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t. We present several new results on the impartial two-persongame Kayles. The original version is played on a row of pins (\kayles").We investigate variants of the game played on graphs. We solve a pre-viously stated open problem in proving that determining the value of agame position needs only polynomial time in a star of bounded degree,and therefore �nding the winning move - if one exists - 
an be done inlinear time based on the data 
al
ulated before.1 Introdu
tionStudying 
ombinatorial games shows new interesting algorithmi
 
hallenges andleads to pre
ise problems in 
omplexity theory. Games as models for a diverseset of pra
ti
al problems also attra
t resear
hers in mathemati
s and 
omputers
ien
e. Combinatorial games are intrinsi
ally beautiful with interesting featuresand a theory whose study also provides entertainment on its own.Many relations between graph theory and 
ombinatorial game theory exist.Like many other games that are being played on graphs, the versions of Kayleswe are going to investigate are also played on graphs.Kayles is a 
ombinatorial game played by two persons who move alternately.Both players 
an make any move for all game positions. Therefore the game isimpartial. On the 
ontrary for example 
hess is partizan: White 
an only movewhite pie
es, and Bla
k 
an only move bla
k pie
es. All information about aposition is known to both players at any time. There are no 
han
e moves, i.e.,no randomization generated by a di
e for example is involved.When playing Kayles on a graph 
hoosing one vertex will remove this vertexand all its neighbors from the graph. Thus the game played on a �nite graphis obviously of bounded play. In every move at least one vertex will be taken(this might dis
onne
t the graph in several 
omponents), and therefore the gamemust terminate in time linear in the size of the initial position.We only 
onsider games of normal type, whi
h means a player loses if he isunable to make a move, opposed to the misere version where the last player tomove loses.? The work des
ribed in this paper was partially supported by a grant from the Re-sear
h Grants Coun
il of the Hong Kong Spe
ial Administrative Region, China(Proje
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All these features of the game make it possible to analyze it with the Sprague-Grundy theory [1, 2℄. Grundy has shown that there exists a fun
tion G : P ! Zfrom the set of possible game positions P into the set of integers Z with thefollowing properties.For any terminal position P we have G(P ) = 0. For any other position P ,G(P ) 
an always be 
al
ulated (indu
tively, starting from the terminal positions).Hereby a position P will take as its value the smallest non-negative integer,
alled the minimal ex
luded value (mex), di�erent from all values of G(Qi),where position Qi 
an be rea
hed from position P by one single move.The value of a disjun
tive 
ombination of games is the Nim-sum of the valuesof the 
omponents. The Nim-sum is obtained as the sum of the binary represen-tations of the values added together using the XOR (eX
lusive OR) operation,denoted by the 
ommonly used symbol �.If G(P ) is a positive integer, then the game position P 
an be won by the�rst player; otherwise the se
ond player 
an win.This paper is organized as follows. In Se
tion 2, we give ba
kground infor-mation to the game we are analyzing. Also di�erent variants will be mentioned.In Se
tion 3, we des
ribe an algorithm how to �nd a winning move, and showthat it always 
an be found in polynomial time. Also determining that there isno winning move in a parti
ular position 
an be done in polynomial time.In Se
tion 4 and Se
tion 5, we present how di�eren
es in the underlyingsequen
es a�e
t the sequen
es of the star game.We 
lose with 
on
lusions and some open problems in Se
tion 6.2 Ba
kground2.1 History of KaylesThe game Kayles was introdu
ed by Dudeney and independently also by SamLoyd, who originally 
alled it 'Rip Van Winkle's Game'. It was supposed tobe played by skillful players who 
ould either kno
k down exa
tly one or twoadja
ent pins (\kayles") out of a row of pins [3℄.We 
ould also think of starting with one heap (or several heaps) of beans,and give the following des
ription of the rules: Ea
h player, when it is his turnto move, may take 1 or 2 beans from a heap, and, if he likes, split what is leftof that heap into two smaller heaps [2℄.This game is well studied and the value of every game position 
an be deter-mined in 
onstant time [2℄.2.2 Kayles on GraphsNode-Kayles, a variant of the original Kayles, is played on a graph G = (V;E)with n nodes in the node set V and m edges in the edge set E.In this paper we will mainly 
onsider the variant in whi
h a move 
onsistsof sele
ting a node v and thereafter removing it and all its neighbors N(v) from



the graph. In 
ase of a dire
ted graph, only those verti
es w 2 V will be 
alledneighbors that 
an be rea
hed using a dire
ted edge e = (v; w) from node vto node w. In addition, we will look at a variant that is 
loser to the originalKayles: either one single node or a node together with an arbitrary neighbor 
anbe taken away.For all variants of Kayles 
onsidered we will only investigate normal play,i.e., the �rst player unable to move loses.S
haefer proved that the problem to determine whi
h player has a winningstrategy for Node-Kayles played on arbitrary graphs is PSPACE-
omplete [4℄.Bodlaender and Krats
h investigated the game on spe
ial 
lasses of graphs,whi
h in
lude graphs with a bounded asteroidal number, 
o
omparability graphs,
ir
ular ar
 graphs, and 
ographs, and showed that the problem is polynomialtime solvable in these 
ases [5℄.In this paper we will des
ribe how to �nd the value of a game position inpolynomial time for stars. This solves an open problem in [5℄.A star is an a
y
li
 
onne
ted graph with one distinguished node, the 
enterof the star. The 
enter may have any degree �, all other nodes have degree atmost 2, i.e., they lie on paths emanating from the 
enter, so-
alled rays.We will denote a star of degree � by Sl1;l2;:::;l� , where the li are naturalnumbers and stand for the length of ray i. Naturally rays of zero-length 
anbe negle
ted. A degenerated star 
onsisting of only one vertex has degree 0.Degenerated stars of degree one or two form a simple path only. In 
ase ofdegree one the path length is l1 + 1; for the degree two 
ase we have a path oflength l1 + l2 + 1.Kano 
onsidered stars where rays always have length 1 [6℄. Furthermore inhis game not verti
es will be removed but any number of edges whereby theseedges must belong to the same star. Kano gave some results on double-stars andon forks. A double-star is a graph obtained from two stars by joining their two
enters by a new edge, and a fork is de�ned to be a graph whi
h is obtained froma star and a path by joining the 
enter of the star to one of the end verti
es ofthe path by a new edge.Node-Kayles has the same 
hara
teristi
s as Dawson's Chess where two pha-lanxes of pawns are fa
ing ea
h other just one row apart. The pawns step forwardand 
apture diagonally as usual in 
hess. But 
apture is obligatory so queeningis not possible. The winner is the last player to move. (In the original version byDawson the last player to move loses [2℄.)Both games have the same o
tal en
oding :137. O
tal en
oding is used todes
ribe di�erent variants of take-and-break games, see Table 1 [1, 2℄.In that sense, .137 means: one single vertex 
an only be removed if it ishas no outgoing edges (anymore). Two verti
es 
an only be removed if theyform one 
onne
ted 
omponent or if after their removal the remaining part ofthat 
onne
ted 
omponent is still 
onne
ted. For three verti
es we have morepossibilities. We are allowed to remove them if the remaining verti
es are left inat most two 
onne
ted 
omponents.



Value of Condition for removal of k beansdigit dk from a single heap.0 Not permitted.1 If the beans removed are the whole heap.2 Only if some beans remain and are left as a single heap.3 As 1 or 2.4 Only if some beans remain and are left as exa
tly two non-empty heaps.5 As 1 or 4 (i.e., not 2).6 As 2 or 4 (i.e., not 1).7 Always permitted (i.e., 1 or 2 or 4).Table 1. Interpretation of Code DigitsThe Grundy values for Node-Kayles have the periodi
ity 34.The 34 values for n � 0; 1; 2; : : : ; 33 (mod 34) are(8; 1; 1; 2; 0; 3; 1; 1; 0; 3; 3; 2; 2; 4; 4; 5; 5; 9; 3; 3; 0; 1; 1; 3; 0; 2; 1; 1; 0; 4; 5; 3; 7; 4),with the following seven ex
eptionsG(n) = 0 when n = 0; 14; 34;G(n) = 2 when n = 16; 17; 31; 51.3 A Step into the No Man's LandFraenkel mentioned that there lies a huge no man's land between the polynomialtime 0.137 and the PSPACE-hard Node-Kayles [7℄. To explore a part of that noman's land we take a look at the stars �rst. Node-Kayles played on stars will be
alled Star-Kayles for short.We 
an 
hara
terize the possible moves in Star-Kayles as follows:1. Choosing the 
enter vertex of the star will remove �+ 1 verti
es, and splitthe star in up to � simple paths. It seems diÆ
ult to denote this game inthe o
tal notation, or any other analogous polynomial notation.2. Removing a vertex adja
ent to the star 
enter will split the star into either� � 1 or � simple paths. Thereby either three or only two verti
es will beremoved (if the 
orresponding ray had only length 1).3. Choosing the se
ond next vertex to the 
enter of a ray will leave a star ofdegree �� 1 and (a possibly empty) simple path.4. For any other vertex we will get a star of the same degree with one rayshortened a

ordingly to the position of the 
hosen vertex as well as a simplepath (possibly empty again).As the smallest representative for non-degenerated stars we 
hoose stars ofdegree 3. This saves time and spa
e for 
omputations, but the following argu-ments 
an easily be extended to higher degrees.Sl1;l2;l3 denotes a star with rays of length l1, l2, and l3, respe
tively.



3.1 A Star Is BornLet us begin with the simplest star. The 
enter appears �rst and then three rayswill be sent out from the 
enter. First we want to �nd the Grundy values for the
lass of stars Sl1;1;1.For l1 = 1 the whole star 
an be removed in one move by 
hoosing the 
entervertex (
ase (1) above). Therefore this situation is a winning position for the �rstplayer. Choosing any other of the verti
es (2) will always have the same out
ome,namely two single verti
es. Adding up their values will of 
ourse result in a zero-game. No other 
on�guration 
an be a
hieved and therefore G(S1;1;1) = 1.For l1 = 2 we have more possibilities:Removing the 
enter vertex (1) will leave one single vertex, Grundy value 1.Choosing the vertex of ray r2 or r3 (2) will leave a simple path of length 2 anda single vertex. Adding up these two 
omponents will result in a zero-game.We will also get the value 0 when 
hoosing the �rst vertex of r1 (2), be
auseonly two single verti
es remain.The last 
hoi
e (3) will remove ray r1 
ompletely, and therefore leave a degen-erated star behind with one 
enter vertex and two rays of length 1 ea
h. This isa
tually a simple path of length 3. Its Grundy value is 2.Now we 
an determine the mex of these values, whi
h is 3.We will 
ontinue to determine the Grundy values of the stars Sl1;1;1 in thisway. Sin
e the �rst move on a larger star may split it into a smaller one, it isbest to 
ompute the Grundy values iteratively for in
reasing values of l1.We analyze all four 
ases of star-de
ompositions mentioned above o

urring forthe stars Sl1;1;1:1. Removing the 
enter will just leave a simple path of length l1 � 1, whosevalue is G(l1 � 1).2. Choosing the �rst vertex of one of the rays r2 or r3 leaves a simple path oflength l1 and a single vertex. The value of this position is G(l1) � G(1) =G(l1)� 1.Choosing the �rst vertex of r1 leaves two single verti
es and a simple path oflength l1�2, i.e., a position of value G(l1�2)�G(1)�G(1) = G(l1�2)�0 =G(l1 � 2).To in
lude into this more general des
ription the 
ase S1;1;1 we assume thatG(k) = 0 for k � 0.3. Choosing the se
ond vertex of ray r1 leaves two simple paths with lengthl1 � 3 and 3 with value G(l1 � 3)� G(3) = G(l1 � 3)� 2.4. When 
hoosing the very last vertex of ray r1 we get a position of valueG(Sl1�2;1;1). For all other verti
es (along r1) the set of all possible values isl1�1[i=2 (G(Sl1�i;1;1)� G(i� 3)):To write all possible 
ases in a more 
ompa
t way let us de�ne the Grundyvalues for stars with non-positive length of ray r1:



G(S0;1;1) = G(3) = 2.G(S�1;1;1) = G(1)� G(1) = 0.G(S�2;1;1) = G(0)� G(0) = 0.Removing the vertex of one of the rays r2 or r3 (
ase 2) leads to a game valueof G(l1)� 1 (a
tually it 
ould also be denoted by G(Sl1;�1;1)). In all other 
ases,we get game value l1+1[i=1 (G(l1 � i)� G(Si�3;1;1)):Next we prove that the 
lass of stars Sl1;1;1 is ultimately periodi
. The proof isvery similar to the proof of the ultimate periodi
ity of the game 0.137 itself givenin [2℄. The fundamental idea is that the 
al
ulations of Nim-sequen
es is madeeasier by using a Grundy s
ale. Figure 1 shows su
h a s
ale being used for the
omputations of our star 
lasses (a more detailed des
ription follows below.) Ingeneral, su

essive values are written on squared paper and the arrowed entry is
omputed as the mex of all (or sometimes some a

ordingly to the game 
hosen)pre
eding entries. Then the s
ale is moved on one pla
e. A very ni
e tool to do
al
ulations of su
h kind (and many more) is the Combinatorial Game Suite byAaron Siegel [8℄.In our 
ase we 
an also use Grundy s
ales. However, on the �rst s
ale weonly write the Grundy values for 0.137. We 
an do this for a few numbers atthe beginning �rst, and then just append more if needed. We �x this s
ale onthe table. Our se
ond s
ale will 
arry the Grundy values for our stars in reverseorder. It will be shifted step by step to the right. The Grundy value for thestar we are 
al
ulating will always be written into the �rst empty 
ell to theleft of the already 
omputed values. For an illustration see Figure 1. The arrowindi
ates the next value to be determined.
0 1 1 2 0
01234 G(Sl1;1;1)100213 ����G(l1) �1

�1 �2 l1�0 43210l1
Fig. 1. Cal
ulating G(Sl1;1;1) in Star-Kayles.



With this pi
ture in mind we 
an easily transfer the proof given for 0.137 toour 
lass of stars. We keep on 
al
ulating game values until two 
omplete periodsp lie between the last irregularity of 0.137, whi
h is already known to be i1 = 51,and the last observed irregularity of our star 
lass, whi
h we 
all i2. As at mostthree nodes 
an be 
ut out of a ray we 
al
ulate t = 3 additional values. So thelast value that needs to be 
omputed to verify that the period persists isG(i1 + i2 + 2p+ t):This gives the following ultimately periodi
 sequen
e forl1 � 0; 1; 2; : : : ; 33 (mod 34): (2, 9, 3, 15, 14, 1, 9, 4, 4, 14, 5, 13, 4, 0, 8, 1, 2, 4,8, 5, 13, 2, 4, 8, 5, 9, 4, 12, 8, 6, 9, 9, 0, 8); Table 2 shows the �rst 374 gamevalues of that 
lass; S310;1;1 is the last irregular value.l1 1 2 3 4 5 6 7 8 9 11 13 15 17 19 21 23 25 27 29 31 330 1 3 0 0 1 1 4 0 5 1 1 0 0 3 1 2 0 0 1 2 2 3 3 5 2 4 3 3 2 2 1 0 0 234 1 3 0 0 1 7 4 4 6 5 7 0 0 3 1 2 0 0 1 2 2 4 3 5 6 4 7 3 6 2 1 0 0 268 1 3 0 8 1 9 4 2 8 5 9 4 0 3 1 2 0 0 1 2 2 4 8 5 6 4 7 8 6 9 1 0 0 2102 1 3 0 8 1 9 4 4 8 5 9 4 0 8 1 2 0 0 1 2 2 4 8 5 9 4 12 8 6 9 9 0 0 2136 1 3 0 8 1 9 4 4 14 5 13 4 0 8 1 2 0 0 1 2 2 4 8 5 9 4 12 8 6 9 9 0 0 2170 1 3 0 8 1 9 4 4 14 5 13 4 0 8 1 2 4 0 1 2 2 4 8 5 9 4 12 8 6 9 9 0 8 2204 9 3 0 8 1 9 4 4 14 5 13 4 0 8 1 2 4 0 1 2 2 4 8 5 9 4 12 8 6 9 9 0 8 2238 9 3 0 8 1 9 4 4 14 5 13 4 0 8 1 2 4 0 1 2 2 4 8 5 9 4 12 8 6 9 9 0 8 2272 9 3 0 8 1 9 4 4 14 5 13 4 0 8 1 2 4 0 5 2 2 4 8 5 9 4 12 8 6 9 9 0 8 2306 9 3 15 8 1 9 4 4 14 5 13 4 0 8 1 2 4 8 5 13 2 4 8 5 9 4 12 8 6 9 9 0 8 2340 9 3 15 14 1 9 4 4 14 5 13 4 0 8 1 2 4 8 5 13 2 4 8 5 9 4 12 8 6 9 9 0 8 2Table 2. Game values for the star 
lass Sl1;1;1. (A table entry gives the game valuefor l1 = row-header + 
olumn-header.)
3.2 The Magi
 Number of the Game .137 Is 34When we just gave the proof of the ultimate periodi
ity of the 
lass Sl1;1;1 wedid this with the impli
it understanding that Star-Kayles has the same periodas the basi
 game. This is indeed the fa
t and not too surprising as the onlydi�eren
e in this variant to the original game o

urs in splitting the star byeither removing the 
enter or one of its neighbors. All other moves only breakrays whi
h is similar to breaking a row in the original game.3.3 Dynami
 Programming and MemoizationHaving 
al
ulated all values of the 
lass Sl1;1;1 as far as ne
essary we take a lookat the 
lass Sl1;2;1. The only di�eren
e is that we need to in
lude two further



values before we 
an determine the mex of the set, G(l1+1+1) and G(l1)�G(2).These positions arise from either removing the se
ond vertex of r2 or the �rstand only vertex of r3. Furthermore, 
hoosing the 
enter vertex will now leave agame position 
onsisting of two simple paths with value G(l1 � 1)� G(1).The situation be
omes di�erent when we start to examine Sl1;3;1. For the�rst time we need to 
onsider values of stars that do not lie in the same 
lass.Choosing the last vertex of r2 will leave us with a star of the 
lass Sl1;1;1. Herememoization 
omes into play. Having stored all the values of our former 
ompu-tations we simply look up the desired value.To show whi
h former values are needed to 
al
ulate the value of any starSl1;l2;l3 we shall generalize the star de
omposition.1. Choose the 
enter vertex:G(l1 � 1)� G(l2 � 1)� G(l3 � 1).2. Choose the �rst vertex of any ray:For ea
h i 2 f1; 2; 3g, and i 6= j 6= k 6= i 2 f1; 2; 3gG(li � 2)� G(lj)� G(lk).3. Choose the se
ond vertex of any ray:For ea
h i 2 f1; 2; 3g, and i 6= j 6= k 6= i 2 f1; 2; 3gG(li � 3)� G(lj + lk + 1).4. Choose any other vertex:For ea
h i 2 f1; 2; 3g, and i 6= j 6= k 6= i 2 f1; 2; 3gli+1[l=4 (G(li � l)� G(Sl�3;lj ;lk)):After de�ningG(S0;l2;l3) = G(l2 + l3 + 1) = 2,G(S�1;l2;l3) = G(l2)� G(l3), andG(S�2;l2;l3) = G(l2 � 1)� G(l3 � 1),we 
an again state a more 
ompa
t formula for (1) { (4):For ea
h i 2 f1; 2; 3g, and i 6= j 6= k 6= i 2 f1; 2; 3gli+1[l=2 (G(li � l)� G(Sl�3;lj ;lk)):Remark:The term for 
ase (1) will appear three times in the above union of all values.Taking the mex of the union of all those sets will give us the game valueG(Sl1;l2;l3) for any star Sl1;l2;l3 .Based on this approa
h we 
an use dynami
 programming to �nd the Grundyvalue of any star. Given that the values of all stars smaller than the 
onsideredstar have already been 
al
ulated it takes only O(n) time to �nd its value,



whereby n is the size of the star.Observation:While using memoization we only need to store the values of stars Sl1;l2;:::;l� ,where l1 � l2 � : : : � l�. This 
omes from the fa
t that we are only interestedin the 
ombinatorial stru
ture of the graph, and therefore all permutations ofrays are isomorphi
 in our viewpoint.3.4 Leaving the OrbitWhile looking at all the data and 
omparing ultimately periodi
 sequen
es ofdi�erent star 
lasses we �rst thought that there might be one last ex
eptionalstar, after whi
h all other stars 
an be evaluated by looking at ultimately periodi
sequen
es. However, we had to realize that we 
ould not �nd that last irregularity.Instead, we observed a 
onstant growth of the last irregular value with the growthof the ray lengths.Therefore we will now investigate the relation between the last irregular valueand the ray lengths of the stars.As an example we look at all 
lasses with a �xed ray length l3 = 1 andarbitrary ray length for r1 and r2 (see Figure 2).
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The diagram shows all last irregular values (verti
al axis) of the sequen
esas a fun
tion of the length l2 of the se
ond ray (horizontal axis). A detailed lookat all values is not ne
essary. The aim is to point out that nearly all of these
lasses be
ome ultimately periodi
, while for a few 
lasses the last irregularitywill not stop to grow.All star 
lasses 
an be grouped in 34 equivalen
e 
lasses by taking the moduloof the ray length l2.Table 3 shows all ultimately periodi
 sequen
es of star 
lasses with the thirdray �xed to length 1, and the se
ond ray has length 1 (mod 34).l2 ultimately periodi
 sequen
e1 9 3 15 14 1 9 4 4 14 5 13 4 0 8 1 2 4 8 5 13 2 4 8 5 9 4 12 8 6 9 9 0 8 235 1 14 0 11 18 1 9 0 17 14 14 19 4 18 6 2 15 0 8 18 2 16 3 21 1 24 23 3 13 2 10 19 0 1869 1 14 0 8 1 1 10 0 24 14 26 23 0 3 1 2 20 0 22 2 2 3 3 16 25 17 27 3 28 2 1 0 0 23103 1 14 0 11 1 1 31 0 25 10 28 23 0 25 1 2 24 0 18 2 2 3 3 32 1 23 27 3 21 6 14 0 0 18137 1 33 0 27 32 1 33 0 24 40 33 33 0 18 1 2 21 0 32 2 2 3 3 32 1 23 33 3 15 6 30 0 0 23171 1 40 0 36 39 1 40 0 36 37 33 34 0 35 1 2 38 0 32 2 2 3 3 36 1 34 38 3 15 6 33 0 0 29205 1 40 0 34 18 1 35 0 25 10 28 40 0 34 1 2 24 0 18 2 2 3 3 40 1 24 23 3 26 6 14 0 0 25239 1 37 0 36 41 1 42 0 25 10 28 44 0 35 1 2 20 16 47 2 2 3 3 21 1 28 23 3 17 6 14 0 0 43273 1 36 0 47 41 1 42 0 25 10 28 47 0 34 1 2 20 16 46 2 2 3 3 21 1 28 23 3 17 6 14 0 0 34307 1 35 0 34 41 1 35 0 25 10 28 44 0 34 1 2 20 16 48 2 2 3 3 21 1 28 23 3 17 6 14 0 0 34341 1 35 0 34 47 1 35 0 25 10 28 48 0 34 1 2 20 16 49 2 2 3 3 21 1 28 23 3 17 6 14 0 0 34375 1 35 0 34 47 1 35 0 25 10 28 28 0 34 1 2 20 16 46 2 2 3 3 21 1 28 23 3 17 6 14 0 0 34409 1 35 0 34 47 1 35 0 25 10 28 28 0 34 1 2 20 16 46 2 2 3 3 21 1 28 23 3 17 6 14 0 0 34443 1 35 0 34 47 1 35 0 25 10 28 28 0 34 1 2 20 16 46 2 2 3 3 21 1 28 23 3 17 6 14 0 0 34477 1 35 0 34 47 1 35 0 25 10 28 28 0 34 1 2 20 16 46 2 2 3 3 21 1 28 23 3 17 6 14 0 0 34511 1 35 0 34 47 1 35 0 25 10 28 28 0 34 1 2 20 16 46 2 2 3 3 21 1 28 23 3 17 6 14 0 0 34545 1 35 0 34 47 1 35 0 25 10 28 28 0 34 1 2 20 16 46 2 2 3 3 21 1 28 23 3 17 6 14 0 0 34579 1 35 0 34 47 1 35 0 25 10 28 28 0 34 1 2 20 16 46 2 2 3 3 21 1 28 23 3 17 6 14 0 0 34Table 3. Ultimately periodi
 sequen
es of star 
lasses for l3 = 1 and l2 � 1 (mod 34).For greater values of l2 there is no 
hange anymore in the ultimately periodi
sequen
e.Most of these equivalen
es a
tually be
ome ultimately periodi
. However,the star 
lasses Sl1;l2;1 with l2 � 7; 15; 18; 27; 29; 32 (mod 34) do not show thisbehavior. Instead, the last irregularity will grow with the length l2 of the se
ondray (as depi
ted in Figure 2).To give an explanation we prove an easy lemma �rst:Lemma 1. Let l2 and l3 be �xed lengths of rays r2 and r3, and w. l. o. g. l2 �l3. For all l2 greater than all last irregularities of all 
lasses involved in the
al
ulation of the Grundy-values of stars with ray r1 of length i from 1 up tol2 � 1 we get G(Si;l2 ;l3) = G(Si;l2+34;l3).



Proof. The values G(Si;l2;l3) and G(Si;l2+34;l3) for all i = 1; : : : ; l2 � 1 will belooked up as G(Sl2;i;l3) and G(Sl2+34;i;l3). As l2 is greater than the last irregu-larity of this 
lass and this 
lass also has period 34 these two values must beequal. utWe observe that after passing this last irregularity the sequen
e will alsobe
ome ultimately periodi
.But for spe
ial 
lasses the last irregularity keeps on growing with the lengthsof the rays. Therefore we 
an never �nd an ultimate, huge star whose sequen
ebuilds the ultimately periodi
 sequen
e for the sequen
es of earlier stars.Furthermore, our 
al
ulations show that the 
lasses that reveal the featureof a growing last ex
eption are not the same for di�erent values of l3; not evenvalues for values of l3 that lie in the same equivalen
e 
lass modulo 34.3.5 The Milky WayAs we have seen so far, we 
an 
al
ulate the value of a single star using mem-oization in polynomial time. As already mentioned in the introdu
tion, a gameposition 
omposed by a disjun
tive 
ombination of several 
omponents 
an beevaluated as the Nim-sum of them. Therefore a game position 
onsisting of manystars is simply the Nim-sum of the Grundy values of all these stars. Hen
e, 
om-puting the value of a game position of several stars needs time polynomial intheir sizes. If the value of the position is zero, then there is no wining move.For any positive value we know that there exists a winning move. Every starexhibits only a linear number of de
ompositions. Therefore, the a
tual winningmove 
an be found in linear time after the values of the de
ompositions havebeen 
al
ulated.4 If the World Was RegularIn this Se
tion, we try to �nd out why Node-Kayles exhibits irregularities inits periodi
ity of 34, whether this is just an artifa
t from the underlying Kaylesor whether there are also other reasons. To this purpose, let us assume in thisSe
tion that Kayles was periodi
 without any irregularities. Then, how wouldStar-Kayles behave?If we repeat the same investigations as before, the sequen
es of the star 
lassesare looking quite regular.As an example we give Table 4, whi
h shows all di�erent ultimately periodi
sequen
es of star 
lasses with the third ray �xed to length 1, and the se
ond rayhas length 1 (mod 34).Already for l2 = 137 the ultimately periodi
 sequen
e has rea
hed the pointwhere it will not 
hange anymore; for all greater values of l2 with l2 � 1 (mod 34)we get the same ultimately periodi
 sequen
e.The same holds for all other equivalen
e 
lasses of l2(mod 34). However, the
onsiderations above were only for a �xed length 1 of the third ray.



l2 ultimately periodi
 sequen
e1 9 3 8 8 1 9 4 2 8 5 9 4 0 3 1 2 4 8 5 10 2 3 3 5 5 4 4 8 2 2 9 0 8 235 1 16 0 0 1 1 16 0 8 9 1 10 0 3 12 2 0 0 11 2 10 14 3 12 2 9 10 3 2 17 1 0 0 269 1 17 0 0 1 1 10 0 16 9 1 18 0 3 16 2 0 0 13 2 22 3 3 19 2 9 24 3 2 2 1 0 0 2103 1 17 0 0 1 1 32 0 21 9 1 20 0 3 16 2 0 0 13 2 10 3 3 31 2 32 28 3 2 2 1 0 0 2137 1 17 0 0 1 1 32 0 34 9 1 20 0 3 16 2 0 0 13 2 10 3 3 26 2 17 28 3 2 2 1 0 0 2Table 4. Ultimately periodi
 sequen
es of star 
lasses for l3 = 1 and l2 � 1 (mod 34)based on a regular sequen
e.To build a basis for all games on degree-3 stars we need to look at di�erentlengths of r3 as well. From 2 to 20 we get the same regular behavior. But thenthe unexpe
ted happens: If l3 = 21, then there is an irregular value in the 
lassl2 � 22 (mod 34) whi
h is growing with in
reasing length l2.There is one very remarkable point about this: Those stars have their lastirregular value when l1 is equal to l2.5 Ba
k to the RootsAfter observing the stars in the sky for a while we start to feel the in�nity ofthe universe: The last irregular value will move farther and farther away as therays of the stars get longer and longer. This makes us think whether we should
ome ba
k to earth to take a look at the roots: Pin-Kayles.In Pin-Kayles a player 
an kno
k out one or two adja
ent pins only. Therebythe remaining pins might also be split into several groups. In the original gamewe have only one row of pins, and therefore at most two groups emerge, but inour star-shaped setting we 
an get up to d groups if we remove the 
enter pin.The Grundy values for Pin-Kayles have the periodi
ity 12, and show thefollowing sequen
e for n � 0; 1; 2; : : : ; 11 (mod 12): (4; 1; 2; 8; 1; 4; 7; 2; 1; 8; 2; 7),with the following 14 ex
eptionsG(n) = 0 when n = 0;G(n) = 3 when n = 3; 6; 18; 39;G(n) = 4 when n = 9; 21; 57;G(n) = 5 when n = 28;G(n) = 6 when n = 11; 22; 34; 70;G(n) = 7 when n = 15.5.1 An Alteration SpellThe magi
 number of Pin-Kayles is 12, but as we start to play the game on starswe qui
kly en
ounter a 
lass of stars that shows a di�erent period. Stars withl2 = 24 and l3 = 1 have a 14-times lengthened period. Every 168 numbers we willget exa
tly the same numbers again. Only one out of the original 12 positions




auses this new period. The next 
andidate that shows the same behavior andsame period has a ray length of l2 = 37. Here, two di�erent positions displayirregularities.Three further multipliers of 12 
an be found whi
h are 5, 10, and 70.Table 5 lists the 
hanges in periods as multipliers of 12 for an in
reasingray length l2 and a �xed ray length l3 = 1. The last three rows show the samepattern, and also later rows do not present any 
hanges anymore.l2 1 2 3 4 5 6 7 8 9 10 11 120 1 1 1 1 1 1 1 1 1 1 1 112 1 1 1 1 1 1 1 1 1 1 1 1424 1 1 1 1 1 1 1 1 1 1 1 136 14 1 14 1 1 1 14 14 1 14 1 148 1 5 1 1 1 1 5 5 1 10 14 160 1 10 1 1 14 1 10 1 1 10 10 172 5 1 1 1 10 1 1 1 10 1 1 1084 14 1 1 1 1 1 1 5 1 14 1 196 1 1 1 70 10 1 1 5 1 5 1 10108 10 1 10 1 70 1 10 1 1 1 14 1120 1 1 14 1 1 5 1 1 70 70 70 5132 1 1 1 1 14 10 1 1 5 70 1 1144 1 1 1 1 70 10 10 1 1 70 70 10156 10 1 1 70 1 14 10 1 70 70 70 1168 10 1 1 70 70 10 10 1 70 70 70 10180 10 1 1 14 14 10 10 1 70 70 70 1192 1 1 1 14 1 10 1 1 14 70 14 1204 10 70 1 14 1 10 1 1 70 70 14 1216 1 70 1 14 70 10 1 1 70 70 70 1228 1 70 1 70 1 1 1 1 14 70 14 1240 1 70 1 14 1 1 1 1 70 70 14 1252 1 1 1 14 1 1 1 1 14 70 14 1264 1 1 1 14 1 1 1 1 14 70 14 1276 1 1 1 14 1 1 1 1 14 70 70 1288 1 1 1 14 1 1 1 1 14 70 70 1300 1 1 1 14 1 1 1 1 14 70 14 1312 1 1 1 14 1 1 1 1 14 70 14 1324 1 1 1 14 1 1 1 1 14 70 14 1Table 5. Changes in the length of the period of sequen
es of star 
lasses for l3 = 1.(A table entry gives the period multiplier for l2 = row-header + 
olumn-header.)In 
ontrast to the other two Node-Kayles versions we 
ould not �nd yet a
lass that does not stop shifting the position of its last irregular value.



Another fa
t seems notable. The last irregular value of the underlying Pin-Kayles sequen
e appears at position 70. This 
oin
ides with the greatest multi-plier of the period we have found so far.6 The Forest Lies AheadWe have shown that the problem of determining game values for stars 
an bedone in polynomial time using dynami
 programming and memoization. Wehave seen that Node-Kayles played on stars 
annot lead to an ultimate periodi
sequen
e that 
an be used to des
ribe all stars bigger than a 
ertain size. Insteadwe presented star 
lasses whose last irregular value will 
ontinue to move fartherand farther away with growing length of the rays.Pin-Kayles played on stars seems more promising but further studies are ne
-essary to prove or disprove the existen
e of su
h an ultimate periodi
 sequen
e.Our investigations have given a solution for stars, a spe
ial kind of trees. Itstill remains an open problem to show how diÆ
ult it is to 
al
ulate a gameposition for arbitrary trees. If one 
an 
ompute this, solving the problem for aforest is as simple as adding the Grundy values for the single trees together inthe usual manner.Referen
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