
CHAIN DECOMPOSITION AND THE FLAG f-VECTORPATRICIA HERSHDedi
ated to the memory of Rodi
a Simion.Abstra
t. Ehrenborg introdu
ed a quasi-symmetri
 fun
tion en
oding, de-noted FP , for the 
ag f-ve
tor of any �nite, graded poset P with 0̂ and 1̂.Stanley observed that FP is a symmetri
 fun
tion whenever P is lo
ally rank-symmetri
 and asked for 
onditions under whi
h FP is S
hur-positive. Weprovide formulas for FP for three 
lasses of lo
ally rank-symmetri
 posets:graded monoid posets, generalized posets of shu�es and non
rossing partitionlatti
es for 
lassi
al re
e
tion groups. Our 
ag f-ve
tor expressions for gener-alized shu�e posets and non
rossing partition latti
es exhibit S
hur-positivity,while graded monoid posets do not always have S
hur-positive 
ag f-ve
tor.Ea
h of our 
ag f-ve
tor expressions results from a poset 
hain de
om-position. For the non
rossing partition latti
es and shu�e posets, these alsoyield symmetri
 
hain de
ompositions (by restri
tion to 1-
hains), shellabilityand supersolvability results and 
ombinatorial formulae in
luding 
hara
ter-isti
 polynomial and zeta polynomial. Our (more 
ompli
ated) 
ag f-ve
torexpression for graded monoid posets involves Gr�obner bases and a weightednotion of M�obius fun
tion for the poset of partitions of a multiset and relatedmultiset interse
tion posets.1. Introdu
tion.This paper gives 
hain de
ompositions and 
onsequent 
ag f -ve
tor formulas interms of symmetri
 fun
tions for several 
lasses of posets: the non
rossing partitionlatti
es for 
lassi
al re
e
tion groups, monoid posets and two generalizations ofposets of shu�es. Re
all that the 
ag f-ve
tor of a �nite poset P of rank n is afun
tion �P 
ounting 
hains of rank set S for ea
h S � f1; : : : ; n� 1g, so it re�nesthe f -ve
tor for the order 
omplex of P . The order 
omplex of P , denoted �(P ),is the simpli
ial 
omplex whose r-fa
es are the 
hains 0̂ < u0 < � � � < ur < 1̂ of
omparable poset elements.For ea
h S = fr1; : : : ; rkg � f1; : : : ; n�1g, �P (S) is de�ned to be the number of
hains in P 
onsisting of elements at exa
tly the ranks in S. Ehrenborg introdu
eda quasi-symmetri
 fun
tion en
oding for the 
ag f -ve
tor, denoted by FP , in [Eh,p. 9℄. Summing over multi
hains in P 
ontaining exa
tly one 
opy of 1̂ and at leastone 
opy of 0̂, FP is de�ned byFP = X0̂=t0�t1�����tk�1<tk=1̂x�(t0 ;t1)1 x�(t1;t2)2 � � �x�(tk�1;tk)k ;letting �(x; y) denote rk(y)� rk(x) and letting k range over the positive integers.1991 Mathemati
s Subje
t Classi�
ation. 05E25,06A07,05E05.This work was supported by a Hertz Foundation Graduate Fellowship.1



2 PATRICIA HERSHSe
tion 2 makes expli
it how the di�erent symmetri
 fun
tion bases a

ount forthe 
ontribution to FP of di�erent types of 
olle
tions of poset 
hains, des
ribedby their stru
ture within the order 
omplex. Most of the posets we study haveEL-labellings in whi
h ea
h de
reasing 
hain indexes a Boolean algebra within theoriginal poset. The order 
omplex of any su
h Boolean algebra is the Coxeter
omplex of type A. The S
hur fun
tion s� and the power-sum symmetri
 fun
tionp� ea
h a

ount for the 
ontribution to FP of a region of the type A Coxeter 
omplexspe
i�ed by �. This will allow us to obtain expressions for FP for various posetsP from de
ompositions of the order 
omplex into regions whi
h ea
h 
ontribute aS
hur fun
tion or power-sum symmetri
 fun
tion.Lemma 2.2 shows that ea
h skew-S
hur fun
tion s�=� a

ounts for a pat
h ofthe type A Coxeter 
omplex bounded by hyperplanes ai = aj . More spe
i�
ally,the region is the restri
tion to the type A Coxeter 
omplex (whi
h is a sphere) ofan interse
tion of open and 
losed half-spa
es, spe
i�ed by the inequalities on theentries of a semi-standard Young tableau of shape �=� whi
h for
e them to in
reaseweakly in rows and stri
tly in 
olumns. Elementary and 
omplete homogeneoussymmetri
 fun
tions are treated as spe
ial 
ases of Lemma 2.2. On the other hand,ea
h power-sum symmetri
 fun
tion will a

ount for the restri
tion to the sphereof a parti
ular subspa
e whi
h belongs to the type A Coxeter arrangement.The remainder of the se
tion applies our approa
h to the non
rossing partitionlatti
eNC4 as an indi
ation of how FP is 
omputed by 
hain de
omposition and howthis leads to a variety of appli
ations. Re
all that a partition of the set f1; : : : ; ng isnon
rossing if the numbers 1; : : : ; n may be pla
ed on a number line with ar
s abovethe line 
onne
ting numbers in the same 
omponent in su
h a way that all the ar
sare non
rossing; the non-
rossing partition latti
e NCn is the poset of non
rossingpartitions of f1; : : : ; ng ordered by re�nement. NC4 de
omposes into �ve Booleanalgebras spe
i�ed by the trees in Figure 1. We let the ar
s 
onne
t the numbers1; 2; 3; 4, listed sequentially. Any subset of the ar
s in one of these trees yields a

Figure 1. A partial order on Boolean algebras in NC4non
rossing partition; the non
rossing partitions that are a
hievable using only thear
s in a parti
ular tree sit inside NC4 as a Boolean algebra. We partially orderthe trees as in Figure 1 and then assign ea
h 
hain to the earliest tree giving rise toit. For example, the 
hain 1j2j3j4! 13j2j4! 1234 is assigned to the leftmost treebe
ause this 
hain may be 
onstru
ted using only the ar
s in this tree, but 
annotbe 
onstru
ted using only the ar
s in the tree below it.



CHAIN DECOMPOSITION AND THE FLAG f -VECTOR 3For NC4, the 
hains in the earliest tree in Figure 1 
ontribute the elementarysymmetri
 fun
tion e31 to FP while the three intermediate trees ea
h add e1e2 toFP and the last tree 
ontributes e3 to FP . Summing these 
ontributions yieldsFP = e31+3e1e2+ e3. Stanley initiated an investigation of posets for whi
h FP is asymmetri
 fun
tion in [St2℄, and in parti
ular he observed that FP is a symmetri
fun
tion whenever P is lo
ally rank-symmetri
; re
all that a poset is lo
ally rank-symmetri
 if ea
h interval (u; v) is rank-symmetri
, that is, if ea
h interval hasequal numbers of elements at rank r and at 
o-rank r for 0 � r � rk(v) � rk(u).The posets we study are all lo
ally rank-symmetri
. In Se
tion 3, we re
over 
ag f -ve
tor formulas for the non
rossing partition latti
es for 
lassi
al re
e
tion groups,by a 
hain de
omposition into regions ea
h 
ontributing an elementary symmetri
fun
tion to FP . Se
tion 4 uses skew-S
hur fun
tions of ribbon shape to 
ount 
hainsin generalized shu�e posets. Se
tion 5 determines FP for graded monoid posets interms of power-sum symmetri
 fun
tions, using Gr�obner bases and weighted M�obiusfun
tions for the poset of partitions of a multiset and related posets.Stanley 
onje
tured in [St2, p. 6℄ that S
hur-positivity of FP for lo
ally rank-symmetri
 posets should be related to Cohen-Ma
aulayness. He later observedin [St3, p. 5℄ that graded monoid posets 
an be shellable without having S
hur-positive 
ag f -ve
tor. One reason to be interested in when FP is S
hur-positiveis the following observation of Stanley: whenever FP is a symmetri
 fun
tion, thenumber of maximal 
hains in P is the dimension of the virtual symmetri
 grouprepresentation with FP as Frobenius 
hara
teristi
, so there 
ould be a symmetri
group a
tion on maximal 
hains whi
h has Frobenius 
hara
teristi
 equalling FPor !FP . In [St2℄, Stanley introdu
ed the notion of lo
al symmmetri
 group a
tionson maximal 
hains, and then [SS℄ gave 
onditions under whi
h lo
al a
tions haveFrobenius 
hara
teristi
 FP or !FP . Our 
hain de
ompositions give 
onstru
tiveproofs of S
hur-positivity for generalized shu�e posets and non
rossing partitionlatti
es, whi
h we hope provide some hint of what order 
omplex stru
ture trans-lates to S
hur-positivity.Se
tion 6 provides appli
ations of the 
hain de
ompositions for generalized shuf-
e posets and non
rossing partition latti
es, beginning with several 
ombinatorialformulas. We then spe
ialize 
hain de
ompositions to 1-
hains to obtain symmetri

hain de
ompositions and to maximal 
hains to obtain the orbits of lo
al symmetri
group a
tions. The 
hain de
ompositions also drew to our attention the existen
eof M -
hains in the various types of shu�e posets and in the non
rossing partitionlatti
es of type A, yielding short proofs of supersolvability in ea
h of these 
ases.For example, the saturated 
hain 1j2j3j4! 12j3j4! 123j4! 1234 turns out to bean M -
hain in NC4, essentially be
ause it belongs to ea
h of the boolean algebrasshown in Figure 1. Figure 2 gives an example of a symmetri
 boolean de
ompo-sition for NC4 whi
h yields a symmetri
 
hain de
omposition. The non
rossingpartitions assigned to any parti
ular tree in a symmetri
 boolean de
ompositionare those given by all the solid ar
s and any subset of the dashed ar
s in that tree.Noti
e that the 
hoi
e of whi
h subset of the dashed ar
s to in
lude for ea
h treeabove determines a symmetri
ally pla
ed boolean algebra.2. Topologi
al interpretations for symmetri
 fun
tion basesOur 
hoi
e of symmetri
 fun
tion basis for a parti
ular 
lass of posets will dependvery mu
h on the nature of the regions into whi
h we de
ompose its order 
omplex



4 PATRICIA HERSH
Figure 2. A symmetri
 boolean de
omposition for NC4topologi
ally, so let us �rst show how symmetri
 fun
tion bases naturally re
ordthe 
ontribution to FP by di�erent types of regions in a type A Coxeter 
omplex.Se
tions 2, 3 and 5 de
ompose several 
lasses of posets into 
olle
tions of 
hainsea
h of whi
h may be embedded via edge-labellings into Boolean latti
es.De�nition 2.1. Let C be a 
olle
tion of 
hains in a poset P and let M be theset of multi
hains whose support are 
hains in C. Then M 
ontributes to FPthe quasi-symmetri
 fun
tion f if f is obtained by restri
ting FP to a sum overmulti
hains in M.Let � be a number partition into k parts. Re
all that the 
omplete homoge-neous symmetri
 fun
tions are de�ned by hn = Pa1�����an xa1 � � �xan and h� =h�1 � � �h�k . Weak inequalities are repla
ed by strong ones in the elementary sym-metri
 fun
tions, where we have en = Pa1<���<an xa1 � � �xan and e� = e�1 � � � e�k .The power-sum symmetri
 fun
tions satisfy pn = Pi>0 xni and p� = p�1 � � � p�k .We shall use the de�nition for the skew-S
hur fun
tion s�=� as the sum over semi-standard Young tableaux (SSYT) of skew-shape �=�, where ea
h summand is amonomial x�(T ), letting �(T ) be the 
ontent of the SSYT T .Ehrenborg observed that FP�Q = FPFQ [Eh, p. 9-10℄. Figure 3 gives an example

�������������������������������������� t t t t tx1x23 x21x2x3x31x2x33 = (x1x23)(x21x2x3)
ttttt t t tt

Figure 3. FP�Q = FPFQof how a multi
hain in P together with a multi
hain in Q give rise to a multi
hainin P �Q su
h that the 
orresponding monomials in FP and FQ are multiplied toget the 
orresponding monomial in FP�Q. When su
h a pair of multi
hains in Pand Q di�er in length, one must �rst augment the shorter one with 
opies of 1̂before applying this 
onstru
tion to obtain a multi
hain in P �Q.Let us 
olle
t some useful fa
ts about FP .(1) FP�Q = FPFQ



CHAIN DECOMPOSITION AND THE FLAG f -VECTOR 5(2) FP = hn when P is a 
hain Cn+1, sin
e ea
h possible monomial of degreen is 
ontributed to FP by a single multi
hain in Cn+1.(3) FP = h� when P is the produ
t of 
hains C�1+1� � � � �C�k+1, by 1 and 2.(4) The 
olle
tion of multi
hains in Cn+1 whi
h never jump in rank by morethan one between 
onse
utive multi
hain elements 
ontributes en to FCn+1 .Hen
e, e� a

ounts for exa
tly those multi
hains in C�1+1 � � � � � C�k+1whi
h jump by at most one in ea
h 
oordinate between 
onse
utive multi-
hain elements.(5) Let C�=� be the set of 
hains in a Boolean algebra Bn that 
orrespondto the region of its order 
omplex that is bounded by the 
onstraints thatentries of �=� must in
rease weakly in rows and stri
tly in 
olumns. ThenC�=� 
ontributes s�=� to FBn , as is shown in Lemma 2.2.(6) Let D� denote the 
hains in Bn 
orresponding to the type A Coxeter ar-rangement regions in a subspa
e of type �. Then Proposition 2.4 will showthat D� 
ontributes p� to FBn .Simion and Stanley expressed the above relationship between h� and e� in 3 and 4in terms of labellings known as R�S-labellings in [SS, p. 16-21℄. We will use 5 and6 together with other types of 
hain-labellings and 
hain de
ompositions to express
ag f -ve
tors in terms of S
hur fun
tions and power-sum symmetri
 fun
tions.Now let us set up notation for Lemma 2.2 and Proposition 2.4. Ea
h Booleanalgebra multi
hain 0̂ = v0 � v1 � � � � � vk�1 < vk = 1̂ gives a string of in
lusions; = S0 � S1 � � � � � Sk�1 � Sk = fa1; : : : ; ang. Let V be a real ve
tor spa
ewith 
oordinates a1; : : : ; an, and let W be the subspa
e with the linear 
onstraintPni=1 ai = 0. Assign ea
h multi
hain in Bn to an interse
tion of hyperplanes andhalf-spa
es inW as follows. Partition fa1; : : : ; ang into ordered blo
ksA1; : : : ; Ak byletting SinSi�1 = Ai for 1 � i � k. A multi
hain is then assigned to the interse
tionof all the hyperplanes aj = aj0 su
h that aj ; aj0 2 Ai for some 1 � i � k and all theopen half-spa
es aj < aj0 su
h that aj 2 Ai and aj0 2 Ai0 for some 1 � i < i0 � k.Re
all that the type A Coxeter arrangement is generated by the hyperplanesai = aj for 1 � i < j � n. These hyperplanes de
ompose the W -sli
e of the unitspherePni=1 a2i = 1 into the type A Coxeter 
omplex. We will exploit the fa
t thatthe type A Coxeter 
omplex has the same fa
e stru
ture as the order 
omplex ofa Boolean algebra, by the map above whi
h sends 
hains in a Boolean algebra tointerse
tions of hyperplanes and half spa
es in the Coxeter arrangement, i.e. to aregion on the unit sphere. This point of view is informed by [HRW, p. 5-11℄.In what follows below, let Bn 
onsist of the subsets of S = fai;j j�i < j � �igfor some skew-shape �=� of size n. We get a system of inequalities, spe
ifying aregion in a subspa
e arrangement embedded in the type A Coxeter arrangement,from the requirements that entries in a semi-standard Young tableau of shape �=�in
rease weakly in rows and stri
tly in 
olumns. Ea
h pair of neighboring boxesin positions (i; j) and (i; j + 1) implies a weak inequality ai;j � ai;j+1, while ea
hpair of neighboring boxes in positions (i; j) and (i+ 1; j) yields a stri
t inequalityai;j < ai+1;j . Let n = l � k for � � � satisfying � ` k and � ` l.Lemma 2.2. The 
olle
tion of multi
hains in a Boolean algebra Bn satisfyingthe 
onstraints des
ribed above for the skew-shape �=� 
ontributes the skew-S
hurfun
tion s�=� to FBn .



6 PATRICIA HERSHproof. This is a dire
t 
onsequen
e of the 
ombinatorial de�nition of skew-S
hurfun
tion. Considering s�=� as a sum over the semi-standard Young tableaux ofshape �=�, we need only show that ea
h su
h tableau giving rise to a monomialof 
ontent � 
orresponds bije
tively to a multi
hain in the bounded region whi
h
ontributes x� to FP . The bije
tion 
omes from pla
ing the number d in the boxat position (i; j) in a SSYT of shape �=� for ai;j 2 Sd n Sd�1 in the 
orrespondingmulti
hain ; = S0 � � � � � Sk�1 � Sk = fai;j j�i < j � �ig. The 
onstraints onmulti
hains in a region are designed to 
orrespond naturally to the 
onstraints onsemi-standard Young tableaux entries so that legal multi
hains are mapped to legalSSYT. The monomials will agree be
ause jSdj � jSd�1j for a multi
hain will be thenumber of boxes labelled d in the 
orresponding SSYT. 2Example 2.3. The SSYT in Figure 4 
ontributes the monomial x1x22x3x5x26 to the
2 36512 6Figure 4. A semi-standard Young tableau of 
ontent (1; 2; 1; 0; 1; 2)skew-S
hur fun
tion s(4;4;3)=(3;1). The multi
hain ; � fa2;2g � fa2;2; a3;1; a3;2g �fa2;2; a3;1; a3;2; a1;4g � fa2;2; a3;1; a3;2; a1;4g � fa2;2; a3;1; a3;2; a1;4; a2;3g � fa2;2;a3;1; a3;2; a1;4; a2;3; a2;4; a3;3g whi
h 
orresponds via Lemma 2.2 to this SSYT 
on-tributes the same monomial x1x22x3x5x26 to FP .A subspa
e S in the Coxeter arrangement 
orresponds to a partition � of [n℄ byletting i; j belong to the same blo
k in � for ea
h i; j su
h that S satis�es ai = aj .The type of a subspa
e is the number partition of n whi
h re
ords the blo
k sizes.Proposition 2.4. The multi
hains in Bn that lie in a subspa
e of type � in �(Bn)
ontribute p� to FBn .proof. Re
all that xn11 : : : xnjj a

ounts for the 
ontribution to FP of a multi
hainwith jumps of sizes n1; : : : ; nj . Sin
e p� = p�1p�2 � � � p�k and pr =Pi>0 xri , we notethat p� will a

ount for all multi
hains with a parti
ular 
olle
tion of jumps of sizes�1; : : : ; �k taken in any order or with any of these jumps merged together. Theseare exa
tly the multi
hains assigned to a subspa
e of type �, be
ause requiring
oordinates to be equal amounts to insisting they o

ur in the same jump in amulti
hain. Merging jumps is taking interse
tions of subspa
es, e.g. interse
tinga1 = � � � = a�1 with a�1+1 = � � � = a�1+�2 . 23. Non
rossing partition latti
es for the 
lassi
al refle
tion groupsReiner generalized the non
rossing partition latti
e NCn (de�ned in the intro-du
tion) to the 
lassi
al re
e
tion groups in [Re℄, by viewing partitions as sub-spa
es in a Coxeter arrangement and making a notion of non
rossing for subspa
esof various types. Re
all that the type B Coxeter arrangement is generated by thehyperplanes xi � xj = 0 for 1 � i � j � n. Let us partition �1;�2; : : : ;�n so thati is in the same 
omponent as j if and only if �i is in the same 
omponent as �j.



CHAIN DECOMPOSITION AND THE FLAG f -VECTOR 7To de�ne type B non
rossing partitions, the numbers 1; 2; : : : ; n;�1;�2; : : : ;�n arepla
ed 
lo
kwise about a 
ir
le with ea
h i opposite �i. Let i C j if i is at most 180degrees 
ounter
lo
kwise from j, noting that this is not a transitive relation. A typeB partition is non
rossing if a C b C 
 C d and a C d for a; 
 2 C1 and b; d 2 C2implies C1 = C2. This is analogous to the type A 
ondition be
ause non
rossingar
s may be drawn inside the 
ir
le 
onne
ting the elements of ea
h 
omponent.Note that the 
ondition that i; j 2 C if and only if �i;�j 2 �C amounts to 180degree rotational symmetry. For ea
h 
omponent C there will be a 
omponent �Csu
h that j 2 C if and only if �j 2 �C. In parti
ular, one 
omponent may satisfyC = �C. When su
h a 
omponent exists, this is 
alled the 0-
omponent and isdenoted by C0. The non
rossing property pre
ludes the existen
e of more than one0-
omponent.The type B non
rossing partition latti
e is the latti
e of type B non
rossingpartitions ordered by re�nement. The type D non
rossing partition latti
e isthe restri
tion to non
rossing partitions with C0 6= f�ig for 1 � i � n, sin
e typeD ex
ludes hyperplanes of the form xi = 0. The interpolating BD non
rossingpartition latti
es, denoted NCBDS , are indexed by sets S � f1; : : : ; ng. NCBDS
onsists of those elements of the type B non
rossing partition latti
e whi
h haveC0 6= f�ig for i 2 S.To give a 
hain de
omposition, we shall partially order a 
olle
tion of Booleanalgebras 
omprising a homology basis. We begin with type A. In this 
ase, theBoolean algebras are indexed by the unlabelled, rooted planar trees on n verti
es.We re
over the following result of Stanley, before applying a similar 
hain de
om-position to the non
rossing partition latti
es of other types.Theorem 3.1 (St3). Let T be the set of unlabelled, rooted planar trees on n ver-ti
es, and for ea
h t 2 T , let mi(t) be the number of 
hildren the i-th tree elementen
ountered in depth-�rst-sear
h order has. ThenFNCA(n) =Xt2T em1(t)em2(t) � � � emn(t):proof. List the numbers 1; : : : ; n sequentially on a number line, and then t 2 T isspe
i�ed by a 
olle
tion of n�1 non
rossing ar
s above the number line so that ea
hnumber ex
ept 1 (whi
h serves as tree root) is the right endpoint of exa
tly onear
, 
onne
ting the number to its parent in the tree. For any parti
ular su
h tree,ea
h subset of its ar
s spe
i�es a di�erent non
rossing partition whose 
omponentsare the graph 
omponents. Figure 5 gives an example. The non
rossing partitionsgiven by the subsets of the ar
s in any �xed tree sit inside the non
rossing partitionlatti
e as a Boolean algebra.
Figure 5. A boolean algebra in NCAn



8 PATRICIA HERSHRemark 3.2. These Boolean algebras for type A are impli
it to the EL-labellingof Bj�orner-Gessel for NCAn given by �(u; v) = max(minB1;minB2), where B1; B2are the 
omponents of u to be merged in v.The 
overing relation merging B1 and B2 in a saturated 
hain may be repre-sented by the tree ar
 
onne
ting minB1 to minB2, to give a bije
tion betweenthe de
reasing 
hains in the EL-labelling of Bj�orner-Gessel and the rooted, unla-belled planar trees. Our 
hain de
omposition will result from an ordering on theseBoolean algebras, ea
h of whi
h 
ontains exa
tly one de
reasing 
hain in the aboveEL-labelling. Let us now des
ribe this partial order on trees. The tree 
omprisedof ar
s i; i+1 for ea
h 1 � i � n� 1 will serve as the minimal element. If two treesu and v agree ex
ept that u has ar
s i; j and j; k while v has ar
s i; j and i; k forsome i < j < k, then we have a 
overing relation u � v. These are all the 
overingrelations.
i j i j kk

�Figure 6. Covering relations for trees in NCAnNow assign ea
h 
hain to the earliest tree whose 
orresponding Boolean algebra
ontains it. This Boolean algebra is obtained by taking the lexi
ographi
ally earliestextension of the 
hain to a saturated 
hain M , in terms of the EL-labelling ofBj�orner-Gessel, and then drawing the tree whi
h has ar
s from minBi to minBjfor ea
h pair of blo
ks Bi; Bj that is merged by some 
overing relation of M .For ea
h tree, note that the multi
hains assigned to the 
orresponding Booleanalgebra satisfy the following property: if two ar
s have the same left endpoint, thenthe ar
 with right endpoint farther to the right must be inserted stri
tly earlierthan the other ar
. Otherwise, there would be an earlier tree whi
h has thesear
s ij and ik repla
ed by ar
s ij and jk, as in Figure 6. Letting ai;1; : : : ; ai;mi(t)denote the multi
hain steps at whi
h themi(t) ar
s with left endpoint i are inserted,multi
hains 
ontributed by t to FP must satisfy the stri
t inequalitiesa1;1 < � � � < a1;m1(t)a2;1 < � � � < a2;m2(t): : :an;1 < � � � < an;mn(t):We may now apply Lemma 2.2 to obtain the desired 
ag f -ve
tor formula. 2See [St3, p. 6℄ and [Ed, p. 173-174℄ for earlier proofs of the above result by othermethods. Next let us 
onsider non
rossing partition latti
es for the other 
lassi
alre
e
tion groups. One may de�ne 
ir
ular tree diagrams whi
h preserve 180 degreerotational symmetry for type B. If there is an ar
 i; j with i no more than 180degrees 
ounter
lo
kwise from j, then we 
onsider i to be the parent of j in thistreelike stru
ture. Every node must have a parent, and we denote an ar
 by i; jwhere i is the parent of j.



CHAIN DECOMPOSITION AND THE FLAG f -VECTOR 9Theorem 3.3. If P is the type B non
rossing partition latti
e NCB(n) and T isthe 
olle
tion of possible tree diagrams, thenFP =Xt2T em1(t) : : : emn(t) = X�2Nn�1+���+�n=n e�:proof. Tree diagrams give rise to Boolean algebras, by taking subsets of the ar
swhi
h preserve 180 degree rotational symmetry, su
h as the set of dashed ar
s inFigure 7. These type B tree diagrams are partially ordered in a similar fashion tothe type A situation: we say u � v if u and v agree ex
ept that u has ar
s i; jand j; k while v has ar
s i; j and i; k. We get a system of stri
t inequalities, just as
-3

-1

2

-5

5

-2 6

4

3

1

-4

-6

Figure 7. A Boolean algebra in NCBnin the type A 
ase. Summing FP over pie
es of a 
hain de
omposition yields thedesired 
ag f -ve
tor formula, agreeing with the formula in [Re, p.13℄. 2For example, FNCB(3) = e31 + 6e1e2 + 3e3. In the 
ase of interpolating-BDnon
rossing partitions, the allowable 
ir
ular tree diagrams are those whi
h do notin
lude an ar
 from i to �i for any i 2 S. The 
hain de
omposition for type Brestri
ts to this 
ase be
ause the partial order on 
ir
ular tree diagrams does notin
lude any 
overing relations u � v where u is forbidden and v is a legal 
ir
ulartree diagram.Corollary 3.4. If P is the interpolating-BD non
rossing partition latti
e NCBDS ,then FP =Xt2T em1(t) : : : emn(t) = X�2Nn\PFS�1+���+�n=n e�for PFS = Ti2Sf�j�i + � � �+ �j < j � i+ 1 for some i � j � n or �i + � � �+ �n +�1 + � � �+ �j < j + n� i+ 1 for some j < ig.4. Generalized shuffle posetsGreene de�ned and studied posets of shu�es in [Gr, p. 191-192℄. We will provide
ag f -ve
tor formulas for two generalizations, but �rst we review Greene's originalde�nition. Let A1 = fa1; : : : ; amg and A2 = fb1; : : : ; bng be two disjoint alphabets,let w1 be the word a1a2 � � �am and let w2 be the word b1b2 � � � bn. The traditionalshu�e poset, denoted Wm;n, 
onsists of all subwords of the words w1 w2 whi
h



10 PATRICIA HERSHare obtained by interspersing the letters of w1 with the letters of w2. Thus, a shu�edword w1 w2 must satisfy w1 w2jA1 = w1 and w1 w2jA2 = w2. Denote theelements of Wm;n by u1 u2 where u1 u2jA1 = u1 is a subword of w1 andu1 u2jA2 = u2 is a subword of w2. Let w1 be the minimal element ofWm;n, let w2be the maximal element of Wm;n, and there is a 
overing relation u � v wheneverv is obtained from u by either deleting a letter belonging to A1 or inserting aletter belonging to A2 in a way that produ
es a poset element. It is impli
it to thisde�nition that ea
h letter o

urs with multipli
ity one. Greene's original motivationwas to provide a (very idealized) model for DNA mutation.4.1. Shu�e posets of multisets. Stanley generalized shu�e posets to allow rep-etition of letters in the words to be shu�ed, leading to posets 
alled shu�e posets ofmultisets (personal 
ommuni
ation). Let w1 and w2 be words on disjoint alphabets,with the 
onstraint that identi
al letters must always appear 
onse
utively withinw1 and w2. We refer to the 
omposition � = (�1; : : : ; �k) as the type of the wordw = a�11 � � � a�kk . Suppose two su
h words w1 and w2 are of types �, �, respe
tively.These 
ompositions �; � 
ompletely determine the shu�e poset of multisets givenby w1 and w2 up to isomorphism, so we denote this poset W�;� . As in traditionalshu�e posets, a word w is an element of W�;� if w restri
ted to the alphabet A1 isa subword of w1 and w restri
ted to the alphabet A2 is a subword of w2, but withthe additional requirement that identi
al letters must o

ur 
onse
utively.

������������ ������������ ������ ������ ������������
ttt
ttt ttt

t
ttt
ttt tt

aaa = w1aaab
aaabbaabbabb

aababbaababaaabbaaabbaa bba
aaa
;bbb = w2

Figure 8. The shu�e poset of multisets W3;2For example, if w1 = aaab and w2 = 
, then aa
b is a valid poset element whilea
ab; ba and aaaa are not. Figure 8 illustrates the poset W3;2 with w1 = aaa andw2 = bb. The traditional shu�e posets are usually denotedWm;n, but unfortunatelyin the notation of shu�e posets of multisets this ne
essarily be
omes W1m;1n .Theorem 4.1. The 
ag f-ve
tor FW�;� ismin(l(�);l(�))Xj=0 X1�a1<���<aj�l(�)1�b1<���<bj�l(�)  jYi=1 s(�ai+�bi�1;�bi )=(�bi�1)!0� Yi62fa1;:::;ajg s�i1A0� Yi62fb1;:::;bjg s�i1A :



CHAIN DECOMPOSITION AND THE FLAG f -VECTOR 11This is a spe
ial 
ase of the result for k-shu�e posets, so we will prove the moregeneral result and simply state the spe
ial 
ase above.In the 
ase of traditional shu�e posets, this be
omesFW1m;1n = min (m;n)Xj=0 �mj ��nj�ej2en+m�2j1 ;so we re
over a result of [SS, p.21℄ for traditional shu�e posets. To see this, simplysubstitute e2 for s(1;1) and e1 for s1 in Theorem 4.1 and group like terms.Corollary 4.2. FW�;� is S
hur-positive.4.2. k-shu�e posets. More generally, posets for shu�ing k words were introdu
edin [He2℄, answering a question of Stanley. A k-shu�e poset is spe
i�ed by k wordsw1; : : : ; wk on disjoint alphabets. Identi
al letters within any parti
ular wi are againrequired to o

ur 
onse
utively. A k-shu�e poset is determined up to isomorphismby an ordered set of k 
ompositions spe
ifying the types of the words w1; : : : ; wk tobe shu�ed. Let �(i) be the type of the word wi for 1 � i � k, and let W�(1) ;:::;�(k)denote the k-shu�e poset spe
i�ed by w1; : : : ; wk. Let ui denote a subword of wiand u
i be the 
omplementary word within wi. Poset elements will be 
onsistent
olle
tions of pairwise shu�ed words, in the following sense.De�nition 4.3. Fix a 
hoi
e of subwords u1; : : : ; uk of the words w1; : : : ; wk. Thena 
olle
tion fu
i uj ji < jg of pairwise shu�ed words is 
onsistent if there issome shu�ed word w1 : : : wk whi
h 
ontains ea
h u
i uj as a subword.Covering relations are de�ned in terms of an operation 
alled del-sertion.De�nition 4.4. Let C be a 
onsistent 
olle
tion fu
i uj ji < jg of pairwise shuf-
ed words and let b be a letter belonging to some u
l . The letter b is del-serted bydeleting b from ea
h 
opy of u
l and at the same time inserting b in ea
h 
opy of ulin C.For v to 
over u, v must be obtained from u by del-serting a letter whi
h belongsto some ui in su
h a way that the 
olle
tions of pairwise shu�ed words asso
iatedto u and v are 
onsistent in the following sense.De�nition 4.5. Let fu
i uj ji < jg and fv
i vj ji < jg be the 
olle
tions ofpairwise shu�ed words in u and v, respe
tively. Then u and v are 
onsistent ifthere exists some shu�ed word w1 : : : wk whi
h simultaneously 
ontains ea
hu
i uj and ea
h v
i vj as a subword.It is shown in [He2℄ that edge-
onsisten
y implies 
hain 
onsisten
y. Now let usturn to the 
hain de
omposition. First we will need some additional notation.De�nition 4.6. Given a letter a in a shu�ed word w = w1 � � � wk, let w(a) =i for a 2 wi. A des
ent blo
k in w is a maximal string u1 : : : uj of 
onse
utiveletters in w with w(ui) � w(ui+1) for 1 � i < j.As an example, w(u1)w(u2) : : : w(u10) = 3114214241 has des
ent blo
ks u1u2u3;u4u5u6; u7u8 and u9u10. If B is the set of des
ent blo
ks for some Pw then themulti
hains within Pw whi
h are assigned to it are the multi
hains whi
h a
tuallyinvolve all the des
ents in the des
ent blo
ks of B.Let l(b) be the number of distin
t letters in b, let m1(b); : : : ;ml(b)(b) be themultipli
ities of these letters and let S(m1(b); : : : ;mj(b)) denote the skew-S
hurfun
tion of ribbon shape with mi(b) boxes in row l(b)� i+ 1.



12 PATRICIA HERSHTheorem 4.7. Let Shuf(w1; : : : ; wk) denote the 
olle
tion of shu�ed words of theform w1 � � � wk and let B(w) be the 
olle
tion of des
ent blo
ks in a parti
ularw 2 Shuf(w1; : : : ; wk). ThenFP = Xw2Shuf(w1;:::;wk) Yb2B(w)S(m1(b); : : : ;ml(b)(b)):proof. We apply Lemma 2.2, as follows. Ea
h shu�ed word w = w1 � � � wkgives rise to a produ
t of 
hains subposet Pw 
omprised of all poset elements thatare 
onsistent with w. Pw takes the form C� where � is the 
omposition obtainedby taking the union of the 
ompositions �(1); : : : ; �(k) for wi of type �(i).Partially order the subposets Pw using an interval in the weak order to order thewords w. Let l(wi) denote the length of the 
omposition �(i) = type(wi). Thenwe use the interval in the weak order from the permutation (l(w1); : : : ; 1; l(w1) +l(w2); : : : ; l(w1)+1; : : : ; l(w1)+� � �+l(wk); : : : ; l(w1)+� � �+l(wk�1)+1) to the longestelement of Sn, namely (l(w1)+� � �+l(wk); : : : ; 1); by (non-standard) 
onvention, ourweak order 
overing relations 
ome from swapping adja
ent positions rather thanvalues. This interval is 
hosen be
ause it preserves the order of the letters withinea
h word wi. For example, Figure 9 gives the weak order interval for w1 = 112,
12aA

1a2A

Aa12

a1A2

a12A

aA12

1Aa2

1aA2

A1a2

1A2a

A12a

12Aa

Figure 9. The partial order on sublatti
es indexed by shu�ed wordsw2 = aaa and w3 = A.Ea
h poset 
hain is assigned to the earliest Pw whi
h is 
onsistent with the 
hain.It is shown in [He2, Proposition 4.2℄ that every 
hain belongs to some Pw. We willuse des
ent blo
ks to show that this 
hoi
e of the earliest Pw 
ontaining a 
hain iswell-de�ned.We 
laim that the 
olle
tion of multi
hains assigned to a produ
t of 
hains withB as its set of des
ent blo
ks 
ontributesYb2B S(m1(b); : : : ;ml(b)(b))



CHAIN DECOMPOSITION AND THE FLAG f -VECTOR 13to FP . For example, S(3; 1; 2) = s would a

ount for a des
ent blo
k CBAin whi
h w(C) > w(B) > w(A);m1(b) = 3;m2(b) = 1 and m3(b) = 2.The multi
hains assigned to Pw are determined by the same system of weakand strong inequalities needed for the above produ
t of skew-S
hur fun
tions ofribbon shape, so Lemma 2.2 applies. Thus, a des
ent blo
k 
onsisting of lettersa1; : : : ; al with multipli
ities m1; : : : ;ml will 
ontribute to FP the skew-S
hur fun
-tion S(m1; : : : ;ml). Simply note that we have weak inequalities on the order inwhi
h identi
al letters are del-serted and stri
t inequalities requiring that the last
opy of ai must be del-serted stri
tly after the �rst 
opy of ai+1 is del-serted. Oth-erwise, not all of the ne
essary des
ents would o

ur in the multi
hain. The identityFP�Q = FPFQ together with the independen
e of our 
onstraints on distin
t de-s
ent blo
ks implies that the 
ontribution of a parti
ular Pw to FP should be theprodu
t over des
ent blo
ks of the skew-S
hur fun
tions S(m1; : : : ;ml). 2Example 4.8. If w1 = aabbb
ddddde; w2 = ABBCDDD;w3 = 1112344, then theshu�ed word aa111bbb
A2BBdddddCe344DDD 
ontributes the produ
t of skew-S
hur fun
tions s s s s s s to FP . It has des
ent blo
ksa; 1b
; A; 2Bd;Ce and 34D.Corollary 4.9. The 
ag f-ve
tor formula FP for k-shu�e posets is S
hur-positive.proof. We have expressed FP as a sum of produ
ts of skew-S
hur fun
tions. Itis well-known that skew-S
hur fun
tions are S
hur-positive, and that produ
ts ofS
hur fun
tions are S
hur-positive by the Littlewood-Ri
hardson rule. 25. Graded monoid posetsAny �nite 
olle
tion C of ve
tors in INd gives rise to a monoid � endowed witha partial order as follows: let 0̂ be the 0-ve
tor, let u be an element of � if u is a sum(i.e. with nonnegative 
oeÆ
ients) of elements in C, and let there be a 
overingrelation u � v if v = u+w for some w 2 C. Equivalently, � is the partial order bydivisibility on the monomials in a semigroup ring k[�℄, namely in a ring generatedby a �nite 
olle
tion t1; : : : ; tn of monomials in k[z1; : : : ; zd℄ whose multidegrees arethe ve
tors in C. When the ve
tors in C all lie in an aÆne hyperplane, then � isgraded, and it makes sense to speak of its 
ag f -ve
tor.Let a1; : : : ; an be the generators for �, where ai = (ai;1; : : : ; ai;d) 2 INd. Notethat k[�℄ �= k[t1; : : : ; tn℄=I� with I� denoting the kernel of the map� : k[t1; : : : ; tn℄! k[z1; : : : ; zd℄whi
h sends ti to zai;11 : : : zai;dd . Thus, I� is the tori
 ideal of syzygies among theimages under � of the monomials t1; : : : ; tn. The monomials in k[t1; : : : ; tn℄=I� forman (in�nite) monoid poset, partially ordered by divisibility.Monoid posets arose in work of Peeva, Reiner and Sturmfels [PRS℄ and subse-quently Herzog, Reiner, Welker [HRW℄ as a tool for studying free resolutions of a�eld k as a k[�℄-module.Remark 5.1. In [PRS℄ and [HRW℄, the variables x1; : : : ; xn are used where weinstead use t1; : : : ; tn. We break from the notation of [HRW℄, [PRS℄ in an e�ortto avoid 
onfusion with the variables x1; x2; : : : appearing in the quasi-symmetri
fun
tion en
oding for the 
ag f-ve
tor.



14 PATRICIA HERSHWhenever a non
ommutative ideal J� 
losely related to I� has a quadrati
Gr�obner basis, [PRS℄ used this to shell any interval of � and dedu
e in this 
ase thatk[�℄ was Koszul. Motivated by their use of a monomial term order on k[t1; : : : ; tn℄and of the resulting Gr�obner bases for I� and J�, we likewise use monomial termorders to obtain 
hain de
ompositions for � and use the resulting Gr�obner baseson I� to 
ompute 
ag f -ve
tors.It is observed in [PRS℄ that every interval [u; v℄ in a monoid poset is isomorphi
to an interval of the form [0̂; w℄, by letting w = v � u. Hen
e, it is 
ompletelygeneral to 
ompute 
ag f -ve
tors for intervals of the form [0̂; w℄. First we give asimple formula for the 
ag f -ve
tor of an entire monoid poset �, whi
h 
ame outof a 
onversation with Bernd Sturmfels.Proposition 5.2 (Hersh-Sturmfels).F� = 1Yi=1Hilb(k[�℄; xi)proof. Ea
h term Hilb(k[�℄; xi) re
ords all possible jumps between the (i � 1)-st and i-th elements of a multi
hain in the monoid poset �, be
ause these jumps
orrespond naturally to monomials in k[�℄. Furthermore, the rank di�erential of ajump equals the degree of the 
orresponding monomial. Thus, the right hand side
an be viewed as the sum over all �nite multi
hains in � that 
al
ulates F�. 2Now we turn to �nite intervals. For ea
h monomial m in the image of themap � : k[t1; : : : ; tn℄ ! k[z1; : : : ; zd℄, 
onsider the interval [0̂;m℄. We will givea 
hain de
omposition by using a monomial term order to order the monomialsf 2 k[t1; : : : ; tn℄ whi
h satisfy �(f) = m. Ea
h su
h f spe
i�es a produ
t of 
hainssubposet in [0̂;m℄. We refer to these monomials as the fa
torizations of m, andto the resulting produ
t of 
hains subposets as the �bres of m.Ea
h saturated 
hain on [0̂;m℄ 
orresponds to a monomial in the ring khy1; : : : ; yniin non
ommuting variables as follow: ea
h 
overing relation a � b in a saturated
hain satis�es b = a � ti for some 1 � i � n, so label this 
overing relation yi,and then asso
iate to ea
h saturated 
hain its label sequen
e, namely a monomialin khy1; : : : ; yni. Equivalently, saturated 
hains are determined by a monomial ink[t1; : : : ; tn℄ spe
ifying the �bre along with a 
hoi
e of saturated 
hain within thatprodu
t of 
hains subposet.Choose a monomial term order on k[t1; : : : ; tn℄, and denote by B the resultingGr�obner basis for I� = ker(�). We �rst 
onsider the 
ase where the fa
torizationsof m are all squarefree. For ea
h su
h f 2 ��1(m), let LA(f;B) be the interse
tionlatti
e of the subspa
e arrangement generated by subspa
es t1 = t2 = : : : = tk forea
h monomial t1 : : : tk whi
h divides f and is the leading term of an element of B.Theorem 5.3. If P is a graded monoid poset interval [0̂;m℄ with m 2 im(�) su
hthat the fa
torizations f 2 ��1(m) are all squarefree, thenFP = Xf2��1(m) Xu2LA(f;B) �(0̂; u)ptype(u)(x1; x2; : : : )where � is the M�obius fun
tion on the interse
tion latti
e LA(f;B) de�ned above.proof. Sum over fa
torizations f , with ea
h summand a

ounting for the multi-
hains in the �bre of f that are not in any earlier �bres. The inner summation willbe obtained by in
lusion-ex
lusion. First note that ea
h fa
torization f 2 ��1(m)



CHAIN DECOMPOSITION AND THE FLAG f -VECTOR 15gives rise to a Boolean algebra whi
h 
ontributes the power-sum symmetri
 fun
tionp1n to FP , before we use M�obius fun
tions to dis
ount 
hains shared with earlier�bres.Consider a 
hainC = 0̂ < m1 < m1m2 < � � � < m1m2 � � �mr = mwhi
h is both in the �bre of f and also in the �bre of some earlier f 0. At least one ofthe above monomials mi 2 k[t1; : : : ; tn℄=I� re
ording jumps in C must have distin
tfa
torizations g; g0 2 k[t1; : : : ; tn℄ su
h that g divides f and g0 divides f 0 in the ringk[t1; : : : ; tn℄, with g�g0 2 I� having leading term g. Thus, g is divisible by a leadingterm b in the Gr�obner basis B whi
h divides m, sin
e b divides g and g divides m.Re
alling from Se
tion 2 the 
orresponden
e between 
hains in a Boolean algebraand regions in the type A Coxeter 
omplex, noti
e that the 
hain C belongs to oneof the subspa
es generating LA(f;B), namely the subspa
e 
orresponding to b, sin
eb divides g. Thus, any 
hain in the overlap of the f �bre with earlier �bres lies ina subspa
e in LA(f;B). On the other hand, 
hains not in any earlier �bre will nothave any earlier fa
torizations for any jumps in the 
hain, so none of the jumps aredivisible by the monomials 
orresponding to the subspa
es that generate LA(f;B).Thus, the 
hains whi
h do not belong to earlier �bres are those fa
es of the type ACoxeter 
omplex lying in the 
omplement of LA(f;B).To show that Pu2LA(f;B) �(0̂; u)ptype(u) a

ounts for exa
tly the new 
hains inthe �bre of f , re
all from Proposition 2.4 that the restri
tion of a subspa
e u of type� to the type A Coxeter 
omplex 
ontributes p� to FP . Furthermore, multiplyingby the M�obius fun
tion �LA(f;B)(0̂; u) ensures that ea
h old 
hain is 
ounted withmultipli
ity zero and ea
h new 
hain with multipli
ity one. This is be
ause ptype(u)
ounts 
hains with jumps given by u or with any of these jumps merged, so it 
ountsthe 
hains in ea
h subspa
e v 
ontained in u. Hen
e, the 
hains in ea
h subspa
ev 6= 0̂ are 
ounted with multipli
ity P0�u�v �(0̂; u) = 0, while the new 
hains areonly 
ounted in the summand �(0̂; 0̂)p1n , so they are ea
h 
ounted exa
tly on
e. 2Example 5.4. Let a = uv; b = vx; 
 = yz; d = uy; e = xy and f = vz. Considerthe poset interval from 1 to uv2xyz = ab
 = bdf = aef , so I� is generated by theGr�obner basis df�a
; bd�ae; ef�b
 with leading terms underlined. For [0̂; uv2xyz℄,FP = p31 + (p31 � p1p2) + (p31 � p1p2 � p1p2 + p3):Ea
h fa
torization 
ontributes one 
opy of p31. A 
opy of p1p2 is subtra
ted for theinterse
tion of the aef sphere with the earlier ab
 sphere in the e = f hyperplane.Two 
opies of p1p2 are subtra
ted to a

ount for the b = d and d = f hyperplanesin the bdf sphere, but these hyperplanes share the subspa
e b = d = f , so p3 mustbe added ba
k.Now let us more generally allow fa
torizations f 2 ��1(m) whi
h need not besquarefree. In this 
ase, we use a variant on the M�obius fun
tion for the poset ofpartitions of a multiset, denoted �0, whi
h was introdu
ed in [HK℄. The fun
tion�0 was de�ned to be multipli
ative and 
onsequently seems to have ni
er 
losedformulas than �. Letting P be the poset of partitions of the multiset fan11 ; : : : ; ankk g,with elements reverse ordered by re�nement, de�ne �0(0̂; v) as follows: if v is a singleblo
k Bi, then let �0(0̂; v) = �P0̂�u<Bi �0(0̂; u); and let �0(0̂; 0̂) = 1; when v is a



16 PATRICIA HERSHpartition into multiple blo
ks B1; : : : ; Bk, then let�0(0̂; B1jB2j : : : jBk) = Y1�i�k �0(0̂; Bi):In [HK℄, it is shown that�0(0̂; abn11 : : : bnkk ) = (�1)n�1 (n� 1)!Qki=1 ni!and that �0(0̂; an) = 0 unless n is a power of 2, in whi
h 
ase �0(0̂; an) = (�1)n�1.It remains open to give an expli
it formula for �0(0̂; an11 : : : ankk ) for general multisettype (n1; n2; : : : ; nk).To extend Theorem 5.3 to graded monoid poset intervals in whi
h monomialsneed not be square-free, we will use a weighted sieve argument, based on Lemma 5.5below. For u a re�nement of v, let Sub(u; v) 
ount the number of ways of 
hoosingwhi
h types of blo
ks in u 
ome from ea
h a
tual blo
k of v. That is, Sub(u; v)
ounts the ways of re�ning ea
h of the a
tual blo
ks in v (i.e. keeping tra
k ofblo
k order, not just of blo
k type) in su
h a way that together the resulting morere�ned blo
ks 
omprise the partition u. For example, if u = ajajaa and v = aajaa,then Sub(u; v) = 2, but if v is repla
ed by aaaa then Sub(u; v) = 1.Lemma 5.5 will show that the matri
es with entries �0(u; v) and Sub(u; v) areinverses to ea
h other.Lemma 5.5. If v 6= 0̂, thenX0̂�u�v �0(0̂; u)Sub(u; v) = 0:proof. If v 
onsists of a single blo
k B, then �0(0̂; B) = �P0̂�u<B �0(0̂; u); andin this 
ase Sub(u;B) = 1 for ea
h 0̂ � u � B. Suppose v has blo
ks B1; : : : ; Bkfor k > 1.Note that X;(S(f1;:::;kg(�1)jSj�1Yi2S �0(0̂; Bi)Yi62S0� X0̂�u�Bi �0(0̂; u)1A = 0;be
ause P0̂�u�Bi �0(0̂; u) = 0 for ea
h Bi. Thus, we may add the left side toanother expression without 
hanging its value, as is done in the third equality below.The fourth equality will involve substantial regrouping of terms. The summation(�1)k X0̂�u<v �0(0̂; u)Sub(u; v)
omes from two fa
ts: (1) that �0 is multipli
ative, and (2) that ea
h u < B1jB2j � � � jBkappears as exa
tly one summand either inkYi=1� X0̂�u<Bi �0(0̂; u)�or in X;(S(f1;:::;kg(�1)jSj�1Yi2S �0(0̂; Bi)Yi62S� X0̂�u�Bi �0(0̂; u)�;
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h of the Sub(u; v) ways of re�ning v to get u. The \error term"(�1)k�0(0̂; B1j : : : jBk) k�1Xi=1(�1)i�1�ki�!in the fourth equality 
omes from ea
h ; ( S ( f1; : : : ; kg 
ontributing a summand(�1)jSj�1�0(0̂; B1j : : : jBk). Thus,�0(0̂; v) = kYi=1�0(0̂; Bi)= kYi=10�� X0̂�u<Bi �0(0̂; u)1A= (�1)k kYi=10� X0̂�u<Bi �0(0̂; u)1A+ (�1)k X;(S(f1;:::;kg(�1)jSj�1Yi2S �0(0̂; Bi)Yi62S0� X0̂�u�Bi �0(0̂; u)1A= (�1)k X0̂�u<v �0(0̂; u)Sub(u; v)+ (�1)k�0(0̂; B1j : : : jBk) k�1Xi=1(�1)i�1�ki�!If k is even, then we havePk�1i=1 (�1)i�1�ki� = 2; whi
h implies�0(0̂; v) = X0̂�u<v �0(0̂; u)Sub(u; v) + 2�0(0̂; B1j : : : jBk):Subtra
ting �0(0̂; v) from both sides yields the result.For k odd, Pk�1i=1 (�1)i�1�ki� = 0, so we have�0(0̂; v) = � X0̂�u<v �0(0̂; u)Sub(u; v);as desired. 2In Theorem 5.8, we will express FP as a sum over symmetri
 fun
tions ratherthan quasi-symmetri
 fun
tions, whi
h 
auses ea
h u satisfying u � v to 
ontributeSub(u; v) 
opies of its subspa
e v (in the order 
omplex restri
ted to a parti
ular�bre). In the non-square-free 
ase, these in
iden
e relation 
oeÆ
ients Sub(u; v)are not always 1, ne
essitating the use of weighted M�obius fun
tions.Re
all that a Gr�obner basis together with a squarefree monomial t1 � � � tm spe
ifya subspa
e arrangement generated by the subspa
es ti1 = � � � = tik for ea
h Gr�obnerbasis leading term ti1 � � � tik whi
h divides t1 � � � tm.We generalize this to the 
ase in whi
h t1 � � � tm need not be squarefree, by for-mally de�ning a multiset analogue for interse
tion latti
es of subspa
e arrangementsembedded in the type A Coxeter arrangement. Fix a monomial f = tm11 � � � tmll with



18 PATRICIA HERSHm = �(f) and a Gr�obner basis B for the ideal I�. Then the resulting multiset in-terse
tion poset, denoted MP (f;B), is a subposet of the poset of partitions of themultiset ftm11 ; : : : ; tmll g, de�ned as follows. It has the partition of f into all single-ton blo
ks as its minimal element, and its maximal element is the partition of finto a single blo
k. The atoms are the generating subspa
es of MP (f;B); ea
hatom has a single nontrivial blo
k, whose 
ontent is that of a leading term in theGr�obner basis B whi
h divides the monomial f .De�ne the l
m-join of the atoms b1; : : : ; bk to be the partition of f whose onlynontrivial blo
k has as its 
ontent the least 
ommon multiple (LCM) of the mono-mials b1; : : : ; bk.De�nition 5.6. The multiset interse
tion poset MP (f;B) has as its elementsall partitions of m into blo
ks su
h that ea
h nontrivial blo
k is either the uniquenontrivial blo
k in an l
m-join of atoms or is obtained by merging blo
ks ea
h ofwhi
h is the unique nontrivial blo
k in an l
m-join of atoms. MP (f;B) has 
om-parability relations u < v whenever u is a re�nement of v.Noti
e that multiset interse
tion posets need not always be latti
es. For instan
e,if f = a3b2, then the atoms a2jajbjb and abjajajb are both 
overed by both a2bjajband a2jabjb. In this 
ase, a2bjajb is the l
m-join of a2jajbjb and abjajajb, while a2jabjbis the disjoint-blo
k-join of these same two poset elements.As before, a 
omparable pair of poset elements u < v has in
iden
e multi-pli
ity Sub(u; v), where Sub(u; v) 
ounts the number of ways the a
tual blo
ks ofv are re�ned to obtained the set of blo
ks appearing in u. We again de�ne theinverse, denoted �0, to the in
iden
e algebra as follows. Let �0P (0̂; B1j : : : jBk) =Qki=1 �0Pi(0̂; Bi), with 
overing relations in Pi 
oming from legal merge steps in theinterval [0̂; Bi℄. Let �0(0̂; 0̂) = 1 and �0(0̂; B) = �P0̂�u<B �0(0̂; u) for a singleblo
k B, where u ranges over elements of the multiset interse
tion poset whi
h hasmaximal element B. It remains open to �nd formulas for these weighted M�obiusfun
tions for multiset interse
tion posets, though perhaps they 
ould be interpretedas redu
ed Euler 
hara
teristi
s for lexi
ographi
ally shellable balan
ed 
omplexes,in the sense of [He3℄.Remark 5.7. The proof of Lemma 5.5 generalizes immediately to arbitrary multisetinterse
tion posets, by restri
ting to a multiset interse
tion poset within the multisetpartition poset.Let T (u) be the set of distin
t blo
ks o

urring in a multiset partition u, andlet mult(b) be the multipli
ity with whi
h any parti
ular blo
k b 2 T (u) o

ursin a multiset partition u. Substituting pn for h1(xn1 ; xn2 ; : : : ) and � for �0 in thefollowing formula allows one to re
over Theorem 5.3.Theorem 5.8. If P is the graded monoid poset interval [0̂;m℄, thenFP = Xf2��1(m) Xu2MP (f;B)�0(0̂; u) Yb2T (u)hmult(b)(xjbj1 ; xjbj2 ; : : : ):proof. We use a 
hain de
omposition and sieve argument similarly to the square-free 
ase, but with produ
t of 
hains sublatti
es rather than Boolean algebras a
-
ounting for distin
t fa
torizations. Ea
h fa
torization a�1i1 : : : a�kik with i1 < � � � < ikgives rise to a produ
t of 
hains sublatti
e C�1+1 � � � � � C�k+1 whi
h 
ontributesh� to FP . To a

ount for overlap, these produ
ts of 
hains are partially ordered as



CHAIN DECOMPOSITION AND THE FLAG f -VECTOR 19in the square-free 
ase, using the Gr�obner basis B on I�. The symmetri
 fun
tionYb2T (u)hmult(b)(xjbj1 ; xjbj2 ; : : : )a

ounts for all 
hains with jumps determined by the multiset partition u or with
olle
tions of these jumps merged into single jumps. The exponent jbj keeps tra
kof the size of the blo
k b determining a jump while the subs
ript mult(b) a

ountsfor repetition of this blo
k. Sin
e FP is multipli
ative, we take a produ
t over thedi�erent types of blo
ks o

urring in the multiset partition u.For any parti
ular v 2MP (f;B), 
onsider the 
oeÆ
ient of v inXu2MP (f;B) �0(0̂; u) Yb2T (u)hmult(b)(xjbj1 ; xjbj2 ; : : : ):The element v appears Sub(u; v) times in ea
h Qb2T (u) hmult(b)(xjbj1 ; xjbj2 ; : : : ) foru � v, so altogether v is in
ludedP0̂�u�v �0(0̂; u)Sub(u; v) times, so the immediateextension to MP (f;B) of Lemma 5.5 tells us that v is 
ounted 0 times in the f�bre when v is shared with an earlier �bre. On the other hand, ea
h new 
hain isa

ounted for exa
tly on
e, namely in the term �(0̂; 0̂)htype(f). Thus, a weightedsieve argument based on Lemma 5.5 shows that our formula a

ounts for ea
h 
hainexa
tly on
e. 2For example, if f = a4 and the only leading term in B whi
h divides f is a2,then the 
ontribution to FP from the produ
t of 
hains C5 spe
i�ed by f ish4(x1; x2; : : : )� h1(x21; x22; : : : )h2(x1; x2; : : : ) + h2(x21; x22; : : : )� h1(x41; x42; : : : ):The terms 
ome from the jump 
olle
tions fa; a; a; ag, fa; a; a2g, fa2; a2g and fa4g,respe
tively.Question 5.1. Are there parti
ular monomial term orders whi
h give parti
ularlyni
e expressions for this 
ag f-ve
tor formula, at least in spe
ial 
ases?6. Combinatorial appli
ationsWe 
on
lude with some appli
ations of 
hain de
ompositions for generalized non-
rossing partition latti
es and shu�e posets. More details may be found in [He1℄,[He2℄, respe
tively, but not from the uni�ed viewpoint of 
hain de
omposition.Whenever FP is a symmetri
 fun
tion, one may obtain formulas for the M�obiusfun
tion, zeta polynomial and 
hara
teristi
 polynomial by simple substitutions intothe expression for FP in the basis of 
omplete homogeneous symmetri
 fun
tions.Proposition 6.1. If P is a poset of rank n with 
ag f-ve
tor expression FP asymmetri
 fun
tion, then the 
oeÆ
ient of h1n in FP is the M�obius fun
tion �P (0̂; 1̂)multiplied by the sign (�1)n.proof. Ehrenborg expressed �P (0̂; 1̂) as a linear fun
tion of FP in [Eh, p.17℄; letg be this fun
tion. Note that g((h1)n+m) = (�1)m+n and g(h�) = 0 for all other� be
ause g(h�) = �P (0̂; 1̂) for P the produ
t of 
hains C�. Let FP =P�`n 
�h�.Then �P (0̂; 1̂) = g(FP ) = g(P�`n 
�h�) =P�`n 
�g(h�) = (�1)n
1n . 2Ehrenborg expressed the zeta polynomial and 
hara
teristi
 polynomial as Hopfalgebra homomorphisms in [Eh, p. 16-17℄. We will use the 
omplete symmetri
fun
tion expression for FP to give very expli
it 
ombinatorial formulas. Let h� =h�1 : : : h�k , let MP be the number of maximal 
hains in a poset P , let 
P be the
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P (q) be the rank generating fun
tion, let ZP (s) bethe zeta polynomial, 
ounting multi
hains 0̂ � x1 � � � � � xs = 1̂ and let �P (t) bethe 
hara
teristi
 polynomialPu2P �(0̂; u)tn�rk(u) In the expression for 
P (q), let[n℄q = (1� qn)=(1� q), namely the q-analogue of n.Theorem 6.2. If FP =P�`n 
�h�, then
P = X�`n 
�(�1 + 1) : : : (�k + 1)
P (q) = X�`n 
�[�1 + 1℄q : : : [�k + 1℄qMP = (rk(P)!)X�`n 
� 1�1! : : : 1�k!ZP (s) = X�`n 
���1 + s� 1s� 1 � : : :��k + s� 1s� 1 ��P (t) = trk(P)X�`n 
� � 11� t�kproof. Linearity allows us to substitute d+1 for hd to obtain 
P . This is be
ause a
hain of rank d satis�es FP = hd and 
P = d+1, and also be
ause both FP and 
Pare multipli
ative fun
tions. Similarly, we substitute [d+1℄q and �d+s�1s�1 � for d+1to obtain the rank generating fun
tion and zeta polynomial, respe
tively. In theformula 
ounting maximal 
hains,MP is not multipli
ative, soMP =(rk(P))! is usedinstead, introdu
ing the fa
tor of (rk(P))!. Likewise, to obtain the 
hara
teristi
polynomial, noti
e thatPu2P �(0̂; u)(1=t)rk(u) is a multipli
ative fun
tion equalling�P (t)=trk(P), so an extra fa
tor of trk(P) is introdu
ed. 2Symmetri
 
hain de
ompositions for generalized shu�e posets and for non
ross-ing partition latti
es for the 
lassi
al re
e
tion groups are provided in [He1℄, [He2℄,respe
tively, by de
omposing the posets into symmetri
ally pla
ed produ
t of 
hainsubposets. These may alternatively be obtained by restri
ting our 
hain de
om-positions to 1-
hains. Reiner originally provided symmetri
 
hain de
ompositionsfor the non
rossing partition latti
es for the 
lassi
al re
e
tion groups in [Re℄ by adi�erent approa
h, relying on re
ursive stru
ture in the poset.Restri
tion of the 
hain de
omposition for the non
rossing partition latti
e tosaturated 
hains gives a de
omposition into the orbits of the lo
al symmetri
 groupa
tion given in [St3℄, while similar restri
tion for the non
rossing partition latti
esfor the 
lassi
al re
e
tion groups gives the de
omposition of [He1℄ into lo
al a
tionorbits for types B and D. Restri
tion of our 
hain de
omposition for traditionalshu�e posets to saturated 
hains gives the orbits of the lo
al symmetri
 groupa
tion for shu�e posets de�ned in [SS℄. Stanley introdu
ed the notion of lo
alsymmetri
 group a
tion on poset saturated 
hains in [St2℄; further development ofthis notion may be found in [FS℄, [Gr℄, and [Ha℄.Finally, let us relate 
hain de
ompositions to shellability and supersolvability.EL-labellings for the non
rossing partition latti
e and traditional posets of shuf-
es spe
ify Boolean algebras 
omprising homology bases, by taking the Boolean
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h 
ontribute de
reasing 
hains in the EL-labelling to our 
hain de-
omposition. The 
hain de
ompositions partially order these Boolean algebras,assigning ea
h poset 
hain to the earliest of these Boolean algebras 
ontaining it.Whenever a 
hain de
omposition into produ
t of 
hain subposets has a singlesaturated 
hain whi
h belongs to all of these subposets, this 
hain must be anM -
hain, implying supersolvability. In this manner, the 
hain de
omposition fortype A non
rossing partition latti
es brought to our attention the existen
e of asaturated 
hain that belongs to ea
h of the produ
t of 
hains subposets in thede
omposition and thereby turns out to be an M -
hain. A similar argument in[He2℄ shows that shu�e posets of multisets and k-shu�e posets are supersolvable.Theorem 6.3. The non
rossing partition latti
e NCA(n) is supersolvable.proof. Consider the saturated 
hain C in the type A non
rossing partition latti
ewhi
h has the partition with one nontrivial blo
k f1; : : : ; i + 1g as its element ofrank i. This is an M -
hain be
ause it lies in ea
h of the produ
t of 
hain subposetsgiving rise to our 
hain de
omposition; sin
e ea
h poset 
hain C 0 belongs to one ofthese produ
t of 
hains subposets whi
h also 
ontains C, the 
laim follows from themodularity of this produ
t of 
hains together with the fa
t that the 
hains C;C 0together generate exa
tly this produ
t of 
hains. 2In the non
rossing partition latti
es for the other 
lassi
al re
e
tion groups types,the analogous 
hain no longer lies in all the produ
t of 
hain subposets giving riseto our 
hain de
omposition, and we are not aware of the existen
e of any M -
hain.7. A
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