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Abstract

We describe several algorithms for reconstructing
a variational implicit surface (VIS) from contour
data. These algorithms are applied on two kinds
of data, polygons and grey-level images. We show
that VIS are a natural choice for reconstruction pur-
poses since they provide an automatic interpolation
of sample points, and produce smooth surfaces.

1 Introduction

In this paper, we describe several experiments to re-
construct a variational implicit surface (VIS) from
parallel contours. Many authors have studied this
problem for different implicit models, because the
implicit formulation allows to get smooth, continu-
ous surfaces that have desirable properties for many
applications (they are particularly well-suited for
collision detection for example). But only a few
authors investigated the use of VIS, although this
model is a natural candidate for reconstruction pur-
poses due to its interpolation properties: by defini-
tion, a variational surface interpolates a collection
of sample points in space.
In the case of contour data,i.e. structured data or-
ganised in parallel slices, the reconstruction of an
implicit surface is not straightforward because of
the discrete nature of the data; implicit models in
general are not particularly well-adapted to struc-
tured input due to their continuous formulation.
However, VIS seem to be a good choice because
in that case the interpolation is computed from all
slices (and not as a piecewise interpolation between
successive slices, which does not ensure continu-
ity). In addition, structured input of different types
can be processed within the same framework.

In the following, after a brief description of the
variational model and existing implicit reconstruc-

tion techniques, we focus on two different kinds of
data usually employed in medical imaging: poly-
gons and grey-level images. In both cases, we de-
scribe how an efficient reconstruction can be carried
and show the results applied on data obtained from
CT scans.

2 State of the art

2.1 Implicit surface reconstruction

The problem of reconstructing a continuous, im-
plicit surface from 3D sample points has been
widely studied in the literature, mostly for data
coming from medical imaging or 3D scanning.
Only a few of these methods use structured data
such as contour slices obtained from medical imag-
ing as an input. We categorise these methods ac-
cording to the implicit model employed.

In the first approach, an algebraic surface is de-
formed by external forces to fit the data points
[17, 2, 7], but this is limited by the shape of the
initial basic surface. Another idea is to find a geo-
metric skeleton such that its associated implicit sur-
face interpolates the data points. This approach was
used in [15] where the skeleton is defined as random
set of points refined iteratively through an energy-
minimisation process, and enhanced by using the
medial axis as an initial set [3, 10]. In the case
of structured data organised in different slices, the
process can also be enhanced by first computing the
medial axis for each slice in two dimensions, which
reduces the computation cost [1].

Apart from this well-known implicit models,
many researchers have focused in the recent years
on interpolation methods,i.e. the goal is to produce
a functionf : <3 ! < such as, for every sample
pointp 2 <3, we havef(p) = 0.

One possible approach when dealing with struc-
tured data is to compute a set of functions for every
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slice in two dimensions, then extend this set to a
three-dimensional function [13, 16, 11]. But in that
case specific techniques must be employed to pre-
serve continuity between each plane. The method
proposed in [25] can fit into this category, since a re-
construction algorithm is applied on a limited num-
ber of slices, but is restricted to simple shapes. In
the more general context of reconstructing a surface
from unorganised points, different approaches were
presented such as piecewise surface reconstruction
using a signed distance [12] or function sampling on
a three-dimensional grid as in level-sets [23]. Varia-
tional surfaces are a particular case since the surface
interpolates the data points by definition. Hence,
the reconstruction problem is addressed naturally
by this model that we present in the next section.

2.2 Variational implicit surfaces

Variational implicit surfaces or VIS [20] naturally
take place among other implicit models, since the
surface is defined as the zero-set of some functionf : <3 ! <. But as noticed above, in the vari-
ational casef has the property to exactly interpo-
late scalar values (not necessarily zero) specified at
sample points. Thus, exact control over the pro-
duced surface is ensured, which makes VIS more
suitable for reconstruction purposes than other im-
plicit models such as skeletal implicit functions.

In the usual terminology of VIS, the sample
points are calledconstraints, each constraint being
a pointpi associated to a value
i. This implies thatf must satisfy:8i 2 f1; ng; f(pi) = 
i (1)

wheren is the number of constraints.
A solution for this system can be found iff is

defined as a sum ofn weighted,radial-basis func-
tions h called RBF, and if there exists at least two
constraints with oppositely-signed values. Then:8P 2 <3; f(P ) = nXj=1 wjh(jP � pj j) +D(P )

(2)
wherejP � pj j denotes the euclidean distance be-
tweenP andpj andwj is a scalar value represent-
ing the weight associated to constraintpj andD(P )
is a degree one polynomial.

The formulation of the RBF is of critical impor-
tance, especially in the context of reconstruction.
The most commonly used RBF are thin-plate func-
tions [9], usuallyh(x) = x2 log x in two dimen-
sions, andh(x) = x3 in three dimensions. The
zero-set of functionf in that case is aC1 continu-
ous surface.

Then, satisfying the set of constraints in equation
1 can be expanded in:8i 2 f1; ng; nXj=1(wjh(jpi � pj j) +D(pi)) = 
i

(3)
This reduces to solving the linear systemAz = 
,

where:

A = 26666666664
h11 h12 : : : h1n 1 px1 py1 pz1h21 h22 : : : h2n 1 px2 py2 pz2

...
...

...
...

...
...

...
...hn1 hn2 : : : hnn 1 pxn pyn pzn1 1 : : : 1 0 0 0 0px1 px2 : : : pxn 0 0 0 0py1 py2 : : : pyn 0 0 0 0pz1 pz2 : : : pzn 0 0 0 0
37777777775

(4)hij = h(jpi � pj j); pi = (pxi ; pyi ; pzi )z = 26666666664
w1w2
...wnd0dxdydz
37777777775 
 = 26666666664


1
2
...
n0000
37777777775

Well-known methods such as Cholesky or LU de-
composition can then be used to findz. Of course,
since the thin-plate RBF have infinite support, the
decomposition is very expensive. However, the
computation time can be reduced using fast eval-
uation techniques [6]. Alternatively, the determina-
tion of the solution can also be greatly enhanced by
using compactly-supported RBF with finite radius,
i.e. h(x) = 0 if x is greater than some fixed radius
[21, 14]. In this case, the linear system of equation
4 is a sparse one since manyhij tend to zero.

This computation aspect is also important when
evaluating the function, that is computingf(P )
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for some P 2 <3. Here again, fast evalua-
tion techniques [6] or compactly-supported RBF
[21, 14] can be used to enhance distance compu-
tations through spatial partitioning.

2.3 Reconstruction issues with VIS

Using this variational approach, reconstructing a
continuous surface from unorganised points is
straightforward, since these points are considered
as constraints with zero value, calledsurface con-
straints. The main problem is to addoff-surface
constraints, that is constraints with non-zero value.
But this problem is usually easily solved using nor-
mal vectors associated to sample points: for each
surface constraint, anormal constraint is found
along the normal vector by adding a constant length.
This idea has been widely used for reconstructing
a VIS from sample points obtained from scattered-
surface data [22, 14, 6, 8], polygons sets [24] or
medical imaging [5].

The choice of the RBF usually depends on the
density of the points set. But it should be noted that
only RBF with infinite support such as thin-plate
can ensure the continuity of the resulting surface if
density of the data is too low [5].

To our knowledge, the specific problem of re-
constructing a three-dimensional VIS from contour
data has only been addressed in [19], and only for
a very small set of slices (see [19] Figure 7). The
basic idea is to use the set of points defining each
contour in two dimensions as surface constraints for
the VIS in three dimensions, using thez coordinate
of the contour as thez coordinate for each of its
points. Here again, the normal vector associated to
each point is used to compute normal constraints.
The resulting surface is everywhere continuous and,
as noted in [19], it produces smooth rounded caps
on the ends, naturally extending the surface beyond
first and last slice. Moreover, the distance between
two slices can be adjusted to shrink or extend the
surface by modifying thez coordinate associated to
each slice. However, the authors do not give much
information about the input data, which makes it
hard to reproduce their results.

In the remainder of this paper, we will focus on
the reconstruction of a VIS from two different kinds
of contour data.

3 Reconstruction from polygonal con-
tours

Figure 1: Four slices from the lung dataset used as
a test example (top to bottom)

In this section, we describe our attempts to re-
construct a VIS from a set of polygonal contours.
The test set is composed of 47 parallel polygons,
obtained from a CT scan of a right lung, which was
also used to test another reconstruction method de-
scribed elsewhere [1]. Each polygon has about 20
vertices, the total number of vertices beingN =545; some of these polygons are showed on Fig-
ure 1. Each polygon is oriented, which means that
we can compute the normal vector at each vertex.

Two reconstruction approaches applied to this set
are presented. The first one is inspired by [19] and
makes use of the normal vectors. In the second one,
these are replaced by the interior of the polygons.
We discuss the properties of each method in the last
part.

3.1 Reconstruction using normal vectors

As in the method described above [19], our first ap-
proach to reconstruct a variational functionf from
polygonal contours is to make use of the normal
vectors at each vertex.

First, we consider each vertex as a surface con-
straint (i.e. with zero value). This means we have
a setC of N constraintspi (i 2 [1; N ℄) such asf(pi) = 0.

To generate a consistent, orientable surface, we
add anormal constraintp0i for each vertexvi lo-
cated at a predefined distanced of vi along the
normal vector ~ni computed atvi; d = 0:1 was
chosen in our case. Sincevi belongs to an ori-
ented polygon in the plane, we can usevi�1 andvi+1 to computeni. Then we must choose the
value � such thatf(p0i) = �; in our case, we
choose� = 1, but experiments showed that lower
or greater values do not change the overall resulting
surface. Although this strategy gives good results in
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Figure 2: (a) Example of problematic configura-
tions for normal constraintsp2 andp3 (b) Using op-
posite normal constraints

most cases, the distanced must be chosen carefully
in order to avoid self-intersecting configurations as
in Figure 2a. In order to solve this problem,d must
be sufficiently small to make sure thatp0i does not
belong to the polygon. A better alternative con-
sists in using the opposite normal vector�~ni when
a concavity occurs,i.e. when dvi�1vivi+1 < �.
In that case,p0i becomes anopposite normal con-
straint such asF (p0i) = �� (see Figure 2b).

Figure 3: Reconstruction using normal vectors
(front and side view) with 1090 (top) and 2342 (bot-
tom) constraints. The crease observed at the bottom
of the lung disappears on the second surface

Using this approach, a VIS is reconstructed from
the polygonal contours by a set of2N = 1090
constraints. The resulting iso-surface for the lung

Figure 4: (a) Example of constrained Delaunay tri-
angulation of one contour (b) Refined triangulation

dataset is shown on Figure 3 (top). It was computed
using the software described in [24], which itself
is based on Bloomenthal’s implicit surface polygo-
nizer [4] to extract the mesh.

Although this method produces a smooth sur-
face that interpolates the input vertices correctly,
some undesirable effects such as creases can be ob-
served at the bottom of the organ. This is mainly
due to the fact that geometric arrangements in ad-
jacent polygons do not necessarily match. In such
cases, our basic approach cannot give an efficient
solution to this problem, because only vertices of
the input polygons are used to reconstruct the sur-
face; information from edges linking these vertices
is not taken into account. To overcome this, a
simple solution is to refine the constraints set by
adding new surface and normal constraints corre-
sponding to problematic edges’ midpoints. We find
such edges by evaluating the variational function
value at the midpoint: if it is greater than a pre-
defined threshold, then two constraints (surface and
normal, or surface and opposite normal) are added
for this midpoint. When all problematic edges have
been identified, the weights of the variational func-
tion are re-computed. This method provides a way
to measure the overall error between the input data
and the reconstructed surface. It was applied to gen-
erate the more accurate surface shown on Figure 3
(bottom), with an overall least-squares error of 5.

3.2 Reconstruction using interior con-
straints

Another way to generate a VIS from polygonal data
is to defineinterior constraint instead ofnormal
constraints: since the polygons are oriented, we can
characterise their interior and exterior, and hence
specify that the variational function should have the
same behaviour. Aninterior constraintpj is sim-
ply defined as a point inside the polygon having a
negative value,i.e. f(pj) = ��.
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Figure 5: Reconstruction using interior constraints
with 2224 (top) and 3568 (bottom) constraints

Figure 6: Reconstruction using interior constraints
and one slice out of five (698 constraints)

To generate interior constraints for one polygonal
contour, we first compute a set of triangles inside
using aDelaunay constrained triangulation which
is very efficient in two dimensions (see Figure 4a).
Then the interior constraints are defined as the cen-
tres of these triangles. This approach was used to
compute the VIS shown on Figure 5 (top).

Although the number of constraints is relatively
high, the resulting surface still exhibits undesirable
holes and creases. Therefore, as in the previous ap-
proach, a refinement step is necessary. It is per-
formed in that case by using Ruppert’s Delaunay
refinement algorithm described in [18], which pro-
duces guaranteed-quality triangles (see Figure 4b),
and by adding the centres as new interior con-
straints. The resulting surface in that case is shown
on Figure 5 (bottom).

3.3 Discussion

Both the normal or interior approaches give good
results. Of course, the interpolation is driven more
by the vertices than by the edges, but in both ap-
proaches it is possible to refine the constraints set
to get closer to the polygonal contour. Still, it
seems that the interior constraints approach gener-
ate a higher number of points for the same kind
of results. On the other hand, we made some re-
construction experiments using a fewer number of
slices as an input (one slice out of five), in order to
get a low resolution surface with faster computation
times. This idea can also be found in [25] for in-
terpolating between slices. The results were better
using the interior approach, mainly because the in-
finite RBF allows to “spread” the influence of the
interior constraints as shown on Figure 6. This is
not the case with normal constraints that are located
too close to their corresponding surface constraints.

Moreover, as suggested by one referee, the in-
terior approach could be enhanced by associating
different values to interior constraints, depending
on the distance to the border. The resulting vari-
ational function would then give a better interpo-
lation, but issues regarding computation times and
how to choose efficient constraint values still have
to be addressed.

4 Reconstruction from Gray-scale im-
ages

We now show the reconstruction of a variational
surface from a set of contours extracted from gray-
scale images. That is, our goal VIS should inter-
polate parallel contours displaced along a vertical
axis. The main difference with the reconstruction
from contours is that we have much more detailed
data which, of course, generates more constraints.
Extracting contours and reconstructing interpolat-
ing VIS is accomplished by means of a series of
stages described as follows.

In most applications a proper segmentation is re-
quired to obtain the slices contours from the original
gray-level images. In the example we show VIS re-
construction of a lung carried out a set of CT-scan
gray-level images. To accomplish this, every lung
slice must be isolated from the rest of other simi-
lar objects laying in the same image. We opted for
semi-automatic segmentation based on threshold-
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ing, labeling and manual selection of the lung slice.
Segmentation was carried on each of the original
image, one at a time, resulting in a set of segmented
binary images containing only pixels belonging to
lung slices. The segmented slices were then pro-
cessed as in the following steps (see Figure 7).

4.1 Contour extraction and VIS con-
straints generation

We extracted contours by collecting all the pixel
having at most three 4-connected neighbours (out
of four) that belong to the segmented slice. This en-
sures 4-connectivity of all the contour pixels. Pixel
coordinates in the image plane give the the first two
components of the contour points while the third is
taken from the image displacement along the verti-
cal axis as in the previous section.

We then generated VIS constraints for each given
contour point. A couple of constraints is generated
for each point (surface and normal). The surface
constraint is placed at contour point location, its
value set to zero. Gradient of the segmented binary
image is evaluated at the contour point location: the
normal constraint is then placed at a distanced away
from the contour point in the direction of the gradi-
ent. Our experiments showed thatd = 0:5 works
fine for our data set.

4.2 Stacked stripes

Our example data set is composed of 40 gray-level
images producing a slice each. After the described
processing, 20219 contour points were produced.
Such huge number of points implies long compu-
tation time and requires great amounts of memory
just to store the linear system matrix. Computation
time issue arises also during VIS evaluation, conse-
quently afflicting rendering (polygonization or ray-
tracing).

Instead of gathering all the constraint points to
generate one comprehensive VIS we implemented
“stacked stripes” by gathering sequentially contigu-
ous parallel contours in groups of three and generat-
ing a VIS -“stripe” - for each of the groups as shown
in Figure 8.

The entire surface can then be defined as:f(x; y; z) = nXi=1 fi(x; y; z) (5)

where:fi(x; y; z) = ( 0; z < zif 0i(x; y; z); zi � z < zi+10; z � zi+1
(6)

andf 0i(x; y; z) is the VIS constructed from con-
tours i, i + 1 and i + 2 andzi andzi+1 the coor-
dinates in the z-axis of the first two contours. This
way, contiguous stripes share constraints from two
slices and this partial overlapping ensures the ex-
pected local behaviour of the surface. We then ob-
tain the desired surface by composing all the stripes
(Figure 9). Results are showed in Figure 10.

Figure 7: Gray-level image processing: original CT
scan image, segmented image with highlighted con-
tour

Contour n+1

Contour n

Contour n+2

Stripe n

Figure 8: Each stripe is defined by means of three
contiguous contours and evaluated in the space
comprised between the first two contours.

Stacked stripes allowed us to obtain smooth sur-
faces out of a great number of constraints points
while keeping computation time and hardware req-
uisites acceptable. It seems that VIS generation
could be further optimised when reconstructing
from grey-level images by using fast evaluation
techniques [6], since the data is very dense in that
case. Other possible optimisations include paral-
lelising the “stripes” computation. Some artifacts
visible on the surface can be accounted to the sharp
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Contour 3

Contour 5

Contour 2

Contour 1

Contour 4

Stripe 1

Stripe 4

Stripe 2

Stripe 3

Figure 9: The desired surface is obtained by com-
posing all the stripes.

Figure 10: Polygonal model: frontal and side views

edged pixelised contours produced by the segmen-
tation step. This will be addressed in future work.

5 Conclusion

We have presented in this paper several results
concerning the reconstruction of a VIS from con-
tour data, either polygonal or grey-scale. In both
cases, our experiments showed that VIS are a very
good candidate for reconstruction purposes, since
its properties give natural, continuous interpolation
of the contour points. They are also easily refin-
able by adding more constraints to the model, thus
allowing to produce more detailed surfaces if nec-
essary.

In the future, we intend to optimise our recon-
struction algorithms by applying better techniques
for the computation and evaluation of the vari-
ational function. Investigating the interpolation
properties of VIS is also appealing for other pur-
poses, for example semi-automatic segmentation or
computer-aided contouring of medical data. Other

properties of VIS could also be used, especially for
simulation and collision detection.
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