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4, place Jussieu - Case 188 - 75 252 Paris cedex 05

http://www.proba.jussieu.fr



Model selection via testing : an alternative

to (penalized) maximum likelihood estimators

L. BIRGÉ

NOVEMBRE 2003
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Université Paris VI & Université Paris VII,
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Abstract

This paper is devoted to the description and study of a family of estimators,
that we shall call T -estimators (T for tests), for minimax estimation and model
selection. Their construction is based on former ideas about deriving estimators
from some families of tests due to Le Cam (1973 and 1975) and Birgé (1983,
1984a and b) and about complexity based model selection from Barron and
Cover (1991).

It is well-known that maximum likelihood estimators or, more generally, min-
imum contrast estimators do suffer from various weaknesses, and their penalized
versions as well. In particular they are not robust and they require restrictive
assumptions on both the models and the underlying parameter for the estimators
to work correctly. Our method, which derives an estimator from many simul-
taneous tests between some probability balls in a suitable metric space, tends
to solve many of these difficulties. Its robustness properties allow to deal with
minimax estimation and model selection in a unified way, since bounding the
minimax risk amounts to perform the method with a single, well-chosen, model.
This results in simple bounds for the minimax risk solely based on some met-
ric properties of the parameter space. Moreover the method applies to various
statistical frameworks (we shall concentrate here on the i.i.d. and the Gaussian
sequence settings only) and can handle essentially all types of models, linear or
not, parametric and non-parametric, simultaneously. From these viewpoints, it
is much more flexible than traditional methods. In particular, we shall be able
to derive some adaptation results for density estimation over Besov balls that do
not seem to be accessible to classical methods. The counterpart for these nice
properties is the very high computational complexity of our construction which
makes our estimators look more like theoretical than practical tools.

0AMS 1991 subject classifications. Primary 62F35; secondary 62G05.
Key words and phrases. Maximum likelihood, robustness, robust tests, metric dimension, mini-

max risk, model selection, aggregation of estimators.
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1 Introduction

1.1 Some motivations

The starting point for this paper has been the well-known fact that the celebrated
maximum likelihood estimator (m.l.e. for short) and more generally minimum contrast
estimators like least squares or projection estimators as well as their penalized versions
do share good properties under suitable, but restrictive, assumptions but may behave
in a terrible way otherwise. This fact has been recognized for a long time; examples
about the m.l.e. and further references can be found in Le Cam (1990).

Another serious deficiency of maximum likelihood (or similar) estimators is their
lack of “robustness”. By this, we mean the property that an estimator still behaves
well (its risk does not change too much) if the true underlying distribution of the
observations does not belong to the parameter set but remains close to it. Unfor-
tunately, the performances of the m.l.e. can deteriorate considerably owing to some
small departures from the assumptions, as shown by the simple illustration given in
Section 2.1.3 below.

After some years of study of minimum contrast estimators, the present author be-
came convinced of the need for a more flexible and less demanding alternative method
for estimation and model selection. He looked for a method that would avoid many
difficulties connected with the study of penalized minimum contrast estimators: for
instance the systematic use of delicate empirical processes, chaining, or concentration
of measures arguments which typically require restrictive assumptions. He wanted
to get rid of entropy with bracketting assumptions and Kullback-Leibler information
numbers in connection with the m.l.e. and to avoid the various boundedness restric-
tions that often mar the proofs about penalized least squares and projection density
estimators. Some illustrations of these difficulties can be found in most papers and
books on the subject, among which (small sample) van de Geer (1993 and 2000),
Birgé and Massart (1997), Barron, Birgé and Massart (1999), Castellan (1999 and
2000) or Wegkamp (2003). Further limitations of the classical methods for model se-
lection are connected with the choice of the models which have to share some special
properties: they should, for instance, be finite dimensional linear spaces generated by
special bases, as in Baraud (2002) or be uniformly bounded as in Yang (2000).

1.2 About T -estimators

In this paper, we present and study an alternative estimation method which is based
on two ingredients: one or several discrete models and a family of tests between the
points of the models. By model, we mean an approximating set for the true unknown
distribution of the observation(s). As to the tests, they are tests between balls in suit-
able metric spaces of probability measures and therefore enjoy some nice robustness
properties. The existence of such tests is granted for various stochastic frameworks,
among which those corresponding to i.i.d. observations and homoscedastic Gaussian
sequences that we shall consider in this paper and to Gaussian regression with random
design which has been studied in Birgé (2002).

The resulting estimators, which we shall call T -estimators (T for tests) posess a
number of interesting properties:

i) The maximal risk over some parameter set S of a suitable T -estimator ŝ (de-
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pending on S) can be bounded in terms of simple metric properties of S. This implies
that one can derive upper bounds for the minimax risk over S in terms of those metric
properties.

ii) T -estimators inherit the robustness properties of the tests they are built from,
a quality which is definitely not shared by maximum likelihood estimators. More
precisely, if we use as our loss function some suitable distance d, the increase of risk
incurred when the true parameter s does not belong to S (as compared to the risk
when it belongs to S) is bounded by Cd(s,S), for some constant C independent of s.

iii) If the T -estimator derives from a family of models (not just one), it automat-
ically provides a model selection procedure, tending to choose the best model (in a
suitable sense) among the family. Therefore good choices of the families of models
result in adaptive estimators. From this point of view, one superiority of T -estimators
over more convential selection methods is the fact that they can cope with fairly ar-
bitrary countable families of models, possibly nonlinear or infinite dimensional. In
particular, one can mix conventional parametric models with those used for nonpara-
metric estimation.

The main advantage of this flexibility with respect to the structure of the models is
to provide a complete decoupling between the choice of the models and the analysis
of T -estimators. The existence of T -estimators depends on the existence of suitable
robust tests which is only connected to the stochastic framework we consider, together
with the choice of a proper distance. As to the models’ choice, it should be motivated
only by the ideas we have about the true unknown parameter or the assumptions
we make about it. Therefore models will be provided by Approximation theory or
our prior information or belief. Moreover, the same families of models may be used
for different stochastic frameworks, leading to similar results. We shall in particular
emphasize here the complete parallelism between model selection using T -estimators
within the “White noise framework” and the i.i.d. framework (density estimation)
with Hellinger loss.

There is a counterpart to these nice properties: our construction is often compli-
cated. As a consequence, although our estimators could be implemented in some
favourable cases, their complexity will often be too large so that they can actually
be computed. They should be considered as “abstract” estimators providing a good
indication of what is “theoretically” feasible to solve a given estimation problem.

Another price to pay for this level of generality is that our risk bounds will be
given up to universal constants that may be large. We actually decided to sacrifice
to simplicity and made no serious effort to optimize the constants. This would have
been at the price of an increased complexity of both the assumptions and the proofs:
bounding the constants efficiently requires to take advantage of the specificity of each
particular situation, which is just the opposite to the philosophy of this paper. The
concerned reader could adapt the method to any specific problem he considers in
order to improve the constants.

Let us now briefly sketch the main ideas underlying our construction. The starting
point is a careful analysis of the way the m.l.e. does (or doesn’t) work. The essential
is to realize that computing the m.l.e. (and, more generally, any minimum contrast
estimator) over some parameter set S amounts to perform a large number of simulta-
neous tests. Indeed, if we denote by Λ(t,X) the likelihood of the observation X when
the parameter t obtains, we can consider all likelihood ratio tests between distinct
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points t 6= u in S which accept t or u according to the fact that Λ(t,X) > Λ(u,X) or
Λ(t,X) < Λ(u,X) (assuming no ties for simplicity). The m.l.e. ŝ over S is the point
which is accepted against any other. As a consequence, the performances of the m.l.e.
depend on the properties of those tests. But they are too many to be controlled si-
multaneously without some continuity properties of the likelihood process, hence the
restrictive assumptions needed to make the empirical process arguments work.

A natural idea to avoid testing between so many points is (assuming that S is
compact) to restrict the maximization of the likelihood to some finite approximation
S of S. Unfortunately, this does not work in general because likelihood ratio tests are
not robust and one cannot say much about the performances of the test between t and
u when s obtains, even if s is close to t or u, unless one again puts some restrictive
assumptions on the likelihood ratios. In order to make the argument work we have to
replace the likelihood ratio tests by robust ones (tests between balls) and then find a
way to build an estimator from a family of such tests.

1.3 Some historical remarks

It has been known for a long time that one could build confidence intervals from
suitable families of tests, but, as far as we know, the idea of using tests between prob-
ability balls to build estimators is due to Le Cam who was looking for a “universal”√
n-consistent preliminary estimator for parametric models to replace the m.l.e. In

Le Cam (1973 and 1975) he described the construction of estimators from families
of tests and analyzed their performances in terms of the “dimension” (in a suitable
metric sense) of the set of parameters. In Birgé (1983, 1984a, 1984b and 1986), using
an alternative construction, still based on testing, we extended Le Cam’s results with
an emphasis on the minimax risk for nonparametric estimation, robustness and the
treatment of some cases of dependent variables. Although a more recent summary
of Le Cam’s point of view on this subject appeared in Le Cam (1997), these ideas
remained widely unknown since then (with the exception of Groeneboom, 1986) and,
to our knowledge, nobody (including the present author) tried to apply the method
to other stochastic frameworks like the Gaussian one, that we consider here, or to
extend it. Related points of view about the relationships between the minimax risk
and the metric structure of the parameter space are to be found in Yatracos (1985),
Yang and Barron (1999) and Devroye and Lugosi (2001).

Some fundamental ideas for complexity-based model selection, which are also some-
what related to testing, appeared later in Barron and Cover (1991) and Barron (1991).
They gave birth to a considerable amount of litterature on model selection based on
penalized minimum contrast estimators and empirical processes techniques, which,
unavoidably, suffer from the same defects as ordinary minimum contrast estimators.
Mixing the old idea of building estimators from tests together with some newer ones
about penalization borrowed from Barron and Cover (1991) and subsequent works
will allow us to substantially improve and generalize the constructions of Birgé (1983
and 1984b) in particular towards model selection and adaptive estimation.

Although we shall study at length the performances of T -estimators, we shall not
discuss their optimality properties here. This would involve the comparison of our
upper bounds with lower bounds based on dimensional arguments, as in Birgé (1983)
and Yang and Barron (1999). Part of this task has already been achieved there and
many other lower bounds results are known for various special situations. It suffices,

4



in many cases, to compare those known lower bounds with our upper bounds to check
that properly constructed T -estimators are often (approximately) minimax.

1.4 About the content of this paper

The next section first illustrates, via three examples, some weaknesses of the maxi-
mum likelihood method: it does not work at all when the likelihood process behaves
in an erratic way, it is not robust and it can be fooled by the “massiveness” of the
parameter set, even if we merely want to estimate the mean of a Gaussian vector with
identity covariance matrix under the assumption that this mean belongs to some con-
vex, compact subset of a high-dimensional Euclidean space. A careful analysis of the
performances of the m.l.e. on a finite set then provides some hints about a possi-
ble solution to the various difficulties encountered. Section 3 describes the abstract
stochastic framework we shall work with all along the paper and explains the con-
struction of T -estimators based on a discrete set S and a family of tests between the
points of this set. In Section 4, we state the assumptions that should be satisfied by S
and the tests when S can be viewed as a single model for the unknown parameter to
be estimated. Then we give the resulting risk bounds for T -estimators and show that
the required assumptions are satisfied for the two frameworks we consider here: inde-
pendent variables and Gaussian sequences. In the next section, we show how to build
discrete models and the corresponding T -estimators in order to bound the minimax
risk over some given parameter set S by a function depending on its metric properties
and which we call its metric dimension. Section 6 explains how to extend the pre-
vious construction to the case when we want to use several (possibly many) models
simultaneously. The resulting T -estimators have a risk which is roughly bounded by
the smallest among all risk bounds for the T -estimators derived from one model in
the family, plus (possibly) an additional term due to the complexity of the family of
models.

The last section is devoted to various applications. In particular, we show how to
mix models for parametric and nonparametric estimation. In the Gaussian sequence
framework, we show that T -estimators not only allow to recover all the results of
Birgé and Massart (2001) since they can handle in the same way arbitrary families
of linear models, but also allow to mix other sorts of models with the previous ones,
possibly infinite-dimensional like ellipsoids or finite-dimensional but non-linear like
classical parametric models. As to density estimation with Hellinger loss, our analysis
demonstrates that any result about T -estimators we can prove in the White noise
framework has a parallel (modulo a simple translation) for density estimation, which
is far from being true with minimum contrast estimators. In particular we consider
here the problem of adaptive estimation over general Besov balls with Hellinger loss,
but all the other results of Birgé and Massart (2001) about the White noise framework
could be transfered to density estimation with Hellinger loss in the same way. To
conclude the section, we show how to use our method for aggregation of preliminary
estimators, for instance to select a partition for histogram estimation.

1.5 Two illustrations with independent variables

Let us conclude this section with two specific applications, as an appetizer for the
reader. Our first illustration deals with the problem of robust estimation within the
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model of uniform distributions on [0, θ], θ > 0. The difficulty here comes from the fact
that our observations X1, . . . , Xn, although independent, do not necessarily follow the
assumed model.

Proposition 1 Let X1, . . . , Xn, n ≥ 200, be independent random variables with ar-
bitrary unknown distributions P i, 1 ≤ i ≤ n on R+. Let Uθ denote the uniform
distribution on [0, θ], θ > 0 and h the Hellinger distance between probabilities. There
exists an estimator θ̂(X1, . . . , Xn) such that, whatever the distributions P i,

E
[

sup
1≤i≤n

h2
(
P i,Uθ̂

)]
≤ C inf

θ>0

{
sup

1≤i≤n
h2
(
P i,Uθ

)
+

[log(| log θ|)− n/200− 14.8] ∨ 1

n

}
,

where C denotes a universal constant.

These performances should be compared with those of the maximum likelihood esti-
mator, which is the largest observation X(n). If the model is true, i.e. X1, . . . , Xn are
i.i.d. Uθ0 , then the risk of the m.l.e. is (2n + 1)−1. For our estimator the risk is of
the right order n−1 apart from the factor [log(| log θ0|)− n/200 − 14.8] ∨ 1 (which is
1 unless log(| log θ0|) is really huge) and the (unfortunately) large constant C, which
is the price to pay for robustness. On the other hand, if the model is only slightly
wrong in the sense that sup1≤i≤n h

2
(
P i,Uθ0

)
≤ 2/n for some θ0 > 0, the risk of our

estimator remains of order n−1([log(| log θ0|)−n/200− 14.8]∨ 1) while the risk of the
m.l.e. may become larger than 0.45 as shown in Section 2.1.3 below.

Our second example deals with adaptive density estimation for general Besov balls
when the loss is the L1-distance between densities.

Theorem 1 Let X1, . . . , Xn be an n-sample from some distribution P s with density
s with respect to Lebesgue measure on [0, 1]d and the positive integer r be given. One
can build a T -estimator ŝ(X1, . . . , Xn) for s such that, if the Besov semi-norm of s
satisfies |s|Bαp,∞ ≤ R for some p > 0, r > α > d(1/p− 1)+ and R ≥ 1/

√
n, then

Es
[
‖s− ŝ‖q1

]
≤ C(r, α, p, q, d)Rdq/(2α+d)n−qα/(2α+d) for all q ≥ 1.

As far as we know, all results about such estimation problems (without additional
boundedness assumptions), even those dealing with the minimax risk for known α
and p, are limited to the range α > d/p, while our method allows to handle the larger
scale of Besov spaces given by α > (d/p − d)+. Such risk bounds can be found in
Donoho, Johnstone, Kerkyacharian and Picard (1996). The more recent improved
results of Kerkyacharian and Picard (2000) do not apply to the L1-loss.

2 The difficulties connected with maximum likelihood
estimation and some possible remedies

2.1 A few illustrations of the deficiencies of the m.l.e.

The m.l.e. is known to behave in an optimal way for parametric estimation under
suitable regularity assumptions — see, for instance, Le Cam (1970) or the book by
van der Vaart (1998) — and to have the right rate of convergence in nonparametric
situations under specific entropy assumptions — van de Geer (1990, 1993 and 2000),
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Birgé and Massart (1993), Shen and Wong (1994) and Wong and Shen (1995) —. It
has nevertheless been recognized for a long time that it can also behave quite poorly
when such assumptions are not satisfied. Many counterexamples to consistency or
optimality of the m.l.e. have been found in the past and the interested reader should
look at those given by Le Cam (1990) in a paper which is a real advertisement against
the systematic use of the m.l.e. without caution. As Le Cam said in the introduction
of this paper, “one of the most widely used methods of statistical estimation is that
of maximum likelihood . . . . Qualms about the general validity of the optimality
properties (of maximum likelihood estimators) have been expressed occasionally.”
Then a long list of examples follows showing that the m.l.e. may behave in a terrible
way. Further ones are to be found in Birgé and Massart (1993, Section 4) and Devroye
and Lugosi (2001, Section 6.4). We shall add three more below. All these examples
emphasize the fact that the m.l.e. is in no way a universal estimator. Indeed, all
positive results about the m.l.e. involve much stronger assumptions — like L.A.N. in
the parametric case, or entropy with bracketting conditions as in Van de Geer (1993
and 2000) — than those we want to use here. Even if the parameter set is compact,
which prevents the m.l.e. to go to infinity, one can get into troubles for two reasons:
either the likelihood process does not behave in a smooth way locally or the space is
so “massive” (in an informal sense, see an example below) that it is not possible to
get a local control of the supremum of the likelihood process.

2.1.1 Erratic behaviour of the likelihood process

The difficulties caused by irregularity of the likelihood function for the i.i.d. setting,
even in the simplest parametric case of a translation family, are easy to demonstrate.
Consider some density f with respect to Lebesgue measure on the line satisfying
f(x) > 0 for all x ∈ R and limx→0 f(x) = +∞. If we observe a sample X1, . . . , Xn of
some translate of the density fs(x) = f(x − s) with s ∈ R, the maximum likelihood
estimator does not exist since the likelihood is infinite at every observation. This
phenomenon is neither due to the non-compactness of the parameter space (it remains
true if we restrict s to some compact interval) nor to the massiveness of the parameter
space, but rather to the erratic behaviour of the likelihood function. Nevertheless,
setting p =

∫ 0
−∞ f(t) dt, the corresponding empirical p-quantile provides quite a good

estimator of s, which means that the statistical problem to be solved is not a difficult
one at all.

2.1.2 Some difficulties encountered with high-dimensional parameter sets

More subtle than the effects of the lack of smoothness of the likelihood function are
the difficulties due to the “massiveness” of the parameter space. Some asymptotic
results in this direction have been given in Section 4 of Birgé and Massart (1998)
relying on the construction of rather complicated non-parametric parameter spaces.
A much simpler and nonasymptotic illustration of the suboptimality of the m.l.e.
when the parameter space is too “massive”, although it involves a convex compact
parameter space, is as follows.

Let X = (X0, . . . , Xk) be a (k + 1)-dimensional Gaussian vector with distribution
N (s, Ik+1), where Ik+1 denotes the identity matrix of dimension k+1. For any vector
s = (s0, . . . , sk) in Rk+1, we denote by s′ its projection onto the k-dimensional linear
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space spanned by the k last coordinates and by ‖s‖ its Euclidean norm.

Proposition 2 Let the integer k be not smaller than 128, c = k1/4 and

S =
{
s ∈ Rk+1

∣∣∣ |s0| ≤ c and ‖s′‖ ≤ 2(1− |s0|/c)
}
.

The quadratic risk of the maximum likelihood estimator ŝ on S and the minimax risk
satisfy respectively

sup
s∈S

Es
[
‖s− ŝ‖2

]
≥ (3/4)

√
k + 3 and inf

s̃
sup
s∈S

Es
[
‖s− s̃‖2

]
≤ 5.

This demonstrates that the maximal risk of the m.l.e. may be much larger than the
minimax risk when k is large. The proof is given in the Appendix.

2.1.3 Lack of robustness of the parametric m.l.e.

We shall conclude this study by showing that the m.l.e. is definitely not a robust esti-
mator in the sense that its risk can increase dramatically if the parametric assumption
is only slightly violated. Let us assume that we observe an i.i.d. sample of size n ≥ 3
from some unknown distribution P on [0, 1] and we use for our statistical model the
parametric family S of all uniform distributions Uθ on [0, θ] with 0 < θ ≤ 1. Since
P may not belong to this family, we cannot use the square of the distance between
parameters as our loss function as one would usually do. We have to introduce a loss
function which makes sense when P 6∈ S and replace the distance between parameters
by a distance between distributions. We choose, for reasons that will become clearer
later on, the Hellinger distance. Let us recall that the Hellinger distance h between
two probabilities P and Q defined on the same space and their Hellinger affinity ρ
are given respectively by

h2(P,Q) =
1

2

∫ (√
dP −

√
dQ
)2
, ρ(P,Q) =

∫ √
dPdQ = 1− h2(P,Q), (2.1)

where dP and dQ denote the densities of P and Q with respect to any dominating
measure (the result being independent of the choice of such a measure). One can
check that ρ(Uθ,Uθ′) =

√
θ/θ′ if θ < θ′. It follows that, if the parametric model is

true (i.e. P = Uθ for some θ ∈ (0, 1]), the risk of the maximum likelihood estimator of

θ, which is the largest observation X(n), is given by Eθ
[
h2
(
Uθ,UX(n)

)]
= 1/(2n+ 1).

Let us now suppose that P does not belong to S but has the density

10
[(

1− 2n−1
)

1l[0,1/10] + 2n−11l[9/10,1]

]

with respect to Lebesgue measure. Since h2
(
P,U1/10

)
< 2n−1, one would expect

the increase of risk due to this small deviation from the parametric assumption to be
O(1/n) if the m.l.e. were robust. This is not the case: with probability 1−(1−2/n)n >

1− e−2, X(n) ≥ 9/10 and therefore ρ
(
P ,UX(n)

)
≤
√

2/3. It follows that

EP
[
h2
(
P,UX(n)

)]
>
(

1−
√

2/3
) (

1− e−2
)
> 0.45.
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2.2 How to rescue the m.l.e., some heuristics

In order to explain our point of view about maximum likelihood estimation, it will
be convenient to work within a specific statistical framework. In this section, we
assume that we observe an n-sample X = (X1, . . . , Xn) ∈ X n from some unknown
distribution P s on the measurable space X , where s belongs to some parameter set S.
The corresponding probabilities are denoted by Ps. Assuming that our parametriza-
tion is one-to-one, we can turn S into a metric space with metric h, setting h(s, t) =
h
(
P s, P t

)
where h denotes the Hellinger distance given by (2.1). We shall also assume

that S is compact, which implies that our family of probabilities
{
P s, s ∈ S

}
is domi-

nated with respective densities dP s and, to be consistent with the minimum contrast
estimators approach, we shall denote by Λn(t,X) = −∑n

i=1 log
(
dP t(Xi)

)
minus the

log-likelihood at t. Thus the m.l.e. with respect to some set S is the minimizer of
Λn(t,X) for t ∈ S.

2.2.1 About the m.l.e. on finite sets

As we have seen, the maximum likelihood estimator on S may behave poorly either
because the likelihood process behaves in an erratic way on S or because S is too
“massive”. A natural idea to build an alternative estimator is to approximate S by
a finite subset S such that for s ∈ S one can find t ∈ S with h(s, t) ≤ η and restrict
the maximization of the likelihood to S. Since S is finite, there is no problem with
the local behaviour of the likelihood and the amount of discretization (the size of η)
will allow to control the massiveness of S. For simplicity, let us assume that

Ps[Λn(u,X) = Λn(t,X)] = 0 for all s ∈ S, t, u ∈ S, t 6= u. (2.2)

Then the maximum likelihood estimator ŝ on S exists and is unique Ps-a.s.
If s ∈ S, one can bound the deviations of ŝ from s by a simple analysis which goes

back to Wald (1949). The first step is to observe that, whatever t and u, the errors
of likelihood ratio tests between P t and P u are bounded by

Pt[Λn(u,X) ≤ Λn(t,X)] ≤ exp
[
n log

[
ρ
(
P u, P t

)]]
≤ exp

[
−nh2(u, t)

]
, (2.3)

which follows from (8.3) in the Appendix and (2.1). More precise results in this
direction can be found in Chernoff (1952).

Now, given η > 0, K ≥ 1 and s ∈ S, we want to bound Ps [h(s, ŝ) ≥ Kη]. For
this, we set Sk =

{
u ∈ S

∣∣ 2k/2Kη ≤ h(s, u) < 2(k+1)/2Kη
}

and denote by |Sk| the
cardinality of Sk. We derive from (2.3) that

Ps [h(s, ŝ) ≥ Kη]

≤ Ps [∃u ∈ S with h(s, u) ≥ Kη and Λn(u,X) ≤ Λn(s,X)] (2.4)

=

+∞∑

k=0

Ps[∃u ∈ Sk with Λn(u,X) ≤ Λn(s,X)]

≤
+∞∑

k=0

|Sk| sup
u∈Sk

Ps[Λn(u,X) ≤ Λn(s,X)] ≤
+∞∑

k=0

|Sk| exp
[
−2knK2η2

]
. (2.5)

In order to get a small bound for the right-hand side of (2.5), one should first require
that the first term of the series, |S0| exp

[
−nK2η2

]
, be small, which will determine
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the choice of η. In particular, one should require that nK2η2 ≥ 1. Then one should
put a suitable assumption about the massiveness of S implying that |Sk| does not
grow too fast with k so that the sum of the whole series is not much larger than its
first term. For this, something akin to |Sk| ≤ |S0| exp(2k−1) would do.

2.2.2 An alternative point of view on the previous analysis

If s ∈ S \ S, one can find t ∈ S with h(s, t) ≤ η, hence Ps [h(s, ŝ) ≥ (K + 1) η] ≤
Ps [h(t, ŝ) ≥ Kη] and the previous arguments could be extended straightforwardly, at
least for K large enough, if we could bound Ps[Λn(u,X) ≤ Λn(t,X)] by an analogue
of (2.3) when h(s, t) ≤ η and h(u, t) is large enough. This would mean that the
likelihood ratio tests between two points t and u of S do have small errors, when n is
large, for testing the Hellinger balls of radius η and respective centers t and u, provided
that h(u, t) is large, which is a robustness property. Unfortunately, unless one puts
some rather restrictive assumptions on the likelihood ratios, such a property does not
hold, as shown by the following counterexample. Let µ denote the Lebesgue measure
on [0, 1], P u = u ·µ for any density u with respect to µ, s = 1l[0,1], λ = 1− (2n)−1 and
t = λ−11l[0,λ]. One can check that h2(s, t) < (3n)−1, which implies that there exists
no perfect test between s and t, whatever n, therefore that s is quite close to t. Let u
be any density such that ‖ log u‖∞ < +∞. Then, even if h(t, u) is close to one, which
means that u is far away from t,

Ps[Λn(u,X) ≤ Λn(t,X)] ≥ Ps
[

sup
1≤i≤n

Xi ≥ λ
]

= 1−
(

1− 1

2n

)n
> 1− e−1/2.

In order to see how we can fix the problem, let us carefully review the previous
analysis of the performances of the m.l.e. on a finite set. The key point is to notice
that, by (2.2), the m.l.e. ŝ is the unique point in S such that all likelihood ratio tests
between ŝ and any other point accept ŝ. An equivalent way of stating this fact is to
set, for any t ∈ S, Rt = {u ∈ S |Λn(u,X) < Λn(t,X)} and DX (t) = supu∈Rt h(t, u),
(with the convention supu∈∅ h(t, u) = 0), then define ŝ as argmint∈S DX (t) since
ŝ = argmint∈S Λn(t,X) is equivalent to DX (ŝ) = 0. It follows from the definition
of DX that, for t, u ∈ S, DX (t) ∨ DX (u) ≥ h(t, u) and therefore that h(t, ŝ) ≤
DX (t) ∨ DX (ŝ) ≤ DX (t). Finally, if h(s, t) ≤ η,

Ps[h(s, ŝ) ≥ (K + 1)η] ≤ Ps[h(t, ŝ) ≥ Kη]

≤ Ps[DX (t) ≥ Kη] = Ps
[
∃u ∈ Rt with h(t, u) ≥ Kη

]
,

since S is finite. This is equivalent to (2.4) but the proof of (2.5) cannot procede
as before because, as we have just seen, likelihood ratio tests are not robust. Now
suppose we can replace the likelihood ratio tests between t and u by some alternative
ones which are robust and redefine Rt accordingly: Rt is the set of points u ∈ S such
that the test between t and u decides u. This still makes sense and the definitions of
the function DX and of ŝ = argmint∈S DX (t) as well. Of course, since we started
from some arbitrary family of robust tests, there is absolutely no reason anymore that
one could express ŝ as argmint∈S γn(t,X) for some contrast function γn. Nevertheless,
the bound

Ps[h(s, ŝ) ≥ (K + 1)η] ≤ Ps [∃u ∈ Rt with h(t, u) ≥ Kη] (2.6)
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still holds and if we can bound the errors of the new robust tests by some suitable
analogue of (2.3), one could procede as before from (2.6) to some analogue of (2.5).
Typically, we shall require that the robust tests we use satisfy the following error
bound for some constants c and κ:

Ps
[
the test between t and u decides u

]
≤ exp

[
−cnh2(t, u)

]
if h(t, u) ≥ κh(s, t).

(2.7)
Deriving an estimator of s ∈ S from a family of tests satisfying (2.7) by setting
ŝ = argmint∈S DX (t) is actually very natural: if the true parameter s is close to
t ∈ S, all the tests between t and the points u ∈ S far enough from t will accept t
with large probability and DX (t) should therefore not be large. On the other hand,
if u ∈ S is far enough from s, the test between t and u will accept t which will result
in a large value of DX (u).

Obviously, the previous reasoning essentially relies on the existence of robust tests
satisfying an analogue of (2.3) like (2.7), but it has been known for a long time that
such tests do exist, as shown by Le Cam (1975) and Birgé (1984a). They actually also
exist in other stochastic frameworks, not only for i.i.d. samples, which accounts for
the introduction of the general setting that follows. Note also that the interpretation
of estimators in terms of testing was absolutely essential for our construction. It is
indeed, together with the elementary arguments used for deriving (2.5) (counting the
number of points of S contained in balls and bounding the errors of tests), at the
chore of our method.

3 A robust substitute for the (penalized) m.l.e.

3.1 A general statistical framework

We observe some random element X ∈ E and consider a set {Pt, t ∈ M} of distri-
butions on E parametrized by a semi-metric space (M,d). By semi-metric, we mean
that the function d is a semi-distance, i.e. satisfies

d(t, t) = 0 and d(t, u) = d(u, t) ≥ 0 for all t, u ∈M, (3.1)

but not necessarily a version of the triangular inequality

d(t, u) ≤ A[d(t, r) + d(r, u)] for all r, t, u ∈M and some A ≥ 1. (3.2)

Of course, for most applications, in particular those developed in this paper, d will
be a genuine distance satisfying (3.2) with A = 1. Nevertheless, part of the results
we shall prove here only require that (3.1) hold and since those particular results will
be useful for further applications (to be given in subsequent papers) which do involve
semi-distances, we shall distinguish hereafter between the results that assume that
d is a genuine distance from the others. One could actually only assume that (3.2)
holds with A > 1. This would only affect the value of the constants in all our results.
For simplicity, we only consider here the case A = 1.

We assume that the parametrization t 7→ Pt is one-to-one which will allow us
to systematically identify t and Pt, M with a set of distributions on E and write
indifferently d(Pt, Pu) or d(t, u). We shall use the classical notations for open and
closed balls in M with center t and radius r ≥ 0:

Bd(t, r) = {u ∈M | d(u, t) < r} and Bd(t, r) = {u ∈M | d(u, t) ≤ r}, (3.3)
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possibly omitting the subscript d when no confusion is possible. The (semi-)distance
d(t, S) from some point t ∈ M to some subset S of M is defined by d(t, S) =
infu∈S d(t, u).

We denote by Ps the probability that gives X its true distribution Ps and by Es
the corresponding expectation operator. To any measurable map ŝ from E to M
corresponds the estimator ŝ(X). By model for s we mean any subset (often denoted
by S, S′, S or S) of M , which may or may not contain s.

Constants will be denoted by C,C ′, c1, . . . or by C(x, y, . . .) to emphasize their
dependence on some input parameters x, y, . . . . For simplicity, the same notation
will often be used to denote constants that may vary from line to line.

3.2 Defining T -estimators

The construction of what we shall call a T -estimator (T for test) requires
i) a countable subset S of M which represents our model(s) for the true s;
ii) a family of tests between the points of S;
iii) a small nonnegative parameter ε.

At this stage, we have to make quite precise what we actually mean by a test between
t and u since, in our approach, there is no hypothesis or alternative or rather we ignore
which of the two points will play each role.

Definition 1 Given a random element X ∈ E and two distributions Pt, Pu ∈ M , a
(non-randomized) test between Pt and Pu (or equivalently between t and u) is a pair of
measurable functions ψ(t, u,X) = 1−ψ(u, t,X) with values in {0; 1}, our convention
being that ψ(t, u,X) = 0 means accepting t while ψ(t, u,X) = 1 (or equivalently
ψ(u, t,X) = 0) means accepting u.

We shall stick to this convention throughout the paper. For instance, the likelihood
ratio tests that we used in Section 2.2.1 should be defined by

ψ(t, u,X) =

{
0 if Λn(t,X) < Λn(u,X)
1 if Λn(t,X) > Λn(u,X),

the value of ψ being irrelevant when the likelihood ratio is equal to one in view of
(2.2). We can now define a T -estimator in the following way.

Definition 2 Let ε ≥ 0 be given, S be a countable subset of M and {ψ(t, u,X)} be a
family of tests indexed by the pairs (t, u) ∈ S2 with t 6= u and satisfying the coherence
relationship ψ(u, t,X) = 1− ψ(t, u,X). Setting Rt = {u ∈ S, u 6= t |ψ(t, u,X) = 1},
we define the random function DX on S by

DX (t) =





sup
u∈Rt

{
d(t, u)

}
if Rt 6= ∅;

0 if Rt = ∅.
(3.4)

Assuming that infu∈S DX (u) < +∞, we call T -estimator (alternatively Tε-estimator
when we want to emphasize the dependence on ε) derived from S and the family
of tests {ψ(t, u,X)} any measurable application ŝ(X) with values in S satisfying
DX (ŝ(X)) ≤ inft∈S DX (t) + ε.
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Note that a Tε-estimator exists if infu∈S DX (u) < +∞ and ε > 0, the first condition
being always satisfied under the assumptions we consider here. When ε = 0 and
S is infinite T0-estimators do not automatically exist. In any case, unicity is not
warranted.

The definition implies the following trivial, but basic properties:

Lemma 1 The function DX and any Tε-estimator ŝ(X) satisfy for all (t, u) ∈ S2,

DX (t) ∨ DX (u) ≥ d(t, u) and d(ŝ(X), t) ≤ DX (t) + ε.

Moreover, if d is a distance,

d(s, ŝ(X)) ≤ inf
t∈S

{
d(s, t) +DX (t)

}
+ ε for all s ∈M. (3.5)

It follows from the definition of Rt that DX (t) should be viewed as a plausibility
index playing the role of minus the (penalized) likelihood of the point t: if it is large,
one should believe that the true s is far from t. From this point of view, (3.5) says
that a T -estimator makes the best compromise among the points in S between the
distance from t to the true s and its plausibility.

4 T -estimators based on a single model

4.1 Working within the general framework

In this section, the set S will be the model for the unknown parameter s. Our aim is to
prove some large deviation results for the minimizer(s) of DX that are quite similar
to those which one can prove for minimum contrast estimators, with the noticeable
superiority of our construction that the assumptions we require are much weaker than
the usual ones.

4.1.1 The assumptions

In order to ensure the existence of T -estimators and evaluate their performances, we
need two assumptions, one which controls the errors of the tests ψ and provides an
analogue of (2.7) and one relative to the “massiveness” of S which bounds the number
of points of S that are contained in balls. They are as follows.

Assumption 1 We say that a subset S of M satisfies Assumption 1 if there exists
a function δ from M × S to [0,+∞] such that δ(s, t) ≥ κd(s, t) for some κ ≥ 4 and
two constants a,B > 0 such that one can find, for each pair (t, u) ∈ S2 with t 6= u, a
test function ψ(t, u,X) (with ψ(u, t,X) = 1− ψ(t, u,X)) satisfying

sup
{s∈M | δ(s,t)≤d(t,u)}

Ps[ψ(t, u,X) = 1] ≤ B exp
[
−ad2(t, u)

]
.

One should view δ as a function measuring the robustness of the tests ψ(t, u,X)
with respect to deviations from the assumption that t obtains. If δ(s, t) = 0 the
probability of rejecting t when s obtains is bounded by B exp

[
−ad2(t, u)

]
whatever

u 6= t and this remains true as long as s remains “close enough” to t in the sense
that δ(s, t) ≤ d(t, u). If δ(s, t) is large, one can test t efficiently only against points
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u which are far away. In the simplest cases, and in particular those we consider in
this paper, δ = κd, but the introduction of a general δ (which, in particular, may
take the value +∞) proves useful in some special situations and does not involve any
additional complication.

Note that not all (semi-)distances do suit our needs: the construction of tests that
satisfy the previous assumption is only possible for some special (semi-)distances. An
illustration of this fact will be given in Section 5.5 below.

Assumption 2 The set S satisfies Assumption 2 (η,D,B ′) for η,B′ > 0 and D ≥
1/2 if

|S ∩ Bd(t, r)| ≤ B′ exp
[
D[(r/η) ∨ 2]2

]
for all r > 0 and t ∈ S. (4.1)

The number 2 has no magic meaning here and has been chosen for convenience. Other
numbers would do and we could even parametrize this constant but this would lead
to more complicated proofs and results without any substantial benefit. Finite sets
do satisfy this assumption for suitable values of η,D and B ′ and lattices in Euclidean
spaces as well. Further examples will be given in Section 5.

Some easy consequences of this assumption, which we shall repetedly use in the
sequel, are as follows.

Lemma 2 If S satisfies Assumption 2 (η,D,B ′), then S is at most countable and it
also satisfies Assumption 2 (η′, D′, B′) for all η′ > 0 and D′ = D

[
(η′/η)2 ∨ 1

]
.

If d is a distance, then

|S ∩ Bd(t, r)| ≤ B′ exp
[
4D[(r/η) ∨ 1]2

]
for all r > 0 and t ∈M, (4.2)

and for any function δ from M × S to [0,+∞] such that δ(s, t) ≥ κd(s, t) for some
positive κ, there exists a well-defined “projection” operator π ′ from M to S satisfying
δ(s, π′(s)) = δ(s, S) = inft∈S δ(s, t). In particular, one can define a “projection”
operator π from M to S with d(s, π(s)) = d(s, S) = inf t∈S d(s, t).

Proof: The first part of the lemma is clear. If d is a distance and S ∩ B(t, r) is not
empty, it contains at least one point u and is therefore included in S ∩ B(u, 2r) with
u ∈ S. Hence (4.2) follows from Assumption 2. The existence of π′ is immediate
although it may not be unique. In order to solve the problem of ties, it suffices to
index S by the integers and choose for π′(s) the element with the smallest index, the
same being true for π.

4.1.2 General risk bounds for T -estimators

Under the previous assumptions, we can derive the existence of T0-estimators and
bound their risk. To this end, we shall introduce, for each q ≥ 1 a special function
ζq, the importance of which is justified by the following

Proposition 3 Let Y be a nonnegative random variable such that

P[Y > y] ≤ α exp
(
−βy2

)
for y ≥ y > 0, (4.3)

where α, β denote some positive constants. Then, whatever λ ≥ 0 and q ≥ 1,

E[(Y + λy)q] ≤ (1 + λ)qyq
[
1 + αζq

(
βy2
)]

(4.4)

≤ (1 + λ)q
[
yq + αβ−q/2

√
πeq/2

[
q/(2e)

]q/2]
, (4.5)
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where ζq is the decreasing function defined on (0,+∞) by

ζq(x) =

√
πeq

2

[ q

2ex

]q/2
1l(0,cq)(x) +

q

2
e−x1l[cq,+∞)(x); c =

{
1/2 if q ≤ 2πe;
0.612 if q > 2πe.

(4.6)

The proof is given in the Appendix.

Theorem 2 Let d be a distance and S satisfy Assumptions 1 and 2 (η,D,B ′) with
δ = κd and 2aη2 ≥ 3D. Then, for all s ∈M , Ps-a.s. there exists T0-estimators ŝ(X)
derived from S and any of them satisfies, for all q ≥ 1,

Es
[
dq(s, ŝ)

]
≤
(
1 + κq

)
[d(s, S) ∨ η]q + C(πeq/2)1/2(5q/e)q/2a−q/2, (4.7)

with C = 2.2BB′, and

Es
[
dq(s, ŝ)

]
≤
(
1 + κq

)
[d(s, S) ∨ η]q

[
1 + Cζq

(
κ2aη2/6

)]
. (4.8)

These bounds actually require some comments. Since they are easier to analyze for
moderate values of q, we shall, for simplicity, restrict ourselves to the quadratic risk
(q = 2) and assume that B = 1 (which is the typical situation), getting from (4.7)

Es
[
d2(s, ŝ)

]
≤
(
1 + κ2

)
[d(s, S) ∨ η]2 + 22B′

√
π/e a−1 (4.9)

and from (4.8), since κ2aη2/6 ≥ κ2D/4 ≥ 4D ≥ 2,

Es
[
d2(s, ŝ)

]
≤
(
1 + κ2

)
[d(s, S) ∨ η]2

[
1 + 2.2B′ exp

(
−κ2aη2/6

)]
. (4.10)

i) Both bounds reveal the relevance of the parameter B ′ which controls what we
shall call the “remainder” terms. Indeed, it is easy to see that Assumptions 2 is
over parametrized since we could always normalize B ′ to one. This is clear if B′ < 1
and if B′ > 1, we could merely change D to D + (logB ′)/4. If B′ is small, this
would obviously be a net loss for the risk bounds. In the opposite case, the operation
improves the remainder term but deteriorates the main one because of the requirement
2aη2 ≥ 3D which typically forces us to enlarge η if we enlarge D. In situations where
aη2 is large, B′ can easily be absorbed by the exponential factor in (4.10) while
enlarging η is not a good strategy. This accounts a posteriori for the introduction of
B′, even if we shall often normalize it to one in the examples.

ii) The “remainder” term plays a different role in the two bounds. In (4.9) it is
an additive term of order a−1 independent of η and d(s, S) (for instance, as we shall
see, of order n−1 for i.i.d. observations). In (4.10), it has a multiplicative effect and
is negligeable as compared to one if, for instance, D is larger than B ′.

iii) If we omit the remainder term and forget about d(s, S) which is clearly unknown,
it appears that one would like to minimize κη. A first step is generally to take
2aη2 ' 3D when this is feasible. Then it remains to make κ2/a as small as possible,
which involves the formulation of Assumption 1. In most cases and the example of
Proposition 4 below will clearly illustrate this fact, there is no unique choice for the
pair (κ, a) and, to some extent, the larger κ, the larger a. Our choices for those pairs
in the applications below are motivated by the minimization of κ2/a.

iv) Under the additional assumption that d(s, S) ≤ κ′η, one could handle in the
same way more general loss functions and get bounds for Es

[
`
(
η−1d(s, ŝ)

)]
provided

that the function ` does not grow too fast at infinity. We leave this extension to the
reader.
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4.1.3 First applications

As an immediate consequence of (4.8) and the fact that ζq
(
κ2aη2/6

)
≤ ζq(2), one

can derive upper bounds for the minimax risk over subsets S of M . Let us denote
the maximal risk of an estimator ŝ(X) and the minimax risk over S respectively by

R(ŝ,S, q) = sup
s∈S

Es
[
dq(s, ŝ)

]
and R(S, q) = inf

s̃
R(s̃,S, q), (4.11)

where the infimum is over all possible estimators s̃.

Corollary 1 Let (M,d) be a metric space satisfying Assumption 1 with δ = κd. Let
S ⊂ M satisfy Assumption 2 (η,D,B ′) with 2aη2 ≥ 3D and ŝ be a T0-estimator
derived from S (which exists a.s.), then

R(S, q) ≤ R(ŝ,S, q) ≤ C(q, κ,BB ′)
[

sup
s∈S

d(s, S) ∨ η
]q

for q ≥ 1. (4.12)

We can similarly get risk bounds for maximum likelihood estimators over S when
the likelihood ratio tests satisfy some robustness properties and, more generally, for
minimum contrast estimators, the case of maximum likelihood estimators correspond-
ing to γ(t,X) = − log[(dPt/dµ)(X)] for some dominating measure µ.

Theorem 3 Let γ be a function from S × E to [−∞,+∞) such that, for all s ∈M ,

Ps[γ(t,X) = γ(u,X)] = 0 for all (t, u) ∈ S2, t 6= u, (4.13)

and let the tests ψ given by

ψ(t, u,X) =

{
0 if γ(t,X) < γ(u,X);
1 if γ(t,X) > γ(u,X)

(4.14)

satisfy Assumption 1 for some distance d and δ = κd. If Assumption 2 (η,D,B ′)
holds with 2aη2 ≥ 3D, Ps-a.s. there exists a unique T0-estimator ŝ(X) which is the
unique minimizer with respect to t ∈ S of the function γ(t,X) and for all s ∈M and
all q ≥ 1, the risk of ŝ is bounded by (4.7) and (4.8).

Before we prove the previous theorems (in Section 4.3), let us see how they can be
applied to some specific stochastic frameworks.

4.2 Application to independent observations and Gaussian sequences

The previous results will apply easily if M itself satisfies Assumption 1, in which case
one just has to find a suitable subset S of M satisfying Assumption 2 (η,D,B ′) with
2aη2 ≥ 3D. This does happen for various statistical frameworks. To keep this paper
to an acceptable size, we shall only consider three simple illustrations here, namely
the independent, the i.i.d. and the Gaussian settings. The case of Gaussian regression
with random design has been considered in Birgé (2002). Further examples will be
given in subsequent papers.
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4.2.1 The independent and i.i.d. settings

The independent setting In this setting, we observe a set X = (X1, . . . , Xn) of
n independent random variables Xi with values in X . We denote by M the set of all
distributions on X , set E = X n and take for M the set of all product distributions
on X n: M =

{
Pt =

⊗n
i=1 P i, P i ∈M for 1 ≤ i ≤ n

}
. As usual, we identify t and Pt

and M with the set of ts.
If Pt ∈ M is the distribution of an i.i.d. sample, we denote by P t the common

distribution of the Xis and, for simplicity, since there will be no ambiguity in the
sequel, we shall also denote by M the subset of M consisting of those power dis-
tributions Pt = P

⊗n
t so that the distributions Pt with t ∈ M are those for i.i.d.

samples (X1, . . . , Xn) with marginal distributions P t on X . In this paper, we shall
systematically restrict to considering models S ⊂ M that are actually subsets of
M . This corresponds to the situation where we assume that our observations are
independent and believe that they are close to i.i.d. but allow some departures from
equidistribution.

To turn M into a metric space, we use either the sup-Hellinger distance h of the
coordinates or the sup-variation distance v. We recall that the Hellinger distance h
is given by (2.1) and the variation distance v between two probabilities P and Q is
defined by

v(P,Q) =
1

2

∫
|dP − dQ| = sup

A
|P (A)−Q(A)|, (4.15)

where the supremum is over all measurable sets. It is well-known from Le Cam (1973)
that the two distances satisfy the inequalities

h2(P,Q) ≤ v(P,Q) ≤ h(P,Q)
√

2− h2(P,Q). (4.16)

If Pt =
⊗n

i=1 P i and Pu =
⊗n

i=1Qi, we define h and v on M by

h(t, u) = sup
1≤i≤n

h
(
P i, Qi

)
and v(t, u) = sup

1≤i≤n
v
(
P i, Qi

)
.

In particular, if u ∈M , i.e. Pu = P
⊗n
u , then

h(t, u) = sup
1≤i≤n

h
(
P i, P u

)
and v(t, u) = sup

1≤i≤n
v
(
P i, P u

)
,

and if both t and u ∈M , then

h(t, u) = h
(
P t, P u

)
and v(t, u) = v

(
P t, P u

)
, (4.17)

which allows us to identify h with h and v with v on M and turn it to a metric space
with distance either h or v.

The i.i.d. setting It corresponds to the particular case where we only consider
distributions Pt for i.i.d. samples (X1, . . . , Xn) or equivalently restrict ourseleves to
t ∈ M , as defined for the independent setting, and choose for M either M itself or
some subset of it, with the metric given either by h or v. For instance, we may take
for M the set of all probability densities t with respect to some measure µ on X and
set dP t/dµ = t, hence Pt = (t · µ)⊗n.
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4.2.2 The Gaussian setting

The Gaussian setting corresponds to the so-called “Gaussian sequence” framework
which consists of the observation of a sequence X = (Xi)i≥1 of independent Gaussian
variables with known variance σ2 and respective means si, i.e. Xi ∼ N (si, σ

2) with
s = (si)i≥1 ∈M = l2(N?) (N? = N\{0}). We denote by 〈·, ·〉 and ‖·‖ respectively the
scalar product and the norm in l2(N?), by d2 the corresponding distance d2(s, t) =
‖s − t‖ and again by Ps the distribution of X. All possible distributions Pt for X,
with t ∈ l2(N?), being mutually absolutely continuous, we can choose the centered

distribution P0 = P
⊗N?
0 with P 0 = N

(
0, σ2

)
for reference measure, getting

dPt
dP0

(X) = exp

[
1

σ2

(
〈t,X〉 − ‖t‖

2

2

)]
. (4.18)

Although the case of Xi ∼ N (si, σ
2) with a known value of σ can be reduced to the

case of Xi/σ ∼ N (si/σ, 1), it will be more instructive to give our results within the
original framework in order to emphasize the influence of σ.

The Gaussian setting is merely an infinite-dimensional extension of the classical
problem of estimating the mean s of a Gaussian vector with known covariance matrix
in Rn. Setting si = 0 for i > n immediately leads to the Gaussian setting. We recover
the classical Gaussian linear regression framework if we assume that s belongs to some
given linear subspace of Rn.

Alternatively, the Gaussian setting can be identified with the classical “White noise
framework” which corresponds to the observation of the process

Y (z) =

∫ z

0
s(x) dx+ σW (z), 0 ≤ z ≤ 1, (4.19)

where s is an unknown function in L2([0, 1], dx) and W is a Wiener process with
W (0) = 0. Choosing some orthonormal basis {ϕi, i ≥ 1} of L2([0, 1], dx) and defining
si =

∫ 1
0 s(x)ϕi(x) dx, Xi =

∫ 1
0 ϕi(x) dY (x) leads to the Gaussian setting. The func-

tion s in (4.19) can be identified with the sequence (si)i≥1 of its Fourier coefficients
with respect to the basis {ϕi, i ≥ 1} via Plancherel’s formula. Since this correspon-
dance is an isometry, it allows us to view the White noise framework (4.19) as an alter-
native representation of the Gaussian setting with parameter space M = L2([0, 1], dx)
and distance d corresponding to the L2-norm. Much more on this is to be found in
Sections 1 and 6 of Birgé and Massart (2001).

4.2.3 The existence of robust tests

It is not difficult to check that Assumption 1 holds in the Gaussian setting, since
then likelihood ratio tests are naturally robust as shown by the following proposition.
The case x = 0 only is relevant for deriving Assumption 1, but the more general
bounds given here, which use x to balance between the two errors of each test, will
be required to deal with model selection in Section 6.

Proposition 4 Let X = (Xi)i≥1 ∈ RN? be a random sequence with independent
Gaussian coordinates of variance σ2 and mean vector belonging to l2(N?). Let Pt
denote the distribution of X when the mean vector is t. Then, for all s, t, u ∈ l2(N?),

Ps
[
log

(
dPu
dPt

)
(X) ≥ 2x

]
≤ exp

[
−x− ‖t− u‖(‖t− u‖ − 4‖s− t‖)

8σ2

]
.
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In particular,

sup
{s∈l2(N?) | ‖s−t‖≤‖t−u‖/6}

Ps
[
log

(
dPu
dPt

)
(X) ≥ 2x

]
≤ exp

[
−x− ‖t− u‖

2

24σ2

]

and, whatever s ∈ l2(N?),

Ps
[
log

(
dPu
dPt

)
(X) ≥ 2x

]
≤ exp

[
−x+

‖t− s‖2
2σ2

]
.

In the independent setting, likelihood ratio tests are not robust, as we have seen,
and one has to introduce special tests for our purposes. They have been constructed
by Huber (1965) — see also Huber (1981, Section 10.3) — for the variation distance
and by Le Cam (1975) and Birgé (1984a) for the Hellinger distance.

Proposition 5 Let P t, P u be two different distributions on some measurable space
X and x ∈ R, d be either the Hellinger or the variation distance between probabilities
on X and α = 1 if d = h or α = 2 if d = v. One can find a test function ψ
(depending on α, t, u and x) defined on X n, with ψ(t, u,X) = 1 − ψ(u, t,X), such
that, if X = (X1, . . . , Xn) is a set of independent random variables with distribution
Ps =

⊗n
i=1 P i, then

Ps[ψ(t, u,X) = 1] ≤ exp
[
−x− nd2(t, u)/(4α)

]
if sup

1≤i≤n
d
(
P i, P t

)
≤ d(t, u)/4

and

Ps[ψ(u, t,X) = 1] ≤ exp
[
x− nd2(t, u)/(4α)

]
if sup

1≤i≤n
d
(
P i, P u

)
≤ d(t, u)/4.

The proofs of the previous propositions are given in the Appendix.

4.2.4 Application to the independent and Gaussian settings

The families of tests provided by the previous propositions (with x = 0) do satisfy
Assumption 1 with B = 1 for suitable values of a and δ. In the Gaussian setting, we
get a =

(
24σ2

)−1
and δ = 6d2, while for the independent setting with S ⊂M , we get

a = n/4, δ = 4h (Hellinger case) or a = n/8, δ = 4v (variation case).

Applying Theorems 2 and 3 to the independent and Gaussian settings respectively
leads to the following corollaries.

Corollary 2 In the independent setting, let S be a subset of the set M of all possible
distributions for X1 (endowed with either the Hellinger distance h or the variation
distance v) which satisfies Assumption 2 (η,D,B ′) with η2 ≥ 6D/n (Hellinger case)
or η2 ≥ 12D/n (variation case). We can build T -estimators ŝ that satisfy either

Es
[
h
q
(s, ŝ)

]
≤ C(q,B′)

[
inf
t∈S

h
q
(s, t) ∨ ηq

]
for all q ≥ 1 and s ∈M,

or

Es [vq(s, ŝ)] ≤ C(q,B′)
[

inf
t∈S

vq(s, t) ∨ ηq
]

for all q ≥ 1 and s ∈M.
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Corollary 3 In the Gaussian setting, let S be a subset of l2(N?) (endowed with the
distance d2) which satisfies Assumption 2 (η,D,B ′) with η2 ≥ 36Dσ2. Then the
maximum likelihood estimator ŝ over S a.s. exists, is unique and satisfies

Es
[
‖s− ŝ‖q

]
≤ C(q,B′)

[
inf
t∈S
‖s− t‖q ∨ ηq

]
for all q ≥ 1 and s ∈M.

4.2.5 T -estimators based on the model of uniform distributions

In order to illustrate the relationship between the classical approach and ours, let us
go back to the problem we considered in Section 2.1.3 and suppose that we want to
estimate some distribution on R+ from n independent observations X1, . . . , Xn via
the model of uniform distributions Uθ on [0, θ] with θ > 0. When we say that we use
this model, this means that we believe that the true distribution P i of Xi is close
to some Uθ (independent of i) but we do not assume that P i belongs to the model.
It will be convenient here to reparametrize the uniform distributions, denoting by
P t, t ∈ R the uniform distribution on

[
0, et

]
, since then

h2(t, u) = h2
(
P t, P u

)
= 1− exp(−|t− u|/2) ≤ |t− u|/2. (4.20)

Given some γ ∈ R, we shall set

η2 = 16.8D/n with D ≥ 1/2; J = sup
{
j ∈ N

∣∣ j ≤ 4.5 exp[(4D) ∨ (n/84)]
}

;
(4.21)

I =
[
γ, γ + 4Jη2

]
and S =

{
γ + 2η2(1 + 2j), j ∈ N, j ≤ J − 1

}
. (4.22)

It follows from (4.20) that inf t∈S h
(
P t, P u

)
≤ η for all u ∈ I and consequently that,

whatever the distribution Ps =
⊗n

i=1 P i of X,

inf
t∈S

h
2
(Ps, Pt) = inf

t∈S
sup

1≤i≤n
h2
(
P i, P t

)
≤ 2

[
η2 + inf

t∈I
sup

1≤i≤n
h2
(
P i, P t

)]
. (4.23)

In order to check that S satisfies Assumption 2, we shall apply the following lemma.
Its conclusions go beyond what we need here but they will prove useful later.

Lemma 3 Let η and S be defined by (4.21) and (4.22). Then, whatever the proba-
bility Ps =

⊗n
i=1 P i,

|S ∩ Bh(Ps, r)| ≤ 4.5 exp
[
D[(r/η) ∨ 2]2

]
for all r > 0. (4.24)

Proof: We shall distinguish between two situations. When r2 ≥ 1/5, then (r/η)2 ≥
n/(84D) and (4.24) follows from (4.21) since |S| = J . If r2 < 1/5, there is obviously
nothing to prove if r ≤ inf t∈S h(Ps, Pt) and we can therefore assume that there exists
some t ∈ S such that Bh(Ps, r) ⊂ Bh(Pt, 2r). It then follows from the definition of S
and (4.20) that

|S ∩ Bh(Ps, r)| ≤ |S ∩ Bh(Pt, 2r)| ≤ 2j + 1,

where the integer j is defined by

1− exp
(
−2jη2

)
< 4r2 ≤ 1− exp

(
−2[j + 1]η2

)
.

Hence
|S ∩ Bh(Ps, r)| ≤ −η−2 log

(
1− 4r2

)
+ 1 < (5 log 5)(r/η)2 + 1
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since − log
(
1− 4r2

)
< (5 log 5)r2 for r2 < 1/5. Finally (4.24) follows from the lower

bound D ≥ 1/2.

The lemma implies that S satisfies Assumption 2 (η,D, 4.5). We can therefore apply
Corollary 2 to S with D = 1/2, η2 = 8.4/n, B′ = 4.5 and get, in view of (4.23), the
risk bound

Es
[
h

2
(s, ŝ)

]
≤ C

[
inf
θ∈Θ

sup
1≤i≤n

h2
(
P i,Uθ

)
+ n−1

]
,

where Θ denotes the interval
[
exp(γ), exp

(
γ + 4Jη2

)]
. One should note here that it

is necessary to put some restriction on the length of Θ: if it were infinite, the set S
would also be infinite and Assumption 2 could not hold since any Hellinger ball of
radius one contains S.

4.3 Proofs of Theorems 2 and 3

The control of d(s, ŝ) mainly follows from a large deviation inequality for the function
DX which holds even if d is only a semi-distance.

Proposition 6 Let Assumption 1 and Assumption 2 (η,D,B ′) hold with D ≤ 2aη2/3.
Let s ∈M , s′ ∈ S be such that δ(s, s′) < +∞ and y0 = (4η) ∨ δ(s, s′). Then

Ps
[
DX (s′) > y

]
< 2.2BB′ exp

(
−ay2/6

)
for y ≥ y0, (4.25)

and, Ps-a.e., there exists at least one T0-estimator.

Proof: Let us set θ = 5/4 and Sk =
{
t ∈ S

∣∣ θk/2y ≤ d(s′, t) < θ(k+1)/2y
}

with y ≥ y0.
Then

Ps
[
DX (s′) > y

]
≤ Ps

[
∃t ∈ S with d(t, s′) ≥ y and ψ(s′, t,X) = 1

]

=

+∞∑

k=0

Ps
[
∃t ∈ Sk with ψ(s′, t,X) = 1

]

≤
+∞∑

k=0

|Sk| sup
t∈Sk

Ps
[
ψ(s′, t,X) = 1

]
. (4.26)

Since Sk ⊂ Bd
(
s, θ(k+1)/2y

)
and θ(k+1)/2y ≥

√
θy > 2η, it follows from Assump-

tion 2 (η,D,B′) that |Sk| ≤ B′ exp
[
θk+1(y/η)2D

]
. If t ∈ Sk, then d(s′, t) ≥ θk/2y ≥

y0 ≥ δ(s, s′) and we can apply Assumption 1 to derive from (4.26) and the bound on
D that

Ps
[
DX (s′) > y

]
≤ BB′

+∞∑

k=0

exp

[
θk+1 y

2

η2
D − aθky2

]

≤ BB′
+∞∑

k=0

exp

[
−aθ

ky2

3
(3− 2θ)

]
.

Since ay2 ≥ ay2
0 ≥ 16aη2 ≥ 24D ≥ 12, we finally get

Ps
[
DX (s′) > y

]
≤ BB′ exp

[
−ay

2

6

] +∞∑

k=0

exp

[
ay2

6

(
1− θk

)]
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≤ BB′ exp

[
−ay

2

6

] +∞∑

k=0

exp
[
−2
(

(5/4)k − 1
)]

< 2.2BB′ exp
[
−ay2/6

]
,

which proves (4.25). Therefore DX (s′) is a.s. finite and by Lemma 1, the set of points
t ∈ S such that DX (t) ≤ DX (s′) is a subset of S ∩ Bd(s′,DX (s′)) hence finite by
(4.1). It follows that the set of elements u ∈ S such that DX (u) = inft∈S DX (t) is
nonempty and finite. Since S is countable, it is possible to select an element ŝ of this
set in a measurable way.

Proof of Theorem 2 Its assumptions implying those of Proposition 6, (4.25) holds
for all s′ ∈ S. Setting s′ = π(s) where π is the operator provided by Lemma 2, we get
d(s, S) = d(s, s′) and derive from (3.5) with ε = 0 that d(s, ŝ) ≤ DX (s′) +d(s, s′). In
view of (4.25) we may then bound the risk of ŝ via Proposition 3 with Y = DX (s′),
α = 2.2BB′, β = a/6, y = κ[d(s, s′) ∨ η] ≥ y0 and λ = κ−1. We derive (4.8)
from (4.4) since ay2/6 ≥ κ2aη2/6 and ζq is decreasing, and (4.7) from (4.5) since
3q/2

(
1 + κ−1

)q
< 5q/2.

Proof of Theorem 3 We can again apply Proposition 6, getting some T0-estimator
ŝ(X). It follows from the definition of DX and the form of our tests that γ(ŝ,X)
is (a.s.) smaller than γ(t,X) at any point t ∈ S with d(ŝ, t) > DX (ŝ). Since the
number of remaining points is finite by (4.1), a.s. there exists a minimizer s̃ of γ. Since
S is countable, all values of γ(t,X) are different a.s. by (4.13). Hence s̃ is unique,
therefore satisfies DX (s̃) = 0 so that ŝ = s̃. We apply the results of Theorem 2 to
conclude.

5 Metric dimension and minimax risk

If we consider a stochastic framework (like the Gaussian and i.i.d. settings) for which
M itself satisfies Assumption 1, we can bound the minimax risk over subsets S of
M via Corollary 1. Optimizing the upper bound in (4.12) for given values of q, κ,B
and B′ amounts to minimize sups∈S d(s, S) ∨ η with respect to those S and η such
that S satisfies Assumption 2 (η,D,B ′) with η2 ≥ 3D/(2a). Since, by Lemma 2,
for any η′ > η, one can always replace the pair η,D by η′, D′ satisfying the same
relationship, one can assume that η ≥ sups∈S d(s, S). Therefore, we have to look for
the minimal value of η such that there exists some S satisfying Assumption 2 (η,D,B ′)
with η2 ≥ 3D/(2a) and d(s, S) ≤ η for all s ∈ S.

It is one purpose of Approximation Theory to find sets with prescribed approx-
imation properties and controlled massiveness. For instance the entropy numbers
of the compact set S can be used to build suitable sets S, although entropy is not
the most adequate tool in our case, as we shall see. Often Approximation Theory
provides simple sets (like finite dimensional linear spaces) S ′ which can be used to
approximate the elements of S with prescribed accuracy: sups∈S d(s, S′) ≤ η. Since
such sets are often not countable, they cannot be used directly for our construction
and some additional step is needed in order to apply the classical results of Approx-
imation Theory to the construction of T -estimators. Similar arguments are required
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to discretize in a suitable way the sets of densities that are used in parametric estima-
tion as illustrated in Section 4.2.5. It is therefore important to understand how one
can derive T -estimators from “natural” approximation spaces or simple parametric
families.

5.1 Introducing metric dimensions

The previous reasoning assumed a fixed value of B ′ and, as we noticed in Section 4.1.2,
there are some possible balances in Assumption 2 between B ′ and D, hence η. Playing
with all three parameters would make everything more complicated in what follows
and we shall set B′ = 1 for the remainder of Section 5. If one wants to use the
influence of B′ efficiently, it is better to go back to the general point of view we took
for Section 4.

Let us now recall the following definitions from Approximation Theory.

Definition 3 Let (M,d) be a metric space. A subset S of M is η-separated if
d(t, u) > η for all pairs (t, u) ∈ S2 with t 6= u; it is called an η-net for S ⊂ M
if, whatever s ∈ S, one can find t ∈ S such that d(s, t) ≤ η. An η-separated subset S
of S ⊂M is said to be maximal (in S) if any S ′ with S  S′ ⊂ S is not η-separated.

Observe that an η-net for S need not be a subset of S and that a maximal η-separated
subset of S is an η-net for S.

Given S ⊂ M , the values of η such that there exists an η-net for S satisfying
Assumption 2 (η,D, 1) with D ≤ 2aη2/3 only depend on some metric properties of
S that describe its “massiveness”. In view of Assumption 2, it may seem natural to
caracterize this massiveness by the function D′ defined on (0,+∞) by

D′(η) = η2 inf
Sη

sup
t∈Sη ; r≥2η

r−2 log
(
|Sη ∩ B(t, r)|

)
,

where the infimum is over all η-nets Sη for S. This function can be degenerate
(D′(η) = +∞ for all η > 0), for instance when S = l2(N?), in which case it is of no
use. Moreover, it can behave in a rather erratic way: when S = Z ⊂M = R, one can
show that D′(η) ≤ η2 log 3 for η < 1/2 and D′(1/2) ≥ (log 2)/4. This example also
illustrates the difficulty to compute the function D′ even in the simplest situations.
Apart from some quite exceptional cases (if S = R, then D′(η) = [log 3]/4 for all
η > 0), it is impossible to compute it precisely and the best one can do is to bound it
from above and below. It will therefore be more convenient here to work with some
smooth upper bound D̃ for D′ that we call a bound for the metric dimension of S.
The (minor) restrictions imposed to D̃ in the next definition have been chosen in
order to make our further analysis simpler. They are actually harmless in view of the
use we make of D̃.

Definition 4 Let S be a subset of some metric space (M,d) and D̃ be a right-
continuous function from (0,+∞) to [1/2,+∞], not identically equal to +∞. We
shall say that S has a metric dimension bounded by D̃ if, for every η > 0, there
exists an η-net Sη for S such that

|Sη ∩ B(t, r)| ≤ exp
[
D̃(η)[(r/η) ∨ 2]2

]
for all r > 0 and t ∈M, (5.1)

and that it has a finite metric dimension bounded by D ∈ R if (5.1) holds with
1/2 ≤ D̃(η) = D < +∞ for all η > 0.
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Let us notice here that if S has a metric dimension bounded by D̃ then this remains
true for any subset of S. Clearly, the set Sη provided by the previous definition

satisfies Assumption 2 (η, D̃(η), 1). Some sort of a reciprocal is provided by (4.2) of
Lemma 2, which implies that if an η-net Sη for S satisfies Assumption 2 (η,Dη, 1),

then one can bound the metric dimension of S by D̃(η) = 4Dη. The difference is due
to the fact that in Assumption 2 we only consider t ∈ Sη.

5.2 Some historical remarks

The fact that the minimax risk over S can be bounded using its metric properties
has already been recognized in the early seventies by Le Cam (1973, 1975) who
introduced the following notion of metric dimension to measure the massiveness of
a set. He defines the D(η) metric dimension of S as the smallest number z such
that any set in S with diameter 2x ≥ 2η can be covered by no more than 2z sets of
diameter not larger than x. Birgé (1983, Assumption H1 p. 186) introduces a slightly
different notion of metric dimension, bounding the maximal number of points of some
η-net contained in an arbitrary ball of radius 2jη for j ≥ j0 ≥ 1 by 2jD(η). This is
actually very similar to (4.1), apart from the fact that in our assumption we replaced
xD by the less restrictive exp

(
x2D

)
. The initial definitions by Le Cam and Birgé

may seem more natural because both were inspired by the example of k-dimensional
Euclidean spaces. If S is such a space, any ball of radius 2η can be covered by 2c1k

balls of radius η and there exists an η-net Sη for S such that

|Sη ∩ B(t, r)| ≤ (r/η)c2k for all r ≥ 2η and t ∈ S.

Apart from the constants c1, c2, these bounds are optimal.
Changing these definitions to Assumption 2 gives slightly more flexibility and sim-

plifies the proofs. There is a little cost for that at the level of constants but this is a
minor point which does not change anything to the philosophy of our approach.

5.3 Bounds for the risk based on metric dimensions

The importance of metric dimensions follows from the fact that if S has a metric
dimension bounded by D̃ one can find, for any η > 0 such that D̃(η) < +∞, an
η-net for S satisfying Assumption 2 (η, D̃(η), 1). As a consequence, one can bound
the minimax risk on S as soon as one can get a bound for its metric dimension. The
following result is an immediate consequence of Theorem 2 (with B = B ′ = 1).

Theorem 4 Assume that (M,d) is a metric space such that there exists, for each
pair (t, u) ∈M2, t 6= u, a test ψ(t, u,X) between t and u satisfying the error bound

Ps[ψ(t, u,X) = 1] ≤ exp
[
−ad2(t, u)

]
if d(s, t) ≤ κ−1d(t, u),

for some a > 0 and κ ≥ 4, independent of s, t, u. Let S be some subset of M with

a metric dimension bounded by D̃ and set η̃ = inf
{
η > 0

∣∣∣ 2aη2 ≥ 3D̃(η)
}

. There

exists a T -estimator ŝ such that

Es
[
dq(s, ŝ)

]
≤ C(q)κq

[
d(s,S) + η̃

]q
for all s ∈M and q ≥ 1.

In particular, the minimax risk R(S, q) over S is bounded by C(q)κqη̃q.
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Such a theorem actually emphasizes an important property of T -estimators: even if s
does not belong to S, the T -estimators constructed in view of bounding the minimax
risk over S still have a bounded risk with an extra dq(s,S) added term corresponding
to a misspecification in the statistical model. This can be viewed as an important
robustness property of T -estimators that is definitely not shared by the classical m.l.e.
as was demonstrated in Section 2.1.3.

It is often possible to show, under some additional assumptions, that the upper
bounds for the minimax risk provided by Theorem 4 have the correct order of magni-
tude when D̃ has been chosen in a close to minimal way. Such lower bounds arguments
have been developed in Birgé (1983, 1984b and 1986) and, more recently, in Yang
and Barron (1999). We shall not insist on this here referring the interested reader to
those papers.

One can of course, using the relevant values of a and κ, immediately translate the
results of Theorem 4 to the i.i.d. and Gaussian settings as for Corollaries 2 and 3. The
independent setting could be handled in the same way but we omit it for simplicity.
For the i.i.d. setting, we essentially recover (in a slightly more general form), the
results of Birgé (1983) (see his Proposition 3.1 and Corollary 2.6).

Corollary 4 Assume we are in the i.i.d. setting and the subset S of all distributions
on X has a metric dimension bounded by D̃ with respect to either the Hellinger or

the variation distance. Let ηn = inf
{
η > 0

∣∣∣nη2 ≥ 6D̃(η)
}

(Hellinger case) or ηn =

inf
{
η > 0

∣∣∣nη2 ≥ 12D̃(η)
}

(variation case). Then one can build in each case a T -

estimator ŝ satisfying, for all s ∈M and q ≥ 1,

Es
[
hq(s, ŝ)

]
≤ C(q)

[
ηn + h(s,S)

]q
or Es

[
vq(s, ŝ)

]
≤ C(q)

[
ηn + v(s,S)

]q
.

In particular R(S, q) ≤ C(q)ηqn.

In the Gaussian setting, we get

Corollary 5 Assume we are in the Gaussian setting and S ⊂ l2(N?) has a metric
dimension bounded by D̃ with respect to the distance d2 corresponding to the norm in

l2(N?). Let ησ = inf
{
η > 0

∣∣∣ (η/σ)2 ≥ 36D̃(η)
}

. Then one can build a T -estimator

ŝ satisfying for all s ∈M and q ≥ 1,

Es
[
‖s− ŝ‖q

]
≤ C(q)

[
ησ + d2(s,S)

]q
.

In particular R(S, q) ≤ C(q)ηqσ.

This last corollary applies in particular to finite dimensional linear subspaces of l2(N?)
and compact finite dimensional non-linear manifolds. As far as we are aware, it has
never been stated before, although it could have been deduced from Birgé (1983) via
our Proposition 4.

5.4 A few typical illustrations

5.4.1 Finite dimensional normed linear spaces

One purpose of Approximation Theory (see, for instance Pinkus, 1985) is, given some
function space S, to provide k-dimensional linear spaces Sk such that sups∈S d(s, Sk) ≤
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ε where ε is a known function of S and k . Then, if S is an ε-net for Sk, it is a 2ε-
net for S. Finding such nets S amounts to get bounds on the metric dimension of
k-dimensional linear subspaces Sk of normed linear spaces. One easy result in this
direction is as follows.

Proposition 7 Let Sk be a k-dimensional linear subspace of some normed linear
space M . If M is a Hilbert space, then Sk has a finite metric dimension bounded by
k(log 5)/4 < 0.403k (by 1/2 if k = 1). Otherwise, it is bounded by k log 5 < 5k/3.

Proof: It is based on the classical Lemma 4 below — see, for instance, Lemma 1 of
Lorentz (1966) —. Indeed, there exists a maximal η-separated subset S of Sk, which
is therefore an η-net for Sk and it satisfies, by (5.3),

|{u ∈ S | ‖t− u‖ < r}| < exp
[
k(r/η)2(log 5)/4

]
for all t ∈ Sk and r ≥ 2η. (5.2)

If M is a Hilbert space, Pythagoras’ Theorem implies that (5.2) still holds for t ∈M .
Otherwise, we apply Lemma 2 to get the bound.

Lemma 4 If Sk is a k-dimensional normed linear space and S an η-separated subset
of Sk, then

|{u ∈ S | ‖t− u‖ ≤ xη}| ≤ (2x+ 1)k for all x > 0 and all t ∈ Sk. (5.3)

As a straightforward consequence of Proposition 7, Theorem 4 implies that if S is any
subset of a k-dimensional normed linear space (or more generally has a finite metric
dimension bounded by k) the minimax quadratic risk R(S, 2) is bounded by Ca−1k
(Ck/n in the i.i.d. setting and Cσ2k in the Gaussian setting, as expected).

It is easy to improve Bound 5.2 for Euclidean spaces of dimensions one and two,
using an explicit construction for the nets. If k = 1, using the lattice S = 2ηZ, we
can replace (log 5)/4 by (log 3)/4 in (5.2). If k = 2, we can cover R2 with hexagons
and take for S their centers, which results in the dimension bound (log 7)/4 instead
of (log 5)/2. The example of k = 1 shows that (5.2) is not too pessimistic. A lower-
bound argument again based on volumes shows that, if S is an arbitrary η-net for Rk,
then |S∩B(t, 3η)| ≥ 2k. This is a rather poor but straightforward lower bound which
implies that the metric dimension of Rk is, in any case, of the order of k. When M
is a Hilbert space, one can also build η-nets for Sk, k ≥ 3, in a constructive way but
this results in the suboptimal bound 0.458k for the metric dimension.

Proposition 8 Let S ⊂ Sk ⊂ M be a lattice of the form S =
[(

2η/
√
k
)
Z
]k

, where

Sk denotes a k-dimensional linear subspace (identified to Rk) of some Hilbert space
M and η is a positive number. Then S is an η-net for Sk and whatever t ∈M ,

|S ∩ B(t, r)| < (πk)−1/2 exp
[
0.458k(r/η)2

]
for r ≥ 2η.

The result follows immediately from the next lemma, which can be proved as Lemma 2
from Birgé and Massart (1998).

Lemma 5 For all positive integers k, t ∈ Rk, λ > 0 and r > 0,

|(λZ)k ∩ B(t, r)| ≤ (πe/2)k/2√
πk

(
2r

λ
√
k

+ 1

)k
<

1√
πk

exp

[
k

[
0.73 + log

(
2r

λ
√
k

+ 1

)]]
.
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5.4.2 Parametric models

The initial construction of Le Cam (1973) was directed towards parametric models,
i.e. sets S of distributions that are smooth images of subsets of Rk. For many such
models, or at least compact subsets of them, the following property, which appears
in Lemma 7 of Le Cam (1973), holds:

Property 1 There exists a one-to-one parametrization θ 7→ t(θ) ∈ S of S by a subset
Θ of Rk, a norm ‖ · ‖ on Rk, two positive constants b ≤ b′ and an increasing function
ξ satisfying ξ(xλ) ≤ xβξ(λ), β > 0, for all x ≥ 2, λ > 0, such that

b‖θ − θ′‖ ≤ ξ
(
d(t(θ), t(θ′))

)
≤ b′‖θ − θ′‖ for all θ, θ′ ∈ Θ. (5.4)

One can then mimic the proof of Proposition 7 to get

Proposition 9 Under Property 1, the subset S of (M,d) has a metric dimension
bounded by k[log(b′/b) + β log 5] ∨ (1/2).

Note that, for the i.i.d. setting, Property 1 can only hold for bounded sets Θ since d
being either h or v is bounded.

An alternative way to deal with a parametric model, when the parametrization t
is a smooth mapping from Rk to RN , which may happen in the Gaussian setting, is
to consider it as a manifold. It is then useful to introduce the following

Property 2 A subset V of S enjoys Property 2 if, whatever η, r > 0, t ∈M , and Sη
an η-separated subset of S,

|V ∩ Sη ∩ B(t, r)| ≤ exp
[
D[(r/η) ∨ 1]2

]
,

for some D > 0.

If S is a k-dimensional manifold, for any s ∈ S, one can find a viciniy of s in S
for which the projection onto the tangent space at s is almost isometric. It follows
from the arguments used to prove Proposition 7 that there exists a vicinity Vs of
s which enjoys Property 2 with D = 3k/2. If S is compact, one can even assume
that Vs = B(s, r̄) for some r̄ > 0 independent of s. Indeed, if this were not true, by
compacity, one could find a sequence (sn)n≥1 in S converging to s0 and a sequence
(rn)n≥1 converging to 0 such that S ∩ B(sn, rn) does not enjoy Property 2. This
would contradict the fact that Vs0 enjoys Property 2 since B(sn, rn) ⊂ Vs0 for n large
enough. In such a case, we can bound the metric dimension of S via the following

Proposition 10 If S is compact, r̄ > 0 and, for all s ∈ S, B(s, r̄) ∩ S enjoys
Property 2 with the same value of D, the metric dimension of S is bounded by

D̃(η) =
D(r̄/η)2 + logK

4 ∨ [r̄/(2η)]2
∨ 1/2, (5.5)

where K denotes the minimal cardinality of a covering of S by balls of radius r̄.

Proof: If η ≥ r̄, the K centers of the balls of radius r̄ which cover S provide an η-net
S for S with log |S| = logK and (5.5) holds. If η < r̄, we take for S a maximal η-
separated subset of S and it follows from Property 2 that |S∩B(s, r̄)| ≤ exp

[
D(r̄/η)2

]
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for all s ∈ S, which implies that |S| ≤ K exp
[
D(r̄/η)2

]
. Let t be an arbitrary point in

M . We now distinguish between two cases. If 2η ≤ r < r̄/2, then either B(t, r)∩S = ∅
and there is nothing to prove, or B(t, r) ⊂ B(s, 2r) ⊂ B(s, r̄) for some s ∈ S, hence
|S ∩ B(s, 2r)| ≤ exp

[
4D(r/η)2

]
by Property 2 and (5.5) holds since r̄ > 4η. If

r ≥ (r̄/2) ∨ 2η, then

log(|S ∩ B(t, r)|) ≤ log(|S|) ≤ D(r̄/η)2 + logK ≤ D(r̄/η)2 + logK

4 ∨ [r̄/(2η)]2
(r/η)2

and (5.5) holds again.

5.4.3 Totally bounded sets and entropy numbers

For totally bounded sets, a classical way of measuring massiveness is via entropy
numbers. Let us recall their definition.

Definition 5 If S is totally bounded, its η-covering number N (η) is the smallest
number of closed balls of radius η that are needed to cover it and its η-entropy is
H(η) = log2[N (η)].

The η-entropy is nonincreasing with respect to η, H(η) = 0 for η large enough and
the metric dimension of S is bounded by [H(η) log 2]/4. One way of bounding H(η)
is to find an upper bound for the cardinality of some maximal η-separated set in S.
Much more on the subject, in particular examples of evaluations of H for various sets
and distances, can be found in Kolmogorov and Tikhomirov (1961), Lorentz (1966),
Birman and Solomjak (1967) and Lorentz, von Golitschek and Makovoz (1996) among
other references. Nevertheless, the approach based on entropy is not always adequate
for our purpose, even for compact sets. For instance, we have seen that Euclidean
balls in M = Rk have a metric dimension bounded by 0.403k independently of their
radius r̄. But their η-entropy H(η) is bounded from below by k log2(r̄/η). Using
[H(η) log 2]/4, which is at least [k(log 2)/4] log2(r̄/η), as an upper bound for the
metric dimension of those balls would not lead to the right bound when r̄ is large.

5.4.4 Ellipsoids

Let us now consider a situation where the function D̃(η) converges to infinity when
η goes to 0. Given a nonincreasing sequence a = (ai)i≥1 in [0,+∞] with a1 > 0 and
limi ai = 0 we define the ellipsoid E(a) ⊂ l2(N?) as

E(a) =

{
s = (si)i≥1

∣∣∣∣∣
+∞∑

i=1

(
si
ai

)2

≤ 1

}
, (5.6)

with the convention that if ai = 0 then si = 0 and if ai = +∞ then si is arbitrary. To
bound the metric dimension of E(a), we observe that

∑+∞
i=k+1 s

2
i ≤ a2

k+1 for k ≥ 0 and

s ∈ E(a). Applying this with k = 0 and S0 = {0}, we can set D̃(η) to any number
≥ 1/2 for η ≥ a1. For η ≥

√
2ak+1 with k ≥ 1, we set λ = η

√
2/k ≥ 2ak+1k

−1/2 and
Sk = (λZ)k ⊂ l2(N?) (ti = 0 for i > k if t ∈ Sk). Therefore, if s ∈ E(a), one can find
some t ∈ Sk with

d2(s, t) ≤ a2
k+1 + kλ2/4 ≤ kλ2/2 = η2
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and Sk is an η-net for E(a). If t ∈ l2(N?) and r ≥ 2η, it follows from Lemma 5 that

1

k
log
(
|Sk ∩ B(t, r)|

)
< 0.73 + log

(
1 +
√

2(r/η)
)
< 0.52(r/η)2.

This proves that the metric dimension of E(a) is bounded by 0.52k when η ≥
√

2ak+1

and we can finally choose for D̃ the function given by

D̃(η) = 0.52 inf
{
k ∈ N?

∣∣∣
√

2ak+1 ≤ η
}
. (5.7)

We can then derive from Corollary 5 and Lemma 6 below the following upper bounds
for the minimax risk over E(a):

R(E(a), q) ≤ C(q)

(
inf
k≥1

{
ak+1 ∨ σ

√
k
})q

for q ≥ 1. (5.8)

This bound is similar to the one we got for the i.i.d. setting in Birgé (1983, Section 4).
Such a result is not new and just given as an illustration of the way our method works.
It can, for instance, be deduced from Donoho, Liu and MacGibbon (1990) — see also
Birgé and Massart (2001, Section 6.2) —. An exact asymptotic evaluation of the
minimax risk over ellipsoids has been given by Pinsker (1980).

Lemma 6 Let (bk)k≥1 be some nonincreasing sequence with values in [0,+∞] such
that limk→+∞ bk = 0 and let the function G be defined on (0,+∞) by G(x) = inf{k ≥
1 | bk ≤ x}. Then, for all t > 0,

inf
{
x
∣∣x2 ≥ tG(x)

}
= inf

k≥1

(
bk ∨

√
tk
)
.

The elementary proof will be ommitted.
The problem of estimating some s ∈ E(a) typically occurs when it comes from

the filtering of the White noise framework by the trigonometric basis as explained in
Section 4.2.2. It is then of common practice to put some Sobolev-type restriction on
the unknown s, of the form ‖s(α)‖ ≤ R. This amounts to assume that s belongs to
the ellipsoid E(a) = E ′(α,R) defined by (5.6) with coefficients

a1 = +∞ and a2j = a2j+1 = R(2πj)−α for j ≥ 1. (5.9)

We refer to Birgé and Massart (2001, Section 1.1.4) for additional details. This and
(5.7) lead to the following upper bound D̃ for the metric dimension of E ′(α,R):

D̃α,R(η)

0.52
=

{
1 if η ≥

√
2R(2π)−α;

2j + 1 if
√

2R(2πj)−α > η ≥
√

2R[2π(j + 1)]−α, j ≥ 1.

or equivalently,

D̃α,R(η)

0.52
= 2




1

2π

(√
2R

η

)1/α


− 1 with dxe = inf{n ∈ N |n ≥ x}. (5.10)

The resulting upper bound for the minimax risk then derives from (5.8):

R(E ′(α,R)), q) ≤ C(q)σq

[(
R

σπα

)1/(2α+1)

∨ 1

]q
.

This upper bound is known to be sharp, up to the constant C(q).
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5.5 The importance of choosing the “right” distance

One should be very careful with the application of the previous results and definitely
not take for granted that if the parameter set has a bounded metric dimension, then
the minimax risk is under control. Such results have been proved here for the distance
d2 in the Gaussian setting and for the Hellinger or the variation distances in the i.i.d.
setting. They can be extended to other situations but are definitely not valid in
general.

It is, for instance, quite common to use the squared L2-loss when estimating den-
sities with respect to Lebesgue measure. This point of view has been criticized in
particular by Devroye — see Devroye (1987) — who advertises for the L1-loss. The
main point is that the L2-distance is not a distance between probability measures
and depends on the choice of the dominating measure. The following example shows
that there is no hope to build a theory of the risk with L2-loss under purely metric
assumptions because Assumption 1 does not hold generally in the i.i.d. setting when
we take for d the L2-distance.

Proposition 11 Let us consider the parameter set S = (0, 1/3] and, for s ∈ S, define
the distribution P s by its density with respect to Lebesgue measure on [0, 1]:

dP s/dx = fs = s−21l[0,s3] +
(
s2 + s+ 1

)−1
1l(s3,1].

Suppose we have at disposal n i.i.d. observations with density fs, s ∈ S. Then one
can build for each n ≥ 1 a T -estimator ŝn such that

sup
n≥1

sup
s∈S

Es
[
nh2(s, ŝn)

]
< +∞.

On the other hand, although the metric dimension of S with respect to the L2-distance
is finite, sups∈S Es

[
‖s− s̃n‖2

]
= +∞, whatever n and the estimator s̃n.

6 Working with several models

6.1 Why do we need several models

The limitation of our previous approach which amounts to base our estimation pro-
cedure on a single well-chosen discrete model S appears clearly in the applications.
When we tried to estimate a uniform distribution on [0, et] in Section 4.2.5, we had
to restrict to a compact set of values for t and when we designed a minimax (up to
constants) estimator for the ellipsoid E ′(α,R) in Section 5.4.4, we had to know the
values of α and R in order to build the estimator. It would clearly be more satis-
factory to be able to use several models simultaneously in the construction of our
estimator. For instance, with a countable number of them, one could approximate
properly the whole parameter space in the first problem and if we had at hand one
approximating space for each pair (α,R) and could use all of them together in the
second problem, we would not have to know α and R and therefore get an adaptive
estimator.

In order to motivate our new construction, let us consider, in the Gaussian setting,
a somewhat extreme, but nevertheless instructive example. Let us suppose that we
hesitate between two assumptions for the unknown parameter s. The simplest one,

30



which is likely to be true but far from certain is that s belongs to some one-dimensional
linear space S1. The second assumption, which is certain, is s ∈ SN where SN ⊃ S1

is a linear space of large dimension N . If the first assumption is true, it follows from
the considerations of Section 5.4.1 that we could base our construction on a discrete
subset of S1 satisfying Assumption 2 with D = 1/2, B ′ = 1 and get, by Corollary 5,
a risk bound of the form

Es
[
‖s− ŝ‖2

]
≤ C

[
d2

2(s,S1) + σ2
]
.

This is perfect if s actually belongs to S1 or is close enough to it, but may be otherwise
terrible. On the other hand, working with a suitable discrete subset of SN would
lead to the risk bound CNσ2 whatever s ∈ SN , which is not satisfactory if s does
belong to S1. One possible way of solving this dilemna would be to test between the
two assumptions but this becomes much harder if we have to choose between many
arbitrary and possibly non-linear sets with bounded metric dimensions, instead of two
linear spaces. Moreover, since the very definition of T -estimators includes testing, it
seems natural to incorporate the tests between the different parameter spaces in the
construction of the estimator. In order to understand how to do this, let us go back
to our example, assuming that s ∈ S1 ⊂ SN . Let us denote by S1 and SN the discrete
subsets of S1 and SN respectively that we use to build the T -estimators under each
assumption and assume, for simplicity, that s belongs to both sets S1 and SN . If
we want to build an estimator, as we did before, using both sets together, although
s ∈ S1, there are so many points in SN that are at a distance of order σ

√
N of s that

there is a large probability that one of the tests between s and one of those points
does reject s and that the resulting estimator be at a distance of order σ

√
N of s.

What happens here is exactly what happens with the m.l.e. in Section 2.2. The fact
that, because of its large dimension, there are many points of SN around any point
of S1 gives an advantage to SN . We actually need to compensate for this advantage.
Instead of always using tests between t and u with a threshold 0, considering the sign
of log[t(X)/u(X)], we may want to give an advantage to t when it belongs to a set
of small (metric) dimension and u belongs to a set of larger dimension. It suffices
for this to change the threshold and accept t when log[t(X)/u(X)] > x with x < 0.
This will change the equilibrium between the two errors of the tests and compensate
for the fact that there are many more points in the bigger set. This is actually
how penalized maximum likelihood works: in order to use simultaneously many sets
Sm corresponding to different dimensions, it attaches to each one a penalty pen(m).
Performing penalized maximum likelihood then amounts to choosing an estimator s̃
satisfying

s̃ = ŝm̂ and log s̃(X)− pen(m̂) = sup
m∈M

sup
t∈Sm
{log t(X)− pen(m)}.

By doing so, when we compare the penalized likelihoods at t ∈ Sm and u ∈ Sm′ , we
compare log t(X)− pen(m) with log u(X)− pen(m′) or equivalently log[t(X)/u(X)]
with pen(m)− pen(m′) and if pen(m) is an increasing function of the dimension, we
do exactly what was expected: compensate for the dimension.

Of course, the penalized m.l.e. suffers from the same defects as the ordinary m.l.e.
and proving results for the penalized m.l.e. leads to similar technical difficulties, as
can be seen from Barron, Birgé and Massart (1999), Castellan (1999 and 2000), van
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de Geer (2000) or Eggermont and LaRiccia (2001). Even in the Gaussian setting, it
is difficult to get general results for the penalized m.l.e. with arbitrary models. Just
as the construction of T -estimators provided an alternative to the ordinary m.l.e., the
construction that follows offers an alternative to the penalized m.l.e.

6.2 The new assumptions

The set up we use here is the one we defined in Section 4.1 with the only difference
that S is now written as a finite or countable union of countable subsets Sm of M :
S =

⋃
m∈M Sm, the set {Sm,m ∈ M} representing a family of possible models for

the unknown s.
Our first assumption bounds the errors of the tests ψ(t, u,X) but not in the

same way as in Section 4.1. In Assumption 1, t and u were treated in a symmetric
way in the sense that both errors of the tests were bounded by the same quantity
B exp

[
−ad2(t, u)

]
. We now want to introduce, via some function η from S to R+, a

dissymmetry in our tests and be able to favour one of the two points. To do this, we
attach to each point t in S a penalty η2(t) and, when testing between t and u favour
the point with the smaller penalty, which means that the error at this point will be
smaller than the other error.

Assumption 3 There exists a function δ from M × S to [0,+∞] such that δ(s, t) ≥
κd(s, t) for some κ ≥ 4 and two constants a,B > 0 such that, given a non-negative
function η on S, one can find for each pair (t, u) ∈ S2 with t 6= u, a test function
ψ(t, u,X) (with ψ(u, t,X) = 1− ψ(t, u,X)) which satisfies

sup
{s∈M | δ(s,t)≤d(t,u)}

Ps[ψ(t, u,X) = 1] ≤ B exp
[
−a
(
d2(t, u)− η2(t) + η2(u)

)]
. (6.1)

Note here that Assumption 1 merely corresponds to the special situation η(t) = 0 for
all t ∈ S. We can immediately derive from Propositions 4 and 5, that this assumption
is satisfied in the Gaussian and independent settings.

The metric properties of S are described by the following generalization of Assump-
tion 2.

Assumption 4 There exists B ′ > 0 such that, for each m ∈M, one can find ηm > 0
and Dm ≥ 1/2 satisfying

|{Sm ∩ Bd(t, r)}| ≤ B′ exp
[
Dm[(r/ηm) ∨ 2]2

]
for all r > 0 and t ∈ S. (6.2)

The assumption implies that S is countable and that each Sm satisfies Assump-
tion 2 (ηm, Dm, B

′). In particular, Lemma 2 applies to each Sm. Conversely, if each
Sm satisfies Assumption 2 (ηm, Dm, B

′) and d is a distance, Assumption 4 holds with
Dm replaced by 4Dm in (6.2) by Lemma 2.

6.3 The estimator and its performances

As before, we still want to define T -estimators via the minimization of the function
DX given by (3.4) as explained in Definition 2 but we first have to specify which
penalty function η we shall use to build our family of tests. We want to connect it
with the ηms of Assumption 4 so that η(t) = ηm when t belongs to Sm. Unfortunately,
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the previous sentence is definitely ambiguous because t may belong to several Sms
simultaneously, which leads to the following precise definition:

η(t) = inf{ηm |m ∈M and t ∈ Sm}. (6.3)

From now on, we shall assume that η is given by (6.3).
We can now prove a general result about the existence and performances of T -

estimators which is the extension to the case of several models of Theorem 2. The
relationship between D and aη2 should now hold for each model Sm and uniformly in
m, but we now require an additional assumption, namely (6.6) below, which bounds
the “complexity” of our family of models in the sense that it controls the growth of
the sequence of numbers Nj =

∣∣{m ∈M
∣∣ j − 1 ≤ η2

m < j
}∣∣. This condition should

be viewed as an analogue of (3.1) in Barron and Cover (1991), (19) in Birgé and
Massart (1997), (2.2) in Barron, Birgé and Massart (1999) or (3.3) in Birgé and
Massart (2001). In particular it implies that

|{m ∈M| ηm ≤ z}| < +∞ for all z > 0. (6.4)

Theorem 5 Let (M,d) be a metric space and Assumptions 3 and 4 hold with δ = κd,

aη2
m ≥ 21Dm/5 for all m ∈M (6.5)

and ∑

m∈M
exp

[
−aη2

m/21
]

= Σ < +∞. (6.6)

Let s be an arbitrary element of M . The function DX is Ps-a.s. finite on S and
there exits Tε-estimators ŝ(X) for ε > 0 and also for ε = 0 if M is finite. If
0 ≤ ε ≤ 0.48a−1/2 the risk of any of them satisfies, for q ≥ 1, both bounds

Es[dq(s, ŝ)] ≤
[
κ+

4

3

]q
inf
m∈M

{
d(s, Sm) ∨ ηm

}q
+
BB′Σ

7

√
πeq

2

[
4q

3e

]q/2
a−q/2; (6.7)

Es[dq(s, ŝ)] ≤
[
κ+

4

3

]q
inf
m∈M

{[
d(s, Sm) ∨ ηm

]q
[
1 +

BB′Σ
7

ζq

(
2κ2aη2

m

3

)]}
, (6.8)

with ζq given by (4.6). In particular,

Es[dq(s, ŝ)] ≤
[
1 +

BB′Σ
108

] [
κ+

4

3

]q
inf
m∈M

{d(s, Sm) ∨ ηm}q for 1 ≤ q ≤ 70. (6.9)

The risk bounds (6.7) and (6.8) are the analogues of those we got in Theorem 2
with the terms involving BB′Σ playing the role of either additive of multiplicative
remainder terms. On the one hand, the additive term in (6.7) does not involve ηm
or Dm and behaves as a−q/2. On the other hand, even for values of q as large as 70,
the term involving BB′Σ in (6.8) should be considered as negligeable unless BB ′Σ
is really huge, as seen from (6.9). Indeed, for the typical value BB ′ = 1, one can
allow very large values of Σ without any noticeable effect on the risk bound (6.8).
The choice of 70 has nothing special apart from the facts that it is already larger
than the powers involved in risk functions one would currently use, that it leads to a
simple bound and that the remainder term increases rather quickly for larger values
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of q. Therefore, we shall restrict ourselves to 1 ≤ q ≤ 70 in the sequel for simplicity.
Of course, all the results could be extended to larger values of q, starting from either
(6.7) or (6.8).

As a consequence of Theorem 5, we can build T -estimators from a suitable dis-
cretization of some collection of approximating models such those provided by Ap-
proximation Theory. The following result is easily comparable to more classical ones
about the performances of penalized estimators as in Barron, Birgé and Massart
(1999) or Birgé and Massart (2001).

Corollary 6 Let Assumption 3 hold with δ = κd and
{
Sm
}
m∈M be a finite or count-

able family of subsets of the metric space (M,d) with respective finite metric dimen-
sions bounded by Dm. Let {∆m}m∈M be a family of nonnegative weights such that

∑

m∈M
exp[−∆m/5] = Σ. (6.10)

There exists a T -estimator ŝ satisfying, for all s ∈M and 1 ≤ q ≤ 70,

Es
[
dq(s, ŝ)

]
≤
[
1 +

BΣ

108

] [
κ+

4

3

]q
inf
m∈M

{
d
(
s, Sm

)
+

√
21

5a

(
Dm ∨∆m

)
}q

. (6.11)

Proof: For each m, set η2
m = (21/5)a−1

(
Dm ∨∆m

)
. Then (6.6) holds and (6.5) is

satisfied with Dm = Dm since Dm ≥ 1/2 by the definition of the metric dimension.
Moreover, this definition also implies that, for each m ∈ M, there exists Sm ⊂ M
which is an ηm-net for Sm and satisfies Assumption 4 with Dm = Dm and B′ = 1.
We may therefore apply Theorem 5 to get (6.9). We conclude by noticing that
d(s, Sm) ∨ ηm ≤ d

(
s, Sm

)
+ ηm.

Remark: One could, alternatively, adopt a Bayesian point of view, introducing
some prior distribution ν on M with νm = − log(ν({m})) > 0 for each m. Setting
∆m/5 = νm − 16 leads to Σ = e16 < 108/11 and (6.11) becomes

Es
[
dq(s, ŝ)

]
≤
[
1 +

B

11

][
κ+

4

3

]q
inf
m∈M



d
(
s, Sm

)
+

√
21

a

[
Dm

5
∨ (νm − 16)

]


q

.

A very small prior probability ν({m}) for the model Sm, implies a large value of η2
m,

which, as we already mentioned, can be viewed as a penalty for model Sm. This
Bayesian viewpoint should be compared with the one given in Section 3.4 of Birgé
and Massart (2001) for penalized least squares.

Finally, we shall consider the special situation where the tests ψ(t, u,X) of Assump-
tion 3 derive from some contrast function γ, as in (4.14). This occurs in particular
for the Gaussian setting as we shall see below.

Theorem 6 Let d be a distance, Assumption 4 hold and, for all (t, u) ∈ S2, t 6= u,

sup
{s∈M | d(s,t)≤κ−1d(t,u)}

Ps[γ(u,X) ≤ γ(t,X)] ≤ B exp
[
−a
(
d2(t, u)− η2(t) + η2(u)

)]
,

(6.12)
for some fixed a,B > 0 and κ ≥ 4. Assume, moreover, that, whatever s ∈M ,

Ps[γ(u,X) ≤ γ(t,X)] ≤ B exp
[
a
(
κ′d2(s, t) + η2(t)− η2(u)

)]
, (6.13)
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for some κ′ > 0. Let the constants ηm, Dm and a satisfy (6.5) and

∑

m∈M
exp

[
−aκ′′η2

m

]
< +∞ with 0 ≤ κ′′ < 1/21. (6.14)

Then, Ps-a.s., there exists at least one point ŝ ∈ S such that γ(ŝ,X) = inf t∈S γ(t,X)
and any such point satisfies (6.7), (6.8) and (6.9).

6.4 Proofs of Theorems 5 and 6

6.4.1 Some preliminary results

As in Section 4.3, we shall first prove some intermediate results of large deviations
for DX which only require that d be a semi-metric.

Proposition 12 Let Assumptions 3 and 4 hold with the penalty function η given by
(6.3) and constants a, ηm and Dm satisfying (6.5) and (6.6). If s ∈ M and s′ ∈ S
are such that δ(s, s′) < +∞, then the function DX defined on S by (3.4) satisfies

Ps
[
DX (s′) > y

]
≤ BB′Σ

7
exp

[
−2ay2

3

]
for y ≥ y0 = [4η(s′)] ∨ δ(s, s′). (6.15)

If, moreover, whatever s ∈M and t 6= u ∈ S,

Ps[ψ(t, u,X) = 1] ≤ B exp
[
a
(
κ′d2(s, t) + η2(t)− η2(u)

)]
, (6.16)

for some κ′ > 0 and (6.14) holds, then

α(y) = Ps
[
∃ t ∈ S with ψ(s′, t,X) = 1 and η(t) ≥ y

]
−→
y→+∞

0. (6.17)

Proof: Using (6.4) we can index the set M as {mj , j ∈ N} in nonincreasing order of
the ηm’s, so that i < j implies ηmi ≤ ηmj . Then we derive from the Sms a partition
{S′m,m ∈M} of S by setting, using this indexing of M,

S′mk = Smk
⋂

⋃

j<k

Smj



c

for all k ∈ N. (6.18)

Since S′m ⊂ Sm, the S′ms still satisfy Assumption 4 with the same constants ηm, Dm

and B′. Moreover, our ordering of M has been chosen in such a way that whatever
t ∈ S, η(t) = ηp if t ∈ S′p, therefore we derive from (3.4) and (6.1) that

Ps
[
DX (s′) > y

]
≤ Ps

[
∃ t ∈ S with d(t, s′) ≥ y and ψ(s′, t,X) = 1

]

≤
∑

p∈M

∑

t∈S′p
d(t,s′)≥y

Ps[ψ(s′, t,X) = 1]

≤ B
∑

p∈M

∑

t∈S′p
d(t,s′)≥y

exp
[
−a
(
d2(t, s′)− η(s′)2 + η2

p

)]
, (6.19)
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since d(t, s′) ≥ y ≥ δ(s, s′). To prove (6.15), it is then enough, by (6.6), to show that

∑

t∈S′p
d(t,s′)≥y

exp
[
−a
(
d2(t, s′)− η2(s′) + η2

p

)]
≤ B′

7
exp

[
−2ay2

3
−
aη2

p

21

]
. (6.20)

To prove (6.20), we shall systematically use the inequalities

ay2 ≥ ay2
0 ≥ 16aη2(s′) ≥ 16× 21Dm/5 ≥ 168/5, (6.21)

which follow from (6.5) when s′ ∈ S′m, and distinguish between two cases.

Case 1: y ≥ 2ηp
Let us observe that, if z ≥ 2ηp, Assumption 4 and (6.5) imply that

∣∣{t ∈ S′p
∣∣ d(t, s′) < z

}∣∣ ≤ B′ exp
[
(z/ηp)

2Dp

]
≤ B′ exp

[
5az2/21

]
.

Setting θ = 91/80, we derive from this bound and (6.21) that

1

B′
∑

t∈S′p
d(t,s′)≥y

e−ad
2(t,s′) =

1

B′
∑

j≥0

∑

t∈S′p
θj/2y≤d(t,s′)<θ(j+1)/2y

e−ad
2(t,s′)

≤
∑

j≥0

exp
[
5θj+1ay2/21− aθjy2

]
≤

∑

j≥0

exp
[
−35ay2θj/48

]

≤ exp
[
−35ay2/48

]∑

j≥0

exp
[
−(49/2)

[
(91/80)j − 1

]]

< 1.036 exp
[
−35ay2/48

]
.

Hence, by (6.21),

∑

t∈S′p
d(t,s′)≥y

exp
[
−a
(
d2(t, s′)− η2(s′) + η2

p

)]
< 1.036B′ exp

[
−a
(
2y2/3 + η2

p

)]
. (6.22)

Case 2: y < 2ηp
In this case we split the sum in (6.19) into two parts. For d(t, s′) ≥ 2ηp, we can apply
the results of Case 1, i.e. (6.22) with y replaced by 2ηp and then the assumption
y < 2ηp, to get

∑

t∈S′p
d(t,s′)≥2ηp

exp
[
−a
(
d2(t, s′)− η2(s′) + η2

p

)]
< 1.036B′ exp

[
−a
(
2y2/3 + η2

p

)]
.

For y ≤ d(t, s′) < 2ηp, we use (6.5) and (6.21) again to derive

∑

t∈S′p
y≤d(t,s′)<2ηp

exp
[
−a
(
d2(t, s′)− η2(s′) + η2

p

)]
≤ B′ exp

[
4Dp − ay2 + aη2(s′)− aη2

p

]

≤ B′ exp
[
−a
(
15y2/16 + η2

p/21
)]
.
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Adding the sums for d(t, s′) ≥ 2ηp and d(t, s′) < 2ηp shows that the resulting bound
for Case 2 is larger than the one we derived for Case 1, so that, whatever y ≥ y0,

∑

t∈S′p
d(t,s′)≥y

exp
[
−a
(
d2(t, s′)− η2(s′) + η2

p

)]

≤ B′ exp

[
−2ay2

3
−
aη2

p

21

](
1.036 exp

[
−

20aη2
p

21

]
+ exp

[
−13ay2

48

])

and (6.20) follows from (6.21).

To prove (6.17), we introduce the set My = {p ∈ M| ηp ≥ y}. Since η(t) = ηp if
t ∈ S′p,

α(y) ≤
∑

p∈My

∑

t∈S′p
d(t,s′)≥2ηp

Ps[ψ(s′, t,X) = 1] +
∑

p∈My

∑

t∈S′p
d(t,s′)<2ηp

Ps[ψ(s′, t,X) = 1].

Since ηp ≥ y, we can bound the first term using (6.20):

∑

t∈S′p
d(t,s′)≥2ηp

Ps[ψ(s′, t,X) = 1] ≤ BB′

7
exp

[
−
(
8ay2/3

)
−
(
aη2

p/21
)]
. (6.23)

For the second term, we use (6.16), (6.5), d(s, s′) ≤ κ−1δ(s, s′) ≤ y0/4 and (6.21) to
get

∑

t∈S′p
d(t,s′)<2ηp

Ps[ψ(s′, t,X) = 1]

≤ BB′ exp
[
4Dp + aκ′d2(s, s′) + aη(s′)2 − aη2

p

]

≤ BB′ exp
[
−
(
aη2

p/21
)

+
(
ay2

0/16
)

(κ′ + 1)
]

< BB′ exp
[
−aκ′′η2

p − ay2(1/21− κ′′) +
(
ay2

0/16
)

(κ′ + 1)
]
. (6.24)

Summing (6.23) and (6.24) with respect to p ∈My and letting y go to infinity allows
to deduce (6.17) from (6.14).

Remark: Since by (6.21), 2ay2/3 ≥ 112/5, the right-hand side of (6.15) is bounded by
2.7 × 10−11BB′Σ. Therefore, unless BB′Σ is very large, (6.15) essentially says that
Ps
[
DX (s′) ≤ [4η(s′)] ∨ δ(s, s′)

]
' 1.

6.4.2 Proof of Theorem 5

The assumptions imply, by Proposition 12, that (6.15) holds for y ≥ y0 and, therefore,
DX (s′) < +∞, Ps-a.s. for any s′ ∈ S, which proves the existence of Tε-estimators
ŝ(X), at least for ε > 0. Moreover, by Lemma 1,

{
t ∈ S | DX (t) ≤ DX (s′)

}
⊂
⋃

m∈M

[
Sm ∩ B(s′,DX (s′))

]
.

WhenM is finite, this is a.s. a finite set since Sm ∩B(s′,DX (s′)) is finite for each m
and there exists at least one T0-estimator.
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Let us now fix some m ∈M and set y = κ[d(s, Sm)∨ηm] and s′ = πm(s) where πm
is a “projection” operator from M to Sm provided by Lemma 2 via Assumption 4.
Then d(s, s′) = d(s, Sm) ≤ y/κ, η(s′) ≤ ηm, y ≥ y0 and y/κ ≥ ηm ≥

√
2.1/a by

(6.21), hence ε < y/(3κ). Then (3.5) implies that

d(s, ŝ(X)) ≤ d(s, s′) +DX (s′) + ε ≤ DX (s′) + 4y/(3κ).

We now use (6.15) and apply Proposition 3, with Y = DX (s′), α = BB′Σ/7, β =
2a/3 and λ = 4/(3κ) to get the analogues of (4.4) and (4.5). We then argue as in the
proof of Theorem 2, using (3/4)[1 + 4/(3κ)]2 < 4/3 in (4.5) and y ≥ κηm in (4.4).
An optimization with respect to m, which is arbitrary in M, then leads to (6.7) and
(6.8). Since 2κ2aη2

m/3 ≥ 224Dm/5 ≥ 22.4 whatever m, (6.9) follows from a study of
the function q 7→ ζq(22.4).

6.4.3 Proof of Theorem 6

We first want to prove that there exists a.s. some ŝ(X) ∈ S such that γ(ŝ,X) =
inft∈S γ(t,X). Let us define the tests ψ(t, u,X), for all (t, u) ∈ S2, t 6= u, by

ψ(t, u,X) =

{
0 if γ(t,X) < γ(u,X);
1 if γ(t,X) > γ(u,X);

(6.25)

(with an arbitrary value in case of equality) and fix some s′ ∈ S. Replacing ψ(t, u,X) =
1 by γ(u,X) ≤ γ(t,X) in the proof of Proposition 12, we can conclude in the same
way that DX (s′) < +∞ a.s. and (6.17) holds. If s′ is a minimizer of γ, there is
nothing to prove. Otherwise such a minimizer should belong to the nonempty set
{t ∈ S | γ(t,X) < γ(s′,X)}. If t belongs to this set, DX (s′) ≥ d(s′, t). Hence,
setting M′y = {m ∈M| ηm < y}, we get

{t ∈ S | γ(t,X) < γ(s′,X) and η(t) < y} ⊂
⋃

m∈M′y

[
Sm ∩ B(s′,DX (s′))

]
. (6.26)

The set Sm ∩ B(s′,DX (s′)) is finite for each m and M′y as well for any y > 0 by
(6.4). This implies that, with a probability at least 1 − α(y), the set of ts such that
γ(t,X) < γ(s′,X) is finite and there exists some minimizer ŝ(X) of γ(·,X). Letting
y go to infinity, we conclude from (6.17) that ŝ(X) exists with probability one.

Now, for any such minimizer ŝ, we have, following again the proof of Proposition 12,

Ps[d(ŝ, s′) ≥ y] ≤ Ps
[
∃ t ∈ S with d(t, s′) ≥ y and γ(t,X) ≤ γ(s′,X)

]

≤ (BB′Σ/7) exp
[
−2ay2/3

]
,

if y ≥ y0 and we conclude as in the proof of Theorem 5 with ε = 0.

7 Some applications

7.1 Application to the Gaussian setting

In the Gaussian setting, given a discrete subset S of M = l2(N?) satisfying Assump-
tion 4, we can define on S the following penalized contrast function

γ(t,X) =
‖t‖2

2
− 〈t,X〉+

η2(t)

12
. (7.1)
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In view of the form of the Gaussian likelihood ratios as given by (4.18), the associated
tests given by (6.25) are merely the likelihood ratio tests defined by

ψ(t, u,X) =





0 if log

(
dPu
dPt

)
(X) +

η2(t)− η2(u)

12σ2
< 0;

1 if log

(
dPu
dPt

)
(X) +

η2(t)− η2(u)

12σ2
> 0.

(7.2)

By Proposition 4, they satisfy the error bounds (6.12) and (6.13) with

d = d2, B = 1, a = (24σ2)−1, κ = 6 and κ′ = 12,

whatever the value of ψ when log[(dPu/dPt)(X)] =
(
η2(u)− η2(t)

)
/
(
12σ2

)
and we

may therefore apply Theorem 6 to the function γ given by (7.1). There exists a
minimizer ŝ of γ over S and it is a.s. unique since Ps[γ(t,X) = γ(u,X)] = 0 for t 6= u
and S is countable. This T0-estimator ŝ is merely a penalized least squares estimator
on S with penalty proportional to η(·).

Starting with a family of general models with controlled metric dimensions instead
of discrete models, we can derive from Theorem 5 the following result, the proof of
which is analogue to the one of Corollary 6.

Corollary 7 Assume that we have at disposal a finite or countable family of subsets
{Sm}m∈M of l2(N?) with respective metric dimensions bounded by functions D̃m.
Assume moreover that the numbers ηm satisfy the inequalities

η2
m ≥ 101σ2D̃m(ηm) for all m ∈M and

∑

m∈M
exp

[
− η2

m

504σ2

]
= Σ < +∞. (7.3)

Then one can build a T -estimator ŝ which is a penalized least squares estimator on
some suitable countable set S and which satisfies, for all s ∈M and 1 ≤ q ≤ 70,

Es
[
‖s− ŝ‖q

]
≤
[
1 +

Σ

108

](
22

3

)q
inf
m∈M

{
inf
t∈Sm

‖s− t‖+ ηm

}q
.

If, in particular, the sets Sm have respective finite metric dimensions bounded by Dm

and (6.10) holds, one can choose η2
m = 101σ2(Dm ∨∆m) and get

Es
[
‖s− ŝ‖q

]
≤
[
1 +

Σ

108

](
22

3

)q
inf
m∈M

{
d2(s, Sm) + 10.05σ

√
Dm ∨∆m

}q
. (7.4)

Let us observe that the results given in the second part of this corollary completely
parallel, and actually generalize, since we are not restricted to linear models Sm, the
results of Theorem 2 of Birgé and Massart (2001) for penalized projection estimators
on linear models. Indeed, this theorem involves a family of linear subspaces of l2(N?)
with respective linear dimensions Dm satisfying

∑
m∈M exp(−LmDm) = Σ′ < +∞.

If we consider such a family of spaces {Sm}m∈M in Corollary 7 and set Dm = Dm/2
and ∆m = 5[LmDm + log(Σ′/Σ)], then (6.10) is satisfied, Sm has a finite metric di-
mension bounded by Dm and (7.4) holds. The resulting risk bound is (apart from the
constants) the exact analogue of (3.5) in Birgé and Massart (2001). As an immediate
consequence, all the strategies of model selection and all corresponding adaptation
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results (for ellipsoids, lp-balls and Besov bodies) that have been considered for pe-
nalized projection estimators in Sections 5 and 6 of Birgé and Massart (2001) remain
valid for T -estimators. The novelty is that Corollary 7 allows us to consider more so-
phisticated strategies that possibly mix linear and non-linear models and even allows
to consider models which are not of finite metric dimension. Let us now illustrate
these two possibilities.

7.1.1 Handling a parametric model

Let us consider in M = l2(N?), the parametric family S = {t(θ), θ > 0} with ti(θ) =
exp(−iθ) for i ≥ 1. If we suspect that the true s may belong to S, it seems reasonable
to include S into a list of other models which should take care of the case when s 6∈ S.
For instance we can use S with a family of linear models such as those studied in Birgé
and Massart (2001) or the family of ellipsoids we shall consider in the next section.
We shall prove below that S has a finite metric dimension bounded by 4.5. Adding a
finite-dimensional model with dimension bounded by D to a given list {Sm,m ∈M}
has little cost. Starting with ∆ms satisfying (6.10), we merely set ∆ = D for the
new model. This leads only to a negligeable increase in the risk if s 6∈ S, due to the
increase of Σ by exp[−∆/5] < 1, but if s truly belongs to S, we recover the classical

parametric risk of order
(
σ
√
D
)q

. For a deeper analysis of the strategies to use to

mix families of models, we refer to Section 4.1 of Birgé and Massart (2001).
For simplicity, we shall identify t(θ) and θ, setting d2(θ, θ′) = d2(t(θ), t(θ′)). Then,

for θ < θ′,

d2
2(θ, θ′) =

∑

i≥1

[
1

eiθ
− 1

eiθ′

]2

=
1

e2θ − 1
+

1

e2θ′ − 1
− 2

eθ+θ′ − 1
<

1

e2θ − 1
. (7.5)

Let us set g(x) = (ex − 1)−1 for x > 0. It follows from Taylor’s formula that

d2
2(θ, θ′) = g(2θ) + g(2θ′)− 2g(θ + θ′) = (θ′ − θ)2g′′(2θ∗) with θ ≤ θ∗ ≤ θ′.

Since g′′(x) = ex (ex + 1) (ex − 1)−3 is a decreasing function of x, we may conclude
that

(θ′ − θ)2g′′(2θ′) ≤ d2
2(θ, θ′) ≤ (θ′ − θ)2g′′(2θ) for all θ < θ′.

Since it is rather hard to invert g′′, it will prove convenient to replace it by a simpler
function. One can indeed check that

(8/5)x−3 ≤ g′′(x) ≤ 2x−3 for x ≤ 3 and e−x ≤ g′′(x) ≤ (5/4)e−x for x ≥ 3.

It finally follows that

(θ′ − θ)2f(θ′) ≤ d2
2(θ, θ′) ≤ (5/4)(θ′ − θ)2f(θ) for all θ < θ′, (7.6)

for a decreasing function f given by

f(x) =

{
x−3/5 for x < 3/2;
e−2x for x ≥ 3/2.
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Let now η > 0 be given. In order to build an η-net for S we shall define suitable
numbers θk,j for k ∈ Z, j ∈ N. We first define θk,0 = θk by f(θk) = exp(−3 − k) so
that

θk =

{
(3 + k)/2 ≥ 3/2 for k ≥ 0;

5−1/3 exp(1 + k/3) < 3/2 for k < 0.

Then we set

θk,j = θk + 8jηek/2, Jk = sup{j ∈ N | θk,j < θk+1} and Ik = [θk, θk+1[.

It follows from these definitions that, whatever θ ∈ Ik one can find some θ′ ∈ {θk,j , 0 ≤
j ≤ Jk} ∪ {θk+1} such that |θ − θ′| ≤ 4ηek/2, hence by (7.6), d2(θ, θ′) < η and

sup
θ∈Ik

[(
inf

0≤j≤Jk
d2(θ, θk,j)

)
∧ d2(θ, θk+1)

]
< η. (7.7)

Moreover, the definition of θk implies that

θk+1 − θk =





1/2 for k ≥ 0;

3/2− 5−1/3e2/3 ≈ 0.361 > (1/2)e−1/3 for k = −1;

5−1/3
(
e4/3 − e

)
ek/3 ≈ 0.629ek/3 for k ≤ −2.

(7.8)

Since Jk < (8η)−1e−k/2(θk+1 − θk), we get

Jk < G(k)/η with G(k) =

{
(1/16) exp(−k/2) for k ≥ 0;
0.079 exp(−k/6) for k < 0.

(7.9)

Set K = inf{k ∈ Z |G(k) < η}. If K + 12 < 0, then η > 0.079 exp(−K/6) and

e2θK+12 − 1 > 2θK+12 = 2× 5−1/3 exp(5 +K/3) > η−2.

One can check in the same way that this inequality remains true ifK < 0 and K+12 ≥
0 or if K ≥ 0. Then, by (7.5), d(θK+12, θ) < η for θ > θK+12 and it follows from the
previous arguments that the set S = {θk,j , k < K, 0 ≤ j ≤ Jk} ∪ {θK , . . . , θK+12}
is an η-net for S. Since, for k < K, |S ∩ Ik| = Jk + 1 ≤ 2G(k)/η and for k ≥ K,
|S ∩ Ik| = 1, we get, for k ≥ 0,

|S ∩ [θk,+∞)| ≤ 1

8η

∑

j≥k
exp

(−j
2

)
+ 13 <

0.318

η
exp

(−k
2

)
+ 13 (7.10)

and, for k < 0,

|S ∩ [θk,+∞)| ≤ 0.158

η

−1∑

j=k

exp

(−j
6

)
+

1

8η

∑

j≥0

exp

(−j
2

)
+ 13

≤ 0.158

η

∑

j≥k
exp

(−j
6

)
+ 13 <

1.03

η
exp

(−k
6

)
+ 13. (7.11)

We are now in a position to bound the cardinality of S ∩ B(θ′, r) for θ′ ∈ S and
r ≥ 2η. Note that the part of the ball that matters is merely the interval (θ, θ) with
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θ < θ′ < θ and d2(θ′, θ) = d2(θ′, θ) = r. If the whole interval is contained in some Ik,
then by (7.6),

θ − θ ≤ 2r
[
f(θk+1)−1/2

]
≤ 2re2+k/2,

hence
|(θ, θ) ∩ S| = |(θ, θ) ∩ Ik| ≤ e2r/(4η) + 1.

If θ ∈ Ik−1 and θ ∈ Ik, using the previous argument twice, we get |(θ, θ) ∩ S| ≤
e2r/(2η) + 2. Finally, if θ ∈ Ik−1 and θ ≥ θk+1, then

|(θ, θ) ∩ S| ≤ |(θ, θ) ∩ Ik−1|+ |S ∩ [θk,+∞)| ≤ e2r/(4η) + 1 + |S ∩ [θk,+∞)|

and by (7.6),
2r ≥ d2(θk, θk+1) ≥ e−2−k/2(θk+1 − θk).

If k < 0, it follows from (7.8) that θk+1 − θk > (1/2)ek/3, hence e−k/6 < 4e2r and by
(7.11),

|(θ, θ) ∩ S| ≤ e2r/(4η) + 14 + 30.5r/η < exp
[
1.125(r/η)2

]
for r ≥ 2η.

One can check that the same bound holds for k ≥ 0 as well as in the cases we started
with. It finally follows from Lemma 2 that the metric dimension of S is bounded by
4.5.

7.1.2 An example of roughness penalization

It is of common practice, for estimating an unknown function s belonging to some
non-compact class of functions, like a Sobolev space W α

2 , to use a penalized maximum
likelihood or least squares method with a roughness penalty. In the previous Sobolev
case, it is often recommended to use a penalty proportional to ‖s(α)‖2. Many examples
and further references can be found in Silverman (1982), Wahba (1990), Eggermont
and LaRiccia (2001) and Györfi et al. (2002).

When the original statistical framework is the White noise framework and we filter
it via the trigonometric basis, the initial estimation problem becomes, as explained in
Section 5.4.4: estimate s in the Gaussian setting under the assumption that it belongs
to the ellipsoid E(a) = E ′ (α,R) with coefficients ai given by (5.9) for a known value
of α but an unknown value of R = ‖s(α)‖. In order to estimate s, we may consider
the family of models Sm = E ′(α, 2mσ) for m ∈ M = N and apply Corollary 7 with
η2
m = 53σ2 22m/(2α+1). It follows from (5.10) with R = 2mσ that

D̃m(ηm)

0.52
= 2

⌈
22m/(2α+1)

2π(53/2)1/(2α)

⌉
− 1 ≤ 22m/(2α+1) =

η2
m

53σ2
,

for all m ∈M. Then (7.3) holds with

Σ = Σ(α) <
∑

m≥0

exp
[
−22m/(2α+1)/9.51

]

and one can conclude that the corresponding T -estimator ŝ satisfies

Es
[
‖s− ŝ‖q

]
≤ (22/3)q

[
1 + 10−8Σ(α)

]
inf
m∈M

{
d2(s, Sm) + ηm

}q
for 1 ≤ q ≤ 70.
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If we choose m = inf
{
j ∈ N

∣∣ ‖s(α)‖ ≤ 2jσ
}

, then s ∈ Sm, 2m ≤ 2
[(
σ−1‖s(α)‖

)
∨ 1
]

and we conclude that

Es
[
‖s− ŝ‖q

]
≤ C(q)

[
1 + 10−8Σ(α)

]
σq
[(
σ−1‖s(α)‖

)
∨ 1
]q/(2α+1)

,

although ‖s(α)‖ is unknown. This is the best one can do from the minimax point of
view even when ‖s(α)‖ is known. We recall that the resulting estimator is a penalized
least squares estimator on some discrete set with penalty roughly proportional to
‖s(α)‖2/(2α+1) (the penalty for the set Sm corresponds to ηm), which is different from
the classical one. Using a penalty proportional to ‖s(α)‖2 would not lead to the right
bound for the risk (see also Section 21 of Györfi et al. (2002) for similar results with
random design regression). The choice of the classical penalty is actually motivated by
computational reasons and solutions of the minimization problem while our penalty
is only motivated by dimensional arguments.

Note that adaptation over all ellipsoids can be obtained in a much simpler way, as
explained in Section 6.2 of Birgé and Massart (2001). The previous construction was
merely an illustration of the fact that one can use models of unbounded dimension
and the connection with classical roughness penalties.

7.2 Application to the independent and i.i.d. settings

In the independent or i.i.d. settings, the construction of the estimator is more involved
since the tests satisfying Assumption 3 are not, in general, likelihood ratio tests and
the resulting T -estimators are not penalized maximum likelihood estimators over
some discrete set S. Nevertheless Theorem 5 easily translates to those settings.

Corollary 8 Assume that we observe n independent random variables with unknown
joint distribution Ps, s ∈ (M,d), where d is either the sup-variation v or the sup-
Hellinger distance h, and that we have at disposal a finite or countable family of
discrete subsets {Sm}m∈M of the set of all distributions for i.i.d. variables. Let those
sets Sm satisfy Assumption 4 and

η2
m ≥ 16.8αDm/n for all m ∈M;

∑

m∈M
exp

[
−nη

2
m

84α

]
= Σ < +∞ (7.12)

with α = 2 if d = v and α = 1 if d = h. Then one can build in each case a T -estimator
ŝ such that, for all s ∈M ,

Es
[
dq(s, ŝ)

]
≤
[
1 + 10−8B′Σ

]
(16/3)q inf

m∈M

{
d(s, Sm) ∨ ηm

}q
for 1 ≤ q ≤ 70,

with either d = v or d = h according to the metric used.

Proof: It follows from Proposition 5 that in the independent setting, Assumption 3
holds with B = 1, δ = 4d and a = n/8 when d = v, a = n/4 when d = h. In view of
these values, our assumptions on ηm and Dm imply (6.5) and (6.6) and the conclusion
follows from (6.9) of Theorem 5.
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Models based on uniform distributions As we noticed in Section 4.2.5, it is
not possible, whatever D > 0, to find a single net satisfying Assumption 2 (η,D,B ′)

for the whole set S =
{
P
⊗n
t , t ∈ R

}
, where P t = Uet denotes the uniform distribution

on [0, exp(t)] with t ∈ R. In order to solve this problem, we shall use a device that we
call stratification, consisting in splitting a large model, like S, which does not have
a metric dimension into a countable number of pieces, each one with finite metric
dimension (but not necessarily the same). Here, we replace S (identified to R) by the
union of submodels

{
Sm,m ∈ Z

}
with Sm = [mΓ, (m+1)Γ) and Γ = 2.94 exp[n/200].

Proof of Proposition 1: In order to apply Corollary 8 with d = h, we first apply the
construction of Section 4.2.5 to each interval Sm with Dm = 10 log([|m|/K]∨1)+1/2,
K = 106, and η2

m = 16.8Dm/n. The resulting value of J , as defined by (4.21) with
D = Dm, satisfies, since n ≥ 200, J > 4.5 exp[n/84] − 1 > 4.4 exp[n/84] and the
corresponding interval I, with γ = mΓ, has a length

4Jη2
m > 17.6 exp[n/84]× (8.4/n) > 2.94 exp[n/200] = Γ for n ≥ 200.

It follows that Sm ⊂ I and the set Sm provided by (4.22) (with η = ηm) is an ηm-net
for Sm. Moreover, by Lemma 3, the family of sets {Sm,m ∈ Z} satisfies Assumption 4
with B′ = 4.5. Moreover, our choice for Dm and ηm imply that (7.12) is satisfied
with

Σ =
∑

m∈Z
exp[−Dm/5] = e−1/10

[
(2K + 1) + 2K2

∑

i>K

i−2

]
< e−1/10(4K + 1).

Finally, since K = 106, we get from Corollary 8 that, whatever the true probability
Ps,

Es
[
h

2
(s, ŝ)

]
≤ 1.2(16/3)2 inf

m∈M

{
h(s, Sm) ∨ ηm

}2 ≤ C inf
m∈M

{
h

2
(s, Sm) +Dm/n

}
.

If the original parameter θ = et satisfies log θ ∈ Sm, then (log θ)/Γ ∈ [m,m+ 1) and

Dm ≤
[
C ′
(

log(| log θ|)− (n/200)− 14.8
)]
∨ 1,

which concludes the proof with θ̂ = exp(ŝ).

7.3 Density estimation

7.3.1 From Approximation Theory to discrete models

Density estimation is a major problem in the i.i.d. setting which has been the sub-
ject of thousands of papers during the last decades. Modern results tend to put as
few assumptions as possible on the underlying densities and insist on adaptive proce-
dures. In particular, they rely quite heavily on results from Approximation Theory.
Unfortunately, Approximation Theory deals with approximation of functions, not of
densities, and provides approximation spaces, in particular finite dimensional linear
spaces, which are not sets of densities. In this section, we want to explain how, start-
ing from a family of models with good approximation properties, but which are sets
of functions, we can turn it into a family of models which are sets of densities (and
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can therefore be used for our estimation purposes) and retain the same properties.
The following proposition actually applies to more general situations. In the case of
density estimation, one should understand M ′ as some function space and M0 as the
subset of all density functions in M ′ (with respect to some given reference measure).

Proposition 13 Let M0 and S be two subsets of some metric space (M ′, d), S with
finite metric dimension bounded by D. For any η > 0, one can find a discrete subset
S of M0 such that

|S ∩ B(t, r)| ≤ exp
[
9.01D(r/η)2

]
for all t ∈M ′ and r ≥ 2η (7.13)

and
d(s, S) ≤ 3.03

[
d
(
s, S
)

+ η
]

for all s ∈M ′. (7.14)

Proof: Once again, our main tool will be a stratification procedure, replacing S by
a family of sets Sj and setting S =

⋃
j Sj . By definition, there exists some discrete

subset T ′ of M ′ which is an η-net for S satisfying

|T ′ ∩ B(t, r)| ≤ exp
[
(r/η)2D

]
for all t ∈M ′ and r ≥ 2η. (7.15)

Given ε = 10−4, we can build an operator π from T ′ to M0 such that d(t′, π(t′)) ≤
(1 + ε)d(t′,M0). Let us first set η0 = 0,

ηj = e(j−1)/38η, T ′j = {t′ ∈ T ′ | ηj−1 ≤ d(t′,M0) < ηj} for j ≥ 1

and S1 = π(T ′1). Then, for j > 1, we define inductively the sets Sj , choosing for Sj a
maximal ηj-separated subset, and therefore an ηj-net, of

Tj =



t ∈ π(T ′j)

∣∣∣∣∣∣
d


t,

⋃

1≤k<j
Sk


 > ηj



 .

We finally set S =
⋃
j≥1 Sj . It follows from this construction that, if t′ ∈ T ′, then

t′ ∈ T ′j for some j ≥ 1 and

d(π(t′), S) ≤ ηj = e1/38ηj−1 ≤ e1/38d(t′,M0).

Moreover, for any s ∈ M0, it follows from Lemma 2 that one can find t′ ∈ T ′ with
d(s, T ′) = d(s, t′) ≥ d(t′,M0). Therefore

d(s, S) ≤ d(s, t′) + d(t′, π(t′)) + d(π(t′), S)

≤ d(s, T ′) +
(

1 + ε+ e1/38
)
d(t′,M0) ≤ 3.03d(s, T ′)

and (7.14) follows. Let us now turn to (7.13). Let t ∈M ′, r ≥ 2η be given and J > 1
be defined by ηJ < 2r ≤ ηJ+1. Then, by the definition of Sj and the fact that the
diameter of the open ball B(t, r) is smaller than 2r, either

S′J ∩ B(t, r) = ∅ with S ′J =
⋃

1≤j≤J
Sj or


 ⋃

j≥J+1

Sj


 ∩ B(t, r) = ∅.

In the first case, |S ∩ B(t, r)| ≤ 1. In the second case, |S ∩ B(t, r)| = |S ′J ∩ B(t, r)|.
If u ∈ S′J , then u = π(u′) for some u′ ∈ T ′j with j ≤ J , hence d(u, u′) < (1 + ε)ηJ <
2(1 + ε)r. Finally, by (7.15),

|S′J ∩ B(t, r)| ≤ |T ′ ∩ B(t, (3 + 2ε)r)| ≤ exp
[
9.01(r/η)2D

]
,

which proves (7.13).
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7.3.2 Density estimation with Hellinger loss

Let us now show how, given some reference measure µ and a general family of models
in the space L2(µ), we can derive a density estimator from an i.i.d. sample from a
distribution with density s with respect to µ and bound its Hellinger risk.

Theorem 7 Let µ be some positive measure on X , M be the set of all probability
densities with respect to µ and ‖ · ‖2 be the norm in L2(µ). Let

{
Sm
}
m∈M be a

finite or countable family of subsets of the metric space L2(µ) with respective finite
metric dimensions bounded by Dm and {∆m}m∈M be a family of nonnegative weights
satisfying (6.10). Let X1, . . . , Xn be an i.i.d. sample from some distribution P s with
density s with respect to µ. One can build a T -estimator ŝ(X1, . . . , Xn) satisfying,
for all s ∈M and 1 ≤ q ≤ 70,

Es
[
hq(s, ŝ)

]
≤ C(q)

[
1 + 10−8Σ

]
inf
m∈M

{
inf
t∈Sm

∥∥√s− t
∥∥

2
+
√[

Dm ∨∆m

]
/n

}q
.

(7.16)

Proof: For each m, set Dm = 9.01Dm and η2
m = (84/5)n−1[Dm∨∆m]. It immediately

follows that (7.12) holds. Let dµ denote the distance in L2(µ) and g the mapping
from M to L2(µ) given by g(t) =

√
t. Then g is one-to-one from M to Mµ = g(M).

Since Mµ is a subset of the metric space L2(µ), we may apply Proposition 13 (with
M ′ = L2(µ), M0 = Mµ and η = ηm

√
2) to each set Sm getting a discrete subset S ′m

of Mµ with the following properties

∣∣∣S′m ∩ Bdµ
(
t′, r
√

2
)∣∣∣ ≤ exp

[
9.01(r/ηm)2Dm

]
for all t′ ∈ L2(µ) and r ≥ 2ηm

and
dµ
(
t′, S′m

)
≤ 3.03

[
dµ
(
t′, Sm

)
+ ηm

√
2
]

for all t′ ∈Mµ.

Defining Sm = g−1(S′m) and using the fact that
√

2h
(
g−1(t′), g−1(u′)

)
= dµ(t′, u′)

one gets, setting t = g−1(t′) for t′ ∈Mµ,

|Sm ∩ Bh (t, r)| ≤ exp
[
9.01(r/ηm)2Dm

]
for all t ∈M and r ≥ 2ηm (7.17)

and
h(t, Sm) ≤ 3.03

[
dµ

(√
t, Sm

)
/
√

2 + ηm

]
for all t ∈M.

We then derive from (7.17) that Assumption 4 holds with B ′ = 1 and the conclusion
follows from Corollary 8.

The interest of such a result is that it requires absolutely no assumption on s and
on the approximating sets Sm apart from the fact that they have a finite metric di-
mension in L2(µ). In particular finite dimensional linear spaces will do. We therefore
completely avoid the usual restrictions connected with maximum likelihood estima-
tion like entropy with bracketting, L∞-bounds on s or the introduction of Kullback-
Leibler divergences — compare with Yang and Barron (1998, Theorem 1), Birgé,
Barron and Massart (1999, Theorem 2), Castellan (1999 and 2000) or van de Geer
(2000) —.
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Remark: If we assume that we know an a priori bound R for the L∞-norm of the un-
known density s, we can immediately derive from Theorem 7 a bound for the L2-risk.
For this we replace the estimator ŝ by ŝR = ŝ ∧R. Then

‖s− ŝR‖22 =

∫ (√
s+

√
ŝR

)2 (√
s−

√
ŝR

)2

dµ ≤ 4R

∫ (√
s−

√
ŝR

)2

≤ 4R

∫ (√
s−
√
ŝ
)2

= 8Rh2(s, ŝ)

and a bound for Es
[
‖s− ŝR‖22

]
could be derived from (7.16). The resulting estimator

ŝR is not necessarily a true density but this could be fixed. Of course, assuming
that we know a bound on the L∞-norm of s is rather unrealistic, although such an
assumption has often been used in papers dealing with model selection for density
estimation or random design regression with L2-loss.

To illustrate the power of Theorem 7, we give one application relying on the following
proposition which partly summarizes the results of Birgé and Massart (2000). We
refer to this paper and the book by DeVore and Lorentz (1993) for details on Besov
spaces.

Proposition 14 Given positive integers d and r, one can find for each j ≥ 0 a family{
Sm
}
m∈Mj

of Dj-dimensional linear spaces of functions on Rd with the following

properties:
i) The integers Dj and |Mj | satisfy

Dj ≤ c1 + c22jd and |Mj | ≤ exp
(
c32jd

)
,

where the constants ci ≥ 1 only depend on r and d;
ii) for any p > 0, q ≥ 1 and α with r > α > (d/p − d/q)+ and any function t

belonging to the Besov space Bα
p,∞([0, 1]d) with Besov semi-norm |t|Bαp,∞ , one can find

some t′ ∈ ⋃m∈Mj
Sm such that

‖t− t′‖q ≤ C(r, d, α, p, q)|t|Bαp,∞2−jα,

where ‖ · ‖q denotes the Lq(dx)-norm on [0, 1]d.

Restricting ourselves to the case d = 1 for simplicity, we can apply Theorem 7 to the
family of models

{
Sm
}
m∈M withM = ∪j≥0Mj provided by the previous proposition.

If m ∈ Mj , we choose ∆m = 5
(
c32j + 10−6j

)
and Dm =

(
c1 + c22j

)
/2 according

to Proposition 7. Applying Proposition 14 with t =
√
s and q = 2, we derive from

Theorem 7 that, if |√s|Bαp,∞ ≤ R with r > α > (1/p− 1/2)+,

Es
[
h2(s, ŝ)

]
≤ C1 inf

j≥0

{
C(r, α, p)R22−2jα + c4n

−12j
}
.

An optimization with respect to j leads to the following

Theorem 8 Let X1, . . . , Xn be an n-sample from some distribution P s with density s
with respect to Lebesgue measure on [0, 1] and let the integer r > 0 be given. One can
build a T -estimator ŝ(X1, . . . , Xn) such that, if the Besov semi-norm of

√
s satisfies

|√s|Bαp,∞ ≤ R for some p > 0, r > α > (1/p− 1/2)+ and R ≥ 1/
√
n, then

Es
[
h2(s, ŝ)

]
≤ C(r, α, p)R2/(2α+1)n−2α/(2α+1). (7.18)
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Note that the use of Hellinger distance allows to get adaptation for the whole domain
1/p ≥ α > (1/p− 1/2)+ which is, to our knowledge, new for density estimation. One
can prove in the same way a multidimensional analogue.

One can also apply to the i.i.d. setting the results of Birgé and Massart (2001,
Section 4.1) to mix several families of approximating spaces. In particular, one could
design a T -estimator that satisfies simultaneously the conclusions of Proposition 1
and Theorem 8. Therefore, if s is the uniform density on [0, θ] for some θ > 0, we
get the usual parametric rate n−1 for the quadratic Hellinger risk while (7.18) applies
when

√
s is a density belonging to some Besov ball. This is an illustration of the fact

that T -estimators allow to cope simultaneously with parametric and nonparametric
models, getting the parametric rate if the true distribution is in the parametric model
and the nonparametric one otherwise.

7.3.3 A parallel with the White noise framework

One should stress the fact that the results of Theorem 7 about the i.i.d. setting
completely parallel those which hold in the White noise framework. To be more
precise, let us observe that Corollary 7 also applies to the White noise framework via
the identification mentioned in Section 4.2.2 leading to the following

Corollary 9 Assume we are in the White noise framework, observing the process Y
given by (4.19) with unknown parameter s and that we have at disposal a finite or
countable family of subsets

{
Sm
}
m∈M of L2([0, 1], dx) with respective finite metric

dimensions bounded by Dm. If the family of nonnegative weights {∆m}m∈M satisfies
(6.10), one can build a T -estimator ŝ(Y ) satisfying, for all s ∈ L2([0, 1], dx) and
1 ≤ q ≤ 70,

Es
[
‖s− ŝ‖q2

]
≤ C(q)

[
1 + 10−8Σ

]
inf
m∈M

{
inf
t∈Sm

‖s− t‖2 +
√[

Dm ∨∆m

]
/n

}q
.

(7.19)

Clearly, (7.16) is the exact analogue of (7.19). This means that any model selection
procedure for the White noise framework based on a T -estimator has an analogue for
density estimation with Hellinger loss in the i.i.d. setting which has exactly the same
performances without any additional restriction, modulo the replacement of s in the
White noise framework by

√
s in the i.i.d. setting. In particular, all the results ob-

tained in Section 6 of Birgé and Massart (2001), which are based on approximation by
finite dimensional linear subspaces of L2, can immediately be translated into parallel
results for the i.i.d. setting with Hellinger distance, provided that the assumptions
are now placed on

√
s and our Theorem 8 is just one possible illustration of this fact

among many others.
Of course, the previous remark is not a result of asymptotic equivalence of ex-

periments, as defined by Le Cam (1972 and 1986) and illustrated, for instance, by
Brown and Low (1996) or Nussbaum (1996), among other examples. Our paralellism
has some limitations: it holds up to constants, we restrict to loss functions of the
form ‖s− ŝ‖q2 and hq(s, ŝ) (although this could easily be generalized) and to specific
estimators, namely T -estimators. On the other hand, it has also some advantages: it
is non-asymptotic, the parallelism is explicit and it works for classes of functions for
which no equivalence of experiments result exists, as far as we know (for instance the
class of densities s on [0, 1] such that

√
s is 1/4-Hölderian).
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7.3.4 Density estimation with L1-loss

If we want to use the L1-loss for density estimation, it is enough to get the result for
the loss based on variation distance since for two probabilities P and Q with respective
densities f and g, ‖f − g‖1 = 2v(P,Q). Combining Corollary 8 and Proposition 13
we get the following analogue of Theorem 7 for the independent setting. The proof
being quite similar, it will be omitted.

Theorem 9 Let µ be some positive measure on X , Mµ be the set of all probability
densities with respect to µ and ‖ · ‖1 be the norm in L1(µ). Let {Sm}m∈M be a
finite or countable family of subsets of the metric space L1(µ) with respective finite
metric dimensions bounded by Dm and {∆m}m∈M be a family of nonnegative weights
satisfying (6.10). Let X1, . . . , Xn be n independent random variables on X with joint
distribution Ps =

⊗n
i=1 P i on X n and M be the set of all such product distributions.

One can build a T -estimator ŝ(X1, . . . , Xn) with values in Mµ satisfying, for all s ∈M
and 1 ≤ q ≤ 70,

Es
[
vq(s, ŝ)

]
≤ C(q)

[
1 + 10−8Σ

]
inf
m∈M

{
inf
t∈Sm

v(s, t) +
√[

Dm ∨∆m

]
/n

}q
,

with
v(s, t) = sup

1≤i≤n
v(P i, t · µ) for s ∈M and t ∈Mµ.

Theorem 1 immediately follows from this last result and Proposition 14 by a proof
which is completely similar to the proof of Theorem 8 and will therefore be omitted.
Note here that one can bound the risk of the estimator ŝ of Theorem 1 even if P s is
not absolutely continuous with respect to Lebesgue measure µ or if its density s does
not belong to such Besov spaces. If s′ is any density satisfying |s′|Bαp,∞ ≤ R we get,
when d = 1,

Es
[
vq(P s, ŝ · µ)

]
≤ C(r, α, p, q)Rq/(2α+1)n−qα/(2α+1) + C ′(q)vq(P s, s′ · µ).

7.4 Aggregation of estimators

The fact that our method can be applied to select an estimator from some family has
been suggested to us by Yannick Baraud and Sacha Tsybakov (private conversations).
For simplicity, we shall just deal with the i.i.d. case, as defined in Section 4.2.1, using
variation distance v, the case of Hellinger being quite similar. The typical situation
involves a sample of size 2n. We use the first half of the sample to build the estimators
to be aggregated and the second half to select one among them or mix them together
in some way. The construction of suitable T -estimators being based on the second
half-sample only, one can merely work conditionnally to the first half. From this point
of view, the initial estimators are just points in M , as in Tsybakov (2003), which we
assume here. One should compare the following results with those of Catoni (1997
and 1999), Nemirovski (2000) and Yang (2000).

7.4.1 Selecting an estimator from a countable family

Suppose we are given a countable number {tm,m ∈ M} of points in M (possibly
preliminary estimators) and we want to select one among them. We can use here a
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Bayesian approach, starting with a prior distribution ν onM and then setting νm =
− log(ν({m})) > 0, Sm = {tm}, Dm = 1/2, B′ = e−2 and η2

m = (168/n)[(1/10) ∨
(νm − 18)], so that the assumptions of Corollary 8 are satisfied with Σ = e18. We
then get

Theorem 10 Let X1, . . . , Xn be an i.i.d. sample from some unknown distribution P s

on X , {tm,m ∈M} be a countable subset of the set M of all distributions on X , and
ν be a probability on M with νm = − log(ν({m})) > 0 for each m. One can build
a selection procedure m̂(X1, . . . , Xn) with values in M such that, whatever P s ∈ M
and 1 ≤ q ≤ 70,

Es [vq (s, tm̂)] ≤ 1.1(16/3)q inf
m∈M

{
v (s, tm) ∨ 13

√
n−1[(1/10) ∨ (νm − 18)]

}q
.

Such a result could be used, for instance, for bandwith selection.

7.4.2 Convex aggregation

Let now {t1, . . . , tN} be a finite subset of M (typically preliminary estimators). We
would like to find the best convex combination of those points to estimate the distribu-
tion of the observations. Let us therefore choose forM the set of all nonvoid subsets
m of {1, . . . , N} and, when m = {k1, . . . , k|m|}, take for Sm the convex envelope of
the tks with k ∈ m, i.e.

Sm =





|m|∑

j=1

λjtkj with λj ≥ 0 for 1 ≤ j ≤ |m| and

|m|∑

j=1

λj = 1



 . (7.20)

Since Sm is isometric to a subset of an |m|-dimensional normed linear space, it follows
from Proposition 7 that it has a finite metric dimension bounded by 5|m|/3. Hence,
given ηm > 0, one can find an ηm-net Sm of Sm which satisfies Assumption 4 with
Dm = 5|m|/3 and B′ = 1. Now observe that the number of elements of M with

cardinality j is

(
N
j

)
< (eN/j)j . If we set

η2
m = (168|m|/n)

[
(1/3) ∨ [1 + log(N/|m|) + (logN − 16)/|m| ]

]
, (7.21)

we can then check that (7.12) holds with α = 2 and Σ < e16 and apply Corollary 8
with d = v. Since v(s, Sm) ≤ v(s, Sm) + ηm, this proves

Theorem 11 Let t1, . . . , tN be N given elements of the set M of all distributions on
X and X1, . . . , Xn be an n-sample from some unknown distribution P s in M . For
m an arbitrary nonvoid subset of {1, . . . , N}, let Sm denote the convex envelope of
the tks with k ∈ m as defined by (7.20) and ηm be given by (7.21). One can build a
T -estimator ŝ(X1, . . . , Xn) such that, whatever P s,

Es [vq(s, ŝ)] ≤ 1.1(16/3)q inf
m∈M

{
v(s, Sm) + ηm

}q
for 1 ≤ q ≤ 70.

In particular,

Es [vq(s, ŝ)] ≤ C(q) inf
m∈M

{
v(s, Sm) + (|m|/n)[1 + log(N/|m|)]

}q
.

It is worthwhile noticing that ŝ simultaneously performs what is usually called “convex
aggregation” (which corresponds to |m| = N) and estimator selection (which corre-
sponds to |m| = 1), but also convex aggregation over proper subsets of {t1, . . . , tN}.
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7.4.3 Partition selection for histograms

Suppose we observe i.i.d. random variables X1, . . . , Xn on some measurable space X
with unknown distribution P s. Given a finite reference measure µ on X and a finite
partition m = {I1, . . . , ID} of X , we can consider the histogram estimator ŝm · µ of
P s with density ŝm with respect to µ given by

ŝm(X1, . . . , Xn) =
1

n

D∑

j=1

Nj

µ(Ij)
1lIj , with Nj =

n∑

i=1

1lIj (Xi). (7.22)

One easily shows that

Es
[
v
(
P s, ŝm · µ

)]
≤ v

(
P s, s̄m · µ

)
+

1

2

√
D − 1

n
with s̄m =

D∑

j=1

P s(Ij)

µ(Ij)
1lIj . (7.23)

Suppose now given 2n i.i.d. observations with distribution P s, a countable familyM
of finite partitions of X and a probability measure ν on M. One can first build all
the histograms ŝm(X1, . . . , Xn) based on the first n observations as in (7.22) and then
select one among them, m̂(Xn+1, . . . , X2n) using the last n observations which results
in a density estimator s̃ = ŝm̂. Applying Theorem 10 with q = 1 conditionally on
X1, . . . , Xn gives

Es
[
v
(
P s, s̃ · µ

)∣∣X1, . . . , Xn

]

≤ C inf
m∈M

{
v
(
P s, ŝm · µ

)
∨
(
n−1/2

√
1 ∨ (νm − 18)

)}
.

Integrating with respect to X1, . . . , Xn and applying (7.23) leads to

Es
[
v
(
P s, s̃ · µ

)]
≤ C inf

m∈M

{
v
(
P s, s̄m · µ

)
+ n−1/2

√
|m| ∨ (νm − 18)

}
. (7.24)

If |m| ≥ 2 ∨ [c(νm − 18)] for all m ∈ M and some c > 0, by (7.23), this corresponds,
up to some multiplicative constant depending on c, to the risk of the best histogram
among the family. This result, which allows arbitrary families of partitions and
requires no assumption at all on P s should be compared, for instance, with Castellan
(1999 and 2000) and Devroye and Lugosi (2001).

Let us now focus on the case X = [0, 1) and µ is Lebesgue measure. We only
consider partitions mJ = {I1, . . . , ID} of [0, 1) generated by increasing sequences
J = {0 = x0 < x1 < . . . < xD = 1} with Ij = [xj−1, xj). For each positive integer
k, we set Jk =

{
j2−k, j = 0, . . . , 2k

}
and, if 2 ≤ D ≤ 2k, we introduce the set Mk,D

of all partitions mJ with |mJ | = D and k is the smallest integer such that J ⊂ Jk.
Finally we set M =

⋃
k≥1

(⋃2k

D=2Mk,D

)
. Since |Mk,D| ≤

(
2k − 1
D − 1

)
< 2k(D−1),

∑

k≥1

2k∑

D=2

|Mk,D|e−Dk <
∑

k≥1

2−k
∑

D≥2

exp[−Dk(1− log 2)] < 5/4

and we can define a probability measure ν on M setting ν({m}) = ce−Dk with
c > 4/5, hence νm < Dk + log(5/4). Using (7.24), we conclude that there exists a
partition selection procedure m̂ such that, whatever P s,

Es
[
v
(
P s, ŝm̂ · µ

)]
≤ C inf

k≥1
inf

2≤D≤2k
inf

m∈Mk,D

{
v
(
P s, s̄m · µ

)
+
√
Dk/n

}
.
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As compared to the performance of the histogram estimator based on a single partition
with D pieces, we loose at most a factor

√
k when the partition belongs to Mk,D.

8 Appendix

8.1 Proof of Proposition 2

Since k ≥ 128,

c ≥ 3.36 and
√

3k −
√
k − 4− 1.21k1/4 > 0. (8.1)

It follows that, whatever the true value of s ∈ S, Ps[|X0| ≥ c + 1.21] < 0.114 and
that ‖X ′‖2 has a non-central χ2(k) distribution. Since a noncentral χ2 variable is
stochastically larger than a central one, it follows from Laurent and Massart (2000,
Lemma 1) that

Ps
[
‖X ′‖2 ≤ k − 2

√
kx
]
≤ e−x for x > 0. (8.2)

Setting x = k/64 ≥ 2, we conclude, since e−x < 0.136, that

Ps[Ω] > 3/4 with Ω =
{
‖X ′‖2 > 3k/4 and |X0| < c+ 1.21

}
.

Now assume that the event Ω holds. Since the m.l.e. ŝ is the least squares estimator,
ŝ is the minimizer over S of (X0−s0)2 +‖X ′−s′‖2. On Ω, ‖X ′‖ >

√
3k/2 > ‖s′‖ and,

given s0, the minimum with respect to s′ is obtained for s′ = 2X ′(1 − |s0|/c)/‖X ′‖
with value

f(s0) = (X0 − s0)2 +
[
‖X ′‖ − 2(1− |s0|/c)

]2
.

Since for s0 6= 0,

(c/2)s0f
′(s0) = c(s0 −X0)s0 + 2|s0|

[
‖X ′‖ − 2(1− |s0|/c)

]

> |s0|
[
2‖X ′‖ − 4− c(c+ 1.21)

]

≥ |s0|
[√

3k − 4−
√
k − 1.21k1/4

]

is nonnegative by (8.1), f(s0) is minimal when s0 = 0. Therefore, if Ω holds, ŝ0 = 0
and ŝ′ = 2X ′/‖X ′‖. This implies that the quadratic risk at s = (s0, 0) of the m.l.e.
is bounded from below by (3/4)

(
s2

0 + 4
)

with maximum value (3/4)
√
k + 3 when

|s0| = c. On the other hand, the estimator s̃ with s̃0 = X0 and s̃′ = 0 has a quadratic
risk which is uniformly bounded by 5.

8.2 Proof of Proposition 3

First (4.3) implies that

P[Y + λy > z] = P[Y > z − λy] ≤ α exp
[
−β(z − λy)2

]
for z ≥ (1 + λ)y.

Moreover, if z ≥ (1 + λ)y, then z − λy = z(1− λy/z) ≥ z/(1 + λ), so that finally

P[Y + λy > z] ≤ α exp

[
− βz2

(1 + λ)2

]
for z ≥ (1 + λ)y,

52



which is exactly (4.3) with different parameters. It therefore suffices to consider the
case λ = 0 and then replace y by (1 + λ)y and β by β(1 + λ)−2.

Using (4.3) and the change of variable x = βy2/q, we get

1

α

(
E[Y q]− yq

)
=

1

α

(∫ ∞

0
P[Y q ≥ y] dy − yq

)
≤ 1

α

∫ ∞

yq
P
[
Y ≥ y1/q

]
dy

≤
∫ ∞

yq
exp

(
−βy2/q

)
dy = β−q/2

q

2

∫ ∞

βy2
xq/2−1e−x dx.

There are then various ways to bound the last integral I. Either we use qI/2 ≤
Γ(q/2 + 1) and Stirling’s expansion: Γ(x + 1) ≤ √πex(x/e)x for x ≥ 1/2, or, when
βy2 ≥ q/2, we alternatively use the bound — Johnstone (2001), Inequality (45) —∫ +∞
z xte−x dx <

(
zt+1e−z

)
(z − t)−1 for z > t, which gives I <

(
βy2
)q/2

exp
(
−βy2

)

so that
E[Y q]− yq

αyq
≤
{ √

πeq/2
(
2eβy2/q

)−q/2
for all y > 0;

(q/2) exp
(
−βy2

)
if βy2 ≥ q/2.

This implies that (4.4) holds with λ = 0. Both functions x 7→ (2ex/q)−q/2 and
x 7→ e−x are decreasing on (0,+∞) and they coincide for x = q/2 which implies that
ζq is decreasing for 1 ≤ q ≤ 2πe. The choice of c = 0.612 > 1/2 for q > 2πe ensures
that ζq(cq) < ζq((cq)−) so that ζq is still decreasing for all those values of q. To prove
(4.5), we observe that the function f(x) = xq/2ζq(x) is constant on (0, cq) and has
a downward jump at cq like ζq. Since f(x) = (q/2)xq/2e−x for x ≥ cq ≥ q/2, which
is a decreasing function for x ≥ q/2, the maximum of f is its value on (0, cq), i.e.√
πeq/2(2e/q)−q/2. This implies that

yqζq
(
βy2
)

= β−q/2
(
βy2
)q/2

ζq
(
βy2
)
≤ β−q/2

√
πeq/2(2e/q)−q/2,

which completes the proof of (4.5).

8.3 Bounding the errors of tests

All the results about tests that we use in this paper are based on the following easy
but important lemma.

Lemma 7 Let X1, . . . , Xn be n random variables on some measurable space X , which,
under both probabilities P or Q, are independent, and let φ be a nonnegative measur-
able function on X such that

EP[φ(Xi)] ≤ α and EQ[1/φ(Xi)] ≤ β for 1 ≤ i ≤ n.

Then, for all y ∈ R,

P

[
n∑

i=1

log φ(Xi) ≥ ny
]
≤ exp[n(logα− y)]

and

Q

[
n∑

i=1

log φ(Xi) ≤ ny
]
≤ exp[n(log β + y)].
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In particular, if the Xis are i.i.d. with distribution P under P and Q under Q, then,
for all x ∈ R,

P

[
n∑

i=1

log

(
dQ

dP

)
(Xi) ≥ nx

]
≤ exp

[
n log[ρ(P,Q)]− (nx/2)

]
(8.3)

and

Q

[
n∑

i=1

log

(
dQ

dP

)
(Xi) ≤ nx

]
≤ exp

[
n log[ρ(P,Q)] + (nx/2)

]
. (8.4)

Proof: It immediately follows from the elementary inequality

P[log Y ≥ z] ≤ e−zE[Y ], if P[Y ≥ 0] = 1 (8.5)

and the independence of the Xis with an application to φ =
√
dQ/dP .

Proof of Proposition 4 We get from (8.5) and (4.18)

Ps[log(dPu/dPt)(X) ≥ 2x]

≤ e−xEs
[

exp[(1/2) log(dPu/dPt)(X)]
]

= e−xE0

[√
(dPu/dPt)(X)(dPs/dP0)(X)

]

= e−xE0

[
exp

[
− 1

2σ2

(‖u‖2 − ‖t‖2
2

+ ‖s‖2 − 〈X, u− t+ 2s〉
)]]

.

Since

‖u‖2 − ‖t‖2
2

+ ‖s‖2 − 〈X, u− t+ 2s〉

=

∥∥∥∥
u− t

2
+ s

∥∥∥∥
2

− 2

〈
X,

u− t
2

+ s

〉
+
‖u‖2 − 3‖t‖2

4
− 〈s, u− t〉+

〈u, t〉
2

,

we get

Ps[log(dPu/dPt)(X) ≥ 2x]

≤ e−xE0

[
pu−t

2
+s(X)

]
exp

[
− 1

2σ2

(‖u‖2 − 3‖t‖2
4

− 〈s, u− t〉+
〈u, t〉

2

)]

= exp

[
−x− 1

8σ2

(
‖u‖2 − 3‖t‖2 − 4〈s, u− t〉+ 2〈u, t〉

)]
.

The conclusion follows from the fact that

−‖u‖2 + 3‖t‖2 + 4〈s, u− t〉 − 2〈u, t〉 = −‖t− u‖2 + 4〈s− t, u− t〉
≤ −‖t− u‖(‖t− u‖ − 4‖s− t‖).
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Proof of Proposition 5 If d = v, let us consider in the metric space (M, v) of
distributions on X the two closed balls B(t) and B(u) with respective centers t and u
and radius v(t, u)/4. It follows from Huber (1965, Section 7) that there exists a least
favorable pair (t0, u0), with t0 ∈ B(t) and u0 ∈ B(u), for testing between those balls,
which means that, whatever x ∈ R,

Pv
[
log

(
dP u0

dP t0
(X)

)
≤ x

]
≥ Pt0

[
log

(
dP u0

dP t0
(X)

)
≤ x

]
for all v ∈ B(t)

and

Pv
[
log

(
dP u0

dP t0
(X)

)
≤ x

]
≤ Pu0

[
log

(
dP u0

dP t0
(X)

)
≤ x

]
for all v ∈ B(u).

Let then ψ(t0, u0,X) = 1−ψ(u0, t0,X) be any likelihood ratio test between P t0 and
P u0 of the form

ψ(t0, u0,X) =

{
0 if

∑n
i=1 log

[
(dP u0/dP t0)(Xi)

]
< 2x,

1 if
∑n

i=1 log
[
(dP u0/dP t0)(Xi)

]
> 2x.

If Pt0 = P
⊗n
t0 and Pu0 = P

⊗n
u0

, the classical properties of stochastic ordering imply
that

Ps[ψ(t0, u0,X) = 1] ≤ Pt0 [ψ(t0, u0,X) = 1] if v(s, t) ≤ v(t, u)/4

and similarly,

Ps[ψ(u0, t0,X) = 1] ≤ Pu0 [ψ(u0, t0,X) = 1] if v(s, u) ≤ v(t, u)/4.

Since (8.3), (8.4) and (2.1) imply that

Pt0 [ψ(t0, u0,X) = 1] ≤ exp
[
−nh2(P u0 , P t0)− x

]

and
Pu0 [ψ(u0, t0,X) = 1] ≤ exp

[
−nh2(P u0 , P t0) + x

]
,

and, by (4.16),

h2(P u0 , P t0) ≥ v2(P u0 , P t0)/2 ≥ [v(t, u)/2]2/2,

the conclusion follows for the variation distance.
If d = h, we consider, in the metric space (M,h) of distributions on X , the two

closed balls B(t) and B(u) with respective centers t and u and radius h(t, u)/4. It
follows from Theorem 1, p. 485 of Le Cam (1986) that one can find a nonnegative
measurable function φ on X , such that
∫
φdP v ≤ 1− h2(t, u)/4 if v ∈ B(t);

∫
(1/φ) dP v ≤ 1− h2(t, u)/4 if v ∈ B(u).

The conclusion then follows from Lemma 7 with

ψ(t, u,X) =

{
0 if

∑n
i=1 log[φ(Xi)] < x,

1 if
∑n

i=1 log[φ(Xi)] > x

and ny = x.
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8.4 Proof of Proposition 11

Let us first evaluate, for 0 < s < t ≤ 1/3,

h2(s, t) = h2(Ps, Pt) =
1

2

∫ 1

0

(√
fs(x)−

√
ft(x)

)2
dx.

Setting βs =
(
s2 + s+ 1

)−1 ∈ [9/13, 1), we get

2h2(s, t) = s3
(
s−1 − t−1

)2
+
(
t3 − s3

) (
t−1 −

√
βs

)2
+
(
1− t3

) (√
βs −

√
βt

)2

= (t− s)s
t

(
1− s

t

)
+ (t− s)

[
1 +

s

t
+
(s
t

)2
](

1− t
√
βs

)2

+
(
1− t3

) (√
βs −

√
βt

)2
.

Note that the monotonicity of s 7→ βs implies that

4/9 <
(

1− t
√
βs

)2
< 1,

√
βs +

√
βt > 2

√
β1/3 = 6/

√
13

and

0 < βs − βt =
(t− s)(s+ t+ 1)

(s2 + s+ 1)(t2 + t+ 1)
< t− s. (8.6)

It follows that

0 <
(√

βs −
√
βt

)2
=

(βs − βt)2

(√
βs +

√
βt
)2 <

13

36
(t− s)2 =

13t

36
(t− s)

(
1− s

t

)

and

0 <
(
1− t3

) (√
βs −

√
βt

)2
<

13

108
(t− s)

(
1− s

t

)
.

Hence, if we set z = s/t ∈ (0, 1), 2h2(s, t) = (t− s)g(s, t), with

g(s, t) = z(1− z) + c1

(
1 + z + z2

)
+ c2(1− z), 4

9
< c1 < 1 and 0 < c2 <

13

108
.

It follows that
4/9 < c1 < g(s, t) < 1 + 2z + c2(1− z) < 3

and we conclude that whatever s and t in (0, 1/3],

h2(s, t) = C(s, t)|s− t| with 2/9 < C(s, t) < 3/2.

It immediately follows that the set S = {tj , j ≥ 0} with tj = (2j + 1)2η2/3 is an
η-net for the family {fs, s ∈ S}. On the other hand, given tj ∈ S and r ≥ 2η, in
order that t ∈ B(tj , r), it is required that h2(tj , t) = C(tj , t)|tj− t| < r2 which implies
that |tj − t| < (9/2)r2 and therefore

|S ∩ B(tj , r)| ≤ 1 + (27/4)(r/η)2 ≤ exp
[
0.84(r/η)2

]
.

It follows that S satisfies Assumption 2 (η, 0.84, 1) and Theorem 2 implies the upper
bound for the squared Hellinger risk.
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Let us now procede with the L2-distance d defined by d2(s, t) =
∫

[fs(x)−ft(x)]2dx.
We get

d2(s, t) = s3
(
s−2 − t−2

)2
+
(
t3 − s3

) (
t−2 − βs

)2
+
(
1− t3

)
(βs − βt)2

=

(
1

s
− 1

t

)(
1− s

t

)(
1 +

s

t

)2

+

(
1

s
− 1

t

)[
s

t
+
(s
t

)2
+
(s
t

)3
] (

1− t2βs
)2

+

(
1

s
− 1

t

)(
1− s

t

)
st2
(
1− t3

)(βs − βt
t− s

)2

.

Since 8/9 < 1− t2βs < 1 and, by (8.6),

0 < st2
(
1− t3

)(βs − βt
t− s

)2

<
1

27
,

we conclude that d2(s, t) =
(
s−1 − t−1

)
g(s, t) with 0 < z = s/t < 1,

g(z) = (1−z)(1+z)2 +c1

(
z + z2 + z3

)
+c2(1−z), 8

9
< c1 < 1 and 0 < c2 <

1

27
.

It follows that

g(z) > 1 + z − z2 − z3 + (8/9)
(
z + z2 + z3

)
> 1

and
g(z) < 1 + 2z + (1/27)(1− z) < 3,

which finally implies that whatever s and t in (0, 1/3],

d2(s, t) = C(s, t)
∣∣s−1 − t−1

∣∣ with 1 < C(s, t) < 3.

Now setting S = {tj , j ≥ 0} with t−1
j = 3 + 2jη2/3 we deduce as before that S

satisfies Assumption 2 (η,D, 1) for some D independent of η. It nevertheless follows
from the fact that h2(s, t)→ 0 while ‖s− t‖2 → +∞ when s and t tend to zero and
classical arguments of Le Cam (1973) or Donoho and Liu (1987) that the minimax
risk over S is infinite when we use the L2-loss.
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BIRGÉ, L. (1984a). Sur un théorème de minimax et son application aux tests. Probab.
Math. Statist. 3, 259-282.
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BIRGÉ, L. and MASSART, P. (1998). Minimum contrast estimators on sieves: exponential
bounds and rates of convergence. Bernoulli 4, 329-375.

BIRGÉ, L. and MASSART, P. (2000). An adaptive compression algorithm in Besov spaces.
Constructive Approximation 16 1-36.
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