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tWe introdu
e three formal theories of in
reasing strength for linear algebra in order to studythe 
omplexity of the 
on
epts needed to prove the basi
 theorems of the subje
t. We give whatis apparently the �rst feasible proofs of the Cayley-Hamilton theorem and other propertiesof the determinant, and study the propositional proof 
omplexity of matrix identities su
h asAB = I ! BA = I .1 Introdu
tionThe 
omplexity of the basi
 operations of linear algebra su
h as the determinant and matrix in-verse has been well-studied. Over the �eld of rationals it lies within the 
omplexity 
lass NC2,and is 
omplete for the 
lass DET [Coo85℄. Here we are 
on
erned with the proof 
omplexityof linear algebra, whi
h roughly speaking is the 
omplexity of the 
on
epts needed to prove thebasi
 properties of these operations. In general proof 
omplexity has two aspe
ts: uniform andnonuniform (see [Kra95℄ for a treatise on the subje
t). The uniform aspe
t 
on
erns the powerof logi
al theories required to prove a given assertion, while the nonuniform aspe
t 
on
erns thepower of propositional proof systems required to yield polynomial size proofs of a tautology familyrepresenting the assertion.The method of Gaussian elimination 
an be used to give polynomial time algorithms for thedeterminant, matrix inverse, et
. (see [Sol02℄), but it does not yield the fast parallel algorithmswhi
h pla
e these operations in NC2. We base our treatment of linear algebra on Berkowitz'selegant algorithm [Ber84℄, whi
h gives �eld-independent redu
tions of these operations to matrixpowering (the 
omplexity 
lass DET) (see [vzG93℄ for alternative algorithms).We are interested in the question of whether the basi
 properties of the determinant 
an beproved using 
on
epts restri
ted to the 
lass DET, and we make this question pre
ise by de�ninga quanti�er-free theory LAP formalizing reasoning about matrix algebra based on matrix power-ing. We use LAP to present Berkowitz's algorithm. Sin
e this algorithm 
omputes not only thedeterminant of a given square matrix A, but also the 
oeÆ
ients of the 
hara
teristi
 polynomialpA(x) = det(xI�A), it is natural to ask whether LAP proves the Cayley-Hamilton (C-H) theorem,whi
h asserts pA(A) = 0. We leave this question open, but we demonstrate its importan
e byshowing that LAP proves the equivalen
e of the C-H theorem with two other basi
 results: the
ofa
tor expansion of the determinant and the axiomati
 de�nition of the determinant.If we 
annot prove the C-H theorem in LAP, 
an we at least �nd a feasible proof; i.e., oneusing only polynomial time 
on
epts? This question (over �nite �elds and over the rationals) hasa natural pre
ise formalization, sin
e feasible reasoning has been well-studied using 8-equivalenttheories su
h as Cook's PV [Coo75℄ or Buss's S12 [Bus86℄. A study of the linear algebra literaturehas turned up no su
h feasible proof, and in fa
t most proofs of the C-H theorem are based dire
tly



or indire
tly on the Lagrange expansion of the determinant, whi
h represents an exponential timealgorithm.Thus a major 
ontribution of this paper is our su

ess in �nding a feasible proof of the C-Htheorem. We formalize this proof in the �eld-independent theory 8LAP, whi
h extends LAP byallowing indu
tion over formulas with bounded universal matrix quanti�ers. We justify the label\feasible" for the proof in several ways, in
luding an interpretation of 8LAP (when the underlying�eld is �nite or the rationals) into the feasible theory V11 (equivalent to Buss's S12). Our feasibleproof yields feasible proofs of many basi
 matrix properties, in
luding the multipli
ativity of thedeterminant, and the 
orre
tness of algorithms based on Gaussian elimination.One spe
i�
 motivation for this resear
h is to �nd natural tautology families whi
h may dis-tinguish the power of Frege and Extended Frege (eFrege) propositional proof systems. (A line ina Frege proof is a propositional formula whi
h is an immediate logi
al 
onsequen
e of earlier lines,whereas a line in an eFrege proof may also introdu
e a new propositional variable by de�nition,allowing for 
on
ise abbreviations of exponentially long formulas). The prin
ipleAB = I =) BA = I (1)where A and B are n � n matri
es, may provide su
h an example. This prin
iple (over Z2 or Z)is readily translated into a tautology INVn of size polynomial in n. It is plausible to 
onje
turethat the family hINVni does not have polynomial size Frege proofs, sin
e the proof of (1) seemsto require 
on
epts su
h as Gaussian elimination or matrix powering whose 
omplexity apparently
annot be expressed by polynomial size propositional formulas (i.e., is not in NC1). On the otherhand, we show that (1) 
an be proved using polynomial time 
on
epts, and hen
e (by a generalresult) hINVni does have polynomial size eFrege proofs.Altogether we introdu
e three logi
al theories of in
reasing powerLA � LAP � 8LAPto formalize linear algebra reasoning. Ea
h theory has three sorts: indi
es (i.e., natural numbers),�eld elements, and matri
es, and all theorems hold for any 
hoi
e of the underlying �eld. Thebase theory LA allows the basi
 ring properties of matri
es to be formulated and proved. Theprin
iple (1) 
an be formulated in LA but (we 
onje
ture) not proved. We show that LA proves theequivalen
e of (1) with other \hard" matrix identities. Theorems of LA translate into tautologyfamilies with polynomial size Frege proofs.We extend LA to LAP by adding a new fun
tion, P, whi
h is intended to denote matrix powering,i.e., P(n;A) means An. LAP is well suited for formalizing Berkowitz's algorithm, and it is strongenough to prove the equivalen
e of some fundamental prin
iples of linear algebra. The theorems ofLAP translate into quasi-poly-bounded Frege proofs.We �nally extend LAP to 8LAP by allowing indu
tion on formulas with bounded universalmatrix quanti�ers. This new theory is strong enough to prove the C-H theorem, and hen
e (byour equivalen
e) all the major prin
iples of Linear Algebra. The theorems of 8LAP translate intopoly-bounded Extended Frege proofs.This paper is based on the PhD thesis [Sol01℄ of the �rst author, whi
h is available on the Web.2 The Theory LAWe de�ne a quanti�er-free theory of Linear Algebra (matrix algebra), and 
all it LA. Our theory isstrong enough to prove the ring properties of matri
es su
h as A(BC) = (AB)C and A+B = B+A2



but weak enough so that all the theorems of LA (over �nite �elds or the �eld of rationals) translateinto propositional tautologies with short Frege proofs.Our theory has three sorts of obje
t: indi
es (i.e., natural numbers), �eld elements, andmatri
es,where the 
orresponding variables are denoted i; j; k; :::; a; b; 
; :::; and A;B;C; :::, respe
tively. Thesemanti
s assumes that obje
ts of type �eld are from a �xed but arbitrary �eld, and obje
ts of typematrix have entries from that �eld.In fa
t, almost all results in this paper hold when obje
ts of type �eld range over an arbitrary
ommutative ring. Multipli
ative inverses are not needed ex
ept in the proofs of Lemma 3.1 andTheorem 4.1.Terms and formulas are built from the following fun
tion and predi
ate symbols, whi
h together
omprise the language LLA:0index; 1index;+index; �index;�index; div; rem;0�eld; 1�eld;+�eld; ��eld;��eld;�1; r; 
; e;�;�index;=index;=�eld;=matrix; 
ondindex; 
ond�eld (2)The intended meanings should be 
lear, ex
ept �index is 
uto� subtra
tion (i � j = 0 if i < j),a�1 is the inverse of a �eld element a with 0�1 = 0, and for the following operations on a matrixA: r(A); 
(A) are the numbers of rows and 
olumns in A, e(A; i; j) is the �eld element Aij (whereAij = 0 if i = 0 or j = 0 or i > r(A) or j > 
(A)), �(A) is the sum of the elements in A.Also 
ond(�; t1; t2) is interpreted if � then t1 else t2, where � is a formula all of whose atomi
sub-formulas have the form m � n or m = n, where m;n are terms of type index, and t1; t2 areterms either both of type index or both of type �eld. (The restri
tion on � greatly simpli�es thepropositional translations des
ribed in se
tion 6.) The subs
ripts index, �eld, and matrix are usuallyomitted, sin
e they are 
lear from the 
ontext.We use n;m for terms of type index, t; u for terms of type �eld, and T;U for terms of typematrix. Terms of all three types are 
onstru
ted from variables and the symbols above in theusual way, ex
ept that in addition terms of type matrix are either variables A;B;C; ::: or � terms�ijhm;n; ti. Here i and j are variables of type index bound by the � operator, intended to rangeover the rows and 
olumns of the matrix. Here also m;n are terms of type index not 
ontainingi; j (representing the numbers of rows and 
olumns of the matrix) and t is a term of type �eld(representing the matrix element in position (i; j)).Atomi
 formulas have the forms m � n;m = n; t = u; T = U , where the three o

urren
es of =should have subs
ripts index;�eld ;matrix respe
tively. Formulas are built from atomi
 formulas usingthe propositional 
onne
tives :;_;^. Formulas may not have quanti�ers.Note that a pre
ise de�nition requires terms and formulas to be de�ned together re
ursively,be
ause 
ond(�; t1; t2) is a term whenever � is a formula satisfying the restri
tions explained above.2.1 De�ned termsThe � terms allow us to 
onstru
t the sum, produ
t, transpose, et
., of matri
es. We use thenotation := to introdu
e abbreviations for terms.Integer maximum maxfi; jg := 
ond(i � j; j; i)Matrix sum A+B := �ijhmaxfr(A); r(B)g; maxf
(A); 
(B)g; Aij +Biji (3)Note that A+B is well de�ned even if A and B are in
ompatible in size, be
ause of our 
onventionthat out-of-bound entries are 0. 3



S
alar produ
t aA := �ijhr(A); 
(A); a �Aiji (4)Matrix transpose At := �ijh
(A); r(A); Ajii (5)Zero and Identity matri
es0kl := �ijhk; l; 0i and Ik := �ijhk; k; 
ond(i = j; 1; 0)i (6)Sometimes we will just write 0 and I when the sizes are 
lear from the 
ontext.Matrix tra
e tr(A) := ��ijhr(A); 1; Aiii (7)Dot produ
t A � B := ��ijhmaxfr(A); r(B)g; maxf
(A); 
(B)g; Aij �Biji (8)Matrix produ
tA � B := �ijhr(A); 
(B); �klh
(A); 1; e(A; i; k)i � �klhr(B); 1; e(B; k; j)ii (9)Finally, the following de
omposition of an n� n matrix A will be used in our axioms de�ning�(S) and in presenting Berkowitz's algorithm:A = � a11 RS M � (10)where a11 is the (1; 1) entry of A, and R;S are 1� (n�1), (n�1)� 1 submatri
es, respe
tively, andM is the prin
ipal submatrix of A Therefore, we make the following pre
ise de�nitions:R(A) := �ijh1; 
(A)� 1; e(A; 1; i + 1)iS(A) := �ijhr(A)� 1; 1; e(A; i + 1; 1)iM(A) := �ijhr(A)� 1; 
(A)� 1; e(A; i + 1; j + 1)i (11)
2.2 Proofs in LAWe use Gentzen's sequent 
al
ulus LK (with quanti�er rules omitted) for the underlying logi
 (see[Bus98, Chapter 1℄). A sequent has the form �1; :::; �k ! �1; :::; �` where ea
h �i and �j is aformula. The intended meaning of the sequent is8x1 : : : xn0� k̂i=1�i � l_j=1�j1Awhere x1; : : : ; xn is the list of all the free variables of all three sorts that appear in the sequent.The system LK has the axiom s
heme �! �, the stru
tural rules Ex
hange, Contra
tion, andWeakening (left and right), the Cut rule, and rules for introdu
ing ea
h of the three 
onne
tives:;_;^ on the left and right.In addition to these axioms and rules, LA has axiom s
hemes and a rule for equality, an indu
tionrule, and axiom s
hemes giving the properties of numbers, �elds, and matri
es.4



A proof in LA of a sequent S is a �nite sequen
e of sequents ending in S, su
h that ea
h sequentin the proof is either an axiom, or follows from earlier sequents by a rule of inferen
e. If � is aformula, then we regard a proof of the sequent ! � as a proof of �.We now give the axioms of LA (other than the logi
al axioms � ! � of LK des
ribed above).For ea
h axiom listed below, every legal substitution of terms for free variables is an axiom of LA.Note that in a � term �ijhm;n; ti the variables i; j are bound. Substitution instan
es must respe
tthe usual rules whi
h prevent free variables from being 
aught by the binding operator �ij. Thebound variables i; j may be renamed to any new distin
t pair of variables.Equality AxiomsThese are the usual equality axioms, generalized to apply to the three-sorted theory LA. Here =
an be any of the three equality symbols, x; y; z are variables of any of the three sorts (as long asthe formulas are synta
ti
ally 
orre
t). In A4, the symbol f 
an be any of the non
onstant fun
tionsymbols of LA. However A5 applies only to �, sin
e this in the only predi
ate symbol of LA otherthan =.A1 ! x = xA2 x = y ! y = xA3 (x = y ^ y = z)! x = zA4 x1 = y1; :::; xn = yn ! fx1:::xn = fy1:::ynA5 i1 = j1; i2 = j2; i1 � i2 ! j1 � j2 Axioms for indi
esA6 ! i+ 1 6= 0A7 ! i � (j + 1) = (i � j) + iA8 i+ 1 = j + 1! i = jA9 ! i � i+ jA10 ! i+ 0 = iA11 ! i � j; j � iA12 ! i+ (j + 1) = (i+ j) + 1A13 i � j; j � i! i = jA14 ! i � 0 = 0A15 i � j; i + k = j ! j � i = k and i � j ! j � i = 0A16 j 6= 0! rem(i; j) < j and j 6= 0! i = j � div(i; j) + rem(i; j)A17 �! 
ond(�; i; j) = i and :�! 
ond(�; i; j) = jAxioms for �eld elementsA18 ! 0 6= 1 ^ a+ 0 = aA19 ! a+ (�a) = 0A20 ! 1 � a = aA211 a 6= 0! a � (a�1) = 1A22 ! a+ b = b+ aA23 ! a � b = b � aA24 ! a+ (b+ 
) = (a+ b) + 
A25 ! a � (b � 
) = (a � b) � 
A26 ! a � (b+ 
) = a � b+ a � 
A27 �! 
ond(�; a; b) = a and :�! 
ond(�; a; b) = b1This axiom is not used ex
ept in the proof of Lemma 3.1 and Theorem 4.15



Axioms for matri
esAxiom A28 states that e(A; i; j) is zero when i; j are outside the size of A. Axiom A29 de�nesthe behavior of 
onstru
ted matri
es. Axioms A30-A33 de�ne the fun
tion � re
ursively by �rstde�ning it for row ve
tors, then 
olumn ve
tors (re
all At is the transpose of A), and then in generalusing the de
omposition (11). Finally, axiom A34 takes 
are of empty matri
es.A28 (i = 0 _ r(A) < i _ j = 0 _ 
(A) < j)! e(A; i; j) = 0A29 ! r(�ijhm;n; ti) = m and ! 
(�ijhm;n; ti) = n and1 � i; i � m; 1 � j; j � n! e(�ijhm;n; ti; i; j) = tA30 r(A) = 1; 
(A) = 1! �(A) = e(A; 1; 1)A31 r(A) = 1; 1 < 
(A)! �(A) = �(�ijh1; 
(A)� 1; Aiji) +A1
(A)A32 
(A) = 1! �(A) = �(At)A33 1 < r(A); 1 < 
(A)! �(A) = e(A; 1; 1) + �(R(A)) + �(S(A)) + �(M(A))A34 r(A) = 0 _ 
(A) = 0! �A = 0 Rules for LAIn addition to the logi
al rules of Gentzen's LK, our system LA has two rules: matrix equality andindu
tion. In spe
ifying the rules below, � and � are 
edents; that is, �nite sequen
es of formulas.We allow either � or � to be empty.Matrix equality rule�! �; e(T; i; j) = e(U; i; j) �! �; r(T ) = r(U) �! �; 
(T ) = 
(U)�! �; T =UHere the variables i; j may not o

ur free in the bottom sequent; otherwise T and U are arbitrarymatrix terms. Our semanti
s implies that i and j are impli
itly universally quanti�ed in the topsequent. The rule allows us to 
on
lude T = U , provided that T and U have the same numbersof rows and 
olumns, and 
orresponding entries are equal. The rule 
an be repla
ed by the axiom�ijhr(T ); 
(T ); e(T; i; j)i = T (similar to an �-axiom in lambda 
al
ulus) provided that an axiomis also added whi
h is like A4 with �ij repla
ing f .Indu
tion rule �; �(i)! �(i+ 1);��; �(0) ! �(n);�Here the variable i (of type index) may not o

ur free in either � or �. Also �(i) is any formula,n is any term of type index, and �(n) indi
ates n is substituted for free o

urren
es of i in �(i).(Similarly for �(0).)This 
ompletes the des
ription of LA. We �nish this se
tion by observing the substitutionproperty in the lemma below. We say that a sequent S0 of LA is a substitution instan
e of asequent S of LA provided that S0 results by substituting terms for free variables of S. Of 
ourseea
h term must have the same sort as the variable it repla
es, and bound variables must be renamedas appropriate.Lemma 2.1 Every substitution instan
e of a theorem of LA is a theorem of LA.This follows by straightforward indu
tion on LA proofs. The base 
ase follows from the fa
tthat every substitution instan
e of an LA axiom is an LA axiom.6



3 The Theorems of LAWe show that all matrix identities whi
h state that the set of n� n matri
es form a ring, and allidentities that state that the set of m � n matri
es form a module over the underlying �eld, aretheorems of LA. However, LA is apparently not strong enough to prove matrix identities whi
hrequire arguing about inverses. We present four su
h examples at the end of this se
tion, and showthat LA proves their equivalen
e.Formally an LA proof of an identity T = U is a sequent derivation of! T = U from the axiomsand rules presented in the previous se
tion. Below we present at most informal sket
hes of theseformal proofs.In general, we use the following strategy to prove a matrix identity T = U . We �rst show thatr(T ) = r(U) and 
(T ) = 
(U), and then we show e(T; i; j) = e(U; i; j), from whi
h we 
an 
on
ludethat T = U by the matrix equality rule. Thus we 
on
lude two matri
es are equal if they have thesame size and same entries.For the sake of readability we will omit \�" (the multipli
ation symbol), as it will always be
lear from the 
ontext when it is required.Refer to se
tion 2.1 for de�nitions of terms su
h as maxfi; jg and A+ 0kl.The results in the se
tion (ex
ept the Odd Town Theorem at the end) 
ontinue to hold whenthe underlying �eld is repla
ed by any 
ommutative ring.Ring propertiesT1 A+ 0r(A)
(A) = AProof. The row and 
olumn identities follows from maxfi; ig = i. Equality of 
orresponding entriesfollows from the the �eld axiom A18 stating a+ 0 = a. �T2 A+ (�1)A = 0r(A)
(A)Proof. Equality of 
orresponding entries follows from the �eld property a+ (�1)a = 0. �Commutativity and asso
iativity of matrix addition follow from the 
orresponding �eld prop-erties, together with theorems T3 and T5 below to derive the row and 
olumn identities.T3 maxfi; jg = maxfj; igT4 A+B = B +AT5 maxfi; maxfj; kgg = maxfmaxfi; jg; kgT6 A+ (B + C) = (A+B) + CBefore we prove the next theorem, we outline a strategy for proving 
laims about matri
esby indu
tion on their size. The �rst thing to note is that it is possible to de�ne empty matri
es(matri
es with zero rows or zero 
olumns), but we 
onsider su
h matri
es to be spe
ial. Ourtheorems hold for this spe
ial 
ase, by axioms A28 and A34, so we will always impli
itly assumethat it holds. Thus, the Basis Case in the indu
tive proofs that will follow, is when there is onerow (or one 
olumn). Therefore when applying the Indu
tion rule, instead of doing indu
tion on iwe do indu
tion on j, where i = j + 1. 7



Also note that the size of a matrix has two parameters: the number of rows, and the numberof 
olumns. We deal with this problem as follows: suppose that we want to prove something for allmatri
es A. We de�ne a new (
onstru
ted) matrix M(i; A) as follows: �rst let d(A) be:d(A) := 
ond(r(A) � 
(A); r(A); 
(A))that is, d(A) = minfr(A); 
(A)g. Now let:M(i; A) := �pqhr(A)� d(A) + i; 
(A)� d(A) + i; e(A; d(A) � i+ p; d(A)� i+ q)ithat is, M(i; A) is the i-th prin
ipal submatrix of A. To prove that a property P holds for A, weprove that P holds for M(1; A) (Basis Case), and we prove that if P holds forM(i; A), it also holdsfor M(i + 1; A) (Indu
tion Step). From this we 
on
lude, by the Indu
tion rule, that P holds forM(d(A); A), and M(d(A); A) is just A. Note that in the Basis Case we might have to prove thatP holds for a row ve
tor or a 
olumn ve
tor, whi
h is a k � 1 or a 1 � k matrix, and this in turn
an also be done by indu
tion (on k).T7 �0kl = 0�eldProof. This follows by indu
tion as outlined above, using the axioms A30-A33 giving a re
ursivede�nition of �. �T8 AI
(A) = A and Ir(A)A = AProof. For the �rst 
ase, equality of entries is proved by indu
tion on 
(A), using T7 when entriesare out of bounds. �The next four theorems are helpful for proving the asso
iativity of matrix multipli
ation, T13.T9 �(
A) = 
�(A)T10 �(A+B) = �(A) + �(B)The next theorem states that we 
an \fold" a matrix into a 
olumn ve
tor. That is, if we take �of ea
h row, then the � of the resulting 
olumn ve
tor is the same as the � of the original matrix.T11 �A = ��ijhr(A); 1;��klh1; 
(A); AiliiProof. Indu
tion on r(A), using A30-A33. �T12 �(A) = �(At)Proof. Indu
tion on r(A), using A30-A33 and the de�nition of A transpose (se
tion 2.1). �T13 A(BC) = (AB)CProof. The idea is to show that the sum of all entries in a matrix 
an be 
omputed either bysumming along the rows �rst, or by summing along the 
olumns �rst. This 
an be formalized usingT9-T12. No indu
tion is needed. �8



T14 maxfi; maxfj; kgg = maxfmaxfi; jg; maxfi; kggT15 A(B + C) = AB +ACProof. The row and 
olumn identities are proved using the properties of max, in
luding T14. Theequality of 
orresponding entries follows from the distributive law for �elds (A26), together withT10. �T16 (B + C)A = BA+ CA Module propertiesT17 (a+ b)A = aA+ bAT18 a(A+B) = aA+ aBT19 (ab)A = a(bB) Inner produ
tThe following theorems show that our dot produ
t is in fa
t an inner produ
t:T20 A � B = B �AT21 A � (B + C) = A �B +A � CT22 aA � B = a(A � B) Mis
ellaneous theoremsT23 a(AB) = (aA)B ^ (aA)B = A(aB)T24 (AB)t = BtAtT25 Itk = Ik ^ 0tkl = 0lkT26 (At)t = A3.1 Hard matrix identitiesIn this se
tion we present four matrix identities whi
h we 
all hard matrix identities. They are hardin the sense that they seem to require 
omputing inverses in their derivations, and therefore appearnot to be provable in the theory LA. We show however that LA proves that ea
h is equivalent toea
h of the others. AB = I;AC = I ! B = C IAB = I ! AC 6= 0; C = 0 IIAB = I ! BA = I IIIAB = I ! AtBt = I IVIdentity III was proposed by the se
ond author as a 
andidate for the separation of Frege andExtended Frege propositional proof systems. The relation between theorems of LA and the powerof propositional proof systems is dis
ussed in se
tion 6.9



Theorem 3.1 LA proves the equivalen
e I, II, III, IV.Proof. We show that I) II) III) IV) I.I) II Assume AB = I ^AC = 0. By A4, AB +AC = I + 0, and by T1 and T15, A(B +C) = I.Using I, B = B + C, so by T2, C = 0.II ) III Assume AB = I. By A1 and A4, (AB)A = IA, by T2, (AB)A + (�1)IA = 0, by T13and T23, A(BA) +A(�1)I = 0, and by T15, A(BA+ (�1)I) = 0. By II, BA+ (�1)I = 0, and byT2, BA = I.III) IV Assume AB = I. By III, BA = I, and by A29 (BA)t = It. By T24, we obtain AtBt = I.IV ) I Assume AB = I ^ AC = I. By T2 AB + (�1)AC = 0, by T23, AB + A(�1)C = 0, byT15, A(B + (�1)C) = 0, by T13, (BA)(B + (�1)C) = 0. Now, using transpose property T24, weget (B + (�1)C)t(BA)t = 0, and sin
e AB = I, by IV, AtBt = I, so by T24 again, (BA)t = I, sowe obtain that (B + (�1)C)t = 0, so B + (�1)C = 0, so B = C. �There is one more identity equivalent to I{IV, proposed by C. Ra
ko�:If A;B are n� n and the last 
olumn of A is 0, then AB 6= I (V)Lemma 3.1 LA proves (using the �eld inverse axiom A21) the equivalen
e of V and I{IV.Proof. It is easy to see that III implies V. To show that V implies II, we prove the 
ontrapositive.Suppose that II is false, so that AB = I;AC = 0, and C 6= 0. Then for some 
olumn ve
torX 6= 0 we have that AX = 0. It follows that the 
olumns of A must be linearly dependent.Let Ai denote the i-th 
olumn of A. Using the �eld inverse axiom A21 we may suppose thatAn = 
1A1 + 
2A2 + � � � + 
n�1An�1 (if this is not the 
ase for the n-th 
olumn it will be true forsome 
olumn Ai, and we 
an pla
e Ai at the end of the matrix using a permutation matrix).Let A0 be A with the last 
olumn, An, repla
ed by a 
olumn of zeros. Let B0 be B, with thefollowing modi�
ation: the i-th row of B0, for 1 � i < n, is the sum of the i-th row of B withthe last row of B multiplied by 
i, and the last row of B0 is zero (or anything, it does not reallymatter).Then, A0B0 = I, be
ause AB = I. But the last 
olumn of A0 is zero, whi
h 
ontradi
ts V. �The Odd Town Theorem was proposed in [BBP94℄ as an example generating tautologies hardfor Frege systems. This theorem states the following: Suppose a town has n 
itizens, and that thereis a set of 
lubs, ea
h 
onsisting of 
itizens, su
h that ea
h 
lub has an odd number of members,and su
h that every two 
lubs have an even number of members in 
ommon. Then there are nomore than n 
lubs.It is not hard to see that LA, together with the axiom a = 0 _ a = 1 (asserting that theunderlying �eld is Z2), proves the Odd Town Theorem from the assumption III above. Supposethat the town satis�es the hypotheses of the theorem, and the town has n 
itizens and m 
lubs,where m > n. Let A be a m�m matrix in whi
h Aij is 1 if 
itizen i is in 
lub j, and 0 otherwise.Then the last m � n 
olumns of A are 0. By the hypotheses 
on
erning 
lubs, it follows thatAAt = Im. Therefore, by III, AtA = Im. But this is impossible, sin
e the top row of At is 0.It is an open question whether LA (over any �eld) proves the hard identities, or the Odd TownTheorem.4 Berkowitz's Algorithm and LAPBerkowitz's algorithm allows us to redu
e the 
omputation of the 
hara
teristi
 polynomial of ann� n matrix A, traditionally given by pA(x) = det(xI �A), to the operation of matrix powering.10



This algorithm, and all results in this se
tion ex
ept Theorem 4.1, 
ontinue to hold when theunderlying �eld is repla
ed by any 
ommutative ring.We begin by presenting an extension LAP to the system LA whi
h in
ludes matrix powering.4.1 The theory LAPWe add a new binary fun
tion symbol P to the language LLA of LA to form the language LLAP ofthe theory LAP. (Here P(n;A) is intended to mean An.) The axiom s
hemes and rules of LAP arethe same as for LA, ex
ept for two additional axiom s
hemes whi
h give a re
ursive de�nition of P:A35 ! P(0; A) = IA36 ! P(n+ 1; A) = P(n;A) � A.As in the 
ase of the other axiom s
hemes, n 
an be repla
ed by any LLAP term of type indexand A 
an be repla
ed by any LLAP term of type matrix.We 
an express iterated matrix produ
t in LAP using the standard method of redu
ing this tomatrix powering. Let A1; A2; : : : ; Am, be a sequen
e of square matri
es of equal size. To 
omputethe iterated matrix produ
t A1A2 � � �Am, we pla
e these matri
es into a single big matrix C, abovethe main diagonal of C. More pre
isely, assume that the Ai's are n � n matri
es. Then, C is a(m+ 1)n� (m+ 1)n matrix of the form:0BBBBB� 0 A1 0 � � � 00 0 A2 � � � 00 0 0 . . . 00 0 0 � � � Am0 0 0 � � � 0
1CCCCCANow, 
ompute Cm. The produ
t A1A2 : : : Am is the n� n upper-right 
orner of Cm.4.2 Berkowitz's algorithmSuppose we de
ompose the n� n matrix A a

ording to (10). That is,A = � a11 RS M � (12)where R is an 1�(n�1) row matrix and S is a (n�1)�1 
olumn matrix andM is (n�1)�(n�1).Let p(x) and q(x) be the 
hara
teristi
 polynomials of A and M respe
tively. Suppose that the
oeÆ
ients of p form the 
olumn ve
torp = � pn pn�1 : : : p0 �t (13)where pi is the 
oeÆ
ient of xi in det(xI �A), and similarly for q. Then Berkowitz [Ber84℄ showedp = C1q (14)where C1 is an (n+1)�n Toeplitz lower triangular matrix (Toeplitz means that the values on ea
hdiagonal are the same) and where the entries in the �rst 
olumn are de�ned as follows:
i1 = 8><>:1 if i = 1�a11 if i = 2�(RM i�3S) if i � 3 (15)11



For example, If A is a 4� 4 matrix, then p = C1q is given by:0BBBB� p4p3p2p1p0
1CCCCA = 0BBBB� 1 0 0 0�a11 1 0 0�RS �a11 1 0�RMS �RS �a11 1�RM2S �RMS �RS �a11

1CCCCA0BB� q3q2q1q0 1CCA (16)Berkowitz's algorithm 
onsists in repeating this for q, and 
ontinuing so that p is expressed as aprodu
t of matri
es: p = C1C2 � � �Cn (17)where Ci is an (n+ 2� i)� (n+ 1� i) Toeplitz matrix de�ned as in (15) ex
ept A is repla
ed byits i-th prin
ipal sub-matrix.4.3 De�ned terms and theorems in LAPThe right-hand side of (17) 
an be expressed as a term in LAP using the method given by (16).We use this term as the de�nition in LAP of the 
hara
teristi
 polynomial p, given in (13), of thematrix A. (If n = 1 and A = (a), then p = (1 � a)t.)Also in LAP we de�ne det(A) := (�1)np0 (18)where p0 is as in (13), and we de�neadj(A) := (�1)n�1(pnAn�1 + pn�1An�2 + : : :+ p1I) (19)Re
all that in the usual de�nition, the (i; j)-th entry of the adjoint of A is (�1)i+jdet(A[ijj℄), whereA[ijj℄ is the minor obtained by deleting the i-th row and j-th 
olumn of A. The equivalen
e of thisand (19) 
an be proved in LAP using the Cayley-Hamilton (C-H) Theorem as an assumption.Re
all that the C-H theorem states that p(A) = 0. From (19) we have that:A adj(A) = (�1)n�1(p(A)� p0I)Assuming p(A) = 0 we have by (18) that:A adj(A) = adj(A)A = det(A)I (20)In fa
t LAP easily proves the equivalen
e of (20) with the C-H theorem. We also haveTheorem 4.1 LAP (over any �eld) proves that the C-H theorem implies the hard matrix identitiesI{IV of se
tion 3.Proof. It suÆ
es to 
onsider the identity III:AB = I ! BA = IUsing the assumption AB = I it suÆ
es to show that there is some left inverse C of A, sin
e usingsimple ring properties of matri
es (formalizable in LA) it is easy to show AB = I and CA = Iimplies BA = I.To show that a left inverse C exists, we use the C-H theorem p(A) = 0, where p is the 
har-a
teristi
 polynomial of A. Sin
e p is not the zero polynomial (it has leading 
oeÆ
ient 1), theremust be k � 0 and a polynomial q su
h that0 = p(A) = q(A)Ak (21)12



where q has a nonzero 
onstant term. From AB = I we 
an show in LAP by indu
tion on i thatAiBi = I. Thus multiplying (21) on the right by Bk we obtain q(A) = 0, whi
h we 
an write asq̂(A)A = �q0Iwhere q0 is the 
onstant 
oeÆ
ient of q. Dividing by �q0 we obtain the required left inverseC = (�1=q0)q̂(A). �It is an open question whether LAP proves the C-H theorem in general, although it does provethe C-H theorem for triangular matri
es [Sol01℄.By the axiomati
 de�nition of the determinant we mean that the determinant fun
tion det(A)satis�es the three 
onditions� det is multi-linear in the rows and 
olumns of A� det is alternating in the rows and 
olumns of A� if A = I, then det(A) = 1It is well-known that these 
onditions 
ompletely 
hara
terize the determinant.By the 
ofa
tor expansion we mean for every 1 � i � ndet(A) = nXj=1(�1)i+jaij det(A[ijj℄) (22)where A[ijj℄ denotes the matrix obtained from A by removing the i-th row and the j-th 
olumn. Forea
h i, the RHS of the equation is 
alled the 
ofa
tor expansion of A along the i-th row, and (22)states that we obtain det(A) expanding along any row of A. Applying this re
ursively results in anexponential time algorithm for 
omputing det(A), showing that the expansion 
ompletely de�nesthe determinant.By the multipli
ativity of the determinant we meandet(AB) = det(A)det(B)where A;B are n� n matri
es.The following is the major result of this se
tion.Theorem 4.2 LAP (over any 
ommutative ring) proves the equivalen
e of the following prin
iples:1. C-H theorem2. Axiomati
 de�nition of det3. Cofa
tor Expansionand LAP also proves the following impli
ations:4. Multipli
ativity of det =) C-H theorem5. C-H Theorem + fdet(A) = 0! AB 6= Ig =) Multipli
ativity of det.
13



The rest of se
tion 4 will 
onsist of the proof of this theorem. The proof is long, so it is givenin four se
tions: 4.4 (1 =) 2), 4.5 (2 =) 3), 4.6 (3 =) 1), and 4.7 (impli
ations 4 and 5).In se
tion 5, we will show that the multipli
ativity of the determinant 
an be proven in thetheory 8LAP, whi
h is an extension of LAP where we allow indu
tion on formulas with a boundeduniversal matrix quanti�er (i.e., formulas of the form 8X � n�, where � has no quanti�ers, and Xis a variable of type matrix, with r(X) � n and 
(X) � n). From this, and from 4 above, it followsthat all the prin
iples listed above 
an be proven in 8LAP. Sin
e we show that all the theorems of8LAP have feasible proofs, it will follow that all these prin
iples have feasible proofs.The following lemmas are needed in the proof of Theorem 4.2.Lemma 4.1 LAP proves det(A) = a11 det(M)�R adj(M) S (23)where A is given by (12).Proof. Using the de�nition of det (given by (18)) we have:det(A) = (�1)n(pA)0where (pA)0 denotes the 
onstant 
oeÆ
ient of the 
hara
teristi
 polynomial of A. From Berkowitz'salgorithm and the de�nition of the adjoint (given by (19)):= (�1)n(�a11(pM )0 � (�1)n�2R adj(M) S)sin
e LAP proves (�1)even power = 1, we have:= a11(�1)n�1(pM )0 �R adj(M) Sand by using (18) one more time: = a11 det(M)�R adj(M) SThis argument 
an be 
learly formalized in LAP. �Lemma 4.2 LAP proves that A and At have the same 
hara
teristi
 polynomial, i.e., pA = pAt.Proof. The proof is by indu
tion on the size of A. The Basis Case is trivial be
ause (a)t = (a).Suppose now that A is an n� n matrix, n > 1. By the IH we know that pM = pMt. Furthermore,if we 
onsider the matrix C1 in the de�nition of Berkowitz's algorithm, we see that the entries 1and �a11 do not 
hange under transposition of A, and also, sin
e S(M t)kR is a 1 � 1 matrix, itfollows that S(M t)kR = (S(M t)k)R)t = RMkS, so in fa
t C1 is the same for A and At. This givesus the result. �4.4 The axiomati
 de�nition of determinantWe show that when the determinant is de�ned as in (18), the axiomati
 de�nition of the determinantfollows from the C-H theorem, and that this 
an be proven in LAP. The 
ondition det(I) = 1 iseasy, and multilinearity in the �rst row (and 
olumn) is easy as well. Thus, the whole proof hingeson an LAP proof of alternation from the C-H theorem.It is in fa
t enough to prove alternation in the rows, as alternation in the 
olumns will followfrom alternation in the rows by det(A) = det(At) (Lemma 4.2).14



De�nition 4.1 Iij is the matrix obtained from the identity matrix by inter
hanging the i-th andj-th rows. Ii is the same as Ii;i+1.The e�e
t of multiplying A on the left by Iij is that of inter
hanging the i-th and j-th rows ofA. On the other hand, AIij is A with the i-th and j-th 
olumns inter
hanged.We show alternation in the rows by �rst showing that for any matrix A, A and I1AI1 havethe same 
hara
teristi
 polynomial (I1 = I1;2, so I1AI1 is the matrix A with the �rst two rowsinter
hanged, and the �rst two 
olumns inter
hanged). This is done in Lemma 4.3.Then, we show that A and IiAIi have the same 
hara
teristi
 polynomial for any i (Ii = Ii;i+1).This is done Lemma 4.5.Finally, we obtain that A and IijAIij have the same 
har poly (as any permutation is a produ
tof transpositions).We also show that det(A) = �det(I1A). From this it follows that det(A) = �det(I1iA) forall i, sin
e we 
an bring the i-th row to the se
ond position (via I2iAI2i), and reorder things (byapplying I2iAI2i on
e more). Sin
e Iij = I1iI1jI1i, this gives us alternation in the rows.Note that we prove that A and IijAIij have the same 
har poly, i.e., pIijAIij = pA, to be ableto reorder the matrix and prove alternation.Lemma 4.3 Let A be an n�nmatrix, and letM2 = (A[1j1℄)[1j1℄ be the se
ond prin
ipal submatrixof A. Then, LAP proves the following impli
ation: pM2(M2) = 0 =) p(I1AI1) = pA. That is, LAPproves that if the C-H Theorem holds for M2, then I1AI1 and A have the same 
hara
teristi
polynomial.Proof. Let A be of the following form:A = 0� a b R
 d PS Q M2 1AwhereM2 is an (n�2)�(n�2) matrix, a; b; 
; d are entries, and R;P; St; Qt are 1�(n�2) matri
es.We de�ne � to be the permutation that ex
hanges the �rst two rows, and the �rst two 
olumns ofA. Formally: a; b; 
; d �7! d; 
; b; aR; S; P;Q �7! P;Q;R; SM2 �7!M2For the sake of readability, we let M =M2.Re
all that pA = C1C2C3 � � �Cn. To show that pA = pI1AI1 , we �rst show that all the entries ofC1C2, ex
ept for those in the last row, remain invariant under �. Sin
e C3 � � �Cn are not a�e
tedby �, this will give us that, ex
ept for the last row, pA = pI1AI1 . Then, we show that the last entriesare also invariant under �, that is, (pA)0 = (pI1AI1)0, but for this we do need the C-H Theorem.We start by showing that all the entries of C1C2, ex
ept for those in the last row, are invariantunder �. Note that we do not need the C-H Theorem for this.Let C[ijj℄ denote the matrix C with row i and 
olumn j removed. Let C[ij�℄ and C[�jj℄ denotethe matrix C with row i removed (and no 
olumns removed) and 
olumn j removed (and no rowsremoved), respe
tively.Note that (C1C2)[n+ 1j�℄ is a lower-triangular Toeplitz matrix. We 
onsider the �rst 
olumn
15



of (C1C2)[n+ 1j�℄. The top three entries of the �rst 
olumn are:1�a� d� � b R �� 
S �+ ad� PQ = �b
�RS + ad� PQBy inspe
tion, they are all invariant under �.The (k + 1)-st entry in the �rst 
olumn, for k � 3, is given by taking the dot-produ
t of thefollowing two ve
tors:0BBBBBBBBBBBBBB�
1�a� � b R �� 
S �� � b R �� d PQ M �� 
S �...� � b R �� d PQ M �k�2� 
S �

1CCCCCCCCCCCCCCA ;
0BBBBBBBBBBBBB�
�PMk�2Q�PMk�3Q...�PQ�d1

1CCCCCCCCCCCCCA (24)
We are going to prove that this dot-produ
t is invariant under �. This dot-produ
t 
an be expressedas follows: � b R �� wk XkYk Zk �� 
S �+ aPMk�3Q� PMk�2Q (25)where:� wk XkYk Zk � = �� d PQ M �k�2+ d� d PQ M �k�3+ k�4Xi=0 PMk�4�iQ� d PQ M �i (26)We �rst show by indu
tion on k � 3 that the following holds:8>>>><>>>>:wk = 0Xk = �PMk�3Yk = �Mk�3QZk = �Mk�2 + dMk�3 +Pk�4i=0 ((PMk�4�iQ)M i �M iQPMk�4�i) (27)The basis 
ase is k = 3: � w3 X3Y3 Z3 � = �� d PQ M �+ dIand indeed it holds. Now, to prove the indu
tion step, assume that the result holds for k, andshow that it also holds for k+1 (noti
e that 
learly the indu
tion step 
an be formalized in LAP).Using (26) we have:� wk+1 Xk+1Yk+1 Zk+1 � = � d PQ M �� wk XkYk Zk �+ (PMk�3Q)I (28)Now, using the indu
tion hypothesis (and note that the indu
tion hypothesis is all four properties):16



1. Show that wk+1 = 0.wk+1 = dwk + PYk + (PMk�3Q) = d � 0 + P (�Mk�3Q) + (PMk�3Q) = 02. Show that Xk+1 = �PMk�2.Xk+1 = dXk + PZk= d(�PMk�3) + P  �Mk�2 + dMk�3 + k�4Xi=0((PMk�4�iQ)M i �M iQPMk�4�i)!= �PMk�2sin
e P (PMk�2�iQ)M i = (PMk�2�iQ)PM i.3. Show that Yk+1 = �Mk�2Q.Yk+1 = wkQ+MYk = 0 �Q+M(�Mk�3Q) = �Mk�2Q4. Show that Zk+1 = �Mk�1 + dMk�2 +Pk�3i=0 ((PMk�3�iQ)M i �M iQPMk�3�i).Zk+1 = QXk +MZk + (PMk�3Q)I= Q(�PMk�3) +M  �Mk�2 + dMk�3 + k�4Xi=0((PMk�4�iQ)M i �M iQPMk�4�i)!+ (PMk�3Q)Iand grouping all the terms we get:= �Mk�1 + dMk�2 + k�3Xi=0((PMk�3�iQ)M i �M iQPMk�3�i)We show in some detail this last step:M k�4Xi=0(PMk�4�iQ)M i �M iQPMk�4�i = k�4Xi=0(PMk�4�iQ)M i+1 �M i+1QPMk�4�i= k�4Xi=0(PMk�3�(i+1)QM i+1 �M i+1QPMk�3�(i+1) = k�3Xi=1(PMk�3�iQ)M i �M iQPMk�3�i=� PMk�3Q+QPMk�3 + k�3Xi=0(PMk�3�iQ)M i �M iQPMk�3�iThis ends the proof of the indu
tion step, and the proof of (27).Using (27) we 
an prove that:( b R )� wk XkYk Zk �� 
S �+ aPMk�3Q� PMk�2Q (29)is invariant under �. We expand and obtain:�bPMk�2S � 
RMk�2Q�RMk�2S + dRMk�3S+ k�4Xi=0 R((PMk�4�iQ)M i �M iQPMk�4�i)S + aPMk�3Q� PMk�2Q (30)17



Now note that the following pairs of terms are invariant under �:f�bPMk�2S;�
RMk�2Qg f�RMk�2S;�PMk�2Qg f+dRMk�3S;+aPMk�3QgTherefore, to show that (29) is invariant under �, it remains to show that the summation is invariantunder �, and the summation is equal to:k�4Xi=0(PMk�4�iQ)(RM iS)� k�4Xi=0(RM iQ)(PMk�4�iS)Note that: (PMk�4�iQ)(RM iS) �7�! (RMk�4�iS)(PM iQ)(RM iQ)(PMk�4�iS) �7�! (PM iS)(RMk�4�iQ)So 
learly ea
h of the two summations is \
losed" under �, and hen
e invariant.To �nish the proof of Lemma 4.3, we show that the last row is also invariant under �, but thistime we have to use the C-H Theorem on the se
ond prin
ipal submatrix of A, i.e., on M .The bottom row of C1C2 is given by the dot produ
t of the two ve
tors in (24) without theirtop rows. Thus, in the bottom row of C1C2, we are missing �PMk�2Q's in the summations.If we add these missing terms a
ross the bottom row (starting with the left-most), that is, if weadd: �PMn�2Q;�PMn�3Q; : : : ;�PMQ;�PQ (31)to the entries in the bottom row, respe
tively, we 
an 
on
lude by the above argument that theresult is invariant under �.We have that pM(M) = 0, so �PpM (M)Q = 0, and sin
e pM = C3C4 : : : Cn, it follows that ifwe multiply the bottom row of C1C2, where the terms listed in (31) have been added, by pM =C3C4 � � �Cn, these terms will disappear.Hen
e, to prove the invarian
e under � of the bottom entry of C1C2 � � �Cn, we �rst add theextra terms in (31) to the bottom row of C1C2, use the above argument to 
on
lude the invarian
eof the resulting bottom row of C1C2 under � (whi
h does not a�e
t C3C4 � � �Cn), and then showthat the extra terms disappear by pM (M) = 0 (that is, by the Cayley-Hamilton Theorem appliedto M).It remains to point out how to formalize this proof in LAP, whi
h means how to express that (29)is invariant under �. What we do is show that (29) = (290), where (290) is �(29). We show theequality by showing that there is a 
orresponden
e of terms, where the 
orresponden
e is given bythe above pairing up, and by the fa
t that the summation in (29) and in (290) is the same. �Lemma 4.4 Let A be an n� n matrix, and let M2 be the se
ond prin
ipal submatrix of A. ThenLAP proves the following impli
ation: pM2(M2) = 0 =) det(I1A) = �det(A). That is, LAP provesthat if the C-H Theorem holds for M2, then the determinant of A is alternating in the �rst andse
ond rows.Proof. To prove this Lemma, we use the ma
hinery developed in the proof of the previous Lemma.First of all, we already showed that LAP proves that the entries in C1C2 are of the form givenby (30) (C1C2 is a Toeplitz matrix, and (30) gives the entries in the �rst 
olumn, for rows k � 3;we are interested in the last row). As before, we let M =M2 for readability.18



Let � be the transposition of the �rst two rows of A, so � is given by:a; b; 
; d �7! 
; d; a; bR; P �7! P;RS;Q;M2 �7! S;Q;M2and � has the following e�e
t on the term of (30):�bPMk�2S 7�! �dRMk�2S�
RMk�2Q 7�! �aPMk�2Q+dRMk�3S 7�! +bPMk�3S+aPMk�3Q 7�! +
RMk�3Q+(PMk�4�iQ)(RM iS) 7�! +(RMk�4�iQ)(PM iS)�(RM iQ)(PMk�4�iS) 7�! �(PM iQ)(RMk�4�iS)�RMk�2S 7�! �PMk�2S�PMk�2Q 7�! �RMk�2QNote that ex
ept for the last two rows, all the the other terms in (30) have a 
orresponding termof opposite sign, under � . The terms in the last two rows disappear when they are multiplied bypM = C3C4 : : : Cn, sin
e pM (M) = 0 by the C-H Theorem. �Lemma 4.5 Let A be an n� n matrix, and let Mi+1 be the (i + 1)-st prin
ipal submatrix of A.Then LAP proves the following impli
ation: pMi+1(Mi+1) = 0 =) p(IiAIi) = pA. That is, LAPproves that if the C-H Theorem holds for Mi+1, then pIiAIi and pA have the same 
har polynomial.Proof. See Figure 1, and note that if i � n� 1 then Mi+1 is not de�ned, but this is not a problem,sin
e we do not need the C-H Theorem to prove pIn�1AIn�1 = pA.The 
ase i = 1 is Lemma 4.3, so we 
an assume that 1 < i < n� 1.Using the fa
t that I2i = I, we have:RM jS = R(IiIi)M j(IiIi)S = (RIi)(IiM jIi)(IiS) = (RIi)(IiMIi)j(IiS) (32)Here we use indu
tion on j in the last step. The Basis Case is j = 1, so IiMIi = IiMIi just byequality axioms. For the Indu
tion Step, note that:IiM j+1Ii = IiM jMIi = IiM j(IiIi)MIi = (IiM jIi)(IiMIi)and by the indu
tion hypothesis, IiM jIi = (IiMIi)j , so we are done.By Berkowitz's algorithm we know that the 
hara
teristi
 polynomial of A is given by thefollowing produ
t of matri
es: C1C2 � � �Ci�1Ci � � �CnLet C 01C 02 � � �C 0n be the 
hara
teristi
 polynomial of IiAIi. There, we padded the matri
es C1; : : : ; Cnwith zeros to make them all of equal size, and we put them in one big matrix C. Then, by 
omputingthe n-th power of C, we obtain the iterated matrix produ
t C1C2 � � �Cn. Here, whenever we talkof iterated matrix produ
ts, we have this 
onstru
tion in mind.19



Using Lemma 4.3 and pMi+1(Mi+1) = 0, we know that if we inter
hange the �rst two rows andthe �rst two 
olumns of Mi�1 (whi
h are 
ontained in the i-th and (i+ 1)-st rows and 
olumns ofA), the 
hara
teristi
 polynomial of Mi�1 remains invariant. This gives us:CiCi+1 � � �Cn = C 0iC 0i+1 � � �C 0n (33)Now we are going to prove that for 1 � k � i � 1, Ck = C 0k. To see this, 
onsider the �rst
olumn of C 0k (it is enough to 
onsider the �rst 
olumn as these are Toeplitz matri
es). We aregoing to examine all the entries in this 
olumns:� The �rst entry is 1, whi
h is a 
onstant.� The se
ond entry is akk, just as in Ck sin
e k � i� 1.� RkM jkSk is repla
ed by (RkIi+1�k)(Ii+1�kMkIi+1�k)j(Ii+1�kSk), but by (32) these two areequal. (Note that 0 � j � n� k � 1).Thus, Ck = C 0k, for 1 � k � i� 1 and so C1C2 � � �Ci�1 = C 01C 02 � � �C 0i�1. Combining this with (33)gives us: C1C2 � � �Cn = C 01C 02 � � �C 0nand so A and IiAIi have the same 
hara
teristi
 polynomial, i.e., p(IiAIi) = pA. �
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M

column i

i+1

row i+1
row i

column i+1Figure 1: Matrix A: pMi+1(Mi+1) = 0 =) p(IiAIi) = pACorollary 4.1 Let A be an n � n matrix, and let 1 � i < j � n. LAP proves, using the C-HTheorem on (n� 1)� (n� 1) matri
es, that p(IijAIij) = pA.Proof. First of all, to prove this Corollary to Lemma 4.5, we are going to list expli
itly thematri
es for whi
h we require the C-H Theorem: we need the following prin
ipal submatri
esof A: fMi+1; : : : ;Mjg as well as the matri
es fM 0j�1; : : : ;M 0i+1g whi
h are obtained from the
orresponding prin
ipal submatri
es, by repla
ing, in A, the j-th row by the i-th row, and the j-th
olumn by the i-th 
olumn. The details are given in Figure 2.To see why we require the C-H Theorem on pre
isely the matri
es listed above, we illustratehow we derive p(I13AI13) = pA (see Figure 3). Using pM2(M2) = 0 and Lemma 4.5 we inter
hangethe �rst two rows (and the �rst two 
olumns, but for 
larity, we do not show the 
olumns). Then,20
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Figure 2: fMi+1; : : : ;Mjg and fM 0j�1; : : : ;M 0i+1gusing pM3(M3) = 0 and Lemma 4.5, we inter
hange rows two and three, so at this point, the originalrow one is in position. We still need to take the original row three from position two to positionone. This requires the use of pM 02(M 02) = 0 and Lemma 4.5. The prime 
omes from the fa
t thatwhat used to be row three, has now been repla
ed by row one. So using pM 02(M 02) = 0, we ex
hangerow two and one, and everything is in position.Now the same argument, but in the general 
ase, relies on the fa
t that:Iij = Ii(i+1)I(i+1)(i+2) � � � I(j�1)jI(j�1)(j�2) � � � I(i+1)i (34)i.e., any permutation 
an be written as a produ
t of transpositions. Using Lemma 4.5 at ea
h step,we are done. Equation (34) 
an be proven in LAP as follows: �rst note that Iij = I1iI1jI1i, so it isenough to prove that I1i is equal to a produ
t of transpositions, for any i.We use indu
tion on i. The Basis Case is i = 2, and I12 is a transposition, so there is nothingto prove. Now the Indu
tion Step. Assume the 
laim holds for I1i, and show that it holds forI1(i+1). This follows from the fa
t that I1(i+1) = I1iIi(i+1)I1i. �Corollary 4.2 LAP proves, using the C-H Theorem, that det is alternating in the rows, i.e.,det(A) = �det(IijA).Proof. Sin
e Iij = I1iI1jI1i, it is enough to prove this for I1j . If j = 2 we are done by Lemma 4.3.If j > 2, then use I2j to bring the j-th row to the se
ond position, and by Corollary 4.1, A andI2jAI2j have the same 
har polynomials. Now apply I12 with Lemma 4.3, and use I2j on
e againto put things ba
k in order. �Example 4.1 Suppose that we want to show that det(A) = �det(I15A). Consider:A (1)�! I25AI25 (2)�! I12I25AI25 (3)�! I25I12I25AI25I25 = I15ABy Corollary 4.1, (1) preserves the 
hara
teristi
 polynomial, and hen
e it also preserves the de-terminant. By Lemma 4.3, (2) 
hanges the sign of the determinant. By Corollary 4.1 again, (3)preserves the determinant. Therefore, det(A) = �det(I15A).
21
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Figure 3: Example of p(I13AI13) = pA4.5 The 
ofa
tor expansionWe show that LAP proves that the 
ofa
tor expansion formula (22) follows from the axiomati
de�nition of the determinant. We �rst show that the 
ofa
tor expansion of A along the �rst row isequal to det(A). De�ne Aj , for 1 � j � n, to be A, with the �rst row repla
ed by zeros, ex
ept forthe (1; j)-th entry whi
h remains un
hanged. Then, using multilinearity along the �rst row of A,we obtain: det(A) = det(A1) + det(A2) + � � �+ det(An) (35)Consider Aj , for j > 1. If we inter
hange the �rst 
olumn and the j-th 
olumn, and then, with(j � 2) transpositions we bring the �rst 
olumn (whi
h is now in the j-th position) to the se
ondposition, we obtain, by alternation and (23), the following:det(Aj) = (�1)j�1a1j det(A[1jj℄)= (�1)1+ja1j det(A[1jj℄)Using this, and from equation (35), we obtain the 
ofa
tor expansion along the �rst row, that is,we obtain (22) for i = 1.If we want to 
arry out the 
ofa
tor expansion along the i-th row (where i > 1), we inter
hangethe �rst and the i-th row, and then we bring the �rst row (whi
h is now in the i-th position) tothe se
ond row with (i � 2) transposition. Denote this new matrix A0, and note that det(A0) =(�1)i�1 det(A). Now, expanding along the �rst row of A0, we obtain (22) for i > 1.4.6 The adjoint as a matrix of 
ofa
torsWe wish to show that LAP proves the C-H theorem from the 
ofa
tor expansion formula (i.e.,from (22)). To this end, we �rst show that (22) implies (in LAP) the axiomati
 de�nition ofdeterminant.We want to show that we 
an get multilinearity, alternation and det(I) = 1 from (22). To showmultilinearity along row (
olumn) i, we just expand along row (
olumn) i. To show det(I) = 122



use indu
tion on the size of I; in fa
t, showing that det(I) = 1 
an be done in LAP without anyassumptions.It is very easy to show that alternation follows from multilinearity and from:If two rows (
olumns) of A are equal =) det(A) = 0To show this in LAP (from the 
ofa
tor expansion formula), we expand along row i �rst to obtain:det(A) = nXk=1(�1)i+kaik det(A[ijk℄)and then we expand ea
h minor A[ijk℄ along the row that 
orresponds to the j-th row of A. Notethat we end up with n(n � 1) terms; polynomially many in the size of A. Sin
e row i is identi
alto the row j, we 
an pair ea
h term with its negation; hen
e the result is zero, so det(A) = 0.Therefore, we have that the axiomati
 de�nition of the determinant follows from the 
ofa
tor ex-pansion formula, in LAP. We 
an now pro
eed, and �nish showing the equivalen
es in Theorem 4.2,by showing that the 
ofa
tor expansion formula implies the C-H theorem, also in LAP.Lemma 4.6 LAP proves that: adj(A) = ((�1)i+j det(A[jji℄))iji.e., that adj(A) is the transpose of the matrix of 
ofa
tors of A, from the axiomati
 de�nition ofdet.Consider the following matrix: C = � 0 etiej A �where ei is a 
olumn ve
tor with zeros everywhere ex
ept in the i-th position where it has a 1.By (23), we have that: det(C) = �etiadj(A)ej = (i; j)-th entry of �adj(A)On the other hand, from alternation on C, we have that det(C) = (�1)i+j+1 det(A[jji℄). To seethis, note that we need (j + 1) transpositions to bring the j-th row of A to the �rst row in thematrix C, to obtain the following matrix:C 0 = 0� 1 Aj0 eti0 A[jj�℄ 1Awhere Aj denotes the j-th row of A, and A[jj�℄ denotes A with the j-th row deleted. Then, by (23),we have: det(C 0) = det� etiA[jj�℄ �and now with i transpositions, we bring the i-th 
olumn of � etiA[jj�℄ � to the �rst 
olumn, toobtain: � 1 00 A[jji℄ �. Therefore, det(C 0) = (�1)i det(A[jji℄) �nishing the proof.Therefore, LAP proves that the (i; j)-th entry of adj(A) is given by (�1)i+j det(A[jji℄).23



Note that pA(A) = 0 
an also be stated as Aadj(A) = det(A)I, using our de�nitions of theadjoint and the determinant. Thus, the following shows that LAP proves the C-H theorem fromthe 
ofa
tor expansion formula: LAP proves Aadj(A) = adj(A)A = det(A)I from the 
ofa
torexpansion formula.We show �rst that Aadj(A) = det(A)I. The (i; j)-th entry of Aadj(A) is equal to:ai1(�1)j+1 det(A[jj1℄) + � � �+ ain(�1)j+n det(A[jjn℄) (36)If i = j, this is the 
ofa
tor expansion along the i-th row. Suppose now that i 6= j. Let A0 be thematrix A with the j-th row repla
ed by the i-th row. Then, by alternation, det(A0) = 0. Now,(36) is the 
ofa
tor expansion of A0 along the j-th row, and therefore, it is 0. This proves thatA adj(A) = det(A)I, and by de�nition of the adjoint, adj(A)A = A adj(A), so we are done.4.7 The multipli
ativity of the determinantThe multipli
ativity of the determinant is the property: det(AB) = det(A) det(B). This turns outto be a very strong property, from whi
h all other properties follow readily in LAP.Even the C-H theorem follows readily from the multipli
ativity of det: from the multipli
ativityof the determinant we have that det(I12AI12) = det(I1) det(A) det(I1) = det(A) for any matrix A.Suppose we want to prove the C-H theorem for some n� n matrix M . De�ne A as follows:A = 0� a b R
 d PS Q M 1A = 0� 0 0 eti0 0 0ej 0 M 1ALet C1C2C3 � � �Cn+2 be the 
hara
teristi
 polynomial of A (and C3 � � �Cn+2 the 
hara
teristi
 poly-nomial of M). From Berkowitz's algorithm it is easy to see that for A de�ned this way the bottomrow of C1C2 is given by: etiMnej etiMn�1ej : : : etiIejso the bottom row of C1C2C3 � � �Cn+2 is simply etip(M)ej where p is the 
hara
teristi
 polynomialof M .On the other hand, using det(A) = det(I12AI12) and Berkowitz's algorithm, we have that:det(A) = det0� 0 0 00 0 eti0 ej M 1A = 0so that etip(M)ej = 0, and sin
e we 
an 
hoose any i; j, we have that p(M) = 0.What about the other dire
tion? That is, 
an we prove the following impli
ation in LAP:C-H theorem =) Multipli
ativity of the determinant?The answer is \yes," if LAP 
an prove the following:det(A) = 0! AB 6= I (37)That is, LAP 
an prove the multipli
ativity of the determinant from the C-H theorem and (37).Theorem 4.3 LAP proves the multipli
ativity of the determinant from the C-H Theorem and theproperty given by (37). 24



Proof. We prove the Lemma by indu
tion on the size of the matri
es; so assume that A;B aresquare n � n matri
es. Sin
e we assume the Cayley-Hamilton Theorem, by the results in theprevious se
tions we also have at our disposal the 
ofa
tor expansion and the axiomati
 de�nitionof the determinant.Suppose �rst that the determinants of all the minors of A (or B) are zero. Then, using the
ofa
tor expansion we obtain det(A) = 0. We now want to show that det(AB) = 0 as well.Suppose that det(AB) 6= 0. Then, by the C-H Theorem, AB has an inverse C, i.e., (AB)C = I.But then A(BC) = I, so A is invertible, 
ontrary to (37). Therefore, det(AB) = 0, so that in this
ase det(A) det(B) = det(AB).Suppose now that both A and B have a minor whose determinant is not zero. We 
an assumethat it is the prin
ipal submatrix whose determinant is not zero (as A and I1iAI1j have the samedeterminant, so we 
an bring any non-singular minor to be the prin
ipal minor). So assume thatMA;MB are non-singular, where:A = � a RASA MA � B = � b RBSB MB �By the Indu
tion Hypothesis we know that det(MAMB) = det(MA) det(MB). Also note that:AB = � ab+RASB aRB +RAMBbSA +MASB SARB +MAMB �Now using Berkowitz's algorithm:det(A) det(B) = (adet(MA)�RAadj(MA)SA)(bdet(MB)�RBadj(MB)SB) (38)We want to show that det(AB) is equal to (38). Again, using Berkowitz's algorithm:det(AB) = (ab+RASB) det(SARB +MAMB)� (aRB +RAMB)adj(SARB +MAMB)(bSA +MASB) (39)We now show that the right hand sides of (38) and (39) are equal.By Lemma 4.7: det(SARB +MAMB) = det(MAMB) +RBadj(MAMB)SA (40)Using the IH, det(MAMB) = det(MA) det(MB), and using Lemma 4.6 and det(MA) 6= 0 anddet(MB) 6= 0 we obtain: adj(MAMB) = adj(MB)adj(MA). To see this note that by the C-HTheorem (MAMB)adj(MAMB) = det(MAMB)I. We now multiply both sides of this equation byadj(MA) to obtain, by the C-H Theorem again, det(MA)MBadj(MAMB) = det(MAMB)adj(MA).Now multiply both sides by adj(MB) to obtain:det(MA) det(MB)adj(MAMB) = det(MAMB)adj(MB)adj(MA)Sin
e det(MAMB) = det(MA) det(MB), and det(MA) det(MB) 6= 0, we obtain our result.Therefore, from (40) we obtain:det(SARB +MAMB) = det(MA) det(MB) +RBadj(MB)adj(MA)SA (400)Using Lemma 4.8 and adj(MAMB) = adj(MB)adj(MA), we obtain:RBadj(SARB +MAMB) = RBadj(MB)adj(MA)adj(SARB +MAMB)SA = adj(MB)adj(MA)SA (41)25



Finally, we have to prove the following identity:RAMBadj(SARB+MAMB)MASB =RASB det(MA) det(MB)�RBadj(MB)SBRAadj(MA)SA+ (RASB)RBadj(MB)adj(MA)SA (42)First of all, by Lemma 4.6 we have:(SARB +MAMB)adj(SARB +MAMB) = det(SARB +MAMB)Using Lemmas 4.7 and 4.8, we get:SARBadj(MAMB) +MAMBadj(SARB +MAMB) = (det(MAMB) +RBadj(MAMB)SA)IWe have already shown above that adj(MAMB) = adj(MB)adj(MA) using our Indu
tion Hypoth-esis: det(MAMB) = det(MA) det(MB). So, if we multiply both sides of the above equation byadj(MA) on the left, and by MA on the right, we obtain:adj(MA)SARBadj(MB) det(MA) + det(MA)MBadj(SARB +MAMB)MA =det(MA)(det(MA) det(MB) +RBadj(MB)adj(MA)SA)ISin
e by assumption det(MA) 6= 0, we 
an divide both sides of the equation by det(MA) to obtain:adj(MA)SARBadj(MB) +MBadj(SARB +MAMB)MA =(det(MA) det(MB) +RBadj(MB)adj(MA)SA)IIf we now multiply both sides of the above equation, by RA on the left, and by SB on the right, weobtain (42) as desired.We now substitute (400), (41), and (42) into (39), and we obtain that the right hand side of (39)is equal to the right hand side of (38), and we are done. �Lemma 4.7 LAP proves, from the axiomati
 de�nition of det, that:det(SR+M) = det(M) +R adj(M) S (43)Proof. Consider the matri
es C and C 0, where C 0 is obtained from C by adding multiples of the�rst row of C to 
lear its �rst 
olumn:C = 0BB� 1 �RS M 1CCA and C 0 = 0BB� 1 �R0 SR+M 1CCABy Lemma 4.1, det(C) = det(M) +R adj(M) S. By the axiomati
 de�nition of det, we have thatdet(C 0) = det(C). Using Lemma 4.1 on C 0, we obtain: det(C 0) = det(SR +M), and hen
e theresult follows. �Lemma 4.8 LAP proves, from the Cayley-Hamilton Theorem, that:Radj(SR+M) = Radj(M)adj(SR+M)S = adj(M)S26



Proof. By Lemma 4.6 we know that adj(A) is the transpose of the matrix of 
ofa
tors of A. Fromthis we 
an dedu
e the following identity:adj(A) = � det(M) �Radj(M)�adj(M)S (1 + a11)adj(M)� adj(SR+M) � (44)To see this we are going to 
onsider the four standard submatri
es. First of all, the (1; 1) entry ofadj(A) is the determinant of the prin
ipal minor of A times (�1)1+1, i.e. det(M). The remainingentries along the �rst row are given by (�1)1+i det(A[ij1℄), for 2 � i � n. Note that for 2 � i � n,A[ij1℄ is given by: � RM [ij�℄ � (45)where M [ij�℄ denotes M without the i-th row. To 
ompute the determinant of the matrix givenby (45) expand along the �rst row to obtain: Pn�1j=1 rj(�1)i+j det(M [ijj℄). This gives us �Radj(M)as desired. In the same way we 
an show that the entries in the �rst 
olumn below (1; 1) are givenby �adj(M)S.We now show that the prin
ipal submatrix is given by (1 + a11)adj(M) � adj(SR +M). Tosee this �rst note that (SR+M)[ijj℄ = S[i℄R[j℄ +M [ijj℄, where S[i℄; R[j℄ denote S;R without thei-th row and j-th 
olumn, respe
tively. Now using Lemma 4.7 we have that det((SR +M)[ijj℄) =det(M [ijj℄) +R[j℄adj(M [ijj℄)S[i℄. The (i+ 1; j + 1) entry of adj(A)t, 1 � i; j < n, is given by:(�1)i+j(a11 det(M [ijj℄) �R[j℄adj(M [ijj℄)S[i℄)as 
an be seen from Figure 4.
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Figure 4: Showing that adj(A)[1j1℄ = (1 + a11)adj(M)� adj(SR+M)Therefore, the (i+ 1; j + 1) entry of adj(A)t is given by:(�1)i+j(a11 det(M [ijj℄) + det(M [ijj℄) � det((SR+M)[ijj℄))and we are done.By Lemma 4.6 we know that:� a11 RS M �� det(M) �Radj(M)�adj(M)S (1 + a11)adj(M)� adj(SR +M) � = det(A)IIn parti
ular this means that:�a11Radj(M) +R(1 + a11)adj(M)�Radj(SR +M) = 0and from this it follows that Radj(SR + M) = Radj(M). Similarly, we 
an prove the se
ondidentity. �27



5 The theory 8LAPWe extend the theory LAP to 8LAP, where we allow indu
tion over formulas with a boundeduniversal matrix quanti�er. We show that 8LAP proves the C-H Theorem, and the multipli
ativityof det. By Theorem 4.2, it follows that 8LAP also proves the axiomati
 de�nition of det, andthe 
ofa
tor expansion formula. All of these results 
ontinue to hold when the underlying �eld isrepla
ed by an arbitrary 
ommutative ring.As dis
ussed in se
tion 6, proofs in 8LAP are feasible, in the sense that they require onlypolynomial time 
on
epts. It follows that all the prin
iples of linear algebra listed in Theorem 4.2have feasible proofs. We believe that we give the �rst feasible proofs of these prin
iples.We de�ne �M0 to be the set of formulas over LLAP (\M" stands for matrix). We de�ne �M1 tobe the set of formulas in �M0 together with formulas of the form (8A � n)�, where � 2 �M0 , andwhere (8A � n)� abbreviates: (8A)((r(A) � n ^ 
(A) � n) � �)where A is a matrix variable, not 
ontained in the index term n.We de�ne the system 8LAP to be similar to LAP, but we allow �M1 formulas. The underlyinglogi
 is again based on Gentzen's sequent system LK. Whereas LAP needs only the propositionalrules of LK, we now need the rules for introdu
ing a universal quanti�er on the left and on theright of a sequent: left r(T ) � n; 
(T ) � n; �(T );�! �(8X � n)�(X);�! �right r(A) � n; 
(A) � n;�! �; �(A)�! �; (8X � n)�(X)where T is any term of type matrix, and n is any term of type index. Also, in 8-introdu
tion-right,A is a variable of type matrix that does not o

ur in the lower sequent, and in both rules � is a�M0 formula, be
ause we just want (need) a single matrix quanti�er.The main observation is that in 8LAP we 
an use the indu
tion rule over �M1 formulas. It isthis strengthening whi
h �nally allows us to prove all the prin
iples listed in Theorem 4.2.None of the results in this se
tion requires inverses of �eld elements, and hen
e all results holdover any 
ommutative ring.5.1 8LAP proves the C-H TheoremThe basi
 idea behind the proof is the following: if pA(A) 6= 0, that is, if the C-H theorem failsfor A, then we 
an �nd (in polytime) a sub-matrix B of A for whi
h pB(B) 6= 0, i.e., for whi
hthe C-H theorem fails already. Sin
e the C-H Theorem does not fail for 1 � 1 matri
es, afterat most n = (size of A) steps we get a 
ontradi
tion. This idea 
an be expressed with universalquanti�ers over variables of type matrix: if the C-H theorem holds for all matri
es smaller thanA, then it also holds for A. The matrix B is obtained from A by sele
ting an index i su
h that
olumn i of pA(A) is nonzero, and inter
hanging the �rst row and 
olumn of A with the i-th rowand 
olumn, respe
tively, and �nally deleting the �rst row and 
olumn of the result. Lemma 5.1below guarantees that pB(B) 6= 0.Theorem 5.1 8LAP (over any 
ommutative ring) proves the C-H theorem.28



Proof. We prove that for all n� n matri
es A, pA(A) = 0, by indu
tion on n. The Basis Case istrivial: if A = (a11), then the 
hara
teristi
 polynomial of A is x�a11. We use the following strongindu
tion hypothesis: (8A � n)pA(A) = 0. Thus, in our Indu
tion Step we prove:(8M � n)pM(M) = 0! (8A � n+ 1)pA(A) = 0 (46)Let A be an (n + 1) � (n + 1) matrix, and assume that we have (8M � n)pM (M) = 0. ByCorollary 4.1 we have that for all 1 � i < j � n + 1, p(IijAIij) = pA. Suppose, for the sake of
ontradi
tion, that the i-th 
olumn of pA(A) is not zero. Then, the �rst 
olumn of I1ipA(A)I1i isnot zero. But: I1ipA(A)I1i = pA(I1iAI1i) = p(I1iAI1i)(I1iAI1i)Let C = I1iAI1i. By the indu
tion hypothesis, pC[1j1℄(C[1j1℄) = 0. By Lemma 5.1 below, the �rst
olumn of pC(C) is zero; therefore, the �rst 
olumn of p(I1iAI1i)(I1iAI1i) is zero. Contradi
tion. �Lemma 5.1 LAP proves that if pC[1j1℄(C[1j1℄) = 0, then the �rst 
olumn of pC(C) is zero.Proof. We restate the Lemma using the usual notation of A and M = A[1j1℄, where A is an n� nmatrix, n > 1. Thus, we want to show that LAP proves the following: if pM(M) = 0, then the �rst
olumn of pA(A) is zero. We let p = pA and q = pM , that is, p; q are the 
hara
teristi
 polynomialsof A;M = A[1j1℄, respe
tively. De�ne wk;Xk; Yk; Zk as follows:A = � w1 X1Y1 Z1 � = � a11 RS M �Ak+1 = � wk+1 Xk+1Yk+1 Zk+1 � = � wk XkYk Zk �� a11 RS M � for k � 1It is easy to see that LAP proves the following equations:wk+1 = a11wk +XkSXk+1 = wkR+XkMYk+1 = a11Yk + ZkSZk+1 = YkR+ ZkM (47)Using Berkowitz's algorithm (14,15), it is not hard to show in LAP that:p(A) = (A� a11I)q(A)� n�1Xk=1 qk k�1Xi=0(RM iS)Ak�1�i (48)and thus, to show that the �rst 
olumn of p(A) is zero, it is enough to show that the �rst 
olumnsof (A� a11I)q(A) andPn�1k=1 qkPk�1i=0 (RM iS)Ak�1�i are the same. This is the strategy for provingClaims 5.1 and 5.2, whi
h will establish the Lemma.Claim 5.1 The upper-left entry of p(A) is zero.Proof. If we make the 
onvention w0 = 1, then using the se
ond line of (47) we 
an prove byindu
tion on k: Xk = k�1Xi=0 wk�1�iRM i; for k � 129



Using this and the �rst line of (47) we obtain8><>:w0 = 1w1 = a11wk+1 = a11wk +Pk�1i=0 (RM iS)wk�1�i; for k � 1 (49)The top left entry of (A� a11I)q(A) is given byn�1Xk=1 qk(wk+1 � a11wk) (50)(noti
e that we 
an ignore the term k = 0 sin
e the top left entry of A is the same as the top leftentry of a11I). We 
an 
ompute (wk+1�a11wk) using the re
ursive de�nitions of wk (given by (49)above): wk+1 � a11wk = a11wk + k�1Xi=0(RM iS)wk�1�i � a11wk = k�1Xi=0(RM iS)wk�1�iThus, (50) is equal to n�1Xk=1 qk k�1Xi=0(RM iS)wk�1�iThis proves that the top left entry of p(A) is zero (see equation (48) and the explanation below it).�Claim 5.2 The (n� 1)� 1 lower-left submatrix of p(A) is zero.Proof. Using the last line of (47) we 
an prove by indu
tion on kZk =Mk + k�2Xi=0 Yk�1�iRM i; for k � 2Using this and the se
ond last line of (47), if we make the 
onvention Y0 = 0 then8><>:Y0 = 0Y1 = SYk+1=a11Yk+MkS+Pk�2i=0 (RM iS)Yk�1�i; for k � 1 (51)(Note that RM iS is a s
alar.) The lower-left (n� 1)� 1 submatrix of (A� a11I)q(A) is given byn�1Xk=0 qk(Yk+1 � a11Yk)and by (51) we have that for k � 2, Yk+1 � a11Yk is given by: a11Yk +MkS + k�2Xi=0(RM iS)Yk�1�i!� a11Yk =MkS + k�2Xi=0(RM iS)Yk�1�i30



ans, therefore, Pn�1k=0 qk(Yk+1 � a11Yk) is given by:q0(Y1 � a11Y0) + q1(Y2 � a11Y1) + n�1Xk=2 qk MkS + k�2Xi=0(RM iS)Yk�1�i!= q(M)S + n�1Xk=2 qk k�2Xi=0(RM iS)Yk�1�iwhere we have used the fa
ts Y0 = 0, Y1 = S, and Y2 = a11S+MS. Now by assumption q(M) = 0,so we 
an 
on
lude that: n�1Xk=0 qk(Yk+1 � a11Yk) = n�1Xk=1 qk k�1Xi=0(RM iS)Yk�1�i (52)The RHS of (52) is equal to the (n� 1)� 1 lower-left submatrix of Pn�1k=1 qkPk�1i=0 (RM iS)Ak�1�i,and hen
e the 
laim follows (on
e again, see equation (48) and the explanation below it). �This ends the proof of the Lemma 5.1. �Corollary 5.1 8LAP (over any 
ommutative ring) proves the axiomati
 de�nition of det, and the
ofa
tor expansion formula.Proof. By Theorem 4.2, the C-H Theorem is equivalent to the axiomati
 de�nition of det, and the
ofa
tor expansion formula, and furthermore, this equivalen
e 
an be proven in LAP. �5.2 8LAP proves the multipli
ativity of detTheorem 5.2 8LAP (over any 
ommutative ring) proves the multipli
ativity of det.Proof. To show the multipli
ativity of det in 8LAP, we use two prin
iples whi
h 
an be proven in8LAP by the results of the previous se
tion:� The 
ofa
tor expansion formula for det (along rows and 
olumns),� and the axiomati
 de�nition of det, from whi
h it follows (easily) that if we add a multipleof one row to another row, the determinant remains invariant.Our proof is by indu
tion on the size of matri
es, and the Basis Case, 1�1 matri
es, is trivial. Next,we show the Indu
tion Step, where we prove, using the 
ofa
tor expansion formula along rows and
olumns, and using the axiomati
 de�nition of det, that if multipli
ativity holds for (n�1)�(n�1)matri
es, it also holds for n� n matri
es.So suppose that A;B are n � n matri
es, and so is C = AB. Using the multilinearity of detalong the �rst 
olumn of C, 8LAP provesdet(C) = det(C1; C2; : : : ; Cn)= det(b11A1 + b21A2 + � � �+ bn1An; C2; : : : ; Cn)= nXk=1 det(bk1Ak; C2; : : : ; Cn)31



where Ci denotes the i-th 
olumn of C, and Ai denotes the i-th 
olumn of A.Sin
e adding a multiple of one row to another row does not 
hange det, 8LAP proves for1 � k � n det(Ak; C2; : : : ; Cn) = det(Ak; C2 � bk2Ak; : : : ; Cn � bknAk)and hen
e by linearity 8LAP provesdet(bk1Ak; C2; : : : ; Cn) = det(bk1Ak; C2 � bk2Ak; : : : ; Cn � bknAk) (53)Noti
e, that the matrix given by (C2 � bk2Ak; : : : ; Cn � bknAk) with the l-th row removed isjust A[ljk℄B[kj1℄. Thus, using the 
ofa
tor expansion along the �rst 
olumn of (53), we obtain for1 � k � n (53) = nXl=1(�1)1+lbk1alk det(A[ljk℄B[kj1℄) (54)We 
an now apply the indu
tion hypothesis to (54) to 
on
lude that for all l,det(A[ljk℄B[kj1℄) = det(A[ljk℄) det(B[kj1℄)Noti
e that it is here where we see that we need 8-indu
tion (and hen
e 8LAP, not just LAP),be
ause we have to apply the indu
tion hypothesis to n di�erent matri
es, of size (n� 1)� (n� 1).Thus, putting everything together we get:det(AB) = det(C) = nXk=1 nXl=1(�1)1+lbk1alk det(A[ljk℄) det(B[kj1℄)note that (�1)1+l = (�1)1+l+2k = (�1)l+k(�1)1+k, so:= nXk=1 (�1)1+kbk1 det(B[kj1℄) nXl=1(�1)l+kalk det(A[ljk℄)!!where Pnl=1(�1)l+kalk det(A[ljk℄) is the 
ofa
tor expansion of det(A) on the k-th 
olumn of A,= det(A) nXk=1(�1)1+kbk1 det(B[kj1℄)wherePnk=1(�1)1+kbk1 det(B[kj1℄) is the 
ofa
tor expansion of det(B) along the �rst 
olumn of B,so: = det(A) det(B)and we are done. �Corollary 5.2 8LAP (over any 
ommutative ring) proves the hard matrix identities of se
tion 3.1.Proof. By using the multipli
ativity of the determinant we 
an eliminate the use of �eld inversesin the proof of Theorem 4.1. Again, it suÆ
es to 
onsider the identity III:AB = I ! BA = IAssuming AB = I, we have by multipli
ativitydet(A) det(B) = det(I) = 132



and therefore d = det(A) is a unit in the underlying ring. By Theorem 5.1 we may assume the C-Htheorem, and hen
e from (20) we have adj(A)A = d IUsing the assumption AB = I we have adj(A)AB = adj(A) and hen
e B = d�1adj(A). ThusBA = d�1adj(A)A = I as required. �6 Propositional Translations and Feasible ProofsThe hard matrix identities (se
tion 3.1) su
h asAB = I ! BA = I (55)over the �eld of two elements translate naturally into a polynomial size family hINVni of propo-sitional tautologies. For ea
h n � 1, the tautology INVn expresses (55) when A and B are n � nmatri
es over Z2. In fa
t, INVn is easily 
onstru
ted from the 2n2 propositional variables aij andbij ; 1 � i; j � n representing the entries of A and B, respe
tively. This idea generalizes to allformulas � of LA, and the underlying �eld (or 
ommutative ring) K does not have to be Z2, aslong as it 
an be feasibly represented. It turns out (Theorem 6.3) that if � is a theorem of LA,then the 
orresponding tautology family has polynomial size proofs in an appropriate propositionalproof system, depending on the underlying �eld. Similar results hold for LAP and 8LAP.6.1 Complexity 
lasses and their asso
iated proof systemsBefore giving details of the translation we give a brief review of propositional proof 
omplexity (see[Kra95, Urq95℄).In the general sense, a propositional proof system 
an be regarded as a polynomial time mapF from the set f0; 1g� of strings onto the set of propositional tautologies. The idea here is that if� is an F -proof of a tautology A then F (�) = A.Consider for example the system PK (whi
h is Gentzen's sequent system LK restri
ted topropositional formulas). We 
an think of a PK proof of A as a sequen
e of sequents, ea
h of whi
his either an axiom of the form B ! B or follows from earlier sequents by a rule of inferen
e, endingin the sequent! A. The 
orresponding polynomial time fun
tion FPK satis�es FPK(�) = A, where� is a string 
oding su
h a PK proof.A Frege system is a propositional proof system P su
h that a P -proof of a propositional formulaA is (or 
odes) a �nite sequen
e of formulas ending in A, ea
h formula of whi
h either is an axiomor follows from earlier formulas by a rule of inferen
e. Further, axioms and rules are de�nedas substitution instan
es of �nitely many s
hemes, and the system is required to be sound andimpli
ationally 
omplete. Most spe
i�
 propositional proof systems des
ribed in logi
 texts areFrege systems, or are equivalent to Frege systems.We say that a system S2 p-simulates a system S1 (written S1 �p S2) if there is a polynomialtime transformation whi
h takes every S1 proof to a S2 proof of the same tautology. (In 
ase theproof systems apply to tautologies with di�erent 
onne
tive sets, the tautologies must be translatedin an appropriate way.) Two systems are p-equivalent if ea
h p-simulates the other. It 
an be shownthat any two Frege systems are p-equivalent to ea
h other and to the system PK.We say that a propositional proof system F is polynomially bounded if there is polynomial p(n)su
h that every tautology A has an F -proof � of A (so F (�) = A) and j�j � p(jAj), where jxj33



indi
ates the length of a string x. It is not hard to show that a polynomially-bounded proof systemexists i� NP = 
oNP (i.e. i� the 
omplement of every problem in NP is again in NP). Be
auseof this, a 
ommon 
onje
ture is that no propositional proof system is polynomially-bounded.Despite this 
onje
ture, no one has even been able to prove that Frege systems are not polyno-mially bounded.Many propositional proof systems are naturally asso
iated with 
omplexity 
lasses. In par-ti
ular, Frege systems are asso
iated with the 
lass NC1. Here a language L � f0; 1g� in NC1is spe
i�ed by a polynomial size family hBni of propositional formulas, where Bn has variablesx1; :::; xn, and a string of length n is in L i� it is the 
hara
teristi
 ve
tor of a truth assignmentsatisfying Bn. The reason for asso
iating Frege systems with NC1 is that the formulas in a poly-nomial size family of Frege proofs of a tautology family hAni 
an express 
on
epts in NC1. Forexample, PHPn is a well-studied propositional tautology expressing the fa
t that n + 1 pigeons
annot �t in n holes unless at least one hole has two or more pigeons (the pigeonhole prin
iple).Buss [Bus87℄ showed that hPHPni has polynomial size Frege proofs, using the fa
t that 
ountingthe number of ones in an input string x1:::xn is an NC1 
on
ept.The 
omplexity 
lasses of interest in this paper form the 
hainAC0 � AC0(2) � TC0 � NC1 � NC2 � P=poly (56)A language in AC0 is spe
i�ed by a polynomial size family of propositional formulas as for NC1,ex
ept now the alternation depth of ^ and _ in the family must be bounded by a 
onstant. The 
lassAC0(2) is de�ned similarly, ex
ept now we allow parity subformulas (x1 � x2 � ::: � xn) assertingthat the number of ones in x1; :::; xn is odd, and again require that the depth of the formulas (withunbounded fanin ^;_, and �) is bounded. The 
lass TC0 is de�ned similarly ex
ept now we allowthreshold gates Tk(x1; :::; xn) asserting that at least k of x1; :::; xn are ones. A language in NC2is spe
i�ed by a polynomial size family of Boolean 
ir
uits of depth bounded by O((log n)2). Alanguage in P=poly is spe
i�ed by a polynomial size family of Boolean 
ir
uits (with no depthrestri
tion). This is a nonuniform version of the 
lass P of polynomial time languages. One 
anshow that a language L is in P=poly i� there is a polynomial time Turing ma
hine M and apolynomial size sequen
e hvni of \advi
e" strings su
h that a string w of length n is in L i� Ma

epts the input pair hw; vni.The 
orresponding propositional proof systems form a sequen
eAC0-Frege �p AC0(2)-Frege �p TC0-Frege �p Frege �p NC2-Frege �p eFrege (57)Here an AC0-Frege system is the same as a Frege system, ex
ept the (^;_) alternation depth ofall formulas in a proof must be bounded by some �xed 
onstant. The systems AC0(2)-Frege andTC0-Frege have a similar relation to the 
omplexity 
lassesAC0(2) and TC0. An eFrege (extendedFrege) proof is the same as a Frege proof, ex
ept a line p$ B (de�ning the variable p) is allowedto appear in the proof for any formula B not 
ontaining p, provided that p does not o

ur earlierin the proof and does not o

ur in the 
on
lusion. The idea is that ea
h variable p 
orresponds toa gate in a Boolean 
ir
uit, and hen
e eFrege systems 
orrespond to the 
omplexity 
lass P/poly.The system NC2-Frege 
an be de�ned similarly by limiting the nesting depth of variable de�nitionsp$ B to O(log n).Ajtai [Ajt88℄ proved that the pigeonhole tautologies hPHPni do not have polynomial size AC0-Frege proofs, and hen
e no AC0-Frege system is polynomially bounded. However it is not knownwhether any proof system in the other 
lasses des
ribed above is polynomially bounded.One way to prove that Frege systems are not super might be to show that some spe
i�
 tautologyfamily, su
h at the translations hINVni of the hard matrix identity (55), does not have polynomial34



size Frege proofs. This example is motivated by the intuition that proofs of these tautologies seemto require 
on
epts (su
h as matrix inverse) that are not in NC1.6.2 The systems PK(2) and PKBD(2)Formulas in the propositional sequent system PK(2) are built from propositional variables p; q; r; :::using the logi
al 
onstants F and T (for false and true), the unary 
onne
tive :, and the binary
onne
tives ^;_;� (as well as parentheses). Here � represents ex
lusive or. An axiom is thesequent F!, or ! T, or any sequent of the form A! A, where A is a formula. The rules in
ludethe usual stru
tural rules for LK, namely Ex
hange, Contra
tion, and Weakening (left and right),as well as the Cut rule and rules for introdu
ing ea
h of the 
onne
tives :;^;_;� on the left andright (see [Bus98℄). In parti
ular, the rules for introdu
ing � areleft �; �! �;� �; � ! �;��; (� � �)! � right �; �; � ! � �! �; �;��! (�� �);�Here � and � are �nite sequen
es of zero or more formulas. Ea
h rule allows the sequent underthe line to be derived from the sequent(s) above the line.A PK(2) proof of a sequent �! � is a �nite sequen
e of sequents ending in �! �, su
h thatea
h sequent is either an axiom or follows from earlier sequents by a rule.Note that if � is a PK(2) proof, � is a formula, and p is a propositional variable, then the resultof substituting � for p throughout � is again a PK(2) proof.A sequent �! � is valid i� the 
onjun
tion of the formulas in � implies the disjun
tion of theformulas in �. The system PK(2) is sound and 
omplete; that is, a sequent has a PK(2)-proof i� itis valid. Soundness follows from the fa
ts that axioms are valid, and the rules preserve validity. For
ompleteness, that every valid sequent �! � has a (Cut-free) PK(2)-proof is proved by indu
tionon the total number of 
onne
tives in � and �, using the fa
ts that for ea
h introdu
tion rule, (i)the number of 
onne
tives in the sequent below the line is more than the number of 
onne
tives inea
h sequent above the line, and (ii) if the sequent below the line is valid, then ea
h sequent abovethe line is valid.The depth of a PK(2) formula is de�ned by thinking of the 
onne
tives ^;_, and � as havingunlimited fanin. If we think of a formula as a binary tree, then the depth of ea
h bran
h is de�nedby 
ounting any 
onse
utive run of any of these 
onne
tives as a single 
onne
tive. In parti
ular,if p1; :::; pn are atoms, then the formula (p1 � ::: � pn) has depth one, no matter how parenthesesare inserted to make it a proper formula (with � a binary operator).The depth of a sequent is the maximum of the depths of the formulas in the sequent.The systems PKBD(2) are bounded-depth restri
tions of PK(2). For ea
h d � 1 the systemPKBD[d℄(2) is the restri
tion of PK(2) obtained by requiring that ea
h formula in a proof has depthat most d. We refer to the systems PKBD[d℄(2) 
olle
tively as PKBD(2). The systems PKBD(2)are p-equivalent to the systems AC0(2) in the sequen
e (57).If � is a �nite sequen
e �1; :::; �n of formulas, then V� = (�1 ^�2 ^ :::^�n) is the 
onjun
tionof the formulas, with parentheses inserted (say, with asso
iation to the right). Similarly for W�andL�. For the 
ase that � is empty, we de�ne V? = T, W? = F, andL? = F.In des
ribing PKBD(2) proofs it does not mu
h matter how parentheses are inserted in theformulas V�, W�, andL�. This is be
ause the asso
iative laws are valid, so that for example thesequent �� (� � 
)! (���)� 
 is valid and has a Cut-free PK(2) proof with a 
onstant numberof sequents whose depths are bounded by the depth of the 
on
lusion. From this it is easy to seethat if A and A0 are formulas resulting from inserting parentheses in (�1 � ::: � �n) in di�erentways, then the sequent A! A0 has a PK(2) proof (using the Cut rule) with O(n) sequents whosedepths are bounded by the depth of the 
on
lusion. Similarly for ^ and _.35



6.3 Translations of LA over Z2Suppose that the underlying �eld for LA is Z2. Let � be a formula of LA, and let � be an obje
tassignment whi
h assigns a natural number �(i) to ea
h free index variable i in �, and assignsnatural numbers �(r(A)); �(
(A)) to ea
h of the terms r(A); 
(A) respe
tively, where A is anymatrix variable in �. Let j�j be the largest value assigned by �. To ea
h variable of type �eld in �we assign a propositional variable asserting that the �eld variable is 1 (as opposed to 0). To ea
hmatrix variable A we assign enough propositional variables to determine all entries in A (wherethe size of A is determined by �). Now � and � translate into a propositional formula k�k� of sizepolynomial in j�j whi
h is valid i� � is valid in the standard model under � over the �eld Z2. Themethod of translation is similar to those des
ribed in Chapter 9 of [Kra95℄.As an example, let � be the formula A+B = B+A, and let � determine that A and B are 3�3,so �(r(A)) = �(
(A)) = �(r(B)) = �(
(B)) = 3. Then the propositional formula k�k� involvesthe propositional variables Apq; Bpq; 1 � p; q � 3 expressing the entries of A and B. In fa
t k�k� is^1�p�31�q�3 ((Apq �Bpq)$ (Bpq �Apq))We now des
ribe the translation in more detail. Ea
h term m of type index is translated into anatural number kmk� 2 N using � and the intended interpretations of the fun
tion and predi
atesymbols (2). This is possible be
ause the value of every index term is independent of the �eldvalues given �eld variables and the �eld entries of matrix variables. In parti
ular, an index term ofthe form 
ond(�; t1; t2) 
an be evaluated expli
itly be
ause of our stated restri
tion that all atomi
subformulas of � must have the form m1 � m2 or m1 = m2, and these formulas 
an be evaluatedexpli
itly.Ea
h term t of type �eld is translated into a propositional formula ktk� whose variables arethose asso
iated with the �eld variables in t, and the variables Apq asso
iated with the matrixvariables A in t, where 1 � p � �(r(A)) and 1 � q � �(
(A)). Here ktk� is de�ned by stru
turalindu
tion on t. The base 
ases are k0�eldk� = F, k1�eldk� = T, kak� = a, andke(A;m; n)k� = (Akmk�knk� if 1 � kmk� � �(r(A)) and 1 � knk� � �(
(A))F otherwiseThe indu
tive 
ases are as follows. First the �eld operations are handled by kt+�eld uk� = (ktk� �kuk�), kt ��eld uk� = (ktk� ^ kuk�), k � tk� = ktk� , and kt�1k� = ktk� . The 
onditional is handledby k
ond(�; t; u)k� = (ktk� if k�k� = Tkuk� otherwisewhere k�k� is either T or F be
ause of our synta
ti
 restri
tion on the atomi
 subformulas of �.The 
onstru
ted terms are handled byke(�ijhm0; n0; ti;m; n)k� = (ktk�0 if 1 � kmk� � km0k� and 1 � knk� � kn0k�F otherwisewhere �0 is the same as � ex
ept �0(i) = kmk� and �0(j) = knk� .Finally, we deal with �(T ) as follows:k�(A)k� =M(A11; A12; : : : ; A�(r(A))�(
(A)))k�(�ijhm;n; ti)k� =M(fktk�pqg 1�p�kmk�1�q�knk� )36



where �pq is the same as � ex
ept �pq(i) = p and �pq(j) = q.This 
ompletes the de�nition of ktk� for terms t of type �eld. Note that the only 
ases for whi
h� is really ne
essary to a
hieve a bounded depth polynomial size translation are those involving �terms.It remains to de�ne the translation k�k� of a formula �. If m and n are terms of type index,then the atomi
 formulas m � n and m = n are translated to either T or F, using the naturalnumber values of kmk� and knk�. If t and u are terms of type �eld, then t = u is translated to thepropositional formula (ktk� $ kuk�).If T and U are terms of type matrix, the the 
ase kT = Uk� is more 
ompli
ated. If Tand U do not have 
ompatible sizes, that is, if kr(T )k� 6= kr(U)k� or k
(T )k� 6= k
(U)k� , thenkT = Uk� = F. Suppose now that T and U have 
ompatible sizes, and let r; 
 be de�ned as follows:r := kr(T )k� = kr(U)k�
 := k
(T )k� = k
(U)k�Assume that i; j are index variables that do not o

ur free in T or U . Then:kT = Uk� = ^1�p�r;1�q�
(ke(T; i; j)k�pq $ ke(U; i; j)k�pq )where (as before) �pq is the same as � ex
ept �pq(i) = p and �pq(j) = q.This 
ompletes the de�nitions of k�k� when � is an atomi
 formula. In general, formulas of LAare built from atomi
 formulas using the 
onne
tives ^;_;:. We de�ne k� ^ �k� ; k� _ �k� ; k:�k�respe
tively by k�k� ^ k�k� , k�k� _ k�k� , and :k�k� .Theorem 6.1 For every formula � of LA there exists a polynomial p� and a 
onstant d� su
h thatfor every obje
t assignment � to �, the length of k�k� is bounded by p�(j�j) and the depth of � isbounded by d�. Further, � is valid under � in the standard model over the �eld Z2 i� k�k� is atautology.Proof. The length and depth bounds are proved by stru
tural indu
tion on �, while simultaneouslyproving polynomial bounds pm(j�j) on the numeri
al value kmk� , for ea
h index termm, and pt(j�j)on the length of the formula ktk� for ea
h �eld term t (as well as depth bounds on ktk�). Thevalidity 
laim is also proved by stru
tural indu
tion on �, while simultaneously noting that kmk�and ktk� 
orre
tly evaluate index and �eld terms. �Any theorem of LA is valid in the standard model for any obje
t assignment � over any�eld, in
luding Z2. Thus if � is a theorem of LA, then by Theorem 6.1 the family hk�k� :� is an obje
t assignmenti is a family of tautologies of size bounded by a polynomial in j�j. Thenext theorem states that this family has polynomial size PKBD(2)-proofs.Theorem 6.2 For every theorem � of LA there exists a polynomial q� and a 
onstant d� su
hthat for every obje
t assignment � to the variables of � there exists a PK(2) proof of k�k� of sizeat most q�(j�j) and depth at most d�.The proof is by indu
tion on the number of sequents in the LA proof of �. See [Sol01℄ fordetails.It is tempting to 
onje
ture that the translations of the matrix identity (55) into a family ofPK(2) formulas do not have polynomial size bounded depth PK(2) proofs. By Theorem 6.2 thiswould imply that (55) is not a theorem of LA. Unfortunately, as mentioned before, it is an openquestion even whether PKBD(2) is a polynomially bounded proof system.37



6.4 Translations of LA over ZpIf the 
hara
teristi
 of the underlying �eld is p > 2, then the 
orresponding propositional proofsystem should have 
onne
tives that 
ount mod p. This 
an be done by introdu
ing a propositional
onne
tive MODp;i of unbounded arity for ea
h i su
h that 0 � i < p. More generally, for every paira; i with a � 2 and 0 � i < a we introdu
e a 
onne
tive MODa;i of unbounded arity (see [Kra95,Chapter 12.6℄) de�ned by the 
ondition that if k � 0 and � = �1; :::; �k is a �nite sequen
e offormulas, then MODa;i(�) is true i� jfj : �j is truegj (mod a) = iFor a � 2, the propositional proof system PK(a) allows formulas built from the 
onne
tives MODa;ifor 0 � i < a in addition to the usual 
onne
tives of PK. In addition to the axiom s
hemes andrules of PK, the system PK(a) allows the axioms! MODa;0(?)! :MODa;i(?); for 1 � i < a! (MODa;i(�; �)$ [MODa;i(�)^:�)_ (MODa;i�1(�)^�)℄); for 0 � i < a, where i� 1 is taken mod aWe denote the bounded depth versions of PK(p) by PKBD(p).For a = 2 it is not hard to see that the systems PK(2) and PKBD(2) just de�ned are equivalentto the systems PK(2) and PKBD(2) de�ned in se
tion 6.2 using the � 
onne
tive. A formulaMOD2;1(�) 
an be translated to L(�), and MOD2;0(�) 
an be translated to :L(�).When the underlying �eld is Zp, for p a prime, formulas of LA translate into families of propo-sitional formulas of PKBD(p). The translation is similar to that des
ribed in se
tion 6.3 for p = 2.The main di�eren
e for p > 2 is that now �eld elements must be en
oded by a string of propositionalvariables instead of a single propositional variable.The element i in Zp = f0; 1; :::; p � 1g is represented by the string TiFp�1�i. For example,the elements 0; 1; 2; 3; 4 of Z5 are represented by FFFF; TFFF; TTFF; TTTF; TTTT, respe
tively. Ea
hterm t of type �eld translates into p � 1 propositional formulas ktk1�; :::; ktkp�1� for the p � 1 bitsrepresenting the value of t. (Properly we should use the notation ktkj�;p to indi
ate the dependen
eof the formula on p. However we mostly omit p to avoid subs
ript 
lutter.) These formulas arede�ned by stru
tural indu
tion on t, as for the 
ase p = 2. The propositional variables in ktkj�
onsist of a tuple a1; :::; ap�1 for ea
h �eld variable a in t, and an array of variables Akij for ea
hmatrix variable A in t.For 
onvenien
e, we de�ne ktkj� = F, for j � p.The base 
ases are given byk0�eldkj� = F; 1 � j < pk1�eldk1� = T; k1�eldkj� = F; 2 � j < pkakj� = aj ; 1 � j < pke(A;m; n)kk� = Akkmk�knk� (or F); 1 � k < p
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The indu
tion step is given bykt+ ukj� = _j�i<pMODp;i(fktkk�g1�k<p; fkukk�g1�k<p)kt � ukj� = _1�i;k<pj�(ik mod p)(ktki� ^ :ktki+1� ) ^ (kukk� ^ :kukk+1� )k � tkj� = _1�i<pj�p�i (ktki� ^ :ktki+1� )kt�1kj� = _1�i;k<pj�k^ik�1 mod p(ktki� ^ :ktki+1� )k�(A)kj� = _j�i<pMODp;i(fAkxyg1�x��(r(A));1�y��(
(A));1�k<p)(We omit the 
ases k
ond(�; t; u)kj� , ke(�ijhm0; n0; ti;m; n)kk� and k�(�ijhm;n; ti)kk� .)Now formulas � of LA are translated to formulas k�k�;p as in se
tion 6.3 ex
ept that if t; u areterms of type �eld, then kt = uk�;p = ^1�j<p(ktkj�;p $ kukj�;p)and similarly for kT = Uk�;p for terms T;U of type matrix.Finally, in order to ensure that the string a1 : : : ap�1 of propositional variables properly 
odesa value in Zp for the �eld variable a we need the assumptionsai+1 � ai; 1 � i < p� 1 (58)and similarly for ea
h matrix variable A we need the assumptionsAk+1ij � Akij; 1 � i � �(r(A)); 1 � j � �(
(A)); 1 � k < p� 1 (59)Let ��;p be the sequen
e of all su
h assumption formulas for all �eld variables a in � and all matrixvariables A in �. Then the analogs of Theorems 6.1 and 6.2 hold over the �eld Zp where we repla
ek�k� by the sequent ��;p ! k�k�;p and PK(2) by PK(p).6.5 Translation of LA over arbitrary �nite �elds and QEvery �nite �eld K of 
hara
teristi
 p is a d-dimensional ve
tor spa
e over Zp for some d � 1 in N.Hen
e ea
h element of K is naturally represented by a d-tuple of elements of Zp, where additionis de�ned 
omponentwise. Therefore the translation of LA formulas � to propositional formulask�k�;p of PK(p) giving the meaning of � over the �eld Zp easily extends to a translation k�k�;K(also a PK(p) formula) giving the meaning of � over the �eld K. The analogs of the assumptions(58) and (59) for all �eld and matrix variables in a formula � over the �eld K are expressed by thesequen
e ��;K .An element r 2 Q 
an be represented by a pair of integers (x; y); y 6= 0, where r = x=y and ea
hof x; y is represented in binary notation. Using this notation, all of the �eld operations +;�; �;�1
an be 
arried out in the 
omplexity 
lass TC0 (56), as well as the 
omputation �(A) for a rationalmatrix A. Thus ea
h LA formula � translates into a family hk�k�;Q i of TC0 formulas of sizepolynomial in j�j, expressing the meaning of � under � over Q . The analogs of assumptions (58)39



and (59) when K = Q simply assert that y 6= 0 in the pair (x; y). Let ��;Q be the sequen
e of allsu
h assumption formulas for �eld and matrix variables o

urring in �.The 
orresponding propositional proof system is TC0-Frege (57). Many properties of integerarithmeti
 have been formalized as eÆ
ient TC0-Frege proofs in [BPR00℄. From this it is 
lear thatif � is a theorem of LA, then the family h��;Q ! k�k�;Q i has polynomial size TC0-Frege proofs.Now Theorems 6.1 and 6.2 
an be generalized as follows.Theorem 6.3 Let K be either a �nite �eld of 
hara
teristi
 p, or let K = Q . Let S(K) be the
olle
tion of propositional proof systems PKBD(p) if K is �nite, or TC0-Frege if K = Q . Let � bea formula of LA. Then h��;K ! k�k�;K : � is an obje
t assignmenti (60)is a family of propositional sequents in the notation of S(K) of size polynomial in j�j su
h that��;K ! k�k�;K is valid i� � is valid under � in the standard model over K. Further, if � is atheorem of LA, then (60) has polynomial size proofs in one of the S(K) systems.6.6 Translations of LAP and 8LAPMatrix powering 
an be eÆ
iently 
omputed using the re
ursionA0 = I (61)Am = ((Am div 2)2 if m is even(Am div 2)2 � A otherwise (62)If the underlying �eld K is �nite or Q , and (in the 
ase of Q) the entries of A are represented bystrings of length O(n), then using the notation for �eld elements dis
ussed above, for an n�nmatrixA, ea
h bit of ea
h entry of Am, m � n, 
an be expressed using this re
ursion by a propositionalformula of size 2O(log2 n) (\quasi-polynomial size"). It is well-known that this re
ursion also pla
esmatrix powering in the 
omplexity 
lass NC2.Sin
e the language of LAP is obtained from that for LA by adding matrix terms of the formP(m;T ), this tells us how to extend the translations of LA formulas to obtain propositional trans-lations ��;K ! k�k�;K of a LAP formula � of quasi-polynomial size in j�j.Now we 
laim that if � is a theorem of LAP, then the translations have quasi-polynomial size PKproofs (and hen
e quasi-polynomial size Frege proofs). The extra work (over the proof of Theorem6.3) in proving this is showing that the translations of the two new axiomsA35 ! P(0; A) = IA36 ! P(m+ 1; A) = P(m;A) �A.have quasi-polynomial size PK proofs. This is not immediate, be
ause the re
ursion (61,62) usedto 
onstru
t the formulas translating P(m;A) is not the same as the re
ursion expressed by theseaxioms. However, it 
an be shown by indu
tion on log2m that the translations of both A36 andthe equation P(m+1; A) = A�P(m;A) have PK proofs of size 2O((logm)(log n)), for an n�n matrix Awith entries of size O(n). Here we use the fa
t that LA proves the asso
iative law A(BC) = (AB)C(T13), so by Theorem 6.3 the translation of (T13) has polynomial size Frege proofs.It is an open questions whether the translations (over any �eld) of the hard matrix identities su
has (55) have quasi-polynomial size Frege proofs. This would follow if LAP proves these identities.Presumably if � is a theorem of LAP, then suitable propositional translations 
an be de�nedwhi
h have polynomial size NC2-Frege proofs, but we have not worked this out in detail.40



The theory 8LAP 
an be interpreted in the se
ond order theory V11 of bounded arithmeti
. Thelatter is isomorphi
 to Buss's �rst order theory S12 [Bus86℄, one of the standard theories formalizingpolynomial time (feasible) reasoning. The images of the quanti�er-free theorems of 8LAP in V11 (orin S12) translate into tautology families with polynomial size eFrege (Extended Frege) proofs (see(57)). Thus by the results in se
tion 5, the propositional translations of the hard matrix identitiesand the Cayley-Hamilton theorem have polynomial size eFrege proofs.The theories V11 and S12, and their propositional translations, are treated extensively in [Kra95℄.7 Con
lusion and Open ProblemsA major result in this paper is a (perhaps the �rst) feasible proof of the Cayley-Hamilton the-orem. This is the 
ontents of Theorem 5.1, whi
h states that the theory 8LAP proves the C-Htheorem. Intuitively, proofs in 8LAP are restri
ted to polynomial time 
on
epts, as eviden
ed bythe translations of 8LAP into the theories V11 and S12 dis
ussed in se
tion 6.We also show that most basi
 results in linear algebra, in
luding hard matrix identities su
h asAB = I ! BA = I, have feasible proofs (proofs in 8LAP).On the other hand we formalize Berkowitz's algorithm in the weaker theory LAP, but we leaveopen whether that theory proves the C-H theorem. Sin
e the most 
omplex operation in LAP ismatrix powering, and sin
e matrix powering (over �nite �elds and Q) is in the 
omplexity 
lassNC2, this question 
an be restated to ask whether C-H 
an be proved using only 
on
epts in NC2.We also leave open whether the hard matrix identities have su
h proofs.The hard matrix identities have natural translations into families of propositional tautologies.Sin
e the identities 
an be proved in the theory 8LAP, it follows by a general result that theirpropositional translations have polynomial size eFrege proofs. If LAP 
ould prove the C-H theorem,then the results of se
tion 4 show that LAP proves the hard matrix identities, and hen
e by theresults in se
tion 6 the translated identities would have quasi-polynomial size Frege proofs. Atpresent it is open whether these tautologies have sub-exponential size Frege proofs.Here are some other open questions. More details 
an be found in Chapter 9 of [Sol01℄.1. Show that LA 
annot prove AB = I ! BA = I. The most obvious approa
h is to 
onstru
ta model M of LA su
h that M 6j= AB = I ! BA = I. An alternative approa
h is givenin [SU03℄ where it is shown that if LA ` AB = I ! BA = I, then the PropositionalPigeonhole Prin
ipal has polynomial size bounded-depth Frege proofs with mod 2 gates. Thelatter is believed to be unlikely.2. Is AB = I ! BA = I \Complete"? Theorem 4.1 states that LAP proves that the C-Htheorem implies AB = I ! BA = I. Could it be that LAP+ C-H is a 
onservative extensionof LA + AB = I ! BA = I?3. Does LAP prove det(A) = 0 ! AB 6= I? If so, then LAP proves the equivalen
e of themultipli
ativity of the determinant with the other three prin
iples of se
tion 4.A
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