
H-
olorings of Large Degree Graphs�Josep D��azy Jaroslav Ne�set�ril z Maria SernayDimitrios M. ThilikosyAbstra
tWe 
onsider the H-
oloring problem on graphs with verti
es oflarge degree. We prove that for H an odd 
y
le, the problem belongsto P. We also study the phase transition of the problem, for an in�nitefamily of graphs of a given 
hromati
 number, i.e. the threshold den-sity value for whi
h the problem 
hanges from P to NP-
omplete. Weextend the result for the 
ase that the input graph has a logarithmi
size of small degree verti
es. As a 
orollary, we get a new result onthe 
hromati
 number; a new family of graphs, for whi
h 
omputingthe 
hromati
 number 
an be done in polynomial time.1 Introdu
tionGiven a graph G, with vertex set V (G) and edge set E(G), a k-
oloring ofG is a mapping of V to f1; : : : ; kg su
h that no two verti
es on the sameedge re
eive the same 
olor. Given graphs G and H , an homomorphism ofG to H is an edge preserving mapping of V (G) to V (H).For any �xed graph H , the H-
oloring problem 
onsists in de
idingwhether there is a homomorphism of a given input graph G into H .As usual, let Kk denote a 
omplete graph on k verti
es. Then, the prob-lem of de
iding if there is a Kk -
oloring of G is the problem of de
iding if G�This resear
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is k-
olorable. Thus the H-
oloring problem naturally generalizes de
isionproblems related to the 
hromati
 number. Further examples of H-
oloringproblems in
lude 
ir
ular 
hromati
 number [7℄, T -
olorings and problemsrelated to 
hannel assignments problems [6℄.For general graphs, the 
omplexity of the H-
oloring problem is wellknown, the problem is in P if H is bipartite, otherwise it is NP-
omplete [5℄.In this paper, we are interested in studying the 
omplexity of the H-
oloringfor 
ertain types of dense input graphs. Given a 
onstant 0 � � < 1, a graphG is said to be �-dense if Æ(G) � �jG(V )j, where Æ(G) denotes the minimumvertex degree of G.For any �xed graph H and a 
onstant 0 � � < 1, the (H;�)-
oloringproblem 
onsists in: Given an �-dense graph G, determine whether there isan H-
oloring of G. Noti
e that � is a parameter of the problem.>From the previous de�nition, it follows that for any two 
onstants �; �su
h that 0 � � � � < 1, we get:� If the (H;�)-
oloring problem is in P, then the (H; �)-
oloring problemis in P,� if the (H; �)-
oloring problem is NP-
omplete , then the (H;�)-
oloringproblem is NP-
omplete,where the de�nitions of the 
omplexity 
lasses P and NP-
omplete are thewell known ones. These properties motivates the following de�nition:De�nition 1. Given a graph H the 
omplexity threshold 
(H) is de�nedas the inff� j (H;�)-
oloring 2 Pg.One immediate 
onsequen
e of the previous de�nition is the fa
t that
(H) = 0 if and only if for every 0 < � < 1, the (H;�)- 
oloring problem isin P. This is the 
ase when H is a bipartite graph, as in this 
ase even the(H; 0)-
oloring problem is in P.For every graph H , the threshold 
(H) exists. A question of interest iswhether 
(H) 
an be de�ned alternatively assupf� j (H;�)-
oloring 2 NP-
ompleteg:A se
ond question is whether there are graphs H for whi
h
(H) = minf� j (H;�)-
oloring 2 Pg:All non-bipartite examples for whi
h we 
an 
ompute the exa
t thresholdindi
ate that 
(H) is never attained. A positive answer to the �rst questionfollows from an aÆrmative solution to the following di
hotomy 
onje
ture:2



For every H and every �, the (H;�)-
oloring problem is eitherNP-
omplete or P.A partial aÆrmative answer to the previous 
onje
ture was given byEdwards, for a parti
ular 
ase. He 
onsidered the graph family fKkgk�3,where for ea
h k, 
(Kk) = (k � 3)=(k � 2) (see Theorem 2.5 of [3℄).In Se
tions 2 and 3, we extend Edwards' results. We give some examplesof parti
ular families of graph for whi
h the Di
hotomy 
onje
ture is true.We also determine the 
omplexity threshold, for in�nitely many graphs witha given 
hromati
 number. In Se
tion 4, we relax the notion of density, byallowing a small number of low degree verti
es. It is interesting to noti
etaht we obtain the same results, as in the density 
ase.We use the standard notation from graph theory. Given two graphsG and G0 the graph G � G0 is formed by taking one 
opy of G and G0,and join by edges all verti
es of G with all verti
es of G0. Given G and av 2 V (G), N [v℄ denotes the set of neighbors of v. Given G and a subsetS � V (G), the indu
ed subgraph G[S℄ has as vertex set S and edge setf(u; v)ju; v 2 S ^ (u; v) 2 E(G)g. Given a graph G and a subgraph G0 ofG, we say that v 2 V (G) is 
ompletely joined to G0 if for all u 2 V (G0), wehave (u; v) 2 E(G). The 
hromati
 number �(G) is the minimum numberof 
olors needed to 
olor G. The 
lique number !(G) is the maximum ksu
h that Kk is a subgraph of G. A 
y
le on 2k + 1-verti
es is denoted byC2k+1, and C2k+1 is the 
omplement graph of C2k+1.Through the paper, we shall work under the plausible hypothesis thatP 6= NP.2 Exa
t ThresholdsWe begin the se
tion, stating a te
hni
al lemma due to Edwards, whi
h willbe needed later.Lemma 1. [3℄ For any integer k � 3, let � be a �xed rational su
h that(k � 3)=(k � 2) < � < 1, and let G be an �-dense graph, with jV (G)j = n.Then, there exits a U � V (G), and a set T of (k � 2)-
liques in G (notne
essarily disjoint), su
h that:� G[U ℄ is the union of all 
liques in T .� jT j = O(logn). 3



� Every vertex in V (G) nU is 
ompletely joined to at least one 
lique inT .Furthermore, U 
an be 
omputed in polynomial time.Using the previous lemma, we prove the main result in this se
tion, we
hara
terize an in�nite family fHig of graphs, for whi
h 
(Hi) � (k�3)=(k�2).Theorem 1. For any �xed integer k � 3, assume that H satisfy �(H) = k,and that any subgraph of H isomorphi
 to Kk�2 is 
ontained in at most twosubgraphs of H isomorphi
 to Kk�1. Then for k�3k�2 � � � 1, the (H;�)-
oloring problem belongs to P.Proof. Let G be an �-dense instan
e to the (H;�)-
oloring problem, andlet U be as in the statement of the previous lemma. Consider any �xedhomomorphism f of G[U ℄ to H . By lemma 1, any given v 2 V (G) n Uis 
ompletely joined with at least one (k � 2)-
lique. Therefore, by thehypothesis on H , if F (v) is the set of possible verti
es of H that 
an extendf to the whole U [ fvg, then jF (v)j � 2.First, we prove that in polynomial time, we 
an de
ide if f 
an beextended to the whole G. Let V (G) n U = fv1; : : : ; vmg, and V (H) =f1; : : : ; rg. De�ne the instan
e of the 2-SAT problem as follows, the set ofvariables is xi;j , 1 � i � m; 1 � j � r ea
h of them indi
ating whetherf(i) = j, and the 
lauses are:1. fxi;j jj 2 F (i)g, for 1 � i � m,2. fxi;j ; xi;lg for 1 � i � m, 1 � j < l � r,3. fxi;j ; xh;lg if (vi; vh) 2 E(G), and (i; l) 62 E(H).It is easy to see that the homomorphism f on G[U ℄ 
an be extended to Gif and only if this instan
e of 2-SAT has a satisfying assignment. As 2-SATbelongs to the 
lass P, then the problem of de
iding the extension of f toG is also in P. Hen
e, to determine if there exists an H-
oloring f of G,we try all possible homomorphisms of G[U ℄ to H , until obtaining a valid f(otherwise, the answer is NO). As the total number of possibilities for thehomomorphism f is rjUj � rO(log n), then exhaustive sear
h together withthe 2-SAT algorithm 
an de
ide, in polynomial time, if G isH-
olorable.As a 
orollary we obtain that the exa
t threshold for odd 
y
les is 0.4



Corollary 1. For every 0 < � < 1 and for every k � 1, the (C2k+1; �)-
oloring problem is in the 
lass P.Note that also for even 
y
les and all bipartite graphs H , the thresholdis 0, and these are the only known 
ase where the threshold is attained.Another result we 
an obtain from the previous theorem gives us anexa
t threshold for in�nitely many graphs of a given 
hromati
 number:Corollary 2. 
(C2k+1 �Kk�3) = (k � 3)=(k � 2) for every k � 3.Proof. By the the previous theorem, for �(k � 3)=(k � 2) the (C2k+1 �Kk�3; �)-
oloring is in P. To �nish the proof that (k� 3)=(k� 2) is a phasetransition for the (C2k+1�Kk�3; �)-
oloring, we need to prove 
ompleteness.Let us 
onsider the following redu
tion:For any �xed 
onstant k, given a graph G 
onstru
t a graph G0 in thefollowing way. V (G0) 
onsist of k � 2 
opies of the verti
es V (G). Toform E(G0), join by an edge all verti
es in di�erent 
opies, also add theedges E(G) to one of the 
opies. Then, G is C2k+1-
olorable if and onlyif G0 is C2k+1 �Kk�3-
olorable. Moreover, jV (G0)j = (k � 2)jV (G)j, andevery vertex in V (G0) has degree at least k�3k�2 jV (G0)j. Therefore, G0 isk�3k�2 -dense.3 Threshold BoundsWe have seen that there are graphs for whi
h their threshold is 0, e.g. all
y
les. Next, we prove that the threshold of a graph 
an never be 1,Proposition 1. For every graph H, 
(H) < 1.Proof. Let H be a �xed graph, and let ! = !(H). It follows from the
lassi
al result of Tur�an (see e.g. [2℄, page 108), that a graph with morethan jG(V )j2=2(1 � 1=!) edges must 
ontain a K!+1, and therefore, thegraph 
an not be homomorphi
 to H . It follows that for any graph H ,
(H) � 1� 1=! < 1.In the following result we present a family fHkgk>1, for whi
h we 
an
ompute sharp bounds for the 
omplexity threshold of the (H;�)-
oloringproblem,Proposition 2. For all k > 1, the (K3 � C2k+1; �)-
oloring problem is:5



� NP-
omplete, if 0 � � � 1� 33k+1 ,� P, if 1 > � > 1� kk+1 .Proof. Let us 
onsider the following redu
tion:For any �xed 
onstant k, given a graph G = (V;E) su
h that the numberof edges is a multiple of k, 
onstru
t a graph G0 = (V 0; E0) in the followingway: Take a C2k+1 and repla
e ea
h vertex of it by jV (G)j=k independentverti
es. Denote this graph by F 2k+1, then G0 = F 2k+1 � G. Noti
ejV 0j = ( 2k+1k +1)jV j. Then G is 3-
olorable if and only if G0 is K3�C2k+1-
olorable. Furthermore, every vertex in G0 has degree at least ( 2k�2k +1)jV j,whi
h implies that � for G is less or equal to ((2k�2)=k)+1((2k+1)=k)+1 .To prove the P part, re
all that for any k > 1 !(C2k+1) = k. Further-more, any (k � 1)-
lique in C2k+1 is 
ontained in at most two 
liques ofsize k. Therefore, any (k + 2)-
lique in K3 �C2k+1 is 
ontained in at mosttwo 
liques of size k + 3. Using Theorem 1, we get the se
ond part of thestatement.The se
ond statement of Proposition 2 gives us better bounds that theone produ
ed by Proposition 1, as !(K3 � C2k+1) = k + 3, so the upperbound produ
ed by Proposition 1 is 1� 1k+3 , whi
h is larger than 1� kk+1 .It is still open to de
ide if for values 1 � 33k+1 < � � 1 � 1k+1 , theproblem is in P or NP-
omplete, but noti
e that for k = 6, both values areabove 0.8, and di�er in 0.1. This means that, for values of k � 6 , thede
ision problem is NP-
omplete for most of the dense graphs. The value ofthe bounds seems to indi
ate that, the 
omplexity threshold for the givengraphs 
oin
ides with the threshold for Kk+4.The next result gives a ne
essary 
ondition to guarantee a 
omplexitythreshold of at least 1=2.Proposition 3. For any graph H, su
h that for some x 2 V (H) the graphH [N [x℄℄ has �(H [N [x℄℄) > 2, the (H; 12 )-
oloring problem is NP-
omplete.Proof. Let H be a graph as in the hypothesis of the Proposition. For everyx 2 V (H), let Hx = H [N [x℄℄. Consider the graph H 0 obtained as thedisjoint union of the graphs Hx su
h that �(Hx) > 2. As ea
h Hx is notbipartite, then H 0 is not bipartite and hen
e, the H 0-
oloring problem isNP-
omplete. 6



Given a 
onne
ted graph G0, de�ne G in the following way; V (G) =V (G0)� f0; 1g, and the edgesE(G) = f((v; 0); (u; 0))j(v; u) 2 E(G0)g [ f((v; 0); (u; 1))j8u; v 2 V (G0)g:If f is an H 0-
oloring of G0, there is a x 2 H su
h that f is a Hx-
oloringof G0. The mapping g : G ! H de�ned as g(v; 0) = f(v) and g(v; 1) = xis an H-
oloring of G. On the other hand, if g is an H-
oloring of G, thenfor any v 2 V (G0), the mapping f(v) = g(v; 0) is an H 0-
oloring of G0. Sothe above 
onstru
tion is a polynomial-time redu
tion from the H 0-
oloringproblem to the (H; 12 )-
oloring problem.These investigations lead to the following interesting problem:Chara
terize graphs H with 
(H) = 0.Presently we do not know any 3-
hromati
 graph H for whi
h the (H;�)-
oloring problem is NP-
omplete for some � > 0. A 
andidate for su
h agraph H is the parti
ular subdivision of K4 where we subdivide ea
h edge ofa triangle by 2 points. The resulting graph has 10 verti
es and it is not C5-
olorable. By the general theorem in [5℄, H-
oloring is NP-
omplete, and inthis parti
ular 
ase it may be seen easily by the redu
tion from 3NAESATgiven in Figure 1. However this redu
tion and the general redu
tion in [5℄produ
e graphs with 
onstant minimum degree and thus it does not yieldNP-
ompleteness of the (H;�)-
oloring problem for any � > 0. Perhaps
(H) = 0 holds for any 3-
hromati
 graph H .4 Almost �-dense graphs.In this se
tion, we 
onsider the 
omplexity of the H-
oloring problem, forinput graphs with verti
es of high degree, ex
ept for a subset of logarithmi
size.We say that a graph G is almost �-dense if there exists a partitionfV1; V2g of V (G), with jV1j = O(log jV (G)j), and su
h that for every v 2 V2,the degree dG(v) � �jV (G)j.We will 
onsider now the H-
oloring problem on almost dense graphs:For any �xed graph H , and a 
onstant 0 � � < 1, the almost-(H;�)-
oloring problem 
onsists in: Given an almost{�-dense graph G, de
idewhether there is an homomorphism of G into H . In the same way as it hasbeen done in De�nition 1, given a graph H , de�ne its 
omplexity threshold~
(H) as the inff� j almost(H;�)-
oloring 2 Pg.7



x1 :x1 x2 :x2 x3 :x3

F = f(x1; x2; x3); (:x1;:x2;:x3)gFigure 1: A sket
h of the redu
tion.8



Theorem 2. Let k � 3, and 0 < � < 1, assume that the graph H satisfy�(H) = k, and let any subgraph of H isomorphi
 to Kk�2, be 
ontainedin at most two subgraphs of H isomorphi
 to Kk�1. Then, for any � >(k � 3)=(k � 2) + �, the almost (H;�)-
oloring problem belongs to P.Proof. Let G be an almost �-dense graph, and let S = fu 2 V (G) j d(u) ��ng, and let R = V (G) � U . We 
laim that for n � n0 = n0(�) thegraph G0 = G[U ℄ is � � �-dense. This follows from the fa
t that assumingthat jRj = r, for any u 2 S we have dG0(u) � �n � p, given � for n bigaenough it holds that �n� p � (�� �)(n� p) as p = O(logn). Now, usingLemma 1 we 
an 
onstru
t a de
omposition (U; P ) of S. Re
all that T is aset of (k� 2)-
liques in G0 with vertex set U . Let f be a homomorphism ofG[U [ R℄ to H . For any valid H-
oloring f of G[U [ R℄, and ea
h v 2 P ,there exists a set C(v) of possible extensions of f to the whole G. thenjC(v)j � 2 as, from Lemma 1 ea
h vertex in P is 
ompletely joined to oneor more of the 
liques in T , whi
h have already been assigned k � 2 
olorsin H . In the same manner as in the proof of Theorem 1, we 
an de�nea polynomial redu
tion between the problem of extending a H-
oloring ofG[U[L℄ to a H-
oloring of G, and 2-SAT, so it is possible to de
ide whetheran H-
oloring of G[U [ L℄, 
an be extended to a H-
oloring of G. Sin
ejU [Lj = O(logn), exhaustive sear
h plus the redu
tion yield a polynomialtime algorithm to de
ide the almost (H;�)-
olorability of the given G.As Corollary to the previous theorem, we state the parti
ular 
ase, whenH = Kk.Corollary 3. For any � > (k� 3)=(k� 2) the problem of de
iding whetheran almost �-dense graph G is k-
olorable, is polynomially solvable.Corollary 4. For every 0 < � < 1 and for every k � 1, the almost(C2k+1; �)-
oloring problem is in the 
lass P.Corollary 5. For any � > (k � 3)=(k � 2), the almost (C2k+1 �Kk�3; �)-
oloring problem is in the 
lass PNoti
e that the previous 
orollaries, state that for graphs su
h that we
an 
ompute the phase transition for density, the same phase transitionholds for almost density. However, the time bounds might be too large, asthe minimum value of n 
ould be high, as � approa
hes zero.A
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