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ABSTRACT

In this study, we implement six ranging-based localization
algorithms from the literature and evaluate them in simula-
tions that employ real-world ultrasound ranging data. We
find that small variations in the ranging model can lead to
large variations in localization error. We analyze each algo-
rithm to identify how implicit assumptions may be violated
by empirical ranging data and why this changes the behavior
of the algorithm.
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1. INTRODUCTION

Ranging-based sensor localization is the problem of iden-
tifying the locations of sensor nodes given estimates of the
distances between them, known as range estimates. There
are currently a large number of ranging-based localization
algorithms in the literature, each of which makes a differ-
ent geometric approximation: some algorithms assume that
a network can be decomposed and localized as several sub-
networks; other algorithms assume that range estimates can
be added together to create longer range estimates; other al-
gorithms assume that multi-dimensional coordinates can be
projected onto a two-dimensional space. Each of these ap-
proximations greatly simplifies the sensor localization prob-
lem and has been validated in simulation with the Noisy
Disk ranging model. However very few of them have been
tested or demonstrated with real-world ranging techniques
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such as ultrasonic time of flight or radio signal strength.
This raises the following important question:

Question Do approximation algorithms make assumptions
that may be violated by real-world ranging techniques?

In this study, we implement six ranging-based localization
algorithms from the literature and analyze each of them for
implicit assumptions about the ranging model. Our scien-
tific approach is to first evaluate each algorithm with the
Noisy Disk ranging model. Then, we add a new ranging
irregularity X to our model (eg. non-Gaussian noise), and
evaluate the algorithm again. A comparison of the two re-
sults verifies one of two possible hypotheses:

Hy Irregularity X does not violate an assumption of the algo-
rithm, and localization error in both trials will be the same.

H: Irregularity X does violate an assumption of the algo-
rithm, and localization error in both trials will be different.

We repeat this procedure for several different ranging ir-
regularities. Once we have established which assumptions of
an approximation algorithm are violated by empirical rang-
ing data, we perform a deeper analysis and discussion into
how and why these violations affect each of the six approx-
imation algorithms.

Several of these algorithms have been designed to be ro-
bust to ranging noise, ie. they are designed such that small
variations in range estimates do not cause large variations
in localization error. In contrast, this study evaluates an al-
gorithm’s robustness to the ranging model; it tests whether
small variations in the model cause large variations in lo-
calization error. In many ways, robustness to the ranging
model is more important than robustness to ranging noise; it
has been well established that real-world ranging character-
istics are unlike those of the Noisy Disk model [14] and, fur-
thermore, every deployment will have distinct, idiosyncratic,
and anomalous ranging features due to different hardware,
environmental sensitivities, and signal analysis techniques.
A localization algorithm that directly relies on artifacts of
a specific parameterization or theoretical model is therefore
unlikely to be useful in practice. The results of this study
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is the first study to evaluate most of these algorithms with
a ranging model other than the Noisy Disk.
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Figure 1: The (a) connectivity and (b) noise distri-
bution of empirical ultrasound ranging data exhibit
all four types of ranging irregularities.

2. EXPERIMENTAL SETUP

For the purposes of this study, we define sensor field lo-
calization in terms of n nodes in a two-dimensional plane,
the first m of which are anchor nodes which have known lo-
cations in a global coordinate system. We focus on ranging-
based localization, in which each node ¢ can obtain a dis-
tance estimate to its neighbor j that is some function of the
true distance between them.

dij = f(di;) (1)
Many pairs of nodes i and j, especially those with large
distances between them, will not obtain a valid distance
estimate, which we call a range failure and denote as d;; = @.
Thus, the nodes and the distance estimates between them
form a graph G = (V, E), where |V| = n and e;; € E =
cfij. Ranging-based sensor field localization is the problem
of deriving the positions of the n —m unlocalized nodes from
the graph G.

2.1 Ranging Models & Irregularities

A ranging model is the function f(d;;) from Equation 1.
The Noisy Disk is the idealized model of ranging in which
each node obtains a range estimate with Gaussian noise o
to all neighbors within a maximum range dyqz. The Noisy
Disk is the de facto standard model for evaluating or com-
paring most localization algorithms in the literature. Range
estimates can be generated according to this model in sim-
ulation through the following function:

(2)

dA _ N(dz], U) dz] S dmaz
v 0] dij > dma:c

In a previous study, we used the Noisy Disk to predict
the localization error of real deployments using both ultra-
sound and radio signal strength ranging. Once we actually
performed the deployments, however, we found that the em-
pirical localization error was dramatically different from that
predicted [14]. This motivated us to identify four different
types of empirical ranging irregularities:

Extreme overestimates: an excess of range esti-
mates that are longer than the true distance by more
than two standard deviations

Extreme underestimates: an excess of range esti-
mates that are shorter than the true distance by more
than two standard deviations

Long-range proficiency: the existence of range esti-
mates between nodes farther than nominal range dp,qz

Short-range deficiency: the existence of range fail-
ures between nodes closer than nominal range dy,qqz

Each of these irregularities can be seen in our empirical
ultrasound data shown in Figure 1. Figure 1.b shows a his-
togram of ranging error between several hundred pairs of
nodes at different distances. Each pair uses the filtered value
from 10 independent ranging trials. The extreme underes-
timates occur when the ultrasound transducer detects an
ultrasound signal before it actually arrives, perhaps due to
environmental noise or calibration problems. The extreme
overestimates occur when the transducer does not detect
the signal until long after it actually arrives, perhaps due to
multi-path effects. Figure 1.a shows, for these same pairs,
the probability of successfully obtaining a range estimate on
each of 10 trials at different distances. A short-range de-
ficiency is evident in that many pairs that are closer than
dmaz do not in fact obtain a ranging estimate with some
probability. This may be caused by irregular environmental
attenuation or because our noise filter has removed highly
variable readings. A long-range proficiency is also evident
in that pairs that are farther than dmq., do obtain a range
estimate with some non-zero probability, perhaps caused by
an amplifying environmental pathway.

In this study, we evaluate each algorithm with five differ-
ent ranging models, each of which incorporates one ranging
irregularity more than the previous one:

Model 1 (Noisy Disk): No irregularities
Model 2: Model 1 + Extreme overestimates
Model 3: Model 2 + Extreme underestimates
Model 4: Model 3 + Long-range proficiency
Model 5: Model 3 + Short-range deficiency

We use the empirical ultrasound ranging data from Fig-
ure 1 to generate these ranging irregularities in simulation
with a technique that we call Statistical Emulation, which
uses statistical sampling techniques to employ empirical data
directly in simulation. We previously validated this tech-
nique by comparing it to real localization deployments and
showing that it accurately predicts localization error [14].
Complete details about the Statistical Emulation algorithm
are available in that study.

In all of our models, the Noisy Disk parameters o and
dmaz are derived directly from the ultrasound data in or-
der to make the three models as comparable as possible.
We fit a mixture of Gaussians to the ultrasound data and
choose the parameter o with the highest likelihood. This
value is more representative of the nominal data than fit-
ting a single Gaussian because it is not affected by noise
irregularities. The maximum range dma. is set to a value



Single-hop Multi-hop
Centralized Distributed
- RADAR = Max Likelihood » DV-distance
+ Active Bats * Convex Opt » Bounding Box | -,
* Cricket %‘
* MoteTrack =
54
* MDS-Map * GPS-free
* Robust Quads | &
» MDS-Map(P) 8
<
o

Figure 2: This taxonomy shows the six algorithms
evaluated in this paper in bold.

that would achieve the same average degree as the empirical
data. We call this value the effective range of the empirical

data, which can be calculated as r.fy = g where
r=dmaz
P:/ I % 72 % p(r) (3)
r=0

and p(r) is the probability of successfully obtaining a range
estimate at distance r. Nodes using the Unit Disk model
of connectivity with parameter dmar = Tefs should have
the same number of neighbors as nodes using the empirical
ultrasound data.

2.2 Algorithms and Topology

The six algorithms we evaluate are shown in Figure 2.2 in
terms of a traditional taxonomy of localization algorithms,
and are each described in more detail when analyzed in later
sections of the paper. Several of these algorithms use a form
of refinement [7, 9, 5, 10] in which location estimates are im-
proved through either coordinate or gradient ascent. We do
not include refinement algorithms in our analysis because
they can be applied to the results of any localization algo-
rithm and do not affect their approximations or assump-
tions.

We evaluate all six algorithms on a simulated 18m x 18m
square topology with 100 nodes and four anchors on each
side. Nodes are placed in a grid with Gaussian noise added
to the grid positions to avoid exhibiting artifacts of the net-
work partitions which are likely in a completely random
topology or of the strict rigidity of a grid, neither of which
are representative of the canonical deployment. Regardless
of the ranging model used, all networks have an average de-
gree of 9, which has been shown to be a transition point
between high and low density networks [4]. The only excep-
tion to this rule are trials with Model 4, for which it was
impossible to hold both dm., and average network degree
constant. These trials have higher network degree of 12 be-
cause the model incorporates long-range proficiency and all
nodes closer than d,.q: are connected.

This experiment only measures a single point along the di-
mensions of network size, anchor density, topology, etc. The
chosen topology is sufficiently representative of the canonical
sensor field deployment, however, because smaller topologies

Rank Ideal

1 MDS-Map
DV-Distance
2 MDS-Map(P)

Empirical
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4 GPS-Free Robust Quads

GPS-Free

Figure 3: Algorithm rankings differ when using the
idealized ranging model and empirical ranging data.

exhibit predominantly edge effects (nearly all nodes are near
an edge) and larger deployments can be subdivided into a
network of this type by placing anchor nodes appropriately
throughout the network. The purpose of this study is not to
explore the effects of network size and anchor density, which
has been done in other studies [4, 6, 8], but to explore the
effects of ranging irregularities.

3. EXPERIMENTAL RESULTS

The median errors and the median percentage of nodes
localized in 30 trials of each algorithm with all five ranging
models are shown in Figure 4. We used a one-tailed t-Test
with a = 0.05 to formally compare adjacent models, and the
statistically significant changes are indicated in the figure
with *s. These changes allow us to accept one of the two
hypotheses from Section 1 for each algorithm. For example,
the Bounding Box and DV-Distance algorithms are both
significantly affected by Models 3 and 4, but not Models 1
and 5. Therefore, we conclude that they are sensitive (H;)
to extreme underestimates and long-range proficiency and
not sensitive (Hp) to extreme overestimates and short-range
deficiency. We analyze the results of each algorithm in more
detail in the following six sections.

The most surprising result of this study is the extremely
high sensitivity of all algorithms to small changes in the
ranging model. Simulation with a theoretical model is never
an exact replica of reality and is never expected to produce
exactly the same algorithmic response as empirical noise.
However, we do typically expect simulation to be:

1. indicative: results should be within a constant fudge
factor of empirical results

2. decisive: an algorithm that performs better in simu-
lation should also perform better in reality

The results of our experiment do not meet either of these
expectations. Localization error increases by less than 70%
for some algorithms and over 800% for others. We used
a one-tailed t-Test with a = 0.05 to derive a statistically
significant ranking of all algorithms, and the resultant or-
derings are very different when using Models 1 and 5, as
shown in Table 3. This indicates that simulation using the
Noisy Disk ranging model is neither indicative nor decisive,
meaning that is has almost no value when trying to design,
tune, and deploy a localization algorithm in the real world.
This motivates our more detailed analysis and discussion in
the next six sections about why each algorithm is so sensitive
to ranging irregularities.
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4. BOUNDING BOX

The Bounding Box algorithm [9, 12] uses the length of
edge e;; € E to constrain the unknown coordinates of node
i in terms of the known coordinates of anchor node j. These
constraints take the following form:

Tj—eij < T

Yi —eij < Y

< xj+ ey
< Yj + eij

These are very loose constraints which only require that
a node be within a certain distance from an anchor node,
not at a certain distance. Furthermore, the constraints are
placed on the z and y coordinates independently, so the
union of constraints from all anchor nodes defines a box,
not a circle, as depicted in the left side of Figure 5.

Bounding Box makes two approximations: 1) The location
of each node is approximated to be the center of the box
defined by the union of all constraints 2) all ranging failures
ei; = ¢ can be approximated by shortest path distances sp;;
through the graph G. In other words, if i does not have a
range estimate directly to 7 but both have range estimates
to a third node k, the edge distance may be estimated to
be e;; = spij = dir + dr;j. The shortest path distances can
easily be calculated in the network using a distance vector
algorithm similar to those used in routing.

As shown in Figure 4(a), localization error for the Bound-
ing Box algorithm significantly increases when subject to
extreme underestimates and long-range proficiency. Simul-
taneously, the percentage of nodes that the algorithm is
able to localize drops significantly. However, the algorithm
is largely impervious to extreme overestimates and short-
range deficiency. We can explain this phenomenon through
a deeper analysis of how the shortest path approximation is
affected by noise and connectivity irregularities.

Intuitively, shortest path distances are always longer than
the true distance because of their zig-zag nature, as illus-
trated in Figure 6(a). Shortest paths straighten out as

the network density increases and should asymptotically ap-
proach the true distance as density goes to infinity. However,
any shortest path algorithm will preferentially uses under-
estimated ranging estimates and avoids overestimated range
estimates; given a choice between two similar paths, the al-
gorithm will choose the one with more underestimates, as
illustrated in Figure 6(b). Therefore, the positive and nega-
tive errors in range estimates do not necessarily cancel out;
shortest path algorithms are highly sensitive to underesti-
mates and are largely impervious to overestimates.

For these reasons, the extreme underestimates in our em-
pirical ranging data can cause disproportionate errors in
shortest path estimates. They effectively create shortcuts
through the network and divert many shortest paths, caus-
ing widespread errors through a wormhole effect. This is il-
lustrated in Figure 7(a), which shows that the introduction
of ultrasound noise irregularities can cause 50-75% errors in
shortest paths, even though the nominal empirical ranging
error is only around 5-10%; the few range estimates that are
extremely underestimated cause errors in a large number of
shortest paths. The same graph shows that the impact of
ranging noise increases with network density. This is be-
cause the distance vector algorithm has more reasonable al-
ternatives to a shortest path in a very dense network than in
a very sparse one and will therefore have more opportunities
to use underestimates or avoid overestimates.

The effects of empirical noise are exacerbated by the ef-
fects of long-range proficiency. The shortest path algorithm
prefers to use long ranges and largely ignores short ranges
because long ranges tend to decrease the shortest path dis-
tance, as illustrated in Figure 6(c). Therefore, the fact that
our empirical ultrasound data has more long ranges and less
short ranges than the idealized model means that shortest
path distances will be decreased further, even though net-
work density remains the same. This effect is illustrated in
Figure 7(a) where, for each density, the shortest path dis-
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Figure 5: (a) Bounding Box constrains each node to
be within its multi-hop distance to each anchor (b)
sometimes resulting in inconsistent constraints.

tances are shorter when subject to both noise and connec-
tivity irregularities than when subject to noise irregularities
alone.

Thus, extreme underestimates and long-range proficiency
combine to yield shortest path distances which are up to 50%
shorter than the true distances. This is extremely detrimen-
tal to the Bounding Box algorithm when it results in incon-
sistent bounds, ie. the upper and lower bounds defined by
two or more anchor nodes do not overlap. In this scenario,
nodes cannot be localized, as seen in Figure 5(b). As noise
and connectivity irregularities are introduced, the percent-
age of nodes localized by Bounding Box quickly drops to the
extent that Bounding Box cannot localize most nodes when
subject to Model 5, even at low densities. The shortest path
errors at each density are strongly correlated with the per-
centage of nodes localized by bounding box, as shown by the
two graphs in Figure 7.

5. DV-DISTANCE

Like the previous algorithm, DV-Distance [6] approximates
the distance between a node ¢ and an anchor node j to be
the shortest path distance sp;;. DV-Distance then uses this
value to constrain the position of node 7 in terms of the posi-
tion of each anchor node j with an equation of the following
form:

0= (zi — ;) + (yi —y;)° — spi;

In contrast to Bounding Box, this strict equality relates both
z and y coordinates in the same equation, forming a circular
constraint. A system of at least three such equations can be
linearized and solved with least squares for the coordinates
z; and y;. In this way, DV-Distance uses the shortest path
distances to reduce the multi-hop localization problem to
single-hop localization and directly solve for node position.
Because DV-Distance makes the same shortest-path ap-
proximation as Bounding Box, it is susceptible to the same
ranging irregularities: extreme underestimates and long-range
proficiency. DV-distance solves directly for a point estimate
of each node’s position, however, and does not suffer from
the problem of inconsistent bounds as Bounding Box does.
Therefore, DV-Distance is always able to localize all non-
anchor nodes in the network, as shown in Figure 4(b).

Underestjrfate

@verestimate
/

(a) Normal

(b) Noise (c) Range

Figure 6: Theoretically, shortest paths zig-zag and
should always be longer than the true distance.
However, extreme underestimates and long-range
proficiency combine to significantly shorten them.

To deal with noise in the shortest paths, DV-distance ex-
ploits the fact that each anchor node can calculate the ratio
of the shortest path distance and the true distance to all
other anchors. This ratio is transmit to the network as a
correction factor, which can be used by neighboring nodes
to adjust shortest path estimates before localization. The
correction factor at anchor k for anchor j would be of the
following form:

Pk 4
Vi — o) + (y; — yw)? @

Anchor correction factors are intended to fix exactly the
kind of systematic errors in shortest path distances that
trouble Bounding Box. Indeed, Figure 5 shows that correc-
tions factors cause the median shortest path distance error
with Model 5 to be very similar to that achieved with Model
1. However, DV-Distance’s localization error is affected by
empirical ranging data almost as much as Bounding Box.

Correction factors are not very effective in the face of rang-
ing irregularities because they do not remove the high vari-
ance in shortest path distances caused by Model 5. Figure 5
shows that corrected shortest path distances from Model 5
can be off by a factor of two both before and after correc-
tion factors. The reason for this high variance is that, as
stated in Section 4, a small number of noise or connectivity
irregularities cause errors in a large number of shortest path
distances. However, they do not cause errors in all shortest
paths, nor are all irregularities equally damaging. Therefore,
some shortest path distances will be greatly affected by rang-
ing irregularities while others will be unaffected. Anchor
corrections apply to all shortest paths regardless, correcting
any general bias in shortest path errors but not variance.

6. MDS-MAP

MDS is an analytical technique to derive n-dimensional
positions of n objects given a complete similarity matrix D
with the metric distances between them. MDS-map [11] is a
ranging-based sensor localization algorithm that uses MDS
by making two approximations: 1) all range failures e;; =
¢ can be approximated by shortest path distances sp;; to
convert the incomplete matrix F into a complete similarity
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Figure 8: Correction factors reduce systematic bias,
making the shortest path distances of Model 5 ap-
proximate those of Model 1. However, they do not
remove the high variance that ranging irregularities
cause in the shortest path algorithm.

matrix D 2) the locations of all nodes can be approximated
by a 2-dimensional projection of the n-dimensional positions
derived through MDS. This procedure requires the entire
graph G, so MDS-Map is a centralized algorithm.

Even though MDS-Map also uses the shortest path ap-
proximation, it is much more robust to underestimated ranges
than Bounding Box and DV-Distance. One shortcoming
of the previous two algorithms is that they only use edges
ei; between nodes and anchor nodes; DV-Distance uses one
shortest path per anchor node, while Bounding Box only
uses at most four shortest paths in total: those that define
the highest and lowest bounds on its  and y coordinates.
MDS-Map uses edges between all nodes simultaneously, dra-
matically increasing the number of constraints used to de-
termine a node’s location and reducing the ability of a few
underestimates to have significant influence.

MDS-Map also shows a marked increase in sensitivity to
extreme overestimates with respect the Bounding Box and
DV-distance, which were both impervious to them. This is
because shortest paths of one or two hops are more likely
to be affected by extreme overestimates than shortest paths
of many hops, since the latter can more easily avoid the
overestimate. Bounding Box and DV-Distance primarily use
shortest paths to estimate long distances between nodes and
anchor nodes. Because MDS-Map estimates the shortest
path differences between all pairs of nodes, however, most
of the pairs of nodes are relatively close together. While the
first two algorithms therefore showed a general bias towards
underestimated shortest paths, MDS-Map shows instead a
much higher total variance, with many underestimated and
many overestimated edge.

7. GPS-FREE

While the previous three algorithms are what we call short-
est path approximations, the next three are what we call
patch and stitch approximations. A patch and stitch algo-
rithm forms a small patch or cluster around each node i con-



sisting of all neighbors N; C V where j € N; <= e;; # 0.
All nodes in each patch are localized relative to a local co-
ordinate system and the overlap N;; = N; N N; between
patches of neighboring nodes i and j can be used to derive a
coordinate transform that will give the location of i relative
to j. The relative locations of non-neighbor nodes ¢ and j
where N; N N; = ¢ can be calculated by cascading trans-
forms from multiple overlapping patches between i and j.
A global stitching order can be used to localize all nodes
within the same coordinate system.

The patch localization algorithm used by GPS-free uses
the center node ¢ of the patch and two connected neighbor
nodes { j,k | eij,eix,ei € E} to bootstrap a coordinate
system by assigning the following coordinates:

(‘r% yi) = (07 0)
(zj,y;) = (di;,0)
(zk,yx) = (dir cos(7), dik sin(7))

where
(dig)” + (din)* — (ds)?
Q(dij * dzk)

These three nodes become anchor nodes that define a local
coordinate system. The other nodes in the patch are local-
ized using iterative multilateration [9]: any node connected
to at least three anchors is first localized and then used to
localize other nodes. This process repeats until all possible
nodes are localized. GPS-free chooses the two bootstrapped
anchors j and k to maximize the total number of neighbors
in the patch that can be localized through iterative localiza-
tion. This criteria does not uniquely specify the pair, and
in our implementation we randomly chose any pair that met
this criteria.

Neither GPS-free nor Robust Quads, the next algorithm,
specify a global stitching order so in our implementation we
use the order specified by MDS-Map(P), the last algorithm.
The set of stitched patches S is initialized to the largest
patch S = argmax;,|N;|. The set of unstitched patches is set
to be all other patches S = V — S. At each step, the next
patch to be stitched is determined to be the patch in S that
has the largest overlap with any patch in S

i€S,jel (6)

~ = arccos(

) ()

argmax; |N; N Nj|

The only significant change to the GPS-Free localization
error is caused by extreme overestimates. However, this
algorithm is actually sensitive to several ranging irregulari-
ties, but the effect is not statistically significant because the
magnitude of the error has already approached that of ran-
dom node placement. This extreme sensitivity to noise can
be attributed to Iterative Multilateration, GPS-Free’s patch
localization algorithm, which exhibits the same trend. Itera-
tive Multilateration is highly sensitive to noise irregularities
because each step in the process uses only a few range esti-
mates, and subsequent steps build upon the results of earlier
steps. While there are very few extremely underestimated
or overestimated ranges in the data set, if one of them is
used in an early stage of localization, the errors it causes
will propagate to all other nodes in the cluster.

The more surprising fact about GPS-Free localization is
that the percentage of localized nodes is actually improved
when subjected to long-range proficiency and short-range

Figure 9: Using Robust Quads, the top six and the
bottom three nodes in this cluster cannot be local-
ized to a common coordinate system. At only 66%
localized, this patch has a high probability of stop-
ping the stitching process.

deficiency. These irregularities do not change the average
degree of the network or the average number of nodes local-
ized in each cluster. Instead, it makes the neighbors in each
cluster slightly farther away from each other on average.
This decreases the number of times that the intersection of
two clusters N;; is a co-linear set, causing a slight increase
in the number of patches which can be stitched.

8. ROBUST QUADS

Robust Quads is a patch and stitch approximation that
attempts to improve on GPS-Free by preventing some of the
biggest errors in iterative multilateration. The robust quads
algorithm defines a parameter of robustness # which is usu-
ally set to 30, where o is the nominal standard deviation of
ranging noise. A triangle of neighbors 7,7, and k is defined
to be robust if dcos®(¢) > 0, where d is the shortest edge
and ¢ is the smallest angle in Aijk. A clique of four nodes
1,7,k,l is defined to be a robust quad if all triangles between
these nodes form robust triangles. To localize a patch, this
algorithm first finds all robust quads from the IVl quadri-
laterals in the patch. It forms an overlap graph Go = (Vo, E,)
where each vertex is a robust quad g € V, and vertices are
connected iff the two quads have at least three nodes in com-
mon: eqp € E, <= |gNp| =3, q,p € V,. Three nodes
from one robust quad are used to bootstrap a coordinate sys-
tem, as in GPS-free, and to localize the fourth node in that
quad. Then, all other nodes in the patch are localized us-
ing iterative multilateration, with the order in which nodes
are localized defined by a breadth-first search through the
overlap graph. Because quads are fully connected, a quad
that overlaps with a localized quad is guaranteed to have at
most one unlocalized node that is connected to three local-
ized nodes. Robust Quads does not specify how to choose
the root of the breadth-first search. In our implementation,
we choose any quad that contains the center node i of the
patch. As with GPS-Free, we use the stitching order defined
by MDS-Map(P).

Because Robust Quads tends to localize nodes using long
ranges and avoids localizing nodes using short ranges, it is
very sensitive to extreme overestimates and relatively robust
to extreme underestimates. The dominant characteristic of
Robust Quads, however, is that with Models 1-3 less than
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Figure 10: Robust Quads goes very quickly from
localizing almost no nodes to localizing almost all
nodes. Long-range proficiency triggers this phase
transition at lower densities.

25% of the nodes can be localized to a global coordinate sys-
tem in our topology. This is not true for the Robust Quads
patch localization algorithm, which localizes on average 65%
and 55%, respectively. Therefore, we can assume that the
reason most nodes cannot be localized is because of a failure
in the stitching algorithm.

Through inspection of several networks in which no more
patches could be stitched together, we found that many of
the patches on the fringe of the localized section were similar
to the patch illustrated in Figure 9. This patch contains five
robust quads, the top three of which overlap and the bottom
two of which do not. Therefore, the top six nodes can be
localized to a common coordinate system while the bottom
three can not, i.e. 66% of the nodes could be localized. This
causes a problem during the stitching process when only
half of the cluster overlaps with a cluster that is localized
to the global coordinate system; the cluster cannot propa-
gate the coordinate system to the other side of the cluster,
and stitching stops. In a network where most patches are
localized to only 50-60%, the probability of each patch stop-
ping the stitching process is high enough that only a small
number of patches can be stitched.

Subjecting Robust Quads to long-range proficiency im-
proves the percentage of nodes that can be localized to a
global coordinate system. In the patch localization pro-
cess, the percentage of nodes localized increases to about
80%. This is because a patch with more long ranges is more
likely to have robust triangles. This is similar to the rea-
son why GPS-Free localized more nodes when subjected to
long-range proficiency. While a change from 50-60% to 80%
is not very high, it is enough to trigger a phase transition
in which the probability of each patch stopping the stitch-
ing process becomes low enough that most patches can be
stitched. This phase transition is evident in Figure 8. With
both Models 1 and 3, the transition occurs between average
degrees of 10 and 12. When long-range proficiency is intro-
duced, however, the transition occurs between degrees of 6
and 7.5. Long-range proficiency also causes the average lo-
calization error to significantly increase, approaching that of

Not a robust triangle

~

Non-connected anchors

(a) Not a Robust
Quad, but robust

(b) Not a quad, but
robust

Figure 11: Robust Quads is overly-restrictive in the
sense that it will not allow the three anchor nodes
in either of these topologies to localize the fourth
node, even though it could be performed robustly.

GPS-Free. This is presumably because the new nodes that
are being localized are those with higher localization error.

It is worth mentioning that the patch in Figure 9 can be
localized without any danger of flip or discontinuous flex
ambiguities described in [5]. The patch is not completely lo-
calized, however, because the patch localization algorithm is
too restrictive in that it does not allow multilateration even
in cases where it can be performed robustly, as illustrated
in Figure 11.

9. MDS-MAP(P)

MDS-Map(P) uses MDS-Map as a patch localization algo-
rithm. The shortest paths between all nodes in patch i are
calculated and combined with the range estimates to form
a complete similarity matrix D;, which is used to localize
the nodes in the patch relative to each other. No anchor
bootstrapping is required. The local coordinate systems are
then stitched together to form a global coordinate system
using the algorithm described earlier. The original MDS-
Map(P) proposal suggests using patches of nodes that are
more than one hop from the center of each patch. In our im-
plementation, we use one-hop patches to make the algorithm
comparable to the GPS-Free and Robust Quads algorithms.

The characteristics of MDS-Map(P) follow the same trends
as those of MDS-Map: the algorithm is more sensitive to
connectivity irregularities than to noise irregularities, al-
though significantly affected by both. The main difference
between the two algorithms is that MDS-Map(P) has con-
sistently higher error, regardless of the ranging model used,
because the stitching algorithm is amplifying the errors in-
troduced during the patch localization process. By com-
paring the localization of MDS-Map and MDS-Map(P) on
a network that required chains of up to 25 stitches, we can
infer that the stitching process amplifies errors by a factor
of two or less.

10. RELATED WORK

Two previous studies have also compared the error of
localization algorithms using both idealized and empirical
ranging. In one study, the authors hand calibrated their
radios to resemble the idealized model as much as possi-
ble and still reported that, with three hop-count based al-



gorithms, empirical localization results were several times
worse than predicted by simulation [13]. In our previous
work, we identified how noise from both ultrasound and ra-
dio signal strength ranging affect one localization algorithm
at multiple different densities [14]. To our knowledge, th
current paper is the first to study the effects of empirical
ranging characteristics on multiple ranging-based approxi-
mation algorithms, and to analyze how and why empirical
ranging characteristics affect each approximation algorithm.

Previous work has also addressed concerns of empirical
noise and connectivity irregularities in different ways. At
least one study assumes a Gaussian distribution from non-
Gaussian acoustic range errors [3] by use of the Central
Limit Theorem, which states that the means of samples from
a population will tend to be normally distributed around
the population mean, regardless of the distribution that de-
scribes the sampled population. This strategy does not elim-
inate extreme under or overestimates, however, when a pair
of nodes consistently gets highly erroneous readings due to
multi-path, attenuators, or other factors that affected the
empirical data set used in this study. Several studies in
the networking literature have addressed non-disk like con-
nectivity in radio communication and the effect of this on
applications [2, 15, 1, 16]. To our knowledge, this paper is
the first to study non-disk like connectivity in ranging, and
to analyze how this violates tacit assumptions of existing
ranging-based localization approximations.

11. CONCLUSIONS

In this paper, we find that small variations in ranging
model can cause large variations in localization error for sev-
eral algorithms. This motivates a deeper analysis, in which
we identify several implicit assumptions and analyze why
each algorithm is affected by different ranging irregularities.

The results of our study argue that robustness to the rang-
ing model is an important metric of evaluation that should
be used for localization algorithms in the future. Highly sen-
sitive algorithms may perform well in simulation but will be
unpredictable when deployed with real-world ranging tech-
niques like ultrasound or radio signal strength or when de-
ployed in a new environment with attenuators and multi-
path effects, all of which produce irregular and idiosyncratic
ranging characteristics.

The most important way to increase robustness is to eval-
uate algorithms using real-world ranging data through sim-
ulation techniques such as Statistical Emulation. A ma-
jor cause of the lack of robustness we observed is that the
Noisy Disk ranging model is used to design, evaluate, and
compare almost all localization algorithms and is the ba-
sis for most mathematical proofs and analysis. This allows
algorithms to rely on specific artifacts of this one parame-
terization. Furthermore, while our models may continually
improve, parametric ranging models will never incorporate
unexpected ranging irregularities for thorough robustness
testing. Unfortunately, most techniques that do use real
world noise, such as trace-based simulation, emulation, and
pilot deployments, can only evaluate the algorithms in a
single topology, limiting analysis in other ways. Statistical
Emulation can both accurately capture properties of real
world noise and evaluate algorithms in any topology. As
we saw in this paper, it can also incorporate only certain

features of empirical data, providing the algorithm designer
with a scientific approach to identifying algorithmic assump-
tions and sensitivities. The Statistical Emulation simulator
we used, called Silhouette, and empirical data sets for both
ultrasound and radio signal strength ranging are all publicly
available.
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