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1 Introdu
tion1.1 Origins of the problemMotivated by the growth of air traÆ
 sin
e the 1940s, the Federal Aviation Administration (FAA) a
hieveda semi-automated Air TraÆ
 Control (ATC) system, based on a 
ombination of radar and 
omputerte
hnology, in the mid-1970s. This system has been 
onstantly upgraded sin
e, leading to the Center-TRACON Automation System (CTAS), a hardware and software tool suite aimed at helping the Air TraÆ
Controllers manage the in
reasing 
omplexity of air traÆ
 
ow in the vi
inity of large airports. Besidesredu
ing the stress and workload of the Controllers, this partial automation of the system also 
ontributedto a more eÆ
ient traÆ
 
ow management whi
h bene�ts the passengers and the airlines, by redu
ing thedelays and improving safety. The fun
tionalities 
overed by this automation in
lude monitoring, alerts,advisories, planning, displays. However, other key fun
tionalities in today's system are only partiallyautomated, and not optimized. The most fundamental of them is 
on
i
t avoidan
e, whi
h is 
urrentlyperformed manually. Arrival planning, whi
h is another 
ru
ial task of ATC in the vi
inity of airports is
urrently assisted by the NASA-developed software CTAS [14℄, whi
h helps 
ontrollers generate optimal
ight plans and traje
tories for traÆ
 in
oming into airports.A 
ight plan is a set of waypoints (referen
e points de�ned pre
isely in the airspa
e), whi
h the air
raft areexpe
ted to follow. Even though in low traÆ
 density regions, air
raft might 
y o� these 
ight plans tobene�t from faster routes (be
ause of winds, for example), when this airspa
e be
omes 
ongested, air
raftwill follow arrivals for up to 200 nauti
al miles (nm) from the destination airport. Arrivals aid the AirTraÆ
 Controller in the problem of 
ow metering, or delivering a pres
ribed number of air
raft per unittime to the airport runway, as the routes 
an be viewed as tra
ks whi
h the air
raft follow 
losely withminor deviations until they rea
h the arrival airport. An Air TraÆ
 Controller 
an thus regulate the 
owby adjusting the 
ight plans of individual air
raft, a

ording to pro
edures (
alled playbooks) whi
h havebeen established over time to meet the a

eptan
e rates at airports. Adjusting the 
ight plan of an air
raft
onsists �rst of assigning the air
raft to an arrival (as shown in Figure 1 right). On
e this assignment isdone, smaller adjustments 
an be performed, to a
hieve pres
ribed arrival times pre
isely. Two examplesof maneuvers used for su
h adjustments are shown in Figure 2.In the 
urrent system, Air TraÆ
 Controllers tend to use only a subset of the maneuvers available to themwhile metering the 
ow into the airports: for example, it is often easier not to 
hange the order of arrival ofthe air
raft into an airport, despite the fa
t that it might redu
e the delays. In [4℄, we study the feasibilityof automati
ally generating these 
ight plan adjustments, in order to meter 
ow in real time, even whenthe system is operating at maximal 
apa
ity. This study takes into a

ount the full set of maneuvers (see[3, 4, 18℄ for a more detailed des
ription of the maneuvers) available to ATC, and does not make any a prioriassumptions regarding their use | as is done today by Air TraÆ
 Controllers. The main result of [4℄ is analgorithm whi
h maps the set of all possible adjustments of all air
raft to a Mixed Integer Linear Program2
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AIRCRAFT ARE NOT TO SCALE

AIRCRAFT ARE NOT AT THE SAME ALTITUDEFigure 1: Left: Overlay of traje
tories merging into San Fran
is
o (11 hours of traÆ
). The data 
omes from ETMS andFACET [8℄. The algorithm presented in this arti
le 
an be used for s
heduling this in
oming 
ow. Right: Two examples ofarrival into the Oakland airport (Madwin 3 and Lo
ke 1).(MILP). In [4℄, we propose an implementation of our algorithm, whi
h takes ETMS1 data as input, andgenerates a s
hedule when the 
onstraints imposed by the airport are feasible. Pra
ti
al implementationsof advisory tools for arrival planning require several points to be addressed. For a half million line 
odelike CTAS, ar
hite
ture and software design te
hniques be
ome a key issue to address [19℄. But beyond thediÆ
ulties of software engineering, the 
omplexity of the underlying mathemati
al problem (in the present
ase a hybrid 
ontroller synthesis problem) is a bottlene
k that engineering skills 
annot over
ome withoutproper algorithmi
 treatment of its formulation. For the 
urrent work, the 
omputational time bottlene
kof the algorithm [4℄ is the MILP formulation, whi
h in our preliminary implementation, was solved withCPLEX [16℄ (see Figure 3). The 
on
lusion of [4℄ was that despite the very good average performan
eof CPLEX, unpredi
table 
ases, in whi
h solving the MILP takes an exponentially large amount of time,o

ur in pra
ti
e. This behavior is undesired for an online implementation of the algorithm, be
ause theuser might have to wait an una

eptable amount of time before getting an answer. This arti
le proposesan algorithm for whi
h we provide an upper bound on the running time of the MILP solution, and whi
his therefore guaranteed to �nd the exa
t optimal solution in a time whi
h is predi
table.1The Enhan
ed TraÆ
 Management System database 
ontains all 
ight plan information for 
ights in the National Airspa
eSystem (NAS). Data are 
olle
ted from the entire population of 
ights in the NAS with �led 
ight plans. ETMS data is sentfrom the Volpe National Transportation System Center (VNTSC) to registered parti
ipants via the Air
raft Situation Displayto Industry (ASDI) ele
troni
 �le server. The FAA uses these data to monitor the e�e
tiveness of its National Route Program,in whi
h the user 
ommunity is o�ered 
exible, 
ost-e�e
tive routing options as an alternative to published ATC preferredroutes. 3
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Figure 2: Two examples of maneuvers 
orresponding to arrival time adjustment. Left: Deviation  from 
ight plan using aVe
tor For Spa
ing (VFS) available in a given se
tor. More pre
ise models are also available in [13℄. Right: Holding Pattern(HP). The pres
ribed \time to lose" is given to the air
raft in minutes: one minute in ea
h straight portion and 30 se
onds inea
h half 
ir
le. For this s
enario, Thp = 1min :+ 30 se
. + 1min :+ 30 se
. = 3min.1.2 Complexity of the problem, related work, organization of this arti
leMixed integer linear programming [7℄ is a powerful mathemati
al formulation that extends linear pro-gramming to problems with both 
ontinuous and integer variables. It appears naturally in various �eldswhere these two types of variables 
oexist, for example pro
essing or 
hemi
al engineering [20, 15℄. Itenables in
lusion of 
omputational logi
 [24℄ into optimization problems, and provides an ex
ellent tool formulti-vehi
le or 
on
i
t avoidan
e problems [21, 22℄ and dis
rete time hybrid systems [6, 5℄.Integer programming (and therefore MILP) in the general 
ase is NP-Hard [17, 23℄. Famous examples ofNP-Hard problems, whi
h 
an be posed as integer programs, in
lude fa
ility lo
ation, traveling salesman,knapsa
k, bin pa
king [23℄. Certain problems whi
h 
an be formulated as integer programs (for examplemax-
ow, min-
ut, maximum mat
hing, minimum spanning tree) are polynomial-time solvable [1℄. Buta general integer programming optimization software su
h as CPLEX [16℄ 
annot di�erentiate betweenpolynomial-time solvable problems and NP-Hard problems a priori, and might require exponential timeto �nd the solution of a polynomial-time solvable problem. We experien
ed this fa
t in [4℄; this arti
leshows that a spe
i�
 
ase of the problem shown in [4℄ is polynomial-time solvable by deriving an exa
tpolynomial-time algorithm.This arti
le is organized as follows. In se
tion 2, we present the general formulation of the air
raft routing-sequen
ing problem, and the spe
i�
 
ase of interest. We identify a 
losed form solution for the parti
ular
ase in whi
h the order of arrival of the air
raft is �xed in advan
e. In se
tion 3, we use this 
losed formsolution as a stopping 
ondition for a bise
tion algorithm used to 
ompute the exa
t solution of the MILP.The bise
tion algorithm relies on a feasibility algorithm whi
h is a modi�
ation of a known single pro
essors
heduling algorithm. This algorithm is derived in the Appendix, with a numeri
al example to illustrateits stru
ture. Se
tion 4 presents a numeri
al implementation of this algorithm, and extensive 
omparisonswith CPLEX. The bounds on running time derived for our algorithm are veri�ed in pra
ti
e and it is shownto perform mu
h better than CPLEX. Se
tion 5 outlines the 
urrent state of our resear
h for the generalversion of the problem, as well as preliminary results for this general problem.4
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e: Jeppesen Sour
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ATC exe
utable 
ommandsFigure 3: Blo
k diagram representation of the embedding of the algorithm of this arti
le within the algorithm presented in[4℄. The input of the algorithm of [4℄ is the set of 
ight parameters of the air
raft (from ETMS data [8℄), as well as the knownstru
ture of the arrivals. The resulting hybrid systems 
ontroller synthesis problem is posed as a MILP, whi
h is solved by thealgorithm presented in this arti
le. The output, whi
h is an exe
ution of the hybrid system [4℄, is translated in ETMS datafor simulation or set of ATC 
ommands for advisory purposes.2 Problem formulation and preliminary remarks2.1 Problem formulationWe 
onsider N air
raft 
onverging to a single airport. Air
raft are indexed by i2 f1; � � �Ng. As a resultof ATC a
tuation, the set of arrival times for air
raft i is a union of intervals 
alled Si := Snik=1[ai;k; bi;k℄.For ea
h i, ni is the number of intervals of time in whi
h air
raft i 
an arrive. These intervals en
ode a setof maneuvers whi
h are relatively easy to implement for ATC. A key problem for an Air TraÆ
 Controlleris to estimate the largest time spa
ing a
hievable with this set of maneuvers, in order to determine if theuse of large maneuvers is ne
essary (signi�
ant 
ight plan 
hanges or large numbers of holding patternsat the dire
t vi
inity of airports). This question translates into the following optimization problem: givenfSigi2f1;���Ng, we want to �nd a N -tuplet (t1; � � � ; tN ) 2QNi=1 Si of feasible arrival times for the N air
raftmaximizing the minimum spa
ing �� between any two air
raft:Maximize: �Subje
t to: ti 2 Snik=1[ai;k; bi;k℄ 8i2 f1; � � �Ngjti � tjj � � 8(i; j)2 f1; � � �Ng2 (1)
5



In this form, (1) is not a linear program (it is not even 
onvex). It is possible to rewrite (1) as a MILP,using boolean variables 
ik and dik to express the 
onstraints (see [4℄):Maximize: �Subje
t to: ti � ai;1 8i 2 f1; � � � ; Ngti � bi;ni 8i 2 f1; � � � ; Ngti � ai;k+1 �Ddik 8i 2 f1; � � � ; Ng;8k 2 f1; � � � ; ni � 1gti � bi;k +D(1� dik) 8i 2 f1; � � � ; Ng;8k 2 f1; � � � ; ni � 1gdik 2 f0; 1g 8i 2 f1; � � � ; Ng;8k 2 f1; � � � ; ni � 1gti � tj � �� C
ij 8(i; j) 2 f1; � � � ; Ng2; s.t. i > jti � tj � ��+C(1� 
ij) 8(i; j) 2 f1; � � � ; Ng2; s.t. i > j
ij 2 f0; 1g 8(i; j) 2 f1; � � � ; Ng2; s.t. i > j (2)
In (2), C and D are \large" 
onstants. Large means that they have to satisfy: C � 2(maxNj=1 bj;Nj �minNi=1 ai;1) and D � maxNi=1maxfai;ni � ai;1; bi;ni � bi;1g. We do not know if this problem in generalis polynomial-time solvable or not. Given the similarity with known NP-Hard s
heduling problems (forexample, if the separation of the air
raft depends on the air
raft type), we believe that this problem isNP-Hard, though we were not able to prove this yet.For the present work, we fo
us on the one interval 
ase (ni = 1 for all i), and show that this problem ispolynomial-time solvable. In the one interval 
ase, dij disappears, and the problem be
omes:Maximize: �Subje
t to: ti � ai;1 8i 2 f1; � � � ; Ngti � bi;1 8i 2 f1; � � � ; Ngti � tj � �� C
ij 8(i; j) 2 f1; � � � ; Ng2; s.t. i > jti � tj � ��+C(1� 
ij) 8(i; j) 2 f1; � � � ; Ng2; s.t. i > j
ij 2 f0; 1g 8(i; j) 2 f1; � � � ; Ng2; s.t. i > j (3)
2.2 Closed form solution for �xed arrival orderIn order to solve (3), we need to identify whi
h 
onstraints are a
tive in the optimal solution: in the present
ase, they determine the optimum of the problem analyti
ally. For this, we �x the order of arrival at anarbitrary setting, whi
h enables us to �nd the a
tive 
onstraints. The result obtained for this arbitraryorder will be used for solving the general problem (3). Theorem 1 is thus a building blo
k of the fullalgorithm, whi
h is presented in Se
tion 3. Lemma 1 below is used to prove Theorem 1.Thus, assume for this se
tion only that the order of arrival of the air
raft is known a priori. Without lossof generality, assume that the air
raft have been labeled in this order (air
raft 1 arrives �rst, air
raft 26



arrives se
ond, � � � ). Then, problem (3) redu
es toMaximize: �Subje
t to: ti � ti�1 � � i 2 f2; � � � ; Ngti � ai;1 i 2 f1; � � � ; Ngti � bi;1 i 2 f1; � � � ; Ng (4)
Lemma 1. The optimal solution �� of (4) satis�es �� � m, wherem = min(i;j)2f1;��� ;Ng2; i<j�bj;1 � ai;1j � i � (5)
Proof | Call (k; l) = argmin(i;j)2f1;��� ;Ng2; i<j � bj;1�ai;1j�i �, i.e. one pair of air
raft su
h that � bl;1�ak;1l�k � = m and k < l.Suppose that �� > m. Then (l� k)m < (l� k)�� � bl;1� ak;1 = (l� k)m. The �rst inequality is by assumption. The se
ondby de�nition of ��: the best spa
ing between air
raft k and l is bounded by the mean. The last equality is by de�nition ofm. This inequality 
annot be true. Therefore �� � m. �Theorem 1. It is possible to 
onstru
t a sequen
e (t1; � � � ; tN ) su
h that (m; t1; � � � ; tN ) satis�es (4), whi
hproves that �� = min(i;j)2f1;��� ;Ng2; i<j�bj;1 � ai;1j � i � (6)
Proof | We prove this theorem by indu
tion on N . For N = 2, the solution is trivial. For N = 3, we see that the followingsolution a
hieves the optimal: t1 = a1;1t2 = (b3;1 + a1;1)=2 if (b3;1 + a1;1)=2 2 [a2;1; b2;1℄= a2;1 if (b3;1 + a1;1)=2 < a2;1= b2;1 if (b3;1 + a1;1)=2 > b2;1t3 = b3;1 (7)Suppose now that we have proved the property up to N , i.e. that (6) is the solution of (4) for N air
raft. We now prove that(6) is the solution of (4) for N +1 air
raft. Call m(k; l) the following quantity, with k and l both in f1; � � � ; N +1g, and k < l:m(k; l) := min(i;j)2fk;��� ;lg2; i<j� bj;1 � ai;1j � i � (8)7



We obviously have m(1; N + 1) = minnm(1; N);mini2f1;��� ;Ng � bN+1;1�ai;1N+1�i �o. We now investigate whi
h of these termsa
hieves the min for m(1; N + 1).Case 1: m(1; N + 1) = m(1; N). We thus have m(1; N) � bN+1;1�ai;1N+1�i for all i � N (i.e. the arrival interval of air
raft N + 1does not de
rease the overall minimum). Take tN+1 = bN+1;1. Now 
all b0N;1 = minfbN+1;1 �m(1; N); bN;1g.� If b0N;1 = bN;1, we have su

essfully 
onstru
ted (t1; � � � ; tN+1): tN+1 satis�estN+1 � tN � m(1; N + 1) = m(1; N), and for all (i; j) 2 f1; � � � ; Ng2 su
h that i < j, tj � ti � m(1; N) = m(1; N + 1).� If b0N;1 = bN+1;1 � m(1; N). Let us rename every other bi;1 as b0i;1, for i < N , for notational ease. Now de�nem = mini<N � b0N;1�ai;1N�i �. Nowm = mini<N �b0N;1 � ai;1N � i � = mini<N �bN+1;1 �m(1; N)� ai;1N � i � (9)Thus m = mini<N �bN+1;1 � ai;1N + 1� i N + 1� iN � i � m(1; N)N � i � � m(1; N)mini<N �N + 1� iN � i � 1N � i� (10)whi
h provesm � m(1; N), and therefore the 
hange in bN;1 into b0N;1 = bN+1;1�m(1; N) does not de
rease (8). We nowhave su

essfully 
onstru
ted (t1; � � � ; tN+1): tN+1 � tN � m(1; N + 1) = m(1; N), and for the N -tuplet (t1; � � � ; tN ),we just proved that m � m(1; N) is a
hievable.Case 2: m(1; N + 1) = mini<N+1 � bN+1;1�ai;1N+1�i � < m(1; N). Obviously, adding a new air
raft has restri
ted the availablespa
ing of the others: 9l 2 f1; � � � ; Ng su
h that m(l; N + 1) = m(1; N + 1) < m(1; N).� If l = 1, m(1; N + 1) = bN+1;1�a1;1N . The evenly spa
ed solution is the optimal solution. Let us show it is feasible, i.e.8j 2 f2; � � � ; Ng; a1;1 + j�1N (bN+1;1 � a1;1) 2 [aj;1; bj;1℄. If this were not the 
ase, then, without loss of generality2, wewould have a1;1 + j0�1N (bN+1;1� a1;1) > bj01 for a parti
ular j0, whi
h would mean bj0;1�a1;1j0�1 < bN+1;1�a1;1N , whi
h is byassumption wrong.� If l � 2, we 
an use the symmetry of the problem to 
ip it (the ai;1 and bi;1 are inverted)3, and we are now in 
ase 1.In 
ase 1 and 
ase 2, we were able to 
onstru
t a solution su
h that �� = m(1; N) for every N . By Lemma 1, this is the best��, i.e. ��, that we 
an a
hieve, and equation (6) follows. �2.3 Transformation of the feasibility problem into a s
heduling problemThe previous se
tion solved for the maximal available spa
ing in the 
ase of �xed order of arrival. In the
urrent ATC system, if one interprets ai;1 as the nominal time of arrival of air
raft i, and (ai;1; bi;1℄ as theset of possible arrival times with delays, equation (6) predi
ts the best available spa
ing without alteringthe order of arrival (�rst 
ome �rst served poli
y). Despite the fa
t that it is used almost all the time in2Sin
e the problem is symmetri
.3We treat �rst the subset fl � � �N + 1g of air
raft (whi
h we 
an do using the indu
tion assumption, sin
e l > 1, and thus(N + 1� l < N)). We then 
omplete with the set f1 � � � ; l� 1g, but this time we will be in 
ase 1 be
ause the argmin of (6)is obtained in the set fl � � �N + 1g. 8



pra
ti
e, this poli
y is of 
ourse not optimal.4 We therefore now allow to 
hange the order of arrival of theair
raft.We show that the feasibility problem of (3) 
an be redu
ed to a single pro
essor s
heduling problem withrelease times and deadlines [17℄, known to be solvable in polynomial time [2, 10, 11, 9, 12℄. The twofollowing problems are equivalent:Problem 1: Let � be a given positive number (separation). Given a set of N intervals [ai;1; bi;1℄,i2 f1; � � �Ng, �nd a set ftigi2f1;���Ng su
h that 8i 2 f1; � � �Ng, ti 2 [ai;1; bi;1℄ and 8(i; j) 2 f1; � � � ; Ng2; s.t. i >j, jti � tjj � �.Problem 2: Let D be a given positive number (pro
essing time). Let I = f1; � � � ; Ng be a set of jobs.Let ea
h job have a release time ri and a deadline di. Find an ordering ftigi2I su
h that ti � ri (job i
annot start before the release time ri), ti + D � di, (job i has to be pro
essed before the deadline di)ti < tj =) tj � ti +D (two jobs 
annot be pro
essed simultaneously.Solving problem 2 for a given set of [ri; di℄ and D, is thus equivalent to �nding a feasible solution to ouroriginal problem, with ai;1 = ri and bi;1 +D = di. Problem 2 is a known problem in s
heduling, for whi
hpolynomial algorithms have been developed [2, 10, 11, 9, 12℄. We will use a slight modi�
ation of Carlier'salgorithm [10℄ to solve the feasibility problem (Problem 2). This algorithm is presented in Appendix 1.3 AlgorithmWe 
all Carlier the algorithm presented in the Appendix. Carlier solves Problem 2 in se
tion 2.3. We will usethe following notation: Carlier(ri; di;D) represents the ordering obtained with release times ri, deadlinesdi and pro
essing time D if su
h a s
hedule exists.Theorem 2. Assume that ni = 1 for all i2 f1; � � �Ng, ai;1 2 N, bi;1 2 N, D 2 N. The following bise
tionalgorithm 
onverges to the exa
t solution of (3) in a �nite number of steps. The time 
omplexity of thealgorithm is O(N2 log(N)(N + logL)) where L = max bi;1 �minai;1.4Take for example a1;1 = 00 : 00 : 00, a2;1 = 00 : 00 : 30, b1;1 = 00 : 03 : 00, b2;1 = 00 : 01 : 30, n1 = n2 = 1.
9



1 � := 1N�1 �maxi2f1;���Ng bi;ni �mini2f1;���Ng ai;1�2 if Carlier(ai;1; bi;1 +�;�) is feasible, return �3 while Carlier(ai;1; bi;1 +�;�) is not feasible, � := �=24 � := �, � := 2 ��while �(���) � 1N�1�if Carlier�ai;1; bi;1 + �+�2 ; �+�2 � is feasible� := �+�2else� := �+�25 returnmaxn�j� 2 [�;�℄ \SN�1k=1 �Nk � ^ Carlier(ai;1; bi;1 +�;�) feasibleoProof | Convergen
e If � = 1N�1 [bN;nN � a1;1℄ is feasible, the algorithm stops at step 2. This is the ideal 
ase (thelargest a
hievable spa
ing is feasible).Otherwise, let us 
all �� the optimum of the problem. Let us 
all �(�) the order of arrival of the air
raft (air
raft i arrives inposition �(i)). By Theorem 1, we have: �� = min(i;j)2f1;��� ;Ng2; i<j�b�(j);1 � a�(i);1�(j)� �(i) � (11)Be
ause of the limited possible values of the di�eren
e �(j)� �(i), and be
ause of the fa
t that the ai;1, and bi;1 are integers,equation (11) implies: �� 2 N�1[k=1 Nk (12)where SN�1k=1 Nk = f pq j q 2 f1; � � �N � 1g; p 2 Ng � Q. In step 3, the algorithm will divide � by 2 until it be
omes feasible.In step 4, starting from the last value of step 3, it will approa
h �� by bise
tion until it 
omes within 1N�1 of ��. Then weknow that �� 2 [�;�℄. Be
ause of the previous remark on ��, �� 2 [�;�℄\SN�1k=1 �Nk �. But this set 
ontains at most N � 1elements sin
e ��� � 1N�1 , whi
h are easy to enumerate (step 5). �� is the largest of them.Complexity The number of 
alls to Carlier is 1 for step 2, and N � 1 for step 5. The worst 
ase for step 3 is if � has to bedivided by 2 p times until 1N � 1 � max bi;1 �minai;1N � 1 12pand the same applies for step 4, whi
h gives the following bound for the number of 
alls to Carlier: 5N + � 2log 2 log (max bi;1 �minai;1)� (13)The number of 
alls of the pro
edure Carlier is thus O(N+logL), where L = max bi;1�minai;1. The 
omplexity of the modi�edCarlier's algorithm is O(N2 log(N)) (see Appendix 1). The 
omplexity of the algorithm is thus O(N2 log(N)(N + logL)). �5Combining the length of the two intervals might give a slightly better bound than (13) but does not 
hange the 
omplexity.10



Corollary 3. Theorem 2 also holds for ai;j 2 Q and bi;j 2 Q.Proof | Call ai;j = pjiqji and bi;j = rjisji , and 
all L the least 
ommon denominator of the qji and sji (note that L =QNi=1Qnij=1 qji sji works as well). Then problem (2) is equivalent to the following problem:Maximize: LÆSubje
t to: L�i 2 Snij=1[L pjiqji ; L rjisji ℄jL�i � L�j j � LÆ 8(i; j) 2 f1; � � � ; Ng2; s.t. i > j (14)In the previous formula, L pjiqji 2 N and L rjisji 2 N, so Theorem 2 gives us a solution (��; t1; � � � ; tN ) = (LÆ�; L�1; � � � ; L�N ).Therefore, (Æ�; �1; � � � ; �N ) solves the problem in Q. �4 Numeri
al performan
e of the algorithmThe running time of the algorithm is theoreti
ally bounded above by O(N2 log(N)(N + logL)), whereO(�) means there is a 
onstant in front of N2 log(N)(N + logL) and it is independent of N and L. Toverify this time bound we have simulated a set of 1800 
ases and 
ompare the measured CPU time usedby our algorithm and that using CPLEX to solve the same problem, to demonstrate the eÆ
ien
y of ouralgorithm (N 2 f2; � � � ; 19g). We have run 8100 additional simulations (N 2 f20; � � � ; 100g) to assess theperforman
e of our algorithm in a range of N where CPLEX 
annot handle the 
omputation in real time.We simulate situations in whi
h N air
raft are within one hour of the destination airport. For ea
h valueof N , we randomly generate intervals [ai;1; bi;1℄ within one hour of Oakland, with various width bi;1 � ai;1ranging from 30 se
. (almost no possibility to adjust the arrival time of the air
raft) to 15 min. We measurethe CPU time needed by our method to 
ompute the largest available �� between the air
raft. We run100 simulations for ea
h N .Our algorithm is implemented in MATLAB; the CPLEX solution is 
oded in AMPL interfa
ed withMATLAB, so that both methods 
an run from the same appli
ation on the same platform.6 The resultsof these runs are shown in Figure 4. This �gure suggests a few 
omments. The average result is notrepresentative of the relative performan
e of the two algorithms. Looking at Figure 4 (left) would suggestthat CPLEX's performan
e is mu
h worse than our algorithm for N � 14. Figure 4 (right) shows that theaverage is \polluted" by abnormal runs: in fa
t for the set of simulations shown here, CPLEX is fasterthan our algorithm in 85% of the 
ases, but among the 15% remaining, the CPU time used by CPLEX6We use a SOLARIS 8 workstation under UNIX (2GB of RAM). This is not important as long as the two methods run onthe same ma
hine. Comment: The MATLAB implementation is quite unfavorable to our algorithm. MATLAB is notoriouslyslow for 
onditional operation su
h as\if",\else"... Note that the CPLEX/AMPL solution pro
edure is 
oded separately, andMATLAB is used for it only a model interfa
e. 11
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urve is an average over100 runs for ea
h value of N (1800 runs for CPLEX, 9900 runs for our algorithm). Right: Comparison of the results for the�rst 1800 simulations realized. As 
an be seen, even for N � 14, a signi�
ant number of CPLEX 
omputations are faster thanour algorithm by at least one order of magnitude.ex
eeds the CPU time used by our algorithm by several orders of magnitude, whi
h in
reases the averagesigni�
antly.We are also aware that there might be more eÆ
ient ways to en
ode the MILP (2) in CPLEX or even theone interval version (3). For example, an other way to en
ode (2) is:Maximize: �Subje
t to: ti � ai;ni +Pni�1j=1 xij(ai;j � ai;j+1) 8i2 f1; � � �Ngti � bi;ni +Pni�1j=1 xij(bi;j � bi;j+1) 8i2 f1; � � �Ngxij � xi j+1 8i2 f1; � � �Ng 8j2 f1; � � � ni � 2gxij 2 f0; 1g 8i2 f1; � � �Ng 8j2 f1; � � � ni � 1g (15)This formulation (suggested to us by Fran
is Carr) has been observed by other resear
hers to be moreeÆ
ient than (3). Regardless of the respe
tive bene�ts of di�erent MILP formulations of the originalproblem (1), the goal of our algorithm is to provide a guarantee on running time for a given task, whi
hCPLEX does not provide, as is illustrated by Figure 4.
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5 Current work and open problemsSe
tion 5.1 shows how to adapt the algorithm of se
tion 3 for the 
ase in whi
h ni > 1, but the order ofthe air
raft is known a priori. It summarizes the 
omputational 
omplexity for the three 
ases whi
h wewere able to solve. Se
tion 5.2 suggests some simpli�
ations of the problem, relevant to Air TraÆ
 Control,whi
h are 
urrently the fo
us of our resear
h.5.1 Contributions of this arti
leUnfortunately, the transformation operated in the one interval 
ase, to 
ast our problem into a s
hedulingproblem form, does not work in the multi-interval 
ase: for air
raft i, 
all [ai;1; bi;1℄ and [ai;2; bi;2℄ thetwo �rst feasible arrival time intervals. Let us suppose that ai;2 � bi;1 < �. Applying the previoustransformation to the set of two intervals would result in a single interval [ai;1; bi;2 + �℄. S
heduling anair
raft (or equivalently a job) at time 12 (bi;1 + ai;2) does not represent a physi
ally a

eptable solution,be
ause it is in none of the arrival time intervals of the air
raft. However, nothing would prevent analgorithm from doing it. Even if it did, Carlier's algorithm does not generalize easily to multiple intervals.For the ni > 1 
ase with �xed order of arrival, we repla
e the 
all of the modi�ed Carlier's algorithm bythe following pro
edure 
onstru
t(�) (in whi
h we assume without loss of generality that the air
raft aresorted by as
ending ai;1, i.e. a1;1 � a2;1 � � � � � aN;1):1 t1 := a1;12 for i = 2 : N3 if nt j t 2 [ti�1 +�; bi;ni ℄ \ nSnij=1[ai;j ; bi;j℄oo = ;return falseelse3' ti = minnt j t 2 [ti�1 +�; bi;ni ℄ \ nSnij=1[ai;j; bi;j ℄ooendendIf this pro
edure does not return false, the ti are a feasible s
hedule whi
h satis�es 8i > j, ti > tj + �.It is quite easy to see that the same proof as in se
tion 3 applies, and that the algorithm also stops in a�nite number of steps. Calling M = PNi=1 ni, one 
an easily show that the 
omplexity of the algorithmis O(M(N + logL)). The 
ontributions of this paper are thus three algorithms, whose 
omplexity issummarized in the following array:
13



order �xed order not �xedni = 1 O(N2) O �(N2 logN)(N + logL)�
losed form exa
tni > 1 O(M(N + logL)) ?exa
t ?N is the number of air
raft, M =PNi=1 ni, L = 1N (maxnii=1 bi;ni �minnii=1 ai;1).5.2 Open problems and 
on
lusionBesides the bottom right 
ell of the array above, several other questions raised by this problem remain open.If we transform the problem and assume Si = [ai;1; bi;1℄ + NT (whi
h physi
ally 
orresponds to an air
raftwhi
h 
ould exe
ute a large number of holding patterns before landing), we still do not know if �ndingthe minimum makespan (landing time of the last air
raft to land) is polynomial solvable. Furthermore,minimizing the total number of holding patterns, minimizing the total number of air
raft put on a holdingpatterns, minimizing the sum of all times of arrival and minimizing the total makespan are not equivalentproblems. Our 
urrent resear
h e�orts are aimed at deriving approximation algorithms for these fourproblems, i.e. polynomial time algorithms, for whi
h we 
an guarantee that they 
onverge to a valuewithin a 
ertain bound of the mathemati
al optimum.A
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Appendix: Modi�ed Carlier's algorithmThis Appendix presents a modi�ed version of Carlier's algorithm [10, 12℄ for solving the feasibility ofproblem (3) for a given �, when ni = 1. We were not able to reprove Carlier's original algorithm (we thinkthat the proposed example in the paper has a minor error), thus, the algorithm presented here in
ludes amodi�
ation by us. We present this 
omplete algorithm and our proof (whi
h is a slightly modi�ed versionof Carlier's) here, as the original algorithm is published in Fren
h and may not be a

essible to some.We reprodu
e the work of Carlier [10, 12℄ as mu
h as possible, using the original notation of the author,and modifying it when ne
essary. The problem solved by Carlier is the following.Let I be a set of jobs. We want to �nd an ordering7 T = (ti)i2I su
h that1. ti � ai, job i 
annot start before time ai.2. ti +D � bi, job i 
annot end after time bi.3. ti < tj =) tj � ti +D: two jobs 
annot be exe
uted simultaneously.A few de�nitions and some notation need to be given and will be used in the algorithm below. Thealgorithm re
ursively builds an ordering T x satisfying the 
onditions above, where the re
ursion is run onx whi
h represents time (therefore, x will be pro
eed from mini ai to maxj bj).� Kx = fijai +D � xg is the set of jobs whi
h 
an be �nished before time x.� Let T x be an ordering of the jobs 
onstru
ted by the algorithm; we 
all Ux the set of jobs orderedby T x: Ux = fiji ordered by T xg.� H = Kx � Ux�D is the set of jobs whi
h 
an be �nished before time x (i.e. from Kx), whi
h havenot been ordered by T x�D (i.e. not in Ux�D).� m is the most urgent job of H: m = argminh2H bh.� The delay of an ordering T (with 
orresponding set of indi
es U) is: y = maxu2U (tu+D). The delayof T is the time this ordering takes to 
omplete.� An ordering T (with 
orresponding set of indi
es U) a
tive as follows: an ordering T (with 
orre-sponding set of indi
es U) is said to be a
tive i� there does not exist a job w in the 
omplement U of Usu
h that maxu2U (tu+D) > bw�D. In other words, there does not exist a job w in the 
omplement ofU whi
h 
annot be pro
essed before its deadline bw be
ause w 
annot start before the 
ompletion time(delay) of the jobs in U . Mathemati
ally, it equivalently reads: maxu2U (tu +D) � minu2U bw �D.7In Fren
h: \ordonnan
ement" 16



� An ordering T (with 
orresponding set of indi
es U) is said to be x-a
tive i� it is a
tive and has adelay less than x.� fT x�D+mg is the ordering obtained by adding the most urgent job m to the ordering T x�D, if m isexe
uted as soon as possible. As soon as possible means the job m should start at tm = maxfam; yg,where y = maxu in T x�D(tu +D) is the delay of the ordering T x�D.� T (x) is the set of orderings whi
h are a
tive and whi
h have a delay less than x.De�nition 1. (Carlier) The operator \preferable to" � is de�ned the following way: for two sets U andV of elements of I, U � V if:1. p = jU j � r = jV j2. bu1 � bv1 ; � � � ; bur � bvr if bu1 � bu2 � � � � bup and bv1 � bv2 � � � � bvr .Theorem 4 (after Carlier [10, 12℄). 8x 2 fmini2I ai; � � � ;maxi2I big, the set T x 
onstru
ted by thealgorithm below is x-a
tive and is preferable to any other x-a
tive ordering.1 8x 2 fmini2I ai; � � � ;mini2I ai +D � 1g, T x := ;, Ux := ;2 for x = mini2I ai +D : maxi2I bi3 Kx := fijai +D � xg, H = Kx � Ux�Dif H = ;4 T x = T x�Delse5 m = argminh2H bhif fT x�D +mg is a
tive6 T x = fT x�D +mgelse7 T x = T x�1endendend8 if Ux 6= I no solution else return T x end
Proof | The proof is done by indu
tion on x. Obviously, 8x 2 fmini2I ai; � � � ;mini2I ai +D � 1g, the property is true,sin
e T x := ; and Ux := ;.Suppose the property is true for all z � x� 1. We want to show that it is true for T x. There are two 
ases:Case 1: H = ;. 17



We know that Kx � Ux�D be
ause Kx � Ux�D = ;. Sin
e the set of jobs ordered at time x � D is at most the number ofjobs that 
an be ordered at time x�D, Ux�D � Kx�D � Kx, be
ause Kx is monotoni
ally in
reasing. Combining the abovein
lusions, we have Kx = Ux�D. This means that all jobs exe
utable before time x are ordered by Ux�D (i.e. by T x�D). Also,T x�D 2 T (x�D) � T (x), therefore T x�D 2 T (x). This implies that T x�D is a maximal element of T (x) for the preorder �.Case 2: H 6= ;.H 
ontains at least one element whi
h 
an be �nished before x not ordered by Ux�D. Let T 0 = fT x�D +mg; let T be anyordering in T (x), and 
all l the last job whi
h was ordered by T , and T �flg the ordering obtained by withdrawing job l fromT , U the set of jobs ordered by T .� We �rst show that if T 0 is a
tive, then T 0 � T . We use Carlier's [10, 12℄ lemma on the preorder �:Lemma: (Carlier [10, 12℄) Let C and E be two sets su
h that C � E. Let u =2 C and v =2 E. Suppose that 8w 2 C,bu � bw. Then fug [ C � fvg [E. �.We 
an apply the previous lemma to the present problem: take I = Kx, C = Ux�D, E = U �flg, u = m, v = l. In thefollowing, the 
omplement of a set K � I is de�ned as K = InK. Clearly, u =2 C, v =2 E, 8w 2 C, bu � bw be
ause by
onstru
tion, m = u is the most urgent job. Finally Ux�D � U � flg by the indu
tion assumption. Therefore T 0 � T ,that is, T 0 is preferable to any element of T (x). Sin
e T 0 is a
tive, it must also be x-a
tive. To see this, we need to provethat the delay of T 0 is less than x. Calling y the delay of T x�D, we have y � x�D. Sin
e y � minw2T x�D bw �D,be
ause T x�D is x�D a
tive and m 2 T x�D \Kx, m 
an be exe
uted before x, i.e. tm +D � x. In 
on
lusion, T 0 isx-a
tive and preferable to all elements of T (x).� Se
ond, we show that if T 0 is not a
tive, then T x = T x�1. We want to show that 8T 2 T (x), T x�1 � T .{ If maxu2T (tu +D) � x� 1, this result is immediate by indu
tion.{ Otherwise maxu2T (tu +D) = x. We 
all l the last job ordered by T (see Figure 5). By indu
tion, we know thatT x�D � T � flg. This implies 8 T � flg � T x�D.Be
ause fT x�D +mg is not a
tive, 9w 2 fT x�D +mg su
h that bw �D < x. We have w 2 T sin
e otherwise w
an only start after x (the delay of T ) or bw�D � x, whi
h is a 
ontradi
tion. Thus, w must have been pro
essedbefore x and w 2 Kx. Sin
e m was the most urgent task added to T x�D, bm � bw < x+D (that is, both m andw are in Kx when m is added).Now we have: m 2 T x�D and w 2 T x�D. Sin
e T � flg P T x�D, T � flg 
ontains at least two jobs i and j,indexed by the order bi � bj , su
h that bi � bm < x+ D and bi � bw < x+D. Furthermore, sin
e both i andj are in T � flg, one of them must be s
heduled after l, say job j, with 
ompletion time at least x + D. Thisimplies bj � x+D, whi
h 
ontradi
ts the previous inequality. Therefore there 
annot be T 2 T (x) of exa
t delayx.We have proved that regardless of how T x was 
onstru
ted, it is always x-a
tive, and orders more jobs than any other x-a
tiveordering T . If a solution to the original problem exists (i.e. the problem is feasible), we know that the algorithm will �nd it,be
ause for any x, it �nds one x-a
tive ordering with the maximal number of jobs. It suÆ
es to mar
h x until maxi2I bi. �Theorem 5. 1. The 
omputational 
omplexity of 
al
ulating T x at ea
h step is O(N). 2. It is possible tomodify the algorithm su
h that the overall 
omputational 
omplexity is O(N3).8Carlier also shows A � B ) B � A. 18
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T x�D mlx�D bwbw �D TfT x�D +mgFigure 5: Case 2 from the proof of Theorem 4, with fT x�D + mg not a
tive. Orderings T of delay xexa
tly and fT x�D +mg at iteration x. The last job l of T is su
h that tl +D = x.Proof |1. In step 3, the 
omputational 
omplexity of 
al
ulating Kx, for all x from mini2I ai +D to maxi2I bi is O(N) (sin
e itrequires stepping through all ai). Therefore, in the for loop of step 2, it is O(1). The 
omputation of H is at most O(N),if the two sets Kx and Ux�D are 
onstru
ted with in
reasing indi
es (i.e. the sets are indexed su
h that performingKx�Ux�D only requires 
he
king the upper indi
es of Kx and Ux�D). All other operations are O(1) ex
ept 
omputingm = argminh2H bh. The 
ost of 
omputing T x is thus O(N).2. It suÆ
es to 
ompute the T x for x = ai + kD, with i 2 I = f1; : : : ; Ng and k 2 I = f0; : : : ; N � 1g. The total numberof x is N2, whi
h gives the algorithm a 
omplexity of O(N3). �Remark |� An upper bound on the number of T x is maxi2I bi �mini2I ai.� The 
omplexity 
an be redu
ed to O(N2min(N;D)) with an additional test on Ux. At ea
h iteration, we add thetest Ux = Kx. If this is true, x := mini2I�Kx ai. The number of su
h jumps is at most N . Between two jumps, anumber �i of jobs is s
heduled, for a duration D ea
h. PNi=1 �i = N , thus the number of x to step through for thesejobs is at most ND. The total number of x to step through is thus N + ND. The 
omplexity of the algorithm isthus O(N2minfN;Dg). In another arti
le [11℄, Carlier shows that it is even possible to redu
e the 
omplexity of thealgorithm to O(N log(N)min(N;D)). �We run Carlier's numeri
al example on the present algorithm, as an illustration of the algorithm. Considersix jobs, with following release times: a1 = 0, a2 = 2, a3 = 7, a4 = 9, a5 = 10, a6 = 24, and the followingdeadlines: b1 = 32, b2 = 35, b3 = 22, b4 = 20, b5 = 23, b6 = 30. The pro
essing time of ea
h job is D = 5.The following array now shows the results obtained on this example, with the algorithm above. For x = 19,fT14 + 3g = f1; 4; 3g is not a
tive, a

ording to the de�nition of a
tive: the delay of this ordering is 19.This does not enable the later s
heduling of job number 5: b5 = 23 < 19 +D = 24. Therefore, T19 = T18.Similarly, for x = 20, U15 = f1; 2; 4g, m = 3, but f1; 2; 4 + 3g is not a
tive, be
ause its delay is 20, andb5 = 23 < 20+D = 25. fT15+mg is not a
tive, therefore T20 = T19. The same is true for T21. For x = 22,19



it be
omes a
tive again, and the jobs 
an be added properly until a full ordering is produ
ed for x = 32(see Figures 6 and 7).x K H m fTx�D +mg Ux Txa
tive5 f1g f1g 1 yes f1g f0g6 f1g f1g 1 yes f1g f0g7 f1; 2g f1; 2g 1 yes f1g f0g8 f1; 2g f1; 2g 1 yes f1g f0g9 f1; 2g f1; 2g 1 yes f1g f0g10 f1; 2g f2g 2 yes f1; 2g f0; 5g11 f1; 2g f2g 2 yes f1; 2g f0; 5g12 f1; 2; 3g 2; 3 3 yes f1; 3g f0; 7g13 f1; 2; 3g 2; 3 3 yes f1; 3g f0; 7g14 f1; 2; 3; 4g f2; 3; 4g 4 yes f1; 4g f0; 9g15 f1; 2; 3; 4; 5g f3; 4; 5g 4 yes f1; 2; 4g f0; 5; 10g16 f1; 2; 3; 4; 5g f3; 4; 5g 4 yes f1; 2; 4g f0; 5; 10g17 f1; 2; 3; 4; 5g f2; 4; 5g 4 yes f1; 3; 4g f0; 7; 12g18 f1; 2; 3; 4; 5g f2; 4; 5g 4 yes f1; 3; 4g f0; 7; 12g19 f1; 2; 3; 4; 5g f2; 3; 5g 3 no f1; 3; 4g f0; 7; 12g20 f1; 2; 3; 4; 5g f3; 5g 3 no f1; 3; 4g f0; 7; 12g21 f1; 2; 3; 4; 5g f3; 5g 3 no f1; 3; 4g f0; 7; 12g22 f1; 2; 3; 4; 5g f2; 5g 5 yes f1; 3; 4; 5g f0; 7; 12; 17g23 f1; 2; 3; 4; 5g f2; 5g 5 yes f1; 3; 4; 5g f0; 7; 12; 17g24 f1; 2; 3; 4; 5g f2; 5g 5 yes f1; 3; 4; 5g f0; 7; 12; 17g25 f1; 2; 3; 4; 5g f2; 5g 5 yes f1; 3; 4; 5g f0; 7; 12; 17g26 f1; 2; 3; 4; 5g f2; 5g 5 yes f1; 3; 4; 5g f0; 7; 12; 17g27 f1; 2; 3; 4; 5g f2g 2 yes f1; 3; 4; 5; 2g f0; 7; 12; 17; 22g28 f1; 2; 3; 4; 5g f2g 2 yes f1; 3; 4; 5; 2g f0; 7; 12; 17; 22g29 f1; 2; 3; 4; 5; 6g f2; 6g 2 yes f1; 3; 4; 5; 2g f0; 7; 12; 17; 22g30 f1; 2; 3; 4; 5; 6g f2; 6g 2 yes f1; 3; 4; 5; 2g f0; 7; 12; 17; 22g31 f1; 2; 3; 4; 5; 6g f2; 6g 2 yes f1; 3; 4; 5; 2g f0; 7; 12; 17; 22g32 f1; 2; 3; 4; 5; 6g f6g 6 yes f1; 3; 4; 5; 2; 6g f0; 7; 12; 17; 22; 27g
20
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Figure 6: Su

essive orderings obtained with the modi�ed Carlier algorithm for x in f5; � � � ; 19g. A stripon row i means that job i has been s
heduled at the time 
orresponding to the beginning of the strip. Row0 shows the set of all ordered jobs. At x = 19, fT 14 +mg is not a
tive a

ording to our new de�nition,therefore, U19 = U18. 21
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Figure 7: Su

essive orderings obtained with the modi�ed Carlier algorithm for x in f20; � � � ; 32g. Thesame as in Figure 6 happens for x = 20 and x = 21. This prevents job 5 to be added in violation of itsdeadline (x = 22). 22


