations have asubquadractic complexity. For example, the multiplication can be done in O(N log3log2 ) withthe Karatsuba algorithm3. For implementation purpose, e�cient algorithms are described in3Some algorithms, such as the Toom-3 and the FFT multiplication algorithms, perform better. INRIA



Multiplexed Codes 11the GNU Multiple precision computing library [1]. Now, let us assume that the complexity oflong integer operations are given by C(K), where K is the block size of the largest variableinvolved. Then, processing the level j in algorithm 2 has the complexity 2l�j C(2j) =KH 2�jC(2j). Assuming that C(K) = O(Kr) with r > 1, the overall complexity can bewritten as KH lXj=1 2�jO((2j)r) (8)Or, from C(K) = O(Kr), we deduce that 9A > 0 9B > 0 = 8K 2 N � f0g; C(K) <A+ BKr. This leads to the following inegalityKH lXj=1 2�jC(2j) < KH lXj=1 2�j(A+B (2j)r) (9)< KHA lXj=1 2�j +KH B lXj=1 2j(r�1) (10)< KH A+KH B 2(l+1)(r�1) (11)Since we have 2(l+1)(r�1) = (KH)r�1 2r�1; (12)it appears that the complexity of processing the level l and the overall complexity are of thesame order, i.e O((KH )r). The same analysis applies to the algorithm 3. As an example,Fig. 2 illustrates the hierarchical algorithm with the same data as in table 2. Note thatsome values nt2t1 processed in Fig. 2 are not required (for example, the value nKH1 = �).3.5 Compression e�ciencyEach symbol of the sequence SH is associated to a c-bits �xed length codeword, leadingto a total length of the multiplexed �ow equal to c:KH . Therefore, the compression rateis determined by the amount of SL information that can be jointly coded by the sequenceof multiplexed codewords. Let us consider again the realization st of a symbol St of thesequence SH . One can associate an nt-valued variable to the symbol value st. The amountof data that can be represented by this variable is log2(nt) bits. Since the c bits of the multi-plexed codeword code both the symbol value st and the index qt describing the low prioritybitstream realization, the mean description length (mdl) for the symbol st is theoreticallyc � log2(nt) = �log2(nt2c ) bits. The amount of data, in bits, that may be multiplexed witha sequence sH using the nt-valued variables is given by� X1�t�KH log2(ntN ) (13)
RR n° 4922



12 Hervé Jégou , Christine GuillemotProcessing of values nt2t1n11 = 6 n22 = 6 n33 = 4 n44 = 5 n55 = 4 n66 = 4 n77 = 6 n88 = 6n21 = 36 n43 = 20 n65 = 16 n87 = 36n41 = 720 n85 = 576� = n81 = 414720Processing of values qt2t1
q11 = 3 q22 = 1 q33 = 3 q44 = 0 q55 = 2 q66 = 3 q77 = 1 q88 = 2q21 = 9 q43 = 3 q65 = 14 q87 = 13q41 = 117 q85 = 222
 = q81 = 159957

Figure 2: Hierarchical decomposition of 
.In order to minimize the mdl ĥ of the source SH , one has then to choose the partitioningC of the set of N = 2c �xed length codewords into equivalence classes Ci of cardinalityNi; i = 1 : : :
, such that(N1; N2; : : : ; Ni; : : : ; N
) = arg min � 
Xi=1 �i log2(NiN )! = arg min(ĥ) (14)In order to have a rate close to the entropy bound of the source SH , the quantity NiN shouldbe as close as possible to �i. We come back in section 5 on how to calculate an e�cient setof Ni values for a given source pdf.The entropy of the source SH introduced in section 2 is h = 1:658. The partition C givenin Table 1 leads to an mdl of SH of ĥ = 1:692. Note that an Hu�man encoder of the sourcewould have led to an mdl equal to 1:840. The choice of c as well as of the partition C has animpact on the coding rate. For example, for c = 6, the partition into classes of respectivecardinalities (N1; N2; N3; N4) = (28; 19; 16; 1) produces an mdl equal to 1:662.Property 1: 8 � > 0; 9 c 2 N such that ĥ� h � �In other words, the mdl of SH can be made as close as required to the entropy, by increasingthe length c of the codewords. The proof is provided in Appendix A.
INRIA



Multiplexed Codes 134 A class of fast-computable multiplexed codesThe complexity of the previous algorithm, induced mainly by the Euclidean decompositionof the global variable 
, is O(KH 2). In order to reduce the computational cost, we introducein this section a class of constrained and fast-computable multiplexed codes. Thus, the pre-formatted lower priority bitstream is not seen as the representation of a unique variable 
,but as a sequence of �elementary variables�. An elementary variable is de�ned as a variablewhich takes its value in a set of small dimension: it is a k-valued variable, k being small.4.1 Constrained choice of partition CThe Ni-valued variables, 1 � i � 
, are decomposed into a set of elementary variables asfollows: Ni = �iYj=1 f�i;jj (15)where fj are prime factors, for example f1 = 2; f2 = 3; f3 = 5; f4 = 7; f5 = 11; : : : The termf�i denotes the highest prime factor in the decomposition of Ni. The term �i;j stands forthe power of the prime factor fj in the decomposition of Ni. In order to proceed with theexpansion of the Ni-valued variables, the recursive Euclidean decomposition (cf. Eqn. (3)and (1)) of Ni by the sequence of its prime factor (2; : : : ; 2| {z }�i;1 ; : : : ; f�i ; : : : ; f�i| {z }�i;�i ) is computed.This expansion of Ni-valued variables can be represented as:Ni-valued variable� 8>>>><>>>>:�i;1 binary variables�i;2 3-valued variables...�i;�i f�i-valued variables (16)Note that, if Ni is a prime factor, the previous decomposition is identity, and the algorithmhas to proceed as in section 3.2. In order to limit the encoding complexity, the partitioning ofthe set of c-bits �xed length codes must be such that the set (Ni)1�i�
 will not result in primedecompositions into factors greater than a given prime value f� , hence Ni =Q�j=1 f�i;jj . Forexample, for c = 4 and f� = 5, each integer Ni must be chosen in the following set: 1, 2,3, 4, 5, 6, 8, 9, 10, 12, 15, 16. These additional constraints on the partition C will induce aloss in accuracy of the approximation of the pdf of the SH source resulting in a higher mdl.4.2 Conversion of the low priority bitstream into fj-valued variablesConsecutive segments of the low priority bitstream are seen as the binary representationsof integers to be decomposed this time into a set of vT ;1 binary, vT ;2 3-valued, : : :, vT ;jRR n° 4922



14 Hervé Jégou , Christine Guillemott 1 2 3 4 5 6 7 8st a1 a1 a3 a2 a3 a3 a1 a1nt 6 6 4 5 4 4 6 6�t;1 1 1 2 0 2 2 1 1 d1 = 10�t;2 1 1 0 0 0 0 1 1 d2 = 4�t;3 0 0 0 1 0 0 0 0 d3 = 1Table 3: Calculation of the number of available fj-valued variables.bit 1 bit 2 bit 3 3-valued variable 1 3-valued variable 20 0 0 0 00 0 1 0 10 1 0 0 20 1 1 1 01 0 0 1 11 0 1 1 21 1 0 2 01 1 1 2 12 2Table 4: Example of transformation T (uT = 3).j-valued, : : :, vT ;� f�-valued variables. This section introduces transformations that can beused for this conversion.Let T be a transformation that takes uT bits and produces a set of fj-valued variables.Let vT ;j , 1 � j � �, be the number of fj-valued variables produced by a transformation T .The number of possible values that can be taken by the set of fj-valued variables resultingfrom the transformation T applied on uT bits of the bitstream b is given by�T = �Yj=1 fvT ;jj : (17)This �T -valued variable allows to theoretically store log2(�T ) bits. Note that �T may behigher than 2uT . Therefore, there is an overhead per bit given byoT = log2(�T )uT � 1 (18)For example, the transformation T15 shown in table 4 applied on 3 bits produces two 3-valued variables, leading to a number of states increased from 8 to 9. On the decoder side,the extra state can not be observed if the transmission is error free, and can thus be usedfor error detection.
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Multiplexed Codes 15Tz identi�er uTz vTz ;1 vTz ;2 vTz ;3 oTzT0 1 1 0 0 0.0000T1 15 0 8 1 0.0001T2 21 0 3 7 0.0004T3 19 0 12 0 0.0010T4 25 0 7 6 0.0011T5 24 0 2 9 0.0028T6 14 0 3 4 0.0030T7 18 0 7 3 0.0034T8 27 0 1 11 0.0047T9 17 0 2 6 0.0060T10 30 0 0 13 0.0062T11 20 0 1 8 0.0080T12 11 0 7 0 0.0086T13 23 0 0 10 0.0095T14 6 0 1 2 0.0381T15 3 0 2 0 0.0566T16 2 0 0 1 0.1610Tzmax = T17 1 0 1 0 0.5850Table 5: Transformations used for f� = 5Note that it is not useful to choose transformations with vT ;1 > 0, since they transformbinary variables into binary variables. Note also that the transformations as well as theparameter � can be chosen such that �T � 232, to avoid arithmetic operations on high valueintegers.Table 5 enumerates the transformations used for f� = 5. If f� = 3, only the trans-formations that do not use 5-valued variables are valid: T0; T3; T12; T15; T17. They aresorted by increasing loss in compression e�ciency. Among all the possible sets vT =(vT ;1; vT ;2; : : : ; vT ;j ; : : : ; vT ;�) explored under previous constraints, only those for which thetransformations introduce an overhead lower than 1% are kept. Increasing f� reduces thisoverhead.4.3 Optimal set of transformationsLet again sh be the realization of a source SH mapped into a sequence of nt-valued variables.Each nt-valued variable is decomposed into a set of fj-valued variables, each one being usedvT ;j times. Let dj be the total number of fj-valued variables involved in the expansionof the entire sequence of nt-valued variables. The encoding proceeds with a projection ofsegments of the low priority bitstream into the set of fj-valued variables resulting from theexpansion of the nt-valued variables associated to the realization sh of the sequence of highpriority symbols. Let gTz be the number of transformations Tz ; z = 0; : : : zmax necessary toconvert the low priority bitstream into the fj-valued variables. There are several possibleRR n° 4922



16 Hervé Jégou , Christine GuillemotAlgorithm 4 Choice of the transformations to be usedz = 0while sum(dj) > 0 do {while some fj-valued variables are not computed yet}gTz = floor(min( djvTz;j ) {Calculation of how many transformations Tz can be used}for 8j between 1 and � do {Update the number of fj-variables to be transformed}dj = dj � gTz � vTz;jz = z + 1 {Try next transformation}end forend whilesets g = (gT1 : : : gTz ; : : : gTzmax ). The optimum set of transformations is the one which willminimize the total overhead, given byO = zmaxXz=0 gTz uTz oTz (19)The choice of g is an optimization problem. Knowing the transformation set (Tz)0�z�zmaxand d = (d1 : : : dj : : : d�), the optimal vector g is estimated by the algorithm 4.4.4 Encoding procedureAssuming that the low priority source sL has been pre-encoded using e�cient VLCs, theencoding of the two sequences sH and sL using fast multiplexed codes proceeds as follows:1. For a given maximum value f� , the partition, hence the set of parameters (Ni), i =1; : : : ;
, is calculated according to the criteria (14), under the constraint (15). Forthis purpose, the heuristic algorithm described in section 5 can be used.2. For each prime integer fj , 1 � j � �, the number dj of fj-valued variables resultingfrom the expansion of the sequence of nt-valued variables associated to sH is calculated.3. Consecutive segments of the low priority bitstream b are transformed into a sequenceof fj-valued variables. The number gTz of transformations Tz needed to perform theconversion is given by the procedure described in 4.3.4. The transformations Tz are applied on consecutive segments of uTz bits of the bitstreamb, leading to the generation of sequences of fj-valued variables.5. The value qt taken by the nt-valued variable associated to the symbol realization stand to the realization of the low priority bitstream b is obtained by the euclideanmultiplication of the fj-valued variables calculated in the previous step.6. The resulting pair (st; qt) provides entries in the multiplexed codes table, leading tothe selection of the multiplexed codes to be transmitted. INRIA



Multiplexed Codes 17t 1 2 3 4 5 6 7 8st a1 a1 a3 a2 a3 a3 a1 a1binary variables 1 0 10 10 11 0 03-valued variables 0 1 2 05-valued variables 1qt 1 2 2 1 2 3 4 0ct 0001 0010 1101 0111 1101 1110 0100 0000Table 6: Construction of the sequence of multiplexed codewords.The decoding algorithm is made in the reverse order. As a consequence, it is not necessaryto receive the whole sequence of codewords to decode the information of high priority sH:it is directly read in the multiplexed codes tables. Moreover, random access is also possiblefor the �ow sH.4.5 ExampleLet us consider the sequence of 8 high priority symbols given in Table 3, with the corre-sponding mapping into the sequence of nt-valued variables according to the multiplexedcodes given in Table 1. The sequence of nt-valued variables is decomposed into a sequenceof d1 binary, d2 3-valued, and d3 5-valued variables with respective powers �t;1, �t;2, and�t;3 (cf. table 3).In a second step, one has to convert the low priority bitstream into the binary, 3-valued,and 5-valued variables. It appears that the transformations T0, T15 and T16 have to be used(see section 4.3) 10 times, 2 times and 1 time, respectively. Thus, 18 bits can be multiplexedwith the realization sH of SH, leading to a mdl of 1:75 bits per symbol. The transformationT0 being identity, the �rst 10 bits of the bitstream b are multiplexed unchanged. For eachtransformation T , the uT input bits are seen as the binary representation of an integer �Tas T Input bits ! �T ! (3-valued variables, 5-valued variables)T15 : 001 ! 1 ! (01; )T15 : 110 ! 6 ! (20; )T16 : 01 ! 1 ! (; 1)and leading to the sequences 1010101100 of binary variables, 0120 of 3-valued and 1 of5-valued variables. The value qt taken by the nt-valued variable associated to the symbolrealization st and to the realization of the low priority bitstream b is obtained by theprojection of the segments of �i;j bits of the sequences of binary (j = 1), 3-valued (j = 2)and 5-valued (j = 3) variables on the basis formed by the set of fj-valued variables. Theresulting pair (st; qt) provides entries in the multiplexed codes table (see Table 1), leadingto the selection of multiplexed codes ct given in Table 6.
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18 Hervé Jégou , Christine Guillemot5 Probability distribution function approximationAs already mentioned above, the mdl ĥ of the source SH is function of the sizes Ni ofthe equivalence classes Ci; i = 1 : : :
. This section describes an algorithm that aim toapproximate, under constraints, the pdf of the source SH . The probability distributionfunction estimator �̂ is de�ned by�̂ = (�̂1; �̂2; : : : ; �̂i; : : : ; �̂
) = �N1N ; N2N ; : : : ; NiN ; : : : ; N
N � (20)where P
i=1Ni � N = 2c. Let � = f�0 = 1; �2 = 2; : : : ; �k; : : : ; �max = Ng be the setof possible values Ni. A higher number of valid values for Ni leads indeed to a betterapproximation of the pdf of the source SH . The probability �i of a symbol cannot be lowerthan 1N . The alphabet A is partitioned into two subsets Am and AM of sizes 
m and 
M ,and de�ned respectively byai 2 Am i� �i < 1N and ai 2 AM i� �i � 1N (21)Let ~� be the probability distribution function of symbols ai 2 AM given by~�i = �iPai2AM �i (22)The algorithm aiming at the best partition of the set of codewords proceeds as follows:1. For each ai 2 Am, Ni is set to 1.2. The probability density function ~� of symbols belonging to AM is calculated. Since
m codewords have already been a�ected to classes of equivalence in the �rst step,there is still N�
m codewords to be assigned to classes of equivalence. The expression(14) can then be written as(N1; N2; : : : ; Ni; : : : ; N
) = arg min log2(N) Xai2Am �i � Xai2AM �i log2(NiN )! (23)Since the �rst part of expression (23) is a constant and Ni = 1 when ai 2 Am, theoptimization is performed for symbols of AM only, and can be expressed as(Ni)i2AM = arg min ��Pai2AM �i log2(NiN )�= arg min��Pai2AM �iPi2AM �i (log2( NiN�
m ) + log2(N�
mN ))�= arg min��Pai2AM ~�i log2( NiN�
m )�Pai2AM ~�i log2(N�
mN )�= arg min��Pai2AM ~�i (log2( NiN�
m )� (24)
INRIA



Multiplexed Codes 19AsPai2AM ~�i = 1, expression (24) can be seen as the expression of the mdl when theindex i is constrained to be such that ai 2 AM . Consequently, assuming that NiN�
mcan take any real value, the optimum is given by:8ai 2 AM ; NiN �
m = ~�i (25)In the following, the index i is supposed to be chosen such that ai 2 AM .3. For each ai 2 AM , Ni is set to the highest value in � such that Ni � ~�i:(N � 
m).The remaining number of codewords to be assigned to equivalence classes is then givenby � = N �P
i=1Ni � 0.4. As a consequence, it is possible to increase some values of Ni. For each index ibetween 1 and 
, if the value �k+1 is used instead of �k, the mdl ĥ decreases of apositive value �i = log2(�k+1�k ). The decreasing mdl is induced by the assignment of�k+1��k pairs (ai; Ni) to classes of equivalence and, in average per codeword, is givenby 
i = �i�k+1��k . These pairs are then sorted by decreasing values of 
i. The wayto proceed is to choose the pair (ai; Ni) with the highest associated value 
i. For agiven variable Ni set in the previous steps, it is possible to re-set it to �k+1 insteadof �k only if �k+1 � �k � �, i.e. if there is a su�cient number of codewords still tobe assigned. If it is not the case, the pair (ai; Ni) is ignored in the next iterations ofthe algorithm. The procedure continues with the treatment of the pair with the nextvalue 
i. If �k+1 � �k � �, then Ni = �k+1, the value � is set to � � �k+1 + �k, andthe variable 
i is updated for this symbol.6 Error handling on a binary symmetric channelIn this section, we analyze the impact of channel errors on the distortion of the sourceSH. The impact on the sequence b is also discussed. The part of the �ow b that is notmultiplexed is supposed to be lost if an error occurs on the channel.We consider a binary symmetric channel (BSC) with a bit error rate p. Let q = 1� p bethe probability that a bit is correctly received. The pdf � of SH being known, it is possibleto calculate the reconstruction accuracy in terms of Mean Square Error (MSE). Since eachstate qt calculated from b can be seen as a uniform random variable, a symbol ai of A hasthe same probability to be encoded with any codeword of its equivalence class Ci. Hence,P (ci;j) = �iNi (26)Let us consider a source represented by c bits �xed length codewords. The probabilityto receive the symbol yn, if xm has been transmitted, is function of the Hamming distancehm;n between the symbols yn and xm, and is given bypm;n = P (yn=xm) = phm;n qc�hm;n (27)
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20 Hervé Jégou , Christine GuillemotThe MSE induced by the channel noise is then given byMSEfix = XXi2X �i XXi02X pi;i0 �(Xi; Xi0) (28)where �(Xi; Xi0) = kXi �Xi0k2.The reconstruction error of the source SH encoded with multiplexed codes in presenceof channel noise can be estimated similarly. Since the codewords ci are FLC, Eqn. (27) stillapplies. The MSE of the reconstructed SH stream in presence of bit errors can then beexpressed as MSEmul;SH = Xci;j2C P (ci;j) Xci0;j02C P (ci0;j0=ci;j) �0(ci;j ; ci0;j0) (29)where P (ci0;j0=ci;j) stands for the probability to receive the codeword ci0;j0 , if ci;j has beentransmitted, and where �0(ci;j ; ci0;j0) denotes the distortion of the SH source induced by thereception of ci0;j0 instead of ci;j . Let respectively ai and ai0 be the symbols decoded fromci;j and ci0;j0 . Then �0(ci;j ; ci0;j0) = �(ai; ai0). This leads toMSEmul;SH = Xai2A�i Xai02A�(ai; ai0) 1Ni Xci;j2Ci Xci0;j02Ci0 P (ci0;j0=ci;j);| {z }P (ai0=ai) (30)where P (ai0=ai) is the probability to decode the symbol ai0 if ai has been transmitted.Therefore, the choice of the partition C has a major impact on the �nal distortion. However,the number of partitions for a given set of Ni-values is very high. For example, the numberof partitions such that N1 = 6; N2 = 5; N3 = 4; N4 = 1, is 10 090 080.Example: let us consider again the example of source alphabet given in section 3. Let� = 2664 0 1 4 91 0 1 44 1 0 19 4 1 0 3775be the corresponding distortion matrix of elements �(ai; ai0). The probabilities P (ai0=ai)can be deduced from Eqn. 30. They are described by the transition transition matrix PA,which is given byPA = 26664 6q4+14pq3+12p2q2+4p3q6 7pq3+14p2q2+8p3q+p46 3pq3+8p2q2+9p3q+4p46 2p2q2+3p3q+p467pq3+14p2q2+8p3q+p45 5q4+6pq3+4p2q2+6p3q+4p45 6pq3+9p2q2+5p3q5 pq3+3p2q2+p3q53pq3+8p2q2+9p3q+4p44 6pq3+9p2q2+5p3q4 4q4+4pq3+6p2q2+2p3q4 3pq3+p2q242p2q2 + 3p3q + p4 pq3 + 3p2q2 + p3q 3pq3 + p2q2 q4 37775For a BSC of BER equal to 0.1, the summation of Eqn. (30) leads to MSEs of 0:3686 and0:4960 for respectively multiplexed codes and FLCs. Albeit quite surprising, this result isINRIA



Multiplexed Codes 21engendered by the fact that the probabilities associated to symbols on which transmissionerrors will induce the largest distortion values (4 and 9) are lower for the multiplexed codes.The respective error resilience of FLCs and multiplexed codes hence depends on the statis-tical characteristics of the source SH. Cases where the channel induced distortion is higherwith multiplexed codes than with FLCs may exist as well. However, practical sources gen-erated by compression systems, can often be modeled as sources with generalized Gaussianpdf. For these sources, higher distortion values are induced by lower probability symbols,resulting in better performances for the multiplexed codes.7 Discussion on Parameters choiceThe choice of the parameters c and � has a major impact on the performance, in terms ofcompression and error resilience, of the codes. Let h be the entropy per symbol of the sourceand ĥ the mean codeword length produced by the algorithm. The overhead rate is given byrh = ĥ�hh . As c bits are always used to represent a symbol of the source SH, the rate ofhigh priority data in the �nal multiplexed c-bits codewords stream is given by � = hc .We have seen above that c must be high enough so that one can �nd a partition, thatwill closely approximate the pdf of the source SH. On the other hand, a high value for theparameter c will result in a decreased rate of synchronous data. Thus a compromise has tobe found between reaching the entropy (compression e�ciency) and the rate of synchronousdata in the multiplexed �ow (error resilience). The ability to closely approximate the pdf ofthe source SH (hence the closeness to entropy) depends also on the parameter �. Fig. 3 showsthe in�uence of the parameters c and � on the rate rh. For a source of cardinal 
 = 256, thevalue f� = 5 leads to a small overhead when the codeword length is c = 14. Notice that thenumber of available transformations and the number of �ows of fj-valued variables increasewith �. Therefore, the computational cost of the algorithm increases with �.8 Simulation resultsTo evaluate the performance of the multiplexed codes, experiments have been performedby considering a high priority source with a Gaussian distribution characterized by a zero-mean and a standard deviation � = 25, and taking its values between �127 and +127.The source has been quantized with a scalar quantizer of step size 1. The entropy of thissource is h = 6:771. We have considered a sequence sH of 200 symbols. We assume that alower priority sequence of symbols sL has been pre-encoded into a bitstream b with a VLCcoder. In the experiments reported here the sequence of bits b has been generated by auniform random binary variable. Its length has been �xed to 2000. All the simulations havebeen performed assuming a binary symmetric channel with varying bit error rates (BER).The results are averaged over 100 channel realizations. Simulations have been performedconsidering respectively FLCs (8 bits), Hu�man codes and lexicographical multiplexed codes.For the multiplexed codes, the parameters c and f� have been set to c = 14 and f� = 5. The
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22 Hervé Jégou , Christine Guillemotmdl of the sequence SH is 6:775. Fig. 4 shows the PSNR curves obtained for the sequenceSH with the three codes for varying channel BER. This �gure reveals signi�cantly higherperformance for the multiplexed codes, even with respect to FLCs. The main reason isthat the Hamming distance between symbols of �opposite� values is higher in the case ofmultiplexed codes: the Hamming distance is 14 for symbols �127 and +127, whereas itis only 8 in the case of FLCs. It has been observed that the average position of the �rstimpaired bit in the Hu�man bit stream is roughly the same. The reason is that the meanposition of the �rst disturbed bit is statistically localized on the part of the low prioritybitstream which is not multiplexed.The multiplexed codes have then been experimented with real sources. We have consid-ered a simple image coding system where the image is �rst decomposed into 16 subbandsusing a two-stage wavelet transform. The low and high frequency subbands have been quan-tized respectively on 7 and 4 bits. The high frequencies have been encoded with an Hu�manalgorithm, and then multiplexed into the low frequencies using multiplexed codes of param-eters c = 16 and f� = 5. A synchronization marker has been used every four lines for bothHu�man codes and the low priority part of the multiplexed codes. The bit rates obtainedwith Hu�man and multiplexed codes are quite similar and given respectively by 1:713 bitper pixel (bpp) and 1:712 bpp. When considering FLCs, the average bit rate obtained is6:187 bpp. Fig. 5 depicts the PSNR and visual qualities obtained with the three codes.This �gure evidences signi�cant improvements both in PSNR and visual quality when usingmultiplexed codes even in comparison with FLCs and for a similar compression factor asthe one obtained with Hu�man codes.9 ConclusionWe have introduced a new family of codes called �multiplexed codes�. These codes avoidthe �de-synchronization� phenomenon for the high priority source, while still allowing toreach asymptotically the entropy bound for both (low and high priority) sources. The lowpriority source can be pre-encoded with any e�cient VLC. A FLC is created for the highpriority source, its inherent redundancy being exploited to represent information from thelow priority stream. Theory and simulations on both theoretical and real sources haveevidence very high error resilience at almost no cost in terms of compression e�ciency.Another key advantage is that they allow to make use of simple instantaneous decodingtechniques. They hence appear to be excellent alternatives to reversible variable lengthcodes (which su�er from some penalty in terms of compression e�ciency, while not avoidingcompletely error propagation despite a decoding in two passes) or to classical VLCs forwhich robust decoding make often use of computationally expensive Bayesian estimationtechniques.
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24 Hervé Jégou , Christine GuillemotAppendix A: Proof of property 1Let � 2 R � f0g. The problem consists in �nding a partition C that veri�es the property.Let ch be the integer de�ned as ch = d�log2(mini2A(�i))e. By de�nition,8 i 2 A; �i � 2�ch (31)For all c 2 N such that c � ch, we choose Ni = b�i 2cc. From Pi2A �i = 1 we getPi2Ab�i 2cc � 2cPi2A �i = 2c. Moreover, 8i; Ni � 1. Therefore this choice of (Ni)1�i�
is valid. By construction, �i 2c � 1 � Ni � �i 2c, hence,1 � �i 2cNi � 1 + 1�i 2c � 1 (32)The di�erence �h between the mdl and the entropy is given by�h = ĥ� h = �Xi2A�i log2(Ni2c ) + Xi2A�i log2(�i) = Xi2A�i log2(�i 2cNi ) (33)therefore, from Eqn (32), it can be seen easily that �h veri�es�h � Pi2A �i log2(1 + 1�i 2c�1 )) �h � Pi2A �i�i 2c�1 =Pi2A 12c� 1�i : (34)From Eqn. (31) and (34) we get�h � Xi2A 12c � 2ch = 
2c � 2ch (35)Thus, using c = dlog2(
� + 2ch)e and 8i; Ni = b�i 2cc, the inequality �h � � is veri�ed.Notice that, for any code for which the inequality c � ch is true, this proof provides anupper bound for the mdl. �
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Figure 3: Closeness to entropy of fast-computable Multiplexed codes (Gaussian source).
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Multiplexed Codes 27Fixed length codes Hu�man codes Multiplexed codes

PSNR = 25.50 dB, bpp = 6:187 PSNR = 24.78 dB, bpp = 1:713 PSNR = 30.71 dB, bpp = 1:712

PSNR = 16.79 dB PSNR = 15.59 dB PSNR = 24.82 dB

PSNR = 13.99 dB PSNR = 12.64 dB PSNR = 19.63 dBFigure 5: PSNR performance and visual quality obtained respectively with FLCs, Hu�mancodes and multiplexed codes. The channel bit error rates are 0.0005 (top images), 0.005(middle images) and 0.05 (bottom images).RR n° 4922
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