
New 34-Approximation Algorithms for MAX SATMichel X. Goemans�M.I.T. David P. WilliamsonyM.I.T.AbstractRecently, Yannakakis presented the �rst 34 -approximation algorithm for the Maximum Satis�abilityProblem (MAX SAT). His algorithm makes non-trivial use of solutions to maximum 
ow problems.We present new, simple 34 -approximation algorithms that apply the probabilistic method/randomizedrounding to the solution to a linear programming relaxation of MAX SAT. We show that althoughstandard randomized rounding does not give a good approximate result, the best solution of the twogiven by randomized rounding and a well-known algorithm of Johnson is always within 34 of the optimalsolution. We further show that an unusual twist on randomized rounding also yields 34 -approximationalgorithms. As a by-product of our analysis, we obtain a tight worst-case analysis of the relativeduality gap of the linear programming relaxation.IntroductionAn instance of the Maximum Satis�ability Problem (MAX SAT) is de�ned by a collection C of booleanclauses, where each clause is a disjunction of literals drawn from a set of variables fx1; x2; : : : ; xng. Aliteral is either a variable x or its negation x. In addition, for each clause Cj 2 C, there is an associatednonnegative weight wj. An optimal solution to a MAX SAT instance is an assignment of truth values tovariables x1; : : : ; xn that maximizes the sum of the weight of the satis�ed clauses (i.e. clauses with at leastone true literal). MAX SAT is known to be NP-complete, even when each clause contains at most twoliterals (sometimes called MAX 2SAT) [4]. Hence there is unlikely to be any polynomial-time algorithmthat can solve MAX SAT optimally.Many people, however, have proposed �-approximation algorithms for MAX SAT. An �-approximationalgorithm for MAX SAT is a polynomial-time algorithm which, for every instance, produces a truthassignment with weight at least � times the weight of an optimal solution. Johnson [6] demonstrates a12 -approximation algorithm, which is also an (1� 12k )-approximation algorithm when each clause containsat least k literals. In particular, if k � 2 the performance guarantee is at least 34 . Lieberherr and Specker[9] give a p5�12 -approximation algorithm (p5�12 = 0:618 : : :) when the clause set does not contain both�Address: M.I.T. Room 2-372, 77 Massachusetts Ave., Cambridge, MA, 02139. Email: goemans@math.mit.edu. Researchsupported in part by Air Force contract AFOSR-89-0271 and DARPA contract N00014-89-J-1988.yAddress: Laboratory for Computer Science Room 301, 545 Technology Square, Cambridge, MA 02139. Email:dpwmson@theory.lcs.mit.edu. Research partially supported by an NSF Graduate Fellowship and DARPA contract N00014-89-J-1988. 1



New 34 -Approximation Algorithms for MAX SAT 2clauses xi and xi for any i. Kohli and Krishnamurti [8] present a randomized algorithm whose solutionhas expected weight at least 23 of optimal. Recently, Yannakakis improved on these results by showing a 34-approximation algorithm [12]. Yannakakis' algorithm transforms a MAX SAT instance into an equivalentinstance (in terms of approximability) which does not contain any unit clauses (i.e. clauses with onlyone literal). In conjunction with Johnson's algorithm, this leads to the improved performance guarantee.The algorithm uses maximum 
ow computations in an elegant way to transform MAX 2SAT instances.However, the transformation becomes more complicated when general clauses are introduced.The purpose of this note is to present new 34-approximation algorithms which are conceptually simplefor all MAX SAT instances. The algorithms presented here apply the technique of randomized rounding(Raghavan and Thompson [11, 10]) to the solution of a single linear program that is a linear programmingrelaxation of a formulation for the MAX SAT problem. However, a straightforward application of thetechnique does not yield a 34-approximation algorithm. We surmount this di�culty in two ways: bycombining randomized rounding with Johnson's algorithm, and by using an interesting variation of thestandard randomized rounding technique.The note is structured as follows. In Section 1, Johnson's algorithm is reviewed in terms of theprobabilistic method. In Section 2, we show that a straightforward application of randomized roundingto a linear programming relaxation of MAX SAT leads to a �1� 1e �-approximation algorithm (1� 1=e =0:632 : : :). The algorithm that selects the better of the two solutions given by randomized rounding andJohnson's algorithm is shown to be a 34 -approximation algorithm in Section 3. In Section 4, we describea class of 34-approximation algorithms for MAX SAT based on a variant of randomized rounding. Weconclude with a few remarks in Section 5.1 Johnson's Algorithm and the Probabilistic MethodSuppose we independently and randomly set each variable xi to be true with probability pi. Then theexpected weight of clauses satis�ed by this probabilistic assignment isŴ = XCj2Cwj(1� Yi2I+j (1� pi) Yi2I�j pi);where I+j (resp. I�j ) denote the set of variables appearing unnegated (resp. negated) in Cj. The proba-bilistic method speci�es that there must exist an assignment of truth values to variables whose weight isat least this expected value. In fact, the method of conditional probabilities (see Alon and Spencer [1],p. 223) can be applied to �nd such an assignment deterministically in polynomial time. In the method ofconditional probabilities, the value for the ith variable is determined in the ith iteration: given the valuesof x1; : : : ; xi�1, calculate the expected weight of clauses satis�ed by the probabilistic assignment, giventhe current assignment to x1; : : : ; xi�1 and the assignment xi = 1. Then calculate the expected weightgiven the assignment to x1; : : : ; xi�1 and xi = 0. The variable xi is assigned the value that maximizesthe conditional expectation. Since each conditional expectation can be calculated in polynomial time, theoverall algorithm takes polynomial time, and as asserted above, the assignment produced has weight atleast Ŵ .As interpreted by Yannakakis [12], Johnson's algorithm essentially sets pi = 12 for all i and uses the



New 34 -Approximation Algorithms for MAX SAT 3method of conditional probabilities. It is not hard to see that for this choice of pi,Ŵ � XCj2C(1� 12)wj = 12 XCj2C wj:Since the optimum assignment can have weight at mostPj wj, this proves that Johnson's algorithm is a12 -approximation algorithm. Moreover, if all clauses have at least k literals thenŴ � �1� 12k� XCj2Cwj;implying that Johnson's algorithm is a (1 � 12k )-approximation algorithm for this restricted class of in-stances.2 A (1� 1=e)-approximation algorithmConsider the following integer program:Max XCj2Cwjzjsubject to:(IP ) Xi2I+j yi + Xi2I�j (1� yi) � zj 8Cj 2 Cyi 2 f0; 1g 1 � i � n0 � zj � 1 8Cj 2 C:By associating yi = 1 with xi set true, yi = 0 with xi set false, zj = 1 with clause Cj satis�ed,and zj = 0 with clause Cj not satis�ed, the integer program (IP ) exactly corresponds to the MAX SATproblem, and its optimal value Z�IP is equal to the optimal value of the MAX SAT problem. We can nowconsider the linear programming relaxation of (IP ) formed by replacing the yi 2 f0; 1g constraints withthe constraints 0 � yi � 1. Call this linear program (LP ). Obviously the optimal value of (LP ) is anupper bound on the optimal value of (IP ); that is, Z�LP � Z�IP . Whenever there are no unit clauses, thesolution yi = 12 for all i and zj = 1 for all j, which is of value PCj2C wj , is optimal, independent of theweights wj. Hence, the relaxation is vacuous in this case. However, when there are unit clauses (the badcase for Johnson's algorithm), we shall show in this and later sections that this relaxation provides someuseful information.We now show that by using randomized rounding in a straightforward fashion we obtain a �1� 1e�-approximation algorithm for MAX SAT. This algorithm consists of two simple steps. The �rst step is tosolve the linear program (LP ). Let (y�; z�) be an optimal solution. The second step is to apply the methodof conditional probabilities with pi = y�i for all i to derive an assignment. Clearly, this algorithm takesonly polynomial time (using some polynomial-time linear programming algorithm, such as Karmarkar'salgorithm [7]).The proof of the performance guarantee of 1 � 1=e is similar to the approach described in Section 1although the expected weight Ŵ of a random truth assignment is not compared to PCj2C wj but rather



New 34 -Approximation Algorithms for MAX SAT 4to Z�LP . Notice that if 1� Yi2I+j (1� yi) Yi2I�j yi � �zjfor any feasible solution (y; z) to (LP ) and for any clause Cj thenŴ = XCj wj8><>:1� Yi2I+j (1� pi) Yi2I�j pi9>=>;= XCj wj8><>:1� Yi2I+j (1� y�i ) Yi2I�j y�i9>=>;� �XCj wjz�j = �Z�LP � �Z�IP ;implying that the resulting algorithm is an �-approximation algorithm.Lemma 1 For any feasible solution (y; z) to (LP ) and for any clause Cj with k literals, we have1� Yi2I+j (1� yi) Yi2I�j yi � �kzjwhere �k = 1��1� 1k�k :This and subsequent proofs use the following simple results. To show that a concave function f(x)satis�es f(x) � ax+ b over the interval [l; u], one only needs to show it for the endpoints of the interval,namely f(l) � al + b and f(u) � au+ b. We shall also rely on the arithmetic/geometric mean inequalitywhich states that a1 + a2 + � � �+ akk � kpa1a2 � � �ak;for any collection of nonnegative numbers a1; a2; � � � ; ak.Proof : We can assume without loss of generality that all variables in the clause are unnegated. Indeed, ifxi appears negated in clause Cj, one can replace xi by its negation xi in every clause and also replace yiby 1� yi without a�ecting the feasibility of (LP ) or the claim stated in the lemma. We thus assume thatthe clause is x1 _ � � � _ xk with associated constraint y1 + � � �+ yk � zj . We need to prove that1� kYi=1(1� yi) � �kzj :Applying the arithmetic/geometric mean inequality to f1 � yig and using the constraint on zj , weobtain that 1� kYi=1(1� yi) � 1� 1� Pki=1 yik !k� 1� �1� zjk �k :



New 34 -Approximation Algorithms for MAX SAT 5Since f(zj ) = 1� �1� zjk �k is a concave function and since f(0) = 0 and f(1) = �k, we derive that1� �1� zjk �k � �kzj ;proving the desired result.Since �k is decreasing with k, Lemma 1 and the discussion which precedes it show that this simplealgorithm is a �k-approximation algorithm for the class of MAX SAT instances with at most k literalsper clause. In particular, it is a 34 -approximation algorithm for MAX 2SAT and a �1� 1e�-approximationalgorithm for MAX SAT in general, since limk!1 �1� 1k�k = 1e .In a certain sense, the analysis we have just performed cannot be improved. Consider the MAX SATinstance consisting of the clauses Cj : Wi6=j xi for j = 1; : : : ; n with weight n and the clauses Cn+j : xj forj = 1; : : : ; n with weight 1. One can show that the unique optimum solution to (LP ) is given by y�i = 1n�1for all i = 1; : : : ; n and z�j = ( 1 j � n1� 1n�1 j > n:One can further show that limn!1 ŴZ�IP = limn!1 ŴZ�LP = 1� 1e ;and thus the inequality Ŵ � �1� 1e�Z�IP is tight. However, applying the method of conditional probabil-ities to this optimum (LP ) solution yields the optimum truth assignment.3 A Simple 34-Approximation AlgorithmIn Section 1, we have shown that Johnson's algorithm is a 34 -approximation algorithm when all clausescontain at least 2 literals, while in the previous section, we have presented a 34-approximation algorithmwhen all clauses contain at most 2 literals (i.e. for MAX 2SAT instances). In this section, we show thatthe a 34 -approximation algorithm can be obtained by choosing the best truth assignment between the twooutput by Johnson's algorithm and the algorithm of the previous section. More formally, we have thefollowing result.Theorem 2 Let Ŵ1 denote the expected weight corresponding to pi = 12 for all i and let Ŵ2 denote theexpected weight corresponding to pi = y�i for all i where (y�; z�) is an optimum solution to the (LP )relaxation. Then max(Ŵ1; Ŵ2) � Ŵ1 + Ŵ22 � 34Z�LP :Proof : The �rst inequality is trivially satis�ed. Let Ck denote the set of clauses with exactly k literals.From Section 1, we know that Ŵ1 =Xk�1 XCj2Ck �kwj �Xk�1 XCj2Ck �kwjz�j ;where �k = �1� 12k �. On the other hand, Lemma 1 implies thatŴ2 �Xk�1 XCj2Ck �kwjz�j ;



New 34 -Approximation Algorithms for MAX SAT 6where �k = 1��1� 1k�k :As a result, Ŵ1 + Ŵ22 �Xk�1 XCj2Ck �k + �k2 wjz�j :Clearly, �1 + �1 = �2 + �2 = 32 while, for k � 3, �k + �k � 78 + 1� 1e � 32 . Therefore,Ŵ1 + Ŵ22 �Xk�1 XCj2Ck 34wjz�j = 34Z�LP :The previous theorem also demonstrates that the following algorithm is a 34-approximation algorithm:with probability 12 , set the vector p of probablities to be either pi = 12 for all i or pi = y�i for all i, andapply the method of conditional probabilities. In this scheme, xi is set true with probability 14 + 12y�i butthis algorithm does not �t in the framework described in Section 1 since the xi's are not set independently.4 A Class of 34-Approximation AlgorithmsThe standard randomized rounding scheme of Section 2 can be modi�ed to lead directly to 34-approximationalgorithms. For this purpose, instead of using pi = y�i for all i, we let pi = f(y�i ) for some carefully selectedfunction f : [0; 1]! [0; 1] and, as before, apply the method of conditional probabilities. Possible choicesof f are discussed below. As far as we know, this is the �rst application of randomized rounding in whichthe probabilities pi are not identical to or scaled versions of the linear program variables y�i .As in Section 2, if we can show that1� Yi2I+j (1� f(yi)) Yi2I�j f(yi) � 34zj (1)for any feasible solution (y; z) to (LP ) and for any clause Cj then the resulting algorithm is a 34-approximation algorithm. Inequality (1) together with the constraints on zj motivate the following de�-nition.De�nition 1 A function f : [0; 1]! [0; 1] has property 34 if1� lYi=1(1� f(yi)) kYi=l+1 f(yi) � 34 min 1; lXi=1 yi + kXi=l+1(1� yi)!for any k; l with k � l and any y1; : : : ; yk 2 [0; 1].By the discussion of Section 2, any function f with property 34 induces a 34-approximation algorithm. Thefollowing theorems show that not only do there exist functions with property 34 but also there is some
exibility in choosing such a function.



New 34 -Approximation Algorithms for MAX SAT 7Theorem 3 Any function f satisfying 1� 4�y � f(y) � 4y�1for all y 2 [0; 1] has property 34 .Theorem 4 The linear function f�(y) = �+ (1� 2�)y, where2� 33p4 � � � 14 ;has property 34 . (2� 33p4 � :11)Theorem 5 The function f(y) = 8>><>>: 34y + 14 if 0 � y � 1312 if 13 � y � 2334y if 23 � y � 1:has property 34 .The possible choices for f following from Theorems 3{5 are depicted in Figure 1. Before proving thesetheorems, we would like to make a few remarks regarding the functions with property 34 given in thesetheorems.� There exist functions satisfying the conditions of Theorem 3 since, by the arithmetic/geometric meaninequality, 4�y+4y�12 � 12 , i.e. 1� 4�y � 4y�1.� By Theorem 3, there exist functions f with property 34 for which f(1) = 1 and f(0) = 0. This is thecase, for example, for f(y) = ( 4y�1 if y � 121� 4�y if y < 12 :The property f(1) = 1 and f(0) = 0 implies that the randomized rounding sets the value of avariable xi deterministically according to y�i when y�i 2 f0; 1g.� For l = k and y1 = � � � = yk = 1k , notice that any function f with property 34 must satisfyf �1k� � 1� 4�1=kfor all integers k � 1. This partially explains the choice of the lower bound in Theorem 3. Theupper bound can be similarly obtained by considering l = 0.� Although f(y) = y is not a function with property 34 , there exist linear functions with property 34 asdemonstrated in Theorem 4.� The linear function f1=4(y) of Theorem 4 corresponds to setting xi to be true with probability14 + 12y�i . However, the resulting algorithm di�ers from the one mentioned after Theorem 2 since inthe latter the xi's are not set independently of each other.
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New 34 -Approximation Algorithms for MAX SAT 9� The function described in Theorem 5 is the \closest" to Johnson's scheme in the sense that, forany y 2 [0; 1], the function f of Theorem 5 minimizes jf(y) � 12 j over all functions with property 34 .Indeed, by considering the case k = 1, l = 0 or 1, one derives that any function f with property 34satis�es 34y � f(y) � 34y + 14for any y 2 [0; 1].Our proofs of Theorems 3{5 use similar ideas, but the proof of Theorem 5 is more tedious than theothers since we have to di�erentiate between several cases. For this reason, we have omitted its proof, butthe reader can �nd it in an earlier version of this paper [5]. To prove the theorems, we use the followingLemma to restrict our attention to the case l = k (corresponding to a clause with no negated variable).Lemma 6 Let g : [0; 1]! [0; 1] be a function satisfying1� kYi=1(1� g(yi)) � 34 min 1; kXi yi! (2)for all k and all y1; y2; : : : ; yk 2 [0; 1]. Consider any function f : [0; 1]! [0; 1] satisfyingg(y) � f(y) � 1� g(1� y) (3)for all y 2 [0; 1]. Then f has property 34 .Proof : Consider any k; l with k � l and any y1; : : : ; yk 2 [0; 1]. Then1� lYi=1(1� f(yi)) kYi=l+1 f(yi) (3)� 1� lYi=1(1� g(yi)) kYi=l+1(1� g(1 � yi))= 1� kYi=1(1� g(y0i))(2)� 34 min 1; kXi=1 y0i!= 34 min 1; lXi=1 yi + kXi=l+1(1� yi)! ;where y0i = yi for i = 1; : : : ; l and y0i = 1� yi for i = l + 1; : : : ; k.Proof of Theorem 3: By Lemma 6, we only need to show that g(y) = 1� 4�y satis�es (2). We have1� kYi=1(1� g(yi)) = 1� kYi=1 4�yi= 1� 4�Pki=1 yi= 1� 4�Y = g(Y )where Y = Pki=1 yi. Since g(Y ) is increasing with Y , in order to prove (2), we only need to show thatg(Y ) � 34Y for any Y 2 [0; 1]. This follows from the concavity of g(Y ) and the facts that g(0) = 0 andg(1) = 34 .



New 34 -Approximation Algorithms for MAX SAT 10Proof of Theorem 4: Suppose 2� 33p4 � � � 14 . Since f�(y) = �+(1�2�)y satis�es 1�f�(1�y) = f�(y),we only need to show that f�(y) satis�es (2) in order to use Lemma 6. We have1� kYi=1(1� f�(yi)) = 1� kYi=1 (1� �� (1 � 2�)yi)� 1�  1� �� (1 � 2�)Pki=1 yik !kby the arithmetic/geometric mean inequality. Letting y = (Pki=1 yi)=k, we need to show that1� (1� �� (1� 2�)y)k � 34 min(1; ky); (4)for any y 2 [0; 1]. Since the left-hand-side is increasing with y, we can restrict our attention to y 2 [0; 1k ].Furthermore, since it is concave in y, we can just check (4) for y = 0 (for which it is trivially satis�ed)and for y = 1k . For this latter value, we need to prove that14 � �1� �� (1� 2�) 1k�k ; (5)for any integer k � 1. For k = 1, (5) reduces to � � 14 while (5) always holds for k = 2. For k � 3, (5) isequivalent to � � k � 1� k4�1=kk � 2 : (6)One can show that h(x) = (x � 1 � x4�1=x)=(x � 2) is decreasing in x for x > 2 and, thus, (6) holdsprovided that � � 2� 33p4 .5 Concluding RemarksThe existence of functions with property 34 proves a worst-case bound on the relative duality gap associatedwith (LP ), namely that Z�LP � 43Z�IP :Moreover, this worst-case analysis is tight, as can be seen from the MAX 2SAT instance8>>><>>>: x1 _ x2x1 _ x2x1 _ x2x1 _ x2with unit weights. As we observed previously, the LP solution yi = 12 for all i and zj = 1 for all j isoptimal for any instance without unit clauses, and has valuePj wj. In this case, Z�LP = 4, while Z�IP = 3.The performance guarantee of 34 for our algorithms is also tight. For any instance without unit clauses,all of our algorithms reduce to Johnson's algorithm, since yi = 12 for all i is an optimal solution to (LP )and all the functions given above have f(12 ) = 12 . Johnson's algorithm is a 34 -approximation algorithm onthis class of instances, and he gives instances of this type that are tight for his algorithm [6]. Furthermore,



New 34 -Approximation Algorithms for MAX SAT 11any function f with property 34 must satisfy f(12 ) = 12 . This follows from the de�nition of property 34 forthe values k = 2, l = 0 or 2, and y1 = y2 = 12 . Therefore, without changing our analysis or strengtheningthe linear programming relaxation, one cannot expect to beat the performance guarantee of 34 .Beating the bound of 34 would have an interesting implication. Yannakakis [12] points out that aperformance guarantee better than 34 would immediately lead to an approximation algorithm for theMAX CUT problem with a performance guarantee better than 12 . The MAX CUT problem is that ofpartitioning the vertex set of a graph into two sets so as to maximize the number of edges with endpointsin both sets. A trivial 12 -approximation algorithm is known, and nothing better has been discovered.Recent results of Arora et al. [2] imply that there exist constants within which MAX 2SAT, MAX3SAT (every clause has at most 3 literals) and MAX CUT cannot be approximated unless P = NP. Asof the writing of this paper, the best known constant for MAX 3SAT is 112/113 [3]. There is much roomfor improvement between this hardness result and the approximation algorithms presented here and byYannakakis [12].Thus it is an interesting open question as to whether the linear programming relaxation can be strength-ened so that a better performance guarantee is possible using these techniques. It would also be interestingto obtain a complete characterization of the functions with property 34 . Finally, we would like to know ifthe technique used here of randomized rounding with a function other than the identity function can beapplied to other problems with natural linear programming relaxations.AcknowledgementsWe would like to thank Rick Vohra for suggesting the search for simple functions with property 34 .References[1] N. Alon and J. H. Spencer. The Probabilistic Method. John Wiley and Sons, 1992.[2] S. Arora, C. Lund, R. Motwani, M. Sudan, and M. Szegedy. Proof veri�cation and hardness of ap-proximation problems. In Proceedings of the 33rd IEEE Symposium on the Foundations of ComputerScience, pages 14{23, 1992.[3] M. Bellare, S. Goldwasser, C. Lund, and A. Russell. E�cient probabilistically checkable proofs:Applications to approximation. In Proceedings of the 25th ACM Symposium on Theory of Computing,1993.[4] M. Garey, D. Johnson, and L. Stockmeyer. Some simpli�ed NP-complete graph problems. TheoreticalComputer Science, 1:237{267, 1976.[5] M. X. Goemans and D. P. Williamson. A new 34-approximation algorithm for MAX SAT. In Pro-ceedings of the 3rd Integer Programming and Combinatorial Optimization Conference, Apr. 1993.[6] D. Johnson. Approximation algorithms for combinatorial problems. Journal of Computer and SystemSciences, 9:256{278, 1974.
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