
A Reynolds{uniform numeri
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ow past a plate with masstransferJ.S. ButlerDepartment of Mathemati
s, Trinity College, Dublin, Ireland.J.J.H MillerDepartment of Mathemati
s, Trinity College, Dublin, IrelandG.I. ShishkinInstitute for Mathemati
s and Me
hani
s, Russian A
ademy of S
ien
es, Eka-terinburg, Russia Abstra
tIn this paper we 
onsider Prandtl's boundary layer problem for in
ompressiblelaminar 
ow past a plate with transfer of 
uid through the surfa
e of the plate.When the Reynolds number is large the solution of this problem has a paraboli
boundary layer. In a neighbourhood of the plate the solution of the problem hasan additional singularity whi
h is 
aused by the absen
e of the 
ompartability
onditions. To solve this problem outside nearest neighbourhood of the leadingedge, we 
onstru
t a dire
t numeri
al method for 
omputing approximationsto the solution of the problem using a pie
ewise uniform mesh appropriately�tted to the paraboli
 boundary layer. To validate this numeri
al method, themodel Prandtl problem with self-similar solution was examined, for whi
h areferen
e solution 
an be 
omputed using the Blasius problem for a nonlinearordinary di�erential equation. For the model problem, su
tion/blowing of the
ow rate density is v0(x) = �vi2�1=2Re1=2x�1=2, where the Reynolds numberRe 
an be arbitrarily large and vi is the intensity of the mass transfer witharbitrary values in the segment [�:3; :3℄. We 
onsidered the Prandtl problemin a �nite re
tangle ex
luding the leading edge of the plate for various valuesof Re whi
h 
an be arbitrary large and for some values of vi, when mesheswith di�erent number of mesh points were used. To �nd referen
e solutionsfor the the velo
ity 
omponents and their derivatives with required a

ura
y,we solved the Blasius problem using a semi{analyti
al numeri
al method. Byextensive numeri
al experiments we showed that the dire
t numeri
al method
onstru
ted in this paper allows us to approximate both the solution and itsderivatives Re{uniformly for di�erent values of vi.Keywords:boundary layer equations, Prandtl's problem with mass transfer, Reynolds uni-form dire
t numeri
al method, �nite di�eren
e.
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1 Introdu
tionIn
ompressible laminar 
ow past a semi-in�nite plate P with mass transfer inthe domain D =R2 is governed by the Navier-Stokes equations. Using Prandtl'sapproa
h the verti
al momentum equation is omitted and the horizontal mo-mentum equation is simpli�ed, see [2℄ and [3℄. For large Reynolds numbers thenew momentum equation is paraboli
 and singularly perturbed, whi
h meansthat the highest order derivative is multiplied by a small singular perturbationparameter " = 1Re .It is well known that for 
ow problems with large Reynolds numbers a bound-ary layer arises on the surfa
e of the plate. Also, when 
lassi
al numeri
almethods are applied to these problems large errors o

ur, espe
ially in approx-imations of the derivatives, whi
h grow unboundedly as the Reynolds numberin
reases. For this reason robust layer-resolving numeri
al methods, in whi
hthe error is independent of the singular perturbation parameter, are required.Here we solve the Prandtl problem in a region in
luding the paraboli
 boundarylayer. Sin
e the solution of the problem has another singularity at the leadingedge of the plate we take as the 
omputational domain the �nite re
tangle
 = (:1; 1:1) � (0; 1) on the upper side of the plate, suÆ
iently far from theleading edge (see Fig. 1) su
h that the leading edge singularity does not 
auseex
essive problems for the numeri
al method. We denote the boundary of 
by � = �LS�T S�B S�R where �L, �T , �B and �R denote, respe
tively theleft-hand, top, bottom and right-hand edges of 
.
0
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Figure 1: Flow past a plate with su
tion/blowing.In �gure 1 we see the 
onstant 
ow to the left hand side of the plate, alongthe plate Æ denotes the width of the boundary layer and v0(x) denotes the masstransfer.
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The Prandtl boundary layer problem in D is:
(P")

8>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>:
Find u" = (u"; v") su
h that for all (x; y) 2 Du" satis�es the di�erential equation� 1Re �2u"�2y + u":ru" = 0r:u" = 0with boundary 
onditionsu" = 0 and v" = v0(x) on �Bu" = uP on �LS�Twhere v0(x) is the velo
ity normal to the plate at whi
h mass is transferredthrough its surfa
e (see eqn (1) in se
tion 2). The 
ase for no mass transfer,v0(x) = 0, was dealt with in [1℄ and it was used a the starting point for thispaper.We 
onstru
t a numeri
al method for whi
h there are error bounds for thesolution 
omponents and their derivatives, su
h that the error 
onstants do notdepend on the value of Re or vi, where vi is the intensity of the mass transfer.That is, the method is (Re; vi){uniform.2 Semi-analyti
al solutionUsing the transformation des
ribed in [4℄, a self similar solution uB = (uB ; vB)of (P") 
an be written in the formuB = f 0(�)vB = 12r 2xRe(�f 0(�)� f(�))where � = yrRe2xand the fun
tion f is the solution to the Blasius problem(PB)8>>>><>>>>:Find f 2 C3([0;1)) su
h that for all � 2 [0;1)f 000(�) + f(�)f 00(�) = 0f(0) = vi; f 0(0) = 0; lim�!1 f 0(�) = 1In [5℄ the Blasius problem (PB) is solved numeri
ally for the fun
tion f , andthe relations are used to 
onstru
t the Blasius solution uB of P". From [4℄ wehave v0(x) = �virRe2x (1)3



Negative values of vi 
orrespond to inje
tion, positive values 
orrespond to su
-tion. Te
hni
ally vi 
an have (�1;1), but in pra
ti
e when vi � �0:87 theboundary layer is blown away from the surfa
e. In addition to this there is anupper limit of 7.07 [2℄. The Blasius equation with no mass transfer, vi = 0, wasdealt with in [1℄.The purpose of �nding this Blasius solution of Prandtl's problem is that weuse it as a referen
e solution for the unknown exa
t solution in the expression forthe error, when we estimate the error in the dire
t method of the next se
tion. Inthis way, sin
e the Blasius solution is known to 
onverge Reynolds{uniformly tothe solution of Prandtl's problem and we 
an estimate guaranteed error boundsfor it [5℄.3 Nonlinear dire
t �nite di�eren
e methodIn this se
tion we begin to 
onstru
t a robust numeri
al method to solve thePrandtl problem (P") for all admissible values of Reynolds numbers Re andvi 2 [�0:3; 0:3℄.We de�ne the re
tangular mesh as in [1℄ on the re
tangle 
 to be the tensorprodu
t of two one{dimensional meshes 
N" = 
Nx" �
Ny" , where N=(Nx; Ny).The mesh in the x dire
tion is the uniform mesh
Nx" = fxi : xi = 0:1 + iN�1x ; 0 � i � Nxg:The mesh in the y-dire
tion is the pie
ewise{uniform �tted mesh
Ny" = fyj : yj = �j 2Ny ; 0 � j � Ny2 ; yj = �+(1��)(j�Ny2 ) 2Ny ; Ny2 � j � Nyg:It is important to note the position of the boundary layer in order to de�ne anappropriate transition point � from the 
oarse to the �ne mesh, so that there isa �ne mesh in the boundary layer. The appropriate 
hoi
e in this 
ase is� = minf12 ;p"lnNyg: (2)The fa
torp" may be motivated from a priori estimates of the derivatives of thesolution u" or from asymptoti
 analysis. For simpli
ity we take Nx = Ny = N(see Fig 2).
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Figure 2: 2-d mesh 
onstru
ted from a tensor produ
t.Using the above pie
ewise uniform �tted mesh 
N" the problem (P") is dis-
retized by the following nonlinear system of upwind �nite di�eren
e equationsfor the approximation velo
ity 
omponents U" = (U"; V")
(PN" )8>>>>>>>>>>>><>>>>>>>>>>>>:

Find U" = (U"; V") su
h that for all (xi; yj) 2 
N"(�"Æ2y +U" �D�)U"(xi; yj) = 0(D� �U")(xi; yj) = 0U" = 0; V" = v0(xi) on �BU" = UB on �LS�Twhere D� = (D�x ; D�y ), D�x and D�y are standard ba
kward di�eren
e opera-tors, and Æ2y is a standard 
entral di�eren
e operator.4 Iterative dire
t �nite di�eren
e methodSin
e the problem (PN" ) is a nonlinear system an iterative method is requiredfor its solution. This is obtained by repla
ing the system of nonlinear equationswith a sequen
e of systems of linear equations, this is an adaptation of themethod used in [1℄. The systems of linearized equations are
5



(AN" )
8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

With the boundary 
ondition UM" = U8192B on �L;for ea
h i; 1 � i � N; use the initial guess U0"jXi = UMi�1" jXi�1and for m = 1; : : : ;Mi solve the followingtwo point boundary value problem for Um" (xi; yj)(�"Æ2y +Um�1" �D�)Um" (xi; yj) = 0; 1 � j � N � 1with the boundary 
onditions Um" = UB on �B [ �T ;and the initial guess for V 0" jX1 = 0:Also solve the initial value problem for V m" (xi; yj)(D� �Um" )(xi; yj) = 0;with initial 
ondition V m" = v0(xi) on �B :Continue to iterate between the equations for Um" until m =Mi;where Mi is su
h thatmax�jUMi" � UMi�1" jXi ; 1V � jV Mi" � V Mi�1" jXi� � tol:For notational simpli
ity, we suppress expli
it mention of the iteration super-s
ript Mi hen
eforth, and we write simply U" for the solution generated by(AN" ). We take tol = 10�6 in the 
omputations. We note that there are noknown theoreti
al results 
on
erning the 
onvergen
e of the solutions U" of(PN" ) to the solution u" of (P") and no theoreti
al estimate for the pointwise er-ror (U"�u")(xi; yj). It is for this reason that we are for
ed to apply 
ontrollableexperimental te
hniques, whi
h are adapted to the problem under 
onsiderationand are of 
ru
ial value to our understanding of the 
omputational problems.V � is de�ned to be V � = max
N" VB : (3)5 Error Analysis for the iterative dire
t methodIn this se
tion we 
ompute Reynolds{uniform maximum pointwise errors inthe approximations generated by the dire
t numeri
al method des
ribed in theprevious se
tion. For the sake of brevity, we show the errors for only the twoextreme values of mass transfer in the set we are dealing with, vi = 0:3 andtwo tables for v = �0:3 as the quality behaviour of errors and 
onvergen
eorders are qualitatively the same as they are for vi = 0:3. We 
ompare theparameter uniform maximum pointwise errors in the approximations generatedby the dire
t numeri
al method of the previous se
tion with the 
orrespondingsemi{analyti
 values of se
tion 2. We use the following de�nitions for the errorsEN" (U") = jjU" � UB8192jj
N"6



EN" ( 1V �V") = 1V � jjV" � VB8192jj
N"where V � is de�ned as in eqn(3).Graphs of the s
aled dis
rete velo
ity 
omponents generated by (AN" ) aregiven for N=32, " = 1:0 and 2�12 and vi = 0:3 and �0:3 in �gure 3, 4 and 5 Forsmall Reynolds the velo
ity 
omponents are smooth whi
h is shown in �g 3.
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Figure 3: Graphs of U" and 1V � (V") for " = 1:0, N=32 and vi = 0:3.In �gs 4 and 5 we see that there is rapid 
hange in a small region along theplate for the s
aled velo
ity 
omponents with vi = 0:3 and �0:3.
’prandtl_u’

0
0.2

0.4
0.6

0.8
1

1.2
x 0

0.2
0.4
0.6
0.8
1

y

0

0.2

0.4

0.6

0.8

1

’prandtl_v’

0
0.2

0.4
0.6

0.8
1

1.2
x 0

0.2
0.4
0.6
0.8
1

y

-0.6
-0.4
-0.2
0
0.2
0.4
0.6
0.8
1
1.2
1.4
1.6

Figure 4: Graphs of U" and 1V � (V") for " = 2�12, N=32 and vi = 0:3.
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Figure 5: Graphs of U" and 1V � (V") for " = 2�12, N=32 and vi = �0:3.In �gure 5 we see that in the top right hand 
orner of the graph of U" thatthe transition point (eqn (2)) of the mesh 
N" is slightly smaller than the width7



of the layer this is due to the e�e
t of the mass transfer blowing the boundarylayer out."nN 8 16 32 64 128 256 5122�0 1.82e-03 1.90e-03 1.17e-03 7.36e-04 3.98e-04 2.63e-04 1.37e-042�2 3.19e-02 1.54e-02 7.48e-03 3.69e-03 1.81e-03 8.77e-04 4.09e-042�4 7.72e-02 3.23e-02 1.53e-02 7.48e-03 3.69e-03 1.82e-03 8.79e-042�6 7.93e-02 4.53e-02 2.62e-02 1.48e-02 7.36e-03 3.67e-03 1.82e-032�8 7.67e-02 4.53e-02 2.62e-02 1.54e-02 8.96e-03 5.14e-03 2.90e-03. . . . . . . .2�20 1.53e-01 6.77e-02 2.62e-02 1.54e-02 8.96e-03 5.14e-03 2.90e-03EN 1.53e-01 6.77e-02 2.62e-02 1.54e-02 8.96e-03 5.14e-03 2.90e-03Table 1: Computed maximum pointwise error EN" (U") where U" is generatedby (AN" ) for various values of ", N and vi=0.3."nN 8 16 32 64 128 256 5122�0 4.06e-01 2.73e-01 1.54e-01 7.71e-02 3.84e-02 1.79e-02 8.71e-032�2 5.41e-01 3.39e-01 1.91e-01 1.03e-01 5.56e-02 3.04e-02 1.69e-022�4 1.48e+00 6.72e-01 3.40e-01 1.85e-01 1.04e-01 5.86e-02 3.32e-022�6 1.57e+00 1.03e+00 6.41e-01 3.79e-01 2.10e-01 1.19e-01 6.76e-022�8 1.52e+00 1.03e+00 6.41e-01 3.98e-01 2.59e-01 1.68e-01 1.08e-01. . . . . . . .2�20 1.44e+00 1.03e+00 6.40e-01 3.98e-01 2.59e-01 1.68e-01 1.08e-01EN 1.57e+00 1.03e+00 6.41e-01 3.98e-01 2.59e-01 1.68e-01 1.08e-01Table 2: Computed maximum pointwise error EN" ( 1V �V") where V" is generatedby (AN" ) for various values of ", N and vi=0.3.Tables 1 and 2 are the errors of the s
aled velo
ity 
omponents generatedby (AN" ), for various values of N and Reynolds with vi = 0:3. From the tableswe see for ea
h given N as Reynolds in
reases the error be
omes 
onstant withrespe
t to Reynolds, we will refer to this as stabilising."nN 8 16 32 64 128 256 5122�0 4.49e-03 5.27e-03 4.19e-03 2.45e-03 1.33e-03 6.95e-04 3.98e-042�2 3.09e-02 1.94e-02 1.11e-02 5.98e-03 3.10e-03 1.59e-03 8.20e-042�4 2.94e-01 1.24e-01 5.74e-02 2.77e-02 1.37e-02 6.80e-03 3.43e-032�6 3.93e-01 1.87e-01 9.89e-02 5.28e-02 2.54e-02 1.25e-02 6.24e-032�8 4.59e-01 2.17e-01 9.94e-02 5.49e-02 3.06e-02 1.70e-02 9.43e-03. . . . . . . .2�20 2.57e-01 1.66e-01 9.75e-02 5.49e-02 3.06e-02 1.70e-02 9.43e-03EN 4.59e-01 2.17e-01 9.94e-02 5.49e-02 3.06e-02 1.70e-02 9.43e-03Table 3: Computed maximum pointwise error EN" (U") where U" is generatedby (AN" ) for various values of ", N and vi=-0.3.Table 3 is the error values of the s
aled velo
ity 
omponent in the x dire
tiongenerated by (AN" ) for various values of N and Reynolds with vi = �0:3. As8



with the previous tables the error stabilises as Reynolds in
reases.
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Figure 6: Graphs of U" � U8192B and 1V � (V" � V 8192B ) for " = 1:0, N=32 andvi = 0:3.Graphs of the di�eren
es U" �U8192B and 1V � (V" � V 8192B ) for " = 1:0, N=32with vi = 0:3 are smooth as shown in �g 6.
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Figure 7: Graphs of U" � U8192B and 1V � (V" � V 8192B ) for " = 2�12, N=32 andvi = 0:3.For large Reynolds numbers the boundary layer arises, due to this rapid
hange of velo
ity in a small region, the error is lo
alised in the boundary layerfor both U" and 1V �V" for N=32 and " = 2�12 for vi = 0:3 (see �g 7 ).We now estimate the orders of 
onvergen
e of the numeri
al approximationsgenerated by the dire
t numeri
al method, by introdu
ing the 
omputed ordersof 
onvergen
e using the de�nition from [1℄ they arepN";
omp = log2 jjUN" � U8192B jj
N"jjU2N" � U8192B jj
2N"and pN
omp by pN
omp = log2 max"jjUN" � U8192B jj
N"max"jjU2N" � U8192B jj
2N"with 
orresponding de�nitions for the s
aled 
omponents.9



"nN 8 16 32 64 128 2562�0 -0.07 0.71 0.67 0.92 0.76 1.042�2 1.12 1.05 1.03 1.02 1.03 1.052�4 1.45 1.18 1.08 1.04 1.03 1.032�6 1.01 0.90 0.92 1.07 1.04 1.022�8 1.00 0.90 0.87 0.85 0.85 0.85. . . . . . .2�20 1.04 1.03 0.87 0.85 0.85 0.85pN
omp 1.04 1.03 0.87 0.85 0.85 0.85Table 4: Computed orders of 
onvergen
e pN";
omp, pN
omp for U" � U8192B whereU" is generated by (AN" ) for various values of ", N and vi=0.3.Tables 4 { 5 indi
ate the order of 
onvergen
e for U" is at least 0.8 and 0.6for 1V � (V") for vi = 0:3 and all Reynolds."nN 8 16 32 64 128 2562�0 0.57 0.83 1.00 1.01 1.10 1.042�2 0.67 0.83 0.89 0.89 0.87 0.852�4 1.14 0.98 0.87 0.84 0.82 0.822�6 0.61 0.69 0.76 0.86 0.82 0.812�8 0.56 0.68 0.69 0.62 0.62 0.64. . . . . . .2�20 0.49 0.68 0.69 0.62 0.62 0.64pN
omp 0.61 0.69 0.69 0.62 0.62 0.64Table 5: Computed orders of 
onvergen
e pN";
omp, pN
omp for 1V � (V" � V 8192B )where V" is generated by (AN" ) for various values of ", N and vi=0.3.Table 6 indi
ate the order of 
onvergen
e for U" is at least 0.8 for vi = �0:3and all Reynolds. "nN 8 16 32 64 128 2562�0 -0.23 0.33 0.78 0.88 0.94 0.802�2 0.67 0.80 0.90 0.95 0.96 0.962�4 1.25 1.11 1.05 1.02 1.00 0.992�6 1.07 0.92 0.90 1.05 1.02 1.002�8 1.08 1.13 0.86 0.84 0.85 0.85. . . . . . .2�20 0.64 0.77 0.83 0.84 0.85 0.85pN
omp 1.08 1.13 0.86 0.84 0.85 0.85Table 6: Computed orders of 
onvergen
e pN";
omp, pN
omp for U" � U8192B whereU" is generated by (AN" ) for various values of ", N and vi=-0.3.The results in tables 1 - 6 indi
ate that the dire
t numeri
al method isReynolds uniform for the s
aled velo
ity 
omponents with vi = �0:3 andvi = 0:3, thus we 
an guarantee a

ura
y for arbitrary Reynolds.10
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Figure 8: Graphs of p"(D�y U") and D�y V" for " = 1:0, N=32 and vi = 0:3.Graphs of the 
omputed s
aled derivatives generated by (AN" ) applied to P"are given for N=32 and " = 1:0 and 2�12 with vi = 0:3 are given by �gs 8 and9. In �gure 8 we see for small Reynolds the graphs for p"(D�y U") and D�y V"are smooth, with a
tivity near �L.
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Figure 9: Graphs of p"(D�y U") and D�y V" for " = 2�12, N=32 and vi = 0:3.Figure 9 shows that the area of most a
tivity is along the plate in the bound-ary layer and 
lose to the leading edge for p"D�y U" and D�y V" for vi = 0:3.Tables 7 - 8 show the errors for the s
aled derivatives p"D�y U" and D�y V" forvi = 0:3, as before the error stabilises as Reynolds in
reases."nN 8 16 32 64 128 256 5122�0 9.50e-02 4.78e-02 2.41e-02 1.23e-02 6.32e-03 3.35e-03 1.86e-032�2 1.87e-01 9.50e-02 4.78e-02 2.41e-02 1.23e-02 6.32e-03 3.35e-032�4 3.21e-01 1.87e-01 9.50e-02 4.78e-02 2.41e-02 1.23e-02 6.32e-032�6 3.37e-01 2.59e-01 1.63e-01 9.50e-02 4.78e-02 2.41e-02 1.23e-022�8 3.37e-01 2.59e-01 1.63e-01 9.89e-02 5.78e-02 3.33e-02 1.89e-022�10 3.37e-01 2.59e-01 1.63e-01 9.89e-02 5.78e-02 3.33e-02 1.89e-02. . . . . . . .2�20 3.37e-01 2.59e-01 1.63e-01 9.89e-02 5.78e-02 3.33e-02 1.89e-02EN 3.37e-01 2.59e-01 1.63e-01 9.89e-02 5.78e-02 3.33e-02 1.89e-02Table 7: Computed maximum pointwise s
aled error p"jjD�y U" �DyU8192B jj
N" =�L where U" is generated by (AN" ) for various values of ", N andvi=0.3. 11



"nN 8 16 32 64 128 256 5122�0 5.29e-01 3.89e-01 2.32e-01 1.19e-01 6.02e-02 2.98e-02 1.57e-022�2 7.50e-01 5.44e-01 3.31e-01 1.87e-01 1.04e-01 5.91e-02 3.47e-022�4 1.30e+00 8.79e-01 5.35e-01 3.13e-01 1.84e-01 1.09e-01 6.52e-022�6 1.37e+00 1.25e+00 9.17e-01 6.14e-01 3.60e-01 2.15e-01 1.29e-012�8 1.37e+00 1.25e+00 9.17e-01 6.40e-01 4.41e-01 3.02e-01 2.04e-01. . . . . . . .2�20 1.36e+00 1.25e+00 9.16e-01 6.40e-01 4.41e-01 3.03e-01 2.04e-01EN 1.37e+00 1.25e+00 9.17e-01 6.40e-01 4.41e-01 3.03e-01 2.04e-01Table 8: Computed maximum pointwise error jjD�y V" �DyV 8192B jj
N" where V"is generated by (AN" ) for various values of ", N and vi=0.3.For small Reynolds the errors are evenly distributed thought out the domainwith the largest o

urring in the region of �L (�g 10).
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Figure 10: Graphs of p"(D�y U" �DyU8192B ) and D�y V" �DyV 8192B for " = 1:0,N=32 and vi = 0:3.Figure 11 displays the errors of p"D�y U" and D�y V" for N=32 and " = 2�12with vi = 0:3, the error is 
ontained within the boundary layer with the largesterror arising at the points 
losest to the leading edge.
’blasius_minus_prandtl_D_y_u’

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 1.1
x 0

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1

y

-0.14
-0.12
-0.1
-0.08
-0.06
-0.04
-0.02
0

0.02
0.04

’blasius_minus_prandtl_D_y_v’

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 1.1
x 0

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1

y

-1
-0.9
-0.8
-0.7
-0.6
-0.5
-0.4
-0.3
-0.2
-0.1
0
0.1

Figure 11: Graphs of p"(D�y U"�DyU8192B ) and D�y V"�DyV 8192B for " = 2�12,N=32 and vi = 0:3.Tables 9 - 10 show the order of 
onvergen
es for D�y V" and p"D�y U" forvarious N and Reynolds with vi = 0:3.12



"nN 8 16 32 64 128 2562�0 0.99 0.99 0.98 0.96 0.92 0.842�2 0.98 0.99 0.99 0.98 0.96 0.922�4 0.78 0.98 0.99 0.99 0.98 0.962�6 0.38 0.66 0.78 0.99 0.99 0.982�8 0.38 0.66 0.72 0.77 0.80 0.82. . . . . . .2�20 0.38 0.66 0.72 0.77 0.80 0.82pN
omp 0.38 0.66 0.72 0.77 0.80 0.82Table 9: Computed orders of 
onvergen
e pN";
omp, pN
omp for p"(D�y U" �DyU8192B ) where U" is generated by (AN" ) for various values of ", N and vi=0.3.From table 9 it 
an be read that p"D�y U" for vi = 0:3, has an order of
onvergen
e no less than 0.6 for N � 16."nN 8 16 32 64 128 2562�0 0.44 0.74 0.96 0.99 1.01 0.922�2 0.46 0.72 0.83 0.85 0.81 0.772�4 0.56 0.72 0.77 0.77 0.75 0.742�6 0.14 0.44 0.58 0.77 0.74 0.742�8 0.13 0.44 0.52 0.54 0.55 0.57. . . . . . .2�20 0.12 0.44 0.52 0.54 0.54 0.57pN
omp 0.14 0.44 0.52 0.54 0.54 0.57Table 10: Computed orders of 
onvergen
e pN";
omp, pN
omp for D�y V" �DyV 8192Bwhere V" is generated by (AN" ) for various values of ", N and vi=0.3.From table 10 it 
an be read that D�y V" for vi = 0:3, has an order of 
on-vergen
e no less than 0.5 for N � 32.Tables 7 - 10 indi
ate that the dire
t numeri
al method is Reynolds uniformfor p"D�y U" and D�y V" for vi = 0:3, this result also holds for the 
ase whenvi = �0:3.
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Figure 12: Graphs of 1V � (D�x V") in the domain 
N" n(X1 [ �L) for " = 1:0 and" = 2�12, N=32 and vi = 0:3.Figure 12 shows that the graphs for 1V �D�x V" for N = 32 and " = 1 and" = 2�12 with vi = 0:3, we 
an see that the leading edge has an obvious a�e
t on13



the region 
lose to �L for both small and large Reynolds due to this singularitywhen dealing with the errors of 1V �D�x V" we only investigate the subdomain(
N" \ [0:2; 1:1℄� [0; 1℄)."nN 8 16 32 64 128 256 5122�0 2.49e+00 2.58e+00 1.17e+00 6.49e-01 3.43e-01 1.71e-01 8.76e-022�2 3.69e+00 3.10e+00 1.12e+00 5.89e-01 3.05e-01 1.49e-01 7.37e-022�4 1.07e+01 6.43e+00 1.52e+00 7.72e-01 3.89e-01 1.88e-01 9.23e-022�6 1.18e+01 1.14e+01 2.16e+00 1.16e+00 5.71e-01 2.68e-01 1.30e-012�8 1.22e+01 1.14e+01 2.16e+00 1.17e+00 6.33e-01 3.31e-01 1.74e-01. . . . . . . .2�20 1.28e+01 1.15e+01 2.16e+00 1.17e+00 6.33e-01 3.31e-01 1.74e-01EN 1.28e+01 1.15e+01 2.16e+00 1.17e+00 6.33e-01 3.31e-01 1.74e-01Table 11: Computed maximum pointwise s
aled error V ��1jjD�x V"�DxV 8192B jjin the subdomain (
N" \ [0:2; 1:1℄ � [0; 1℄) where V" is generated by (AN" ) forvarious values of ", N and vi=0.3.Table 11 gives the errors of the s
aled derivative 1V �D�x V" for various valuesof N and Reynolds with vi = 0:3 in the subdomain (
N" \ [0:2; 1:1℄� [0; 1℄). Thetable show that the error stabilises as Reynolds in
reases."nN 8 16 32 64 128 2562�0 -0.05 1.15 0.85 0.92 1.00 0.972�2 0.25 1.47 0.93 0.95 1.03 1.022�4 0.73 2.08 0.98 0.99 1.05 1.032�6 0.05 2.40 0.89 1.02 1.09 1.042�8 0.09 2.40 0.89 0.88 0.94 0.93. . . . . . .2�20 0.15 2.41 0.89 0.88 0.94 0.93pN
omp 0.15 2.41 0.89 0.88 0.94 0.93Table 12: Computed orders of 
onvergen
e pN";
omp, pN
omp for 1V � (D�x V" �DxV 8192B ) in the subdomain (
N" \ [0:2; 1:1℄� [0; 1℄) where V" is generated by(AN" ) for various values of ", N and vi=0.3.From table 12 it 
an be read that 1V �D�x V" for vi = 0:3 has an order of
onvergen
e no less than 0.85 for N � 16.
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Figure 13: Graphs of 1V � (D�x V" � ÆxVB) in the domain 
N" n(X1 [ �L) and1V � (D�x V"�ÆxVB) in the subdomain (
N" \ [0:2; 1:1℄� [0; 1℄) for " = 2�12, N=32and vi = 0:3.Figure 13 shows that on the domain 
N" n(X1 [ �L), the error for D�x V" forN = 32 and " = 2�12 with vi = 0:3 is large due to the leading edge singularity, byshifting down the x axis away from the singularity and looking at the subdomain(
N" \ [0:2; 1:1℄� [0; 1℄) the error is signi�
antly less.Tables 11 - 12 indi
ate the within the subdomain the dire
t numeri
al method isReynolds uniform for 1V �D�x V" for vi = �0:3, this result also holds for vi = �0:3.6 Con
lusionWe 
onsidered Prandtl's boundary layer equations for in
ompressible laminar
ow past a plate with su
tion/blowing of the 
ow rate density v0(x) = �vi2�1=2Re1=2x�1=2,where the Reynolds number Re 
an be arbitrarily large and vi is the intensityof the mass transfer with arbitrary values in the segment [�:3; :3℄. When theReynolds number is large the solution of this problem has a paraboli
 boundarylayer at the surfa
e of the plate ex
luding its leading edge. We 
onstru
ted adire
t numeri
al method for 
omputing approximations to the solution of thisproblem using a pie
ewise uniform �tted mesh te
hnique appropriate to theparaboli
 boundary layer. To validate this numeri
al method, the model Prandtlproblem with self-similar solution was examined, for whi
h a referen
e solution
an be 
omputed using the Blasius problem for a nonlinear ordinary di�erentialequation. We 
onsidered the Prandtl problem in a �nite re
tangle ex
ludingthe leading edge of the plate for various values of Re whi
h 
an be arbitrarylarge and for some values of vi, when meshes with di�erent number of meshpoints were used. To �nd referen
e solutions for the the velo
ity 
omponentsand their derivatives with required a

ura
y, we solved the Blasius problem us-ing a semi{analyti
al numeri
al method. By extensive numeri
al experimentswe showed that the dire
t numeri
al method 
onstru
ted in this paper allows usto approximate both the solution and its derivatives Re{uniformly for di�erentvalues of vi.A
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