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t. We present a deformation te
hnique whi
h allows us to de-termine the number of real solutions of 
ertain spe
i�
 polynomial equa-tion system. We apply this deformation te
hnique in order to determinethe number of stationary solutions of the semidis
retization of 
ertainparaboli
 di�erential equations.1 Introdu
tion.Multivariate real polynomial equation systems arise in 
onne
tion with numerouss
ienti�
 and te
hni
al problems (see e.g. [OR70℄ or [Mor90℄). In order to solvesu
h problems, one is usually led to 
onsider the following two questions:(i) Do solutions exist in a spe
i�ed subset of Rn?(ii) How many solutions are there in su
h a set?Usual numeri
al te
hniques 
annot be used in order to answer questions (i)and (ii). Therefore, symboli
 or seminumeri
al methods must be applied.Symboli
 methods based on rewriting te
hniques (see e.g. [GVRRT99℄) usu-ally rely on the 
omputation of the signature of a suitable quadrati
 form (seee.g. [PRS93℄), or redu
e the question to the univariate 
ase, by 
omputing suit-able proje
tions (see e.g. [Rou97℄). Unfortunately, the 
orresponding pro
eduresrequire at least exponential time (see [Giu84℄, [Dub90℄), and are therefore un-suitable for real{life purposes.One may alternatively apply more eÆ
ient seminumeri
al pro
edures, basedon geometri
 elimination pro
edures (see [BGHM97℄, [BGHM01℄). The time 
om-plexity of these algorithms is polynomial in a 
ertain geometri
 invariant of theinput system, 
alled its degree. Let us observe that the degree of the input systemis always bounded by the B�ezout{number of the input system and happens often? Resear
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to be 
onsiderably smaller. We 
all a system S ill{
onditioned, from the point ofview of symboli
 or seminumeri
 solving, if the degree of the system S is 
loseto B�ezout number of the system S. Ill{
onditioned systems in this sense are thesystem whi
h 
annot be eÆ
iently solved by the pro
edures in [BGHM97℄ and[BGHM01℄.The main purpose of this arti
le is to exhibit a deformation te
hnique forthe determination of the number of real solutions of parti
ular ill{
onditionedpolynomial equation systems. The systems we have in mind 
ome from the dis-
retization of operator equations (see e.g. [Rhe98℄).The 
omputational solution of in�nite{dimensional operator equations gen-erally requires the 
onstru
tion of �nite{dimensional approximations. It is rea-sonable to expe
t that these dis
retizations inherit any nonlinearities existentin the original operators. Here we 
onsider a sour
e for multivariate polynomialequations.Let f; g; h denote C1 univariate fun
tions, and let us 
onsider the followingproblem in [0; 1℄� [0; T ) � R2 :8>><>>: ut = f(u)xx � �g(u) in (0; 1)� [0; T );f(u)x(1; t) = h(u(1; t)) on [0; T );f(u)x(0; t) = 0 on [0; T );u(x; 0) = u0(x) � 0 in [0; 1℄:These kind of equations appear in problems involving rea
tion terms in theboundary and absorption terms in the equation (see e.g. [Pao92℄). In parti
ular,the long time behaviour of these kind of equations has been intensively analyzed(see e.g. [CFQ91℄, [FF96℄, [Lev90℄, [SGKM95℄). Usual numeri
al approximationsof these problems 
onsist in a �rst order �nite element approximation on thevariable x, with a uniform mesh, keeping the variable t 
ontinuous (see e.g.[BB98℄, [BHR96℄). This semidis
retization in spa
e leads to the following system:8>>>>>>>><>>>>>>>>:
u01 = 2n2�f(u2)� f(u1)�� �g(u1);u0k = n2�f(uk+1)� 2f(uk) + f(uk�1)�� �g(uk) (2 � k � n� 1);u0n = 2n2�f(un�1)� f(un)�� �g(un) + 2nh(un);uk(0) = u0(xk) (1 � k � n); (1)where x1; : : : ; xn de�ne a uniform partition of the interval [0,1℄.In order to des
ribe the dynami
 behaviour of the solutions of system (1)(e.g. for de
iding whether long{time behaviour of the dis
rete solutions agreeswith that of the 
orresponding 
ontinuous solutions), it is usually ne
essary toanalyze the behaviour of the stationary solutions of system (1) (see e.g. [BR01℄,[FGR02℄, [GMW93℄). These are the positive solutions of the following nonlinearequation system:



8>>>><>>>>:0 = 2n2�f(u2)� f(u1)�� �g(u1);0 = n2�f(uk+1)� 2f(uk) + f(uk�1)�� �g(uk) (2 � k � n� 1);0 = 2n2�f(un�1)� f(un)�� �g(un) + 2nh(un); (2)Typi
al 
ases of study are f(X) := X , g(X) := Xp and h(X) := Xq (see [BR01℄,[CFQ91℄).Let us observe that (2){like systems are usually ill{
onditioned in the sensede�ned above, and therefore unsuitable for the appli
ation of the seminumeri
alpro
edures in [BGHM97℄ and [BGHM01℄.In this arti
le, we are going to exhibit symboli
 deformation te
hniques whi
hwill allow us to determine the number of real positive solutions of 
ertain (2){likesystems of interest. These deformation te
hniques 
an be roughly des
ribed asfollows.Suppose that there exists a polynomial homotopy � : [0; 1℄! P(Rn ) betweenthe set of positive solutions V � Rn of the input system, and the (�nite) set ofpositive solutions W � Rn of a suitably 
hosen n{variate polynomial equationsystem. Suppose furthermore that for any t 2 [0; 1℄, the set �(t) � Rn 
an bedes
ribed as the solution set of an n{variate polynomial equation system withoutsingular solutions. Then we will be able to 
on
lude that the set V and W havethe same number of elements. Therefore, knowing the number of elements of theset W will allow us to determine the number of elements of the set V withoutexpli
itely 
omputing it.2 Notions and Notations.First we re
all some standard notions and notations of 
ommutative algebra andsemi-algebrai
 geometry that we are going to use in the sequel.We denote by N the set of natural numbers, Q denotes the �eld of rationalnumbers, R denotes the �eld of real numbers and C denotes the �eld of 
omplexnumbers. Let X1; : : : ; Xn be indeterminates over Q. We denote by Q[X1 ; : : : ; Xn℄the ring of n{variate polynomials with rational 
oeÆ
ients in the indeterminatesX1; : : : ; Xn.A set V � Rn is 
alled an algebrai
 set if there exists a �nite set of polynomialsf1; : : : ; fm 2 Q[X1 ; : : : ; Xn℄ su
h that V = fx := (x1; : : : ; xn) 2 Rn : f1(x) =� � � = fm(x) = 0g holds. We de�ne the ideal I(V ) of an algebrai
 set V � Rn asthe set of all polynomials f 2 Q[X1 ; : : : ; Xn℄ whi
h vanish on any point of the setV . A set V � Rn is 
alled a semi-algebrai
 set of Rn if it 
an be expressed as a�nite union of subsets of Rn of the form fx := (x1; : : : ; xn) 2 Rn : f1(x) = � � � =fm(x) = 0; fm+1(x) > 0; : : : ; fm+k(x) > 0g with f1; : : : ; fm+k 2 Q[X1 ; : : : ; Xn℄.An algebrai
 set V � Rn is 
alled irredu
ible if it 
annot be expressed as anirredundant de
omposition V = V1 [ V2, where V1; V2 are algebrai
 sets. Anyalgebrai
 set has a unique (up to reordering) irredundant de
omposition as the



union of a �nite set of irredu
ible algebrai
 sets V = C1 [ � � � [ Ch (see e.g.[BCR98℄). C1; : : : ; Ch are 
alled the irredu
ible 
omponents of V .For a given algebrai
 set V � Rn , we de�ne the 
oordinate ring Q[V ℄ of V asthe quotient ring Q[V ℄ := Q[X1 ; : : : ; Xn℄=I(V ). If V is an irredu
ible algebrai
set, the dimension of V is de�ned as the tras
enden
e degree of the �eld extensionQ ,! Q(V ), where Q(V ) denotes the fra
tion �eld of Q[V ℄. The dimension of anarbitrary algebrai
 set V � Rn is de�ned as the maximum of the dimensions ofall its irredu
ible 
omponents. An algebrai
 set is 
alled equidimensional if all itsirredu
ible 
omponents have the same dimension. An equidimensional algebrai
set C � Rn of dimension 1 is 
alled a algebrai
 
urve.In what follows, Rn will be 
onsidered endowed with its eu
lidean topology,unless otherwise stated. A semi-algebrai
 set V � Rn is 
alled semi-algebrai
ally
onne
ted if for any pair of semi-algebrai
 sets C1; C2 � Rn 
losed in V , whi
h aredisjoint and satisfy C1[C2 = V , one has V = C1 or V = C2. Every semi-algebrai
subset V � Rn 
an be de
omposed in a unique way (up to reordering) into adisjoint union of a �nite number of semi-algebrai
ally 
onne
ted semi-algebrai
sets C1; : : : ; Cs whi
h are both open and 
losed in V (see e.g. [BCR98℄). Thesets C1; : : : ; Cs are 
alled the semi-algebrai
 
onne
ted 
omponents of V .Let V � Rn be an algebrai
 set and let I(V ) = (f1; : : : ; fm) the ideal of V .Let x 2 V . The tangent spa
e Tx(V ) of V at the point x is de�ned as the linearsubspa
e of Rn de�ned by Tx(V ) := fz 2 Rn : nXi=1 �fj�Xi (x)zi = 0 for 1 � j � mg.A point x 2 V of an irredu
ible algebrai
 set V 2 Rn is 
alled nonsingularif the 
ondition dim�Tx(V )� = dim(V ) is satis�ed. An algebrai
 set is 
allednonsingular if all its points are nonsingular points.Let V � Rn andW � Rm two semi{algebrai
 sets. A mapping f : V !W is asemi-algebrai
 mapping i� its graph is a semi-algebrai
 set of Rn+m . In parti
ular,Q{de�nable polynomial mappings are semi-algebrai
 (see e.g. [BCR98℄). Let x 2V and let y := f(x). The di�erential mapping of the mapping f at the pointx 2 V is the linear mapping dxf : Tx(V ) ! Ty(W ) indu
ed by the Ja
obianmatrix J(f)(x). The point x 2 V is a 
riti
al point of f if the rank of thedi�erential mapping dxf : Tx(V ) ! Ty(W ) is smaller than the dimension of V .A 
riti
al value of f is the image by f of a 
riti
al point.Any polynomial mapping f : V ! W between two algebrai
 sets V � Rnand W � Rm indu
es a ring homomorphism f� : Q[W ℄ ! Q[V ℄. A polynomialmapping f : V ! W is 
alled �nite if the 
orresponding ring homomorphismf� : Q[W ℄ ! Q[V ℄ is inje
tive and de�nes an integral extension of ring, i.e. ifany element f 2 Q[V ℄ satis�es a moni
 polynomial equation with 
oeÆ
ients inQ[W ℄. If a polynomial mapping f : V ! W is �nite, then the �ber f�1(y) ofany point y 2 W is a �nite set (see e.g. [Sha94℄).3 A Deformation Te
hnique.Let ef1; : : : ; efn be polynomials of Q[X1 ; : : : ; Xn℄, and let V � Rn be the algebrai
set de�ned by the polynomials ef1; : : : ; efn. Let T be a new indeterminate. Suppose



that we are given polynomials f1; : : : ; fn 2 Q[X1 ; : : : ; Xn; T ℄ su
h that the 
on-dition fx 2 Rn : f1(x; 0) = � � � fn(x; 0) = 0g = V holds. Let W � Rn+1 be thealgebrai
 set de�ned by f1; : : : ; fn. Let F : Rn�R ! Rn and � :W � Rn�R ! Rbe the semi-algebrai
 mappings de�ned by f(x; t) := �f0(x; t); : : : ; fn(x; t)� and�(x; t) := t respe
tively. Suppose that the 
ondition #���1(t)� < 1 holds. Inthis se
tion we are going to exhibit a 
ondition on the algebrai
 sets V and Wwhi
h implies the identity #V = #���1(t)� for any t 2 [0; 1℄.Let J(X;T )(F ) 2 Q[X1 ; : : : ; Xn; T ℄n�n+1 be the Ja
obian matrix of the poly-nomials f1; : : : ; fn with respe
t to the indeterminates X1; : : : ; Xn; T . Let JX(F )denote the (n � n){submatrix of J(X;T )(F ) 
onsisting of the �rst n 
olumns ofJ(X;T )(F ). We start with a simple suÆ
ient 
riterion to de
ide if a given point(x; t) 2W is not a 
riti
al point of the mapping �.Lemma 1. Let (x0; t0) 2 W be a point su
h that the 
onditiondet �JX (F )�(x0; t0) 6= 0holds. Then (x0; t0) is not a 
riti
al point of the mapping �.Proof. By the Impli
it Fun
tion Theorem (see e.g. [BCR98, Corollary 2.9.8℄),there exist open neighborhoods U0 � Rn of x0 and U1 of t0, and a uniquedi�erentiable mapping g : U1 ! U0 su
h that for any t 2 U1 the 
onditions�g(t); t� 2 W and det �JX(F )��g(t); t� 6= 0 hold. In parti
ular, g(t0) = x0.Sin
e f�g(t); t� = 0 holds for any t 2 U1, from the Chain Rule we dedu
e theidentity J(X;T )(F )�x0; t0� � �g0(t0); 1�t = (0; : : : ; 0)t: (3)Let v 2 Rn+1 be a nonzero tangent ve
tor of the variety W at the point(x0; t0). Then v satis�es the identityJ(X;T )(F )�x0; t0� � vt = (0; : : : ; 0)t: (4)Sin
e the matrix J(X;T )(F )�x0; t0� has rank n, from identities (3) and (4) we
on
lude that there exists a nonzero real number � su
h that v = ��g0(t0); 1�holds. Therefore, v is the tangent ve
tor of a 
urve C �W , parametrized by themapping eg : ��1U1 ! W de�ned by eg(t) := �g(�t); �t�, at the point t0 . Sin
e(� Æ eg)0(t0) = �, we have � belongs to the image of the mapping d(x0;t0)�. AsTt0R is an R{dimensional ve
tor spa
e of dimension 1, we 
on
lude that that themapping d(x0;t0)� : T(x0;t0)W ! Tt0R is surje
tive. This implies that the point(x0; t0) is not a 
riti
al point of the mapping �. utIn the next two lemmas we adapt the 
ontents of [HRS91, Lemma 7 andProposition 8℄ to our 
ontext.Lemma 2. Let t 2 [0; 1℄ be a non{
riti
al value of the mapping �, su
h thatthe �ber ��1(t) is non{empty and �nite. Then there exists " > 0 su
h thatthe semi-algebrai
ally 
onne
ted 
omponents C1; : : : ; Cs of the semi-algebrai
 set��1(t� "; t+ ") satisfy the following 
ondition: for any t0 2 (t� "; t+ "), the setsC1 \ ��1(t0); : : : ; Cs \ ��1(t0) are nonempty and semi-algebrai
ally 
onne
ted.



Proof. Let ��1(t) = f(x(1); t); : : : ; (x(s); t)g. Following the proof of Lemma 1 wededu
e that the algebrai
 set 
an be lo
ally parametrized, in a neighborhoodof the point (x(j); t), by a di�erentiable 
urve for 1 � j � s. Therefore, by
onsidering the restri
tion of the mapping � to a set W \ Rn � [t� e"; t+ e"℄ fore" > 0 suÆ
iently small, we may assume without loss of generality that W is a
ompa
t subset of Rn+1 .Sin
e (x; t) is not a 
riti
al point of the mapping �, there exists "� > 0su
h that the set ��1(t � "�; t + "�) 
ontains no 
riti
al point of the mapping�. Therefore, pro
eeding as in the proof of Lemma 1, we dedu
e that for anypoint (x; t0) 2 ��1(t� "�; t+ "�) there exists an open neighborhood U(x;t0) �Wof (x; t0), and a positive real number "(x;t0), su
h that � : W \ U(x;t0) ! �t0 �"(x;t0); t0 + "(x;t0)� is an homeomorphism. In parti
ular, we infer that for anyt0 2 (t � "�; t + "�), the set ��1(t0) \ U(x;t0) is 
onne
ted. Sin
e the set ��1[t�"�2 ; t + "�2 ℄ is 
ompa
t, there exist �nitely many points (x(1); t1); : : : ; (x(s); ts) 2��1[t � "�2 ; t + "�2 ℄ su
h that the open sets U(x(1);t1); : : : ; U(x(s);ts) 
over the set��1[t � "�2 ; t + "�2 ℄. Let " > 0 satisfy " < f "�2 ; "x1 ; : : : ; "xsg. Therefore for anyt0 2 (t� "; t+ ") the set ��1(t0) is 
ontained in the set U(x(1);t1) [ : : :[U(x(s);ts).Taking Cj := U(x(j);tj)\��1((t�"; t+")) for 1 � j � s, the statement of Lemma2 follows. utLemma 3. Let t1 < t2 be two elements of [0; 1℄ su
h that the interval (t1; t2)does not 
ontain any 
riti
al value of the mapping �, and the �ber ��1(t) ofany point t 2 (t1; t2) is �nite. Let C1; : : : ; Cs be the semi-algebrai
ally 
onne
ted
omponents of semi-algebrai
 set ��1(t1; t2). Then for any t 2 (t1; t2), the setsC1 \ ��1(t); : : : ; Cs \ ��1(t) are the semi-algebrai
ally 
onne
ted 
omponents ofthe algebrai
 set ��1(t). In parti
ular, the number of semi-algebrai
ally 
onne
ted
omponents remains 
onstant when t ranges over the interval (t1; t2).Proof. First, let us 
onsider arbitrary real numbers t01; t02 su
h that t1 < t01 <t02 < t2. Arguing in a similar way as at the beginning of the proof of Lemma 2,we dedu
e that the semi-algebrai
 set ��1([t01; t02℄) is 
ompa
t. Let C 01; : : : ; C 0s0be the 
onne
ted 
omponents of the set ��1([t01; t02℄). We 
laim that for anyt 2 [t01; t02℄ the sets C 01\��1(t); : : : ; C 0s0 \��1(t) are the semi-algebrai
 
onne
ted
omponents of the algebrai
 set ��1(t). In order to prove this assertion, weobserve that the interval [t01; t02℄ 
an be 
overed by �nitely many open intervalswith the properties stated in Lemma 2. These intervals 
an be arranged in a 
hainof su

essively overlapping members. Looking at the 
ommon values 
ontained inany two of these overlapping intervals we infer our 
laim just by gluing 
onne
tedsets together.Now, the statement of Lemma 3 follows easily from our 
laim, by 
onsideringany as
ending 
hain of 
losed intervals [t01; t02℄; [t001 ; t002 ℄; ::: 
overing the interval(t1; t2). utNow we 
an pro
eed to prove the main result of this se
tion. This resultasserts that, under the hypothesis that the mapping � does not have 
riti
al val-ues in the interval [0,1℄, the number of points of the set ��1(t) remains 
onstant



when t ranges over the interval [0,1℄. In parti
ular, the sets ��1(0) and ��1(1)have the same 
ardinality.Theorem 1. Let notations and assumptions be as above. Suppose that the map-ping � : W ! R has non 
riti
al values in the interval [0,1℄, and has a �nite�ber ��1(t) for any t 2 [0; 1℄. Then there exists a positive integer s su
h that#���1(t)� = s holds for any t 2 [0; 1℄.Proof. Applying Lemma 1 for t = 0; 1 we dedu
e that there exists natural num-bers s; s0 and 0 < " < 1 su
h the set ��1(t) has s 
onne
ted 
omponents for anyt 2 [0; "), and the set ��1(t) has s0 
onne
ted 
omponents for any t 2 (1�"; 1℄. Inparti
ular, we have #���1(0)� = s and #���1(1)� = s0. Applying Lemma 3 inthe interval (0; 1), we 
on
lude that #���1(t)� = #���1(t0)� for any t; t0 2 (0; 1).This implies s = s0 and the statement of Theorem 1. ut4 An Appli
ation Case.In this se
tion we are going to apply the deformation te
hnique des
ribed in theprevious se
tion in order to �nd the number of positive solutions of some spe
i�
polynomial equation systems.Let � 2 R>0 and let f; g 2 Q[X ℄ be polynomials whi
h de�ne in
reasingmappings in R>0 . Let us write g = g1 � g2, where g1; g2 2 Q[X ℄, g1 
ontains themonomials of g with positive 
oeÆ
ient, and g2 := g1 � g. For the sake of sim-pli
ity of proofs, we are going to assume furthermore that deg g1 = deg g > deg fand that g(0) = f(0) = 0 hold (these last hypotheses are nonessential and maybe removed using a somewhat more 
ompli
ated argumentation). For example,this 
onditions are satis�ed if f; g are monomials with positive 
oeÆ
ient su
hthat deg g > deg f . We are going to 
onsider the following sub-family of thefamily of systems (2):8>>>><>>>>:0 = n2�f(U2)� f(U1)�� 12g(U1);0 = n2�f(Uk+1)� 2f(Uk) + f(Uk�1)�� g(Uk) (2 � k � n� 1);0 = n2�f(Un�1)� f(Un)�� 12g(Un) + n�; (5)Parti
ular instan
es of this family of systems have already been 
onsidered ine.g. [CFQ91℄.Let us denote by V � Rn the set of solutions of system (5). It is easy to seethat V is a �nite set. In order to apply the deformation te
hnique of the previousse
tion, we are going to de�ne a suitable algebrai
 
urve W � Rn �R, with the



property that W \ Rn � f1g = V . Let T be a new indeterminate, and let8>>>><>>>>:0 = n2�f(U2)� f(U1)�� 12g(U1);0 = n2�f(Uk+1)� (1 + T )f(Uk) + Tf(Uk�1)�� g(Uk) (2 � k � n� 1);0 = n2T �f(Un�1)� f(Un)�� 12�g1(Un)� Tg2(Un)�+ 2n�: (6)Let � : W � (R>0 )n � R ! R the mapping indu
ed by the proje
tion onthe last 
oordinate. We are going to prove that all 
onditions required to applyTheorem 1 are satis�ed. Then, we shall be able to 
on
lude that #�V \(R>0 )n� =#���1(1)� = #���1(0)�. As the number #���1(0)� 
an be dire
tly determined,we will be able to determine the number of positive solution of system (5).Let us denote by f1; : : : ; fn 2 Q[U1 ; : : : ; Un; T ℄ the polynomials de�ning sys-tem (6), and let F := (f1; : : : ; fn). Let us observe that the Ja
obian matrixJU (F ) of the mapping F with respe
t to the indeterminates U1; : : : ; Un is thefollowing tridiagonal matrix:JU (F ) :=0BBBBBBBBBB�
�n2f 0(U1)� 12g0(U1) n2f 0(U2)n2Tf 0(U1) �n2(1 + T )f 0(U2)� g0(U2) . . .. . . . . . n2f 0(Un�1)n2Tf 0(Un�1) h(Un)

1CCCCCCCCCCA ;
where h(Un) := �n2Tf 0(Un) � 12�g01(Un) � Tg02(Un)�. From the de�nition ofthe polynomials f; g we easily dedu
e that JU (F )(u; t) is a stri
tly diagonallydominant matrix of Rn�n for any point (u; t) 2 Rn+1 . Therefore, Lemma 1implies that no solution (u; t) 2 Rn+1 of system (6) is a 
riti
al point of themapping �. Hen
e no value t 2 [0; 1℄ is a 
riti
al value of the mapping �.Now we show that the �ber ��1(t) is a �nite set for any t 2 [0; 1℄.Lemma 4. For any t 2 [0; 1℄, the �ber ��1(t) is a �nite set.Proof. We 
laim that the homomorphism of rings �� : Q[T ℄ ! Q[W ℄ indu
es anintegral extension ring. This is equivalent to prove that Q[W ℄ is a �nitely gener-ated Q[T ℄{module (see e.g. [Sha94℄). Let u1; : : : ; un be the 
oordinate fun
tions ofQ[W ℄ indu
ed by the indeterminates U1; : : : ; Un. Then any of the equations de�n-ing system (6) indu
es an equation in Q[W ℄ involving the 
oordinate fun
tionsu1; : : : ; un. Considering the right{hand side members of the equations de�ning



system (6) as elements of the polynomial ring Q[T ℄[U1 ; : : : ; Un℄, we observe thatthe highest degree term (in the variables U1; : : : ; Un) of the right{hand side mem-ber of the k{th equation of system (6) is a monomial 
kUNkk with 
k 2 Qnf0g andNk 2 N for 1 � k � n. We 
on
lude that Q[W ℄ is generated, as Q[T ℄{module,by the monomials uj11 � � �ujnn with jk < Nk for 1 � k � n. In parti
ular, Q[W ℄ isa �nitely generated Q[T ℄{module, and the mapping � is a �nite morphism. Thisimplies that the �ber ��1(t) is a �nite set for any t 2 [0; 1℄. utFinally, we determine the number of positive real of solutions system (5). Infa
t, we have:Theorem 2. System (5) has exa
tly one solution in (R>0 )n.Proof. Lemma 4 and the above remarks show that system (6) satis�es the hy-potheses of Theorem 1. We 
on
lude that #���1(1)� = #���1(0)� holds. There-fore, in order to prove the statement of Theorem 2 there remains to show that#���1(0)� = 1 holds. Observe that ��1(0) = eV �f0g, where eV � (R>0 )n is thesemi-algebrai
 set de�ned by the solutions (u1; : : : ; un) 2 (R>0 )n of the followingpolynomial equation system:8>>>><>>>>:0 = n2�f(U2)� f(U1)�� 12g(U1);0 = n2�f(Uk+1)� f(Uk)�� g(Uk) (2 � k � n� 1);0 = n�� 12g1(Un): (7)Sin
e g1 is an inje
tive in
reasing fun
tion in R>0 with g1(0) = 0, there exists aunique positive real solution un of the equation n�� 12g1(Un) = 0. Now we showthat for any 1 � k � n� 1, there exist unique values uk; : : : ; un 2 R>0 satisfyingthe last n � k + 1 equations of system (7). We argue by indu
tion on n � k.Let k < n and suppose that our statement holds for k + 1. Therefore, thereexist unique values uk+1; : : : ; un 2 (R>0 )n satisfying the last n � k equationsof system (7). Then any possible value uk 2 R>0 must satisfy the equationn2f(uk+1) = n2f(Uk) + g(Uk). Sin
e the polynomial p(Uk) := n2f(Uk) + g(Uk)de�nes an in
reasing mapping on R>0 and satis�es p(0) = 0, there exists a uniquevalue uk 2 R>0 satisfying the equation n2f(uk+1) = p(Uk). This 
ompletes ourindu
tive argument and shows that system (7) has exa
tly one solution in (R>0)n.utReferen
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