SOME CONGRUENCES FOR BINOMIAL COEFFICIENTS

S. HAHN AND D.H. LEE

ABSTRACT. Supposep = tn +r is a prime and is the class number of the imaginary
quadratic field,Q(+/—t). If t = 3 (mod 4 is a prime,r # 1 (modt) is a quadratic
residue moduld and the order of modulot is % then 4" can be written in the form

a2 +tb? for some integera andb. Andift = 4k wherek =1 (mod 4,r =3 (mod 4 is

a quadratic non-residue moduland the order of modulot isk —1, thenph = a2+ kb?

for some integers andb. Our result is that or 2a is congruent modulg to a product

of certain binomial coefficients modulo sign. As an example, we give explicit formulas for

t =11,19 20 and 23.

1. INTRODUCTION

Let p be a prime number throughout the paper. Gauss [1, 3, 4] proved fhat #n+1

thenp = a2 + b2 wherea = 1 (mod 4 and
2n
2a= ( ) (mod p)
n
Jacobi [4, 6] proved that ip = 3n + 1 then 4 = a2 + 27b%? wherea = 1 (mod 3 and

2n
aE_(n) (mod p)

Eisenstein [1, 2] proved several resultspli= 8n+ 3 thenp = a?+2b? wherea = (—1)"

(mod 4 and
2a= _<4n: 1) (mod p)

He also proved that if is a prime of the formp = 7n + 2 or Tn + 4 thenp = a? + 7b?

wherea = p? (mod 7 and
_<?;]n) (mod p) if p=7n+2
(Sn: l) (modp) if p=7n+4

In this paper we study similar problems for primes of the fqym: tn +r

2a=

Key words and phrasesBinomial Coefficient, Guass Sum, Stickelberger Theorpradic Gamma Function

, Gross-Koblitz Formula.
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2.t =3 (mod 9 IS A PRIME

Sincet = 3 (mod 4, the ring of integers of)(/—1) is Z[”f] and Q(&) is the
extension field ofQ(,/—t) with degree@ = % Sets = @. Letr be a quadratic
residue modulad such that 1< r < t and the order of modulot is s. If sis a prime,
then the order of a quadratic residuenodulot suchthat1<r <tiss. Letp=tn+r
be a prime. By Dirichlet’s theorem, there are infinitely many primes of this type since
(r,t) =1. Then

()= (R =0 2 () =
Where(f) is Legendre symbol. Sp splits inQ(+/—t) asp = p1p2. Letp; be the prime
ideal of Q(¢y) overp;. Since the order af modulot is s, so is the order op. Hence the
residue class degree pf/ p is s andy; is inert inQ(¢;)/Q(v/—1). Letq = pS. If Bi is
a prime inQ(¢q-1) lying abovep;, then the residue class degreeldf/ p is alsos, hence
we can identifyZ[q—1] /B1 with Fq wherely is a finite field withg elements. Note that

Bi/ p is unramified.

Q(q-1) Z[&q-1] P1 P2
| | ]
Q) L[] p1 p2
(] o
v=h  z[E P1 p2
¢ | N/
Q Z p

2.1. Gauss Sums.The unit group of the finite fieltfy can be identified with theg —1)-st

roots of unity via Teichriiller charactet.
o =owp, Fg — ({q-1)

satisfying

w(@) =a (modPq)forallac ]Fg
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wheregq_1 is the primitive(q — 1)-st root of unity. Lety be a multiplicative character

such that

x Fg — (&)

9-1
a — ow@t

whereg; is the primitivet-th root of unity. Note that|(q — 1). Define the Gauss sum as

follows.

90 =~ > x@¢p®

acly

wheretr : Fq — Fp is the trace map angl, is the primitive p-th root of unity. Note that

9(x0) € Q(stp) sincex (a) € Q(&t).

Definition 2.1.1. [1]

N= Y x'@

acly , tr(a)=1

Lemma 2.1.2. (Adler)

-1

g(x") = pryfory =o' ©

Proof.
90) = (X i@+ Y @+ +if Y @)
ae]FEf aelFEf aelﬁ‘a<
tr(a)=0 tr(a)=1 tr(a=p-1
= a-op( X @)+ +a-ghH( Y @)
tféfﬁl tuiizﬁ_l

(sinceX” is a non-trivial character,) ~ x"(a) = O)

acly
= - X @)+ +a-gghH( X xp-ba)
acFq acF g
tr(a)=1 tr(@)=1

= (At +A=Dx' @+ + @ — Y Hx"(p— ),

_ -1
Fora € IE‘; , aqu = (ap—l)“qp*l) = 1sincet, (p—1)|(g — 1) and(t, p—1) = 1. Hence

g-1
Y@ =w@ T "'=wl)’"=1
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Therefore

9(x") (P—D — @Cp+e2+--+f Oy

= prv

Definition 2.1.3. [1]
t—1 .
H(X) = chxJ
j=0
where ¢ =#{a e IE‘; [tr@ =1 x(@ = gtj}

t—1 .
Theng() = Y ¢j(&})’ = Y x"(@) =T,. We know that
j=0 ae]FEf
tr(a)=1

tr@=a+aP+a” +...+a”  =tr@aP)
Hence

g = #aeF,; [tr(@=1 x(a)=§tj}
= #ael; |[r@) =1 x@") = Ctpj}
= #beR [t =1 xb =¢")

= Cpj
Sincegcj is determined by (modt) andp =r (modt), ¢j = Cpj = Gj.

Lemma 2.1.4.
g(x") € Q-1

Proof. The Galois groual(Q(¢:)/Q(+/—1)) is cyclic of orders generated by

Q) — Q@)

& — g
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Hence
t—1 '
) = (Y ee)
j=0
t-1 _
= ZCJ(Ct”)U
j=0

t-1 '
= Y oy
j=0
= T,

Sol', € Q(/—t). By lemma 2.1.2, the above lemma is proved. O

Definition 2.1.5. [8]

—
|
[
—~| O

oyt e QIGal(Q)/Q)]

o
Il

1
whereoy, : Q(¢t) —> Q(¢t) such thaioy (&) = &P
6 is called the Stickelberger element f@¢z;)/Q. Sinceyx = a)U'Tf1

t—1 -1
~> b1 oy

(9™Y) =Y =1

by Stickelberger’s theorem [8].
Gal(Q(&)/Q(/—1)) = {op|bis a quadratic residue modulpfixes p1, and all the other

ops sendps to p2. So
~Z<%>=1b~2<%>=—1b

(9™") =, 7 5,
Letz(%)zl b = at, Z(%):il b = gt for some integera, 8 > 1. Then
(9x™) = p$85 < Zlal
Note that(g(x) ) = p{p3 andpspz = (p) in Qo)
Lemma 2.1.6.
(900) = wlps

(9x™) = »iv}

as ideals irz[ /1.
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Proof. g(x) € Q(/—t) by lemma 2.1.4 an@l, N Q(/—t) = p;. Sowe aredone. O

Consider the analytic class number formula

21 (2 r2hR
( ) =[[raw

yeX
x#id

for abelian extensions. We know thatfiff —1) = —1 then

L@ y) = ("”) T Z v (@)a.

f .
wheref is the conductor ofy andz(y) = > v (@)e? '/t is a Gauss sum.
a=1

Apply these formulas td)(/—t). Thenr; = 0,r, = 1, R =1, w = 2,|d| = t, and
¥ = (;). Hencef =t and|z(y)| = V. So

27h =h .

= =L@ (-

2/ WSt ( ( ))
By taking the absolute value

Ko (p]- T

-1___

()a

a=1

I
| =
gl
[u
VS
—~| O
—
T

b=1
1
= b b‘
®=1  ®»=1
1
= zat—ﬂt‘=‘a—,3‘

2.2. p-adic Gamma Function.

Definition 2.2.1. [7]
Fp@ = lm )™ [T i

O<j<m
(p, =1

where m approaches z p-adically through positive integers.

Definition 2.2.2.[8] f0 <d < gq—1andd = dy + dip + - -- + ds_1pS* such that
0 < dj < p, define

s—1
s(d) == Zdj
i—0
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I'p is called p-adic Gamma function. Note that‘iﬁl is a prime inQ(¢g-1, ¢p) lying
above3; then
s(d) = v (9@ %)

Wherevj31 is P31-adic valuation [8].

LetIT be a(p — 1)-st root of— p. Then Gross-Koblitz formula is

dy _ (S fs(d)371 _ pjd
9 = i@ [T rp(1- (=)
j=0

Lemma223.fd = 92t — 1) = do+ chp+--- +dsgptandd = 9t =
dy+dip+ - +d,_,p>*then

- s—1 de
90 = o TIm(1-(=5)
j=0

900 = (—p)ﬂ_]_[rp(l—(qu_d/ﬁ)

Proof. It is sufficient to show thad(d) = (p — 1) ands(d’) = (p — 1)c.
s(d) = v (9@ ) = vg (GOO)-
Sinceg(x) € Q(v/—0),P1 = PP andPy/p1 is unramified,vg = (p — Loy, =
(p— Dvyp,. So by lemma 2.1.5
s(d) = (P — Dvp,(9(x) = (p— DB

Similarys(d’) = (p — 1D)a. So we are done. O

2.3. Main Result.

Theorem 2.3.1.Suppose t= 3 (mod 4 is a prime and r > 1 is a quadratic residue
modulo t and its order is s= % = % Let h be the class number @i(./—t) and
p =tn+risaprime. Let p= pip2in Z[Hzﬁ], p*l‘ = (ﬂz‘ﬂ) Z(%):lb = ot,

s—1 . s—1 . .
Z(%):_lb = pt,d = (q%l)(t -1 = j;odj plandd = (qt;l) = j;)d] p! asin the
previous section. Then

1. 4p" = a? + th?
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-1
is (dj)! (modp) ifa<§p
j=0

a=

1
+ (dj)! (modp) fB<a
j=0

In particular, if pj is principal ideal,p; = (%), thendp = A2+tB2and A' = +a
(mod p).

Remark Note thath = |a — 8|, anda andb are unique up to sign. Sinegd) ands(d’)
are multiples of p—1), [[(di)! and] [(d)! can be expressed as some products of binomial

coefficients by Wilson’s Theorem.

Proof. The first statement is trivial.
For the second, we will prove only < B8 case because the other case is done in a similar

manner. By lemma 2.1.6 and Gross-Koblitz formula,

(9x™) = »ips = p"p}
s—1

gxH = (—p)“]‘[rp(l—(qpidl».

j=0

Hence
s—1
S =TT ()
j=0
1
a+ t;/—_t La- bz«/—_t _ ijsl:[orp<1_ <qL—1>) (mod p1)
a= isj_[:)Fp(l— (qi_l» (mod p)
i
Since .
ro(1-(5—7)) = v @t modp),
s—1
a=+[]wjp! (modp)

j=0
If p; is principal, then

o (A+I:J—_t)h: (a+t;/—_t)
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as ideals. So
A+BVTT\" | (a+by
2 - 2 '
. B.—t A b./—t
Since =% (mod py) and 5 E% (modpy), A" = +a (mod p) O

Example 2.3.2Lett = 7, thens = 3,0 = 1, 8 = 2 soh(Q(+/—7)) = 1. Sinceh = 1 if
4p = a® + 7b? thena andb are unique up to sign. Lai be a prime of the form+ 2 or
7n+ 4 andd = 6(p® — 1)/7. Then

3n+ (BGn+1)p+ (6n+1)p? if p=7n+2

GnN+2)+@n+1p+6BN+3)p? ifp=7n+4

By theorem 2.3.1 if # = a2 + 7b? then

+@n)!Gn+ DG+ 1! (mod p) fp=7n+2
a=

+(Bn+2)!3n+1I6n+3)! (modp) if p=7n+4

By Wilson’s theorem, ifp is a prime andp — 1 = x + y thenx!y! = (—1)Y*? (mod p).

So we get the Eisenstein’s result.

(2n)' (ﬂ)'

_(3n+1 .
REEE TR (n—zi( n ) (modp) if p=7n+4

©
1

+(@3n)! - = ( ) (mod p) if p=7n+2
1

Sincea < 2,/p < p/2, the sign can be uniquely determined.

Example 2.3.3Lett = 11, thens = 5,« = 2, 8 = 3 soh(Q(+v/—11)) = 1. Jacobi[4,5]
showed that ifp = 11n + 1 is a prime and § = a2 + 11b%2 wherea = 2 (mod 11 then

1
a = (M!(3n)!(4n)! (5n)! (9n)! (mod p)

3n\ /6n\ /4n\ *
(W) Gn)  moaw

Suppose = 11n + 5is a prime.

10(p° — 1)

d=
11

=2n+ (Tn+3)p + (81 + 3)p? + (6n + 2) p° + (10n + 4) p*
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By theorem 2.3.1, if # = a2 + 11b? then

a = 2m!(7n+3)!(Bn+ )l 6h+2)!(10n+ 4! (mod p)
_ (3n+1\/6n+2\/4n+1\!
i( n )(3n+1)( Zn) (mod p)

Sincea < 2,/p < p/2, the sign can be uniquely determined. In a similar manner, we can

get the following corollary.

Corollary 2.3.4 Let p= 11n +r be a prime anddp = a2 + 11b% where r is a quadratic

residue moduld.1. Then

-1
i<3n+1)<6n+1)<4n+1) (modp) ifr =3

n 3n 2n L
3n+ 1\ /6n+ 2\ /4n+ 1\~ .
a=+ fr=4
< N )<3n+1)< n ) (mod p) ifr or5

3n 42\ (6n + 4\ (4n + 3\ ! _
i( n )<3n+2)<2n+1) (modp) ifr =9

Example 2.3.5Lett = 19, thens = 9, « = 4, 8 = 5, soh(Q(+v/—19)) = 1. Sinces is not
a prime, the order of a quadratic residue is not alvays9). Suppose = 1M + 4 is a

prime. Then

d = (14n+2) + (13 +2)p+ 81+ 1)p?+ (2n)p + (10n + 2) p*

+(12n+2)p® + 3 p® + (150 + 3)p” + (18n + 3) p®

If 4p = a® + 1972 then by theorem 2.3.1 and Wilson’s theorem

4o 46N +T) (100 +1) (100 +2) (6 +1 “trion 41\t (mod )
N n 4n 3n+1 3n 2n P

Similarly we get the following corollary.

Corollary 2.3.6 Let p= 19n+r be a prime where r is a quadratic residue and its order is

9. If 4p = a® + 192, then a is congruent modulo p to a product of binomial coefficients

modulo sign.
6n -+ 1\ /10n + 1\ /100 + 2\ /6n+ 1\ L/10n+ 1\ 1.
1. a=+ ifr =4
n 4n an+1 3n 2n
6n -+ 1\ /10n + 2\ /10n + 2\ /6n+ 1\ t/10n+2\ 1.
2. a=+ ifr =5
n in+1 an+1 3n 2n
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6n + 1 (10n + 2) <10n + 3) <6n + 1>_1(10n + 2)‘1 6
dn+1/\3n+1 3n 2n
3n+1 10n+4><13n+5><4n+1> (13n+5>—1ifr_9
5n+2/\ 6n+2 Sn+2
<13n+1)(4n+3) <13n+10)1ifr 16
6n+5 J\2n+1 5n + 4

(10n+8
130+ 11\ /4n + 3\ /130 4+ 11\ ',
ifr =17
2n+1 5n + 4

w
|||
H_

IN
|||
H_

o
|I|
H_

3n+2\/10n+8

5n+4

o
|I|
H_

="
="
(3n:2)
=)

5n+4>
> 6n+5

Example 2.3.7Supposep = 23n + 4 is a prime. Them(Q(v/—23)) = 3 and

d = AM+2)+ @AM+ 1)p+ (14n+2)p? + (150 +2)p° + (2In + 3)p*
+(11n + 1) p° + (200 + 3) p® + (5n) p” + (7n + 1) p& + (19N + 3) p°

+(22n 4 3)p'°

If 4 p® = a® + 230? for p fa then by theorem 2.3.1 and Wilson’s theorem

e i<4n> <10n + 1) <1ln + 1) (12n + 1) (12n + 1)1 od
~—\n 4n 2n 4n 5n (mod'p)

If pi is principal, then 4 can be written in the fornd? 4+ 23B2. For example, ifp = 211,
then 4p = 4% 4+ 23. 62. So we can verify theorem 2.3.1 thap%= 2468 + 23. 117C
and £ = — (24698 (mod p). Note that ift £ 3 (mod 8 thena andb are even. Similarly

we get the following corollary.

Corollary 2.3.8 Let p= 23n +r be a prime andtp® = a + 23b? for p fa where r is
a quadratic residue modul®d3. Then a is congruent modulo p to a product of binomial

coefficients modulo sign.

()

-1
9 a=4 1On+1 1In+ 1\ /10n -3
4n 3n 3n
-1
3 Ejt4n 10nvL 1In+ 1\ /12n+ 1\ /12n+1 it —a
n 4n 2n 4n 5n
-1
4 Ei4n 10n+ 2\ /1In+2\ /12n+ 2\ /12n+ 2 -6
n 4n+1 2n 4n 5n+1
4n+ 1\ /100 + 3\ /11n + 3\ /120 + 3\ /12n + 3\ *.
5, a=4+ ifr =8
n 4n+1 2n n+1 5n+1
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6 A 5n+ 1\ /10n + 3\ /10n + 3\ /11n + 4\ /10n + 3\ ~ F_9
T 2n n+1/)\3n+1/\ 3n+1 -
-1
S an+1 10n+5 1In+5\/12n+ 5\ /12n+5 1
n 4n 4+ 2 n+1 n+1 5n+2
4n+ 1\ /10n +5)\ /1In+ 6\ /12n+ 5\ /12n+5 1
8. a=4+4 r =13
n an+2)\on+1)\an+1/\5n+2
4an+ 2\ /1 1N+ 7\ /12n+ 7\ /12n + 7\t
9. a=4+4 n+ On+6 + + n+ ifr =16
n an+2)\on+1)\an+2/\5n+3
-1
10, a =+ AN+2\/10n+ 7\ /1In+ 8\ /12n+ 8\ /12n+ 8 ifr — 18
n an+3)\on+1/)\an+2/\5n+3

3.t =4k FOR A PRIMEK =1 (mod 4

Suppose = 4kn+r is aprime wher&k =1 (mod 4 isaprime and =3 (mod 4 is
a quadratic non-residue modwpthat is(f) = —1. Then the ring of integers @h(v/ —k)
is Z[+~/—k] and

()= (D)) - v () -2

So p splits inQ(v/—Kk) asp = p1p2. Suppose the order ofmodulot isk — 1. Thenp; is
inertinQ(z)/Q(v/—K). Letp; be the prime ideal of)(z;) overp; andq = pK—1. If 3 is
a prime inQ(¢q—1) lying abovep;j, then the residue class degreeltfis k — 1 hence we
can identifyZ[zq—1] /91 with Fy. Note that;i / p is unramified.

Q(¢g-1) Z[5q-1] P P

| ]

Q) L[] p1 p2
(| o
QW —k) Z[v—K] p1 p2
(| N/

Q 7 p
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3.1. Gauss Sums andp-adic Gamma Functions. Let x be a multiplicative character

such that

x Fg — (&)

9-1
a — w@t

wherew is the Teichniller characterg(x), Iy, ¢ (X) andI'p are defined as in the previous

section.

Lemma 3.1.1.
-1

9(x") = pryforx =T

Proof. It is sufficient to show that foa e Fy, aqu =lasinthelemma?2.1.2.
We will show that 4(p — 1)|(q — 1). Sincer = 3 (mod 4, p%l is odd. So 8k andp%1
are relatively prime. Clearlk|(q — 1) andp%ﬂ(q - 1.

qg—1 = kn+nk<t-1
k—1

- Z <k R l) (4kn)irk-1-1 _ 1
io > !
If i > 2, then 8(4kn)'. If i = 1, then 2(*]) = k — 1 and 44kn, hence 8*}%)(4kn).

Sincer = 3 (mod 4, r2 =1 (mod 8, hence(rz)k;z1 =1 (mod 8. Soifi = 0, then
8/rk=1 — 1. Thus we showed|8& — 1), hence &(p — 1)|(q — 1). So we are done. [

The Galois grougis al(Q(¢)/Q(+/—k)) is cyclic of orderk — 1 generated by

T Q) — Q&)
o — g

since the order af modulot isk — 1. Hencer (I",) = I, sincecj = ¢ as in the previous
section. Say(x”) € Q(+/—K). Letd denote the Stickelberger element @fz;)/Q. By
Stickelberger’s theorem
(g(x *l)t> =Y
Gal(Q(z)/QW—=K)) = {oplb = r' (modt), i = 1,2,---,k — 1} fixespy. Let
:‘;f(ri (modt)) = at and(Z(b,t)=l b) —at = (k— Dt — at = gt for some inte-
gersa, B > 1. Then

(9x™) = §1#}  zlad
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Hence

pipg

(g(x))

(g(xfl)) = pip}
as ideals irZ[+v/—K].
Letyr be a multiplicative charactef : (Z/tZ)* — C* such that

1  ifa=r' (modt) for somei
V(@) =
—1 otherwise

ThenQ(+/—K) is the field belonging ta.

Lemma3.1.2. ¢y (—1) = —1.

Proof. If —1=r! (mod &) for somei. Theni = % since the order af isk — 1. But
r=3 mod4d=r2=1 mod4 =r2 P =1 (mod 4

It is a contradiction. a

Apply the analytic class number formula@i./—k) and take the absolute value. Then

e
2Vt

Law)|

t—1
o v@e] = el

Soh = |« — B|.

LetIT be a(p — 1)-st root of— p. Then Gross-Koblitz formula is

k-2

gt = - p# = ] (1 (25)
j=0
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Lemma3.13.1fd = &4t — 1) = do+ dip+ -+ + dkop<2and d = 9t =
dy+dip+ - +dp_,p 2 then

o = o [re(1- (%})

900 = (—p)*"_]‘[rp(l—(qu_d/ﬁ)

Proof. See the proof of lemma 2.2.3 O
3.2. Main Result.

Theorem 3.2.1.Suppose t= 4k for a prime k= 1 (mod 4 andr = 3 (mod 4 is a
guadratic non-residue modulo k and its ordel‘fgr) =k — 1. Let h be the class number of
Q(v/=K) and p= tn+r is a prime. Let p= p1pz in Z[—K], p} = (@+bv/=k), Zik;ll(r‘
(modt)) = at, f = (k—1)—a,d = (&) (t-1) = lizdj plandd = (%) = EZde p]

=

j=0
as in the previous section. Then

1. p" = a? + kb?

2.

k=2

£ [[W@p)! (modp) ifa<p
- j=0
=1

+J] (de)! (modp) fB<a
j=0

Proof. See the proof of theorem 2.3.1. O

Example 3.2.2Letk = 5, thena = 1, 8 = 3 soh(Q(+/—5)) = 2. Let p be a prime of the
form 20n + 3 or 2 + 7 andd = 19(p* — 1)/20. Then

(A3 +1) +@AIn+DHp+ AM+2)p2+ (AN +2)p® if p=20n+3
(A7 +5)+ (AIn+3)p+ AN +Hp?+ (1M +6)p® if p=20n+7

By theorem 3.2.1 ifp? = a2 + 5b? then

) +(13n+ D!IAIN+ DA+ 211N +2)! (modp) if p=20n+3
a =

(1M +5!AIn+3)!A3Nn+H!'AMN+6)! (modp) if p=20n+7
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By Wilson’s theorem

4n\ (1In+1 .
+ (mod p) if p=20n+3
22 = n 4n
- an+ 1\ /1in+3
+ mod if p=20n+7
( n )(4n+1 (modp) 1t p
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