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Abstra
tLet G = (V;E) be a graph and x; y; z 2 V be three designated verti
es.We give a ne
essary and suÆ
ient 
ondition for the existen
e of a rigid two-dimensional framework (G; p), in whi
h x; y; z are 
ollinear. This result extendsa 
lassi
al result of Laman on the existen
e of a rigid framework onG. Our proofleads to an eÆ
ient algorithm whi
h 
an test whether G satis�es the 
ondition.1 Introdu
tionA framework (G; p) in d-spa
e is a graph G = (V;E) and an embedding p : V ! Rd .We say that the framework (G; p) is a realisation of graph G. The rigidity matrix ofthe framework is the matrix R(G; p) of size jEj � djV j, where, for ea
h edge vivj 2 E,in the row 
orresponding to vivj, the entries in the d 
olumns 
orresponding to vertexi (j) 
ontain the d 
oordinates of (p(vi) � p(vj)) ((p(vj) � p(vi)), respe
tively), andthe remaining entries are zeros. See [8℄ for more details. The rigidity matrix of (G; p)de�nes the rigidity matroid of (G; p) on the ground set E by linear independen
e ofrows of the rigidity matrix. The framework is independent if the rows of R(G; p)are linearly independent. A framework (G; p) is generi
 if the 
oordinates of thepoints p(v), v 2 V , are algebrai
ally independent over the rationals. Any two generi
frameworks (G; p) and (G; p0) have the same rigidity matroid. We 
all this the d-dimensional rigidity matroid Rd(G) = (E; rd) of the graph G. We denote the rank ofRd(G) by rd(G).Lemma 1.1. [8, Lemma 11.1.3℄ Let (G; p) be a framework in Rd . Then rankR(G; p) �S(n; d), where n = jV (G)j andS(n; d) = � nd� �d+12 � if n � d+ 1�n2� if n � d+ 1:?S
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Se
tion 1. Introdu
tion 2We say that a framework (G; p) in Rd is in�nitesimaly rigid if rankR(G; p) =S(n; d). This de�nition is motivated by the fa
t that if (G; p) is in�nitesimally rigidthen (G; p) is rigid in the sense that every 
ontinuous deformation of (G; p) whi
hpreserves the edge lengths jjp(u)� p(v)jj for all uv 2 E, must preserve the distan
esjjp(w)�p(x)jj for allw; x 2 V , see [8℄. We say that the graphG is rigid in Rd if rd(G) =S(n; d) holds. (In this 
ase every generi
 framework (G; p) in Rd is in�nitesimally rigidand hen
e is rigid.) We say that G is M -independent in Rd if E is independent inRd(G). For X � V , let iG(X) denote the number of edges in G[X℄, that is, in thesubgraph indu
ed by X inG. We use i(X) when the graph G is 
lear from the 
ontext.Lemma 1.1 implies the following ne
essary 
ondition for G to be M -independent.Lemma 1.2. If G = (V;E) is M-independent in Rd then i(X) � S(jXj; d) for allX � V .The 
onverse of Lemma 1.2 also holds for d = 1; 2. The 
ase d = 1 follows from thefa
t that the 1-dimensional rigidity matroid of G is the same as the 
y
le matroid ofG, see [2, Theorem 2.1.1℄. The 
ase d = 2 is a result of Laman [4℄.Theorem 1.3. [4℄ A graph G = (V;E) is M-independent in R2 if and only ifi(X) � 2jXj � 3 for all X � V with jXj � 2: (1)Note that Theorem 1.3 leads to eÆ
ient algorithms for testing independen
e (and
omputing the rank) in the rigidity matroidR2(G). (For the rank fun
tion formula seeLov�asz and Yemini [5℄.) Sin
e rank R(G; p) = rd(G) when (G; p) is generi
, Theorem1.3 gives a ne
essary and suÆ
ient 
ondition for the existen
e of an in�nitesimallyrigid realisation of G in R2 .Corollary 1.4. Let H = (V; F ) be a graph. Then H has an in�nitesimally rigidrealisation (H; p) in R2 if and only if H has a spanning subgraph G = (V;E) withjEj = 2jV j � 3, whi
h satis�es (1).The 
onverse of Lemma 1.2 does not hold for d � 3. Indeed, it remains an openproblem to �nd good 
hara
terizations and algorithms for independen
e or, moregenerally, the rank fun
tion in the d-dimensional rigidity matroid of a graph whend � 3.Several methods have been applied to obtain (partial) results for d = 3. Oneapproa
h is to prove that 
ertain operations (`redu
tions' and `extensions') on Gpreserve independen
e and then apply these operations in indu
tive proofs, see [2,Se
tion 5.3℄,[7℄,[8℄. Even though the goal is to 
hara
terise the generi
 
ase, theproofs often use non-generi
 realisations. We believe that to verify that one versionof the `degree-�ve extension' operation preserves independen
e, it would be usefulto know ne
essary and suÆ
ient 
onditions for the existen
e of a framework (G; p)on G in R3 in whi
h four given points are 
o-planar. This question (whi
h is stillopen) motivated us to �rst study the two-dimensional analogue: given three verti
esx; y; z 2 V (G), when do we have a in�nitesimally rigid two-dimensional framework(G; p) in whi
h x; y; z are 
ollinear? In this paper we shall answer this question inEGRES Te
hni
al Report No. 2004-02



Se
tion 2. Preliminaries 3terms of a ne
essary and suÆ
ient 
ondition and an eÆ
ient algorithm. From nowon, if not stated otherwise, we shall always assume that d = 2.The paper is organised as follows. Se
tion 2 
ontains the basi
 de�nitions andpreliminary results. In Se
tion 3 we formulate the obsta
le whi
h pre
ludes the exis-ten
e of the required in�nitesimally rigid framework and prove the main 
ombinatoriallemma, whi
h shows that, roughly speaking, if G has no obsta
le then we 
an redu
eG without 
reating an obsta
le in the smaller graph. In Se
tion 4 we use this lemmato verify our main result for M -independent graphs. This is extended to arbitrarygraphs in Se
tion 5.2 PreliminariesThroughout this paper we shall use � and � to denote set 
ontainment and properset 
ontainment, respe
tively. Let G = (V;E) be a graph. For X; Y; Z � V , letE(X) be the set of edges of G[X℄, d(X; Y ) = jE(X [ Y ) � (E(X) [ E(Y ))j, andd(X; Y; Z) = jE(X [ Y [ Z) � (E(X) [ E(Y ) [ E(Z))j. We de�ne the degree of Xby d(X) = d(X; V � X). The degree of a vertex v is simply denoted by d(v). LetN(v) = fu 2 V : vu 2 Eg denote the neighbours of v. We shall need the followingequalities, whi
h are easy to 
he
k by 
ounting the 
ontribution of an edge to ea
h oftheir two sides.Lemma 2.1. Let G be a graph and X; Y � V (G). Theni(X) + i(Y ) + d(X; Y ) = i(X [ Y ) + i(X \ Y ): (2)Lemma 2.2. Let G be a graph and X; Y; Z � V (G). Theni(X) + i(Y ) + i(Z) + d(X; Y; Z) = i(X [ Y [ Z) + i(X \ Y ) + i(X \ Z) +i(Y \ Z)� i(X \ Y \ Z):We shall frequently use the fa
t that a graph G = (V;E) is M-independent if andonly if it satis�es (1) by Theorem 1.3. If G isM -independent and jEj = 2jV j�3 thenwe 
all G isostati
.Hen
eforth in this se
tion, we let G = (V;E) be an M -independent graph. We
all a set X � V 
riti
al if i(X) = 2jXj � 3 holds. A set X � V is semi-
riti
al ifi(X) = 2jXj � 4.Lemma 2.3. [3, Lemma 2.3℄ Let X; Y � V be 
riti
al sets in G with jX \ Y j � 2.Then X \ Y and X [ Y are also 
riti
al, and d(X; Y ) = 0.Lemma 2.4. [3, Lemma 2.7℄ Let X; Y; Z � V be 
riti
al sets in G with jX \ Y j =jX \ Zj = jY \ Zj = 1 and X \ Y \ Z = ;. Then X [ Y [ Z is 
riti
al, andd(X; Y; Z) = 0.Let v be a vertex in a graph G with d(v) = 3 and N(v) = fu; w; zg. The operationsplitting o� means deleting v (and the edges in
ident to v) and adding a new edge,EGRES Te
hni
al Report No. 2004-02



Se
tion 2. Preliminaries 4say uw, 
onne
ting two verti
es of N(v). The resulting graph is denoted by Guwv andwe say that the splitting is made on the pair uv; wv. (Note that v 
an be split o� in atmost three di�erent ways.) Splitting o� v on the pair uv; wv is said to be admissibleif Guwv is M -independent. Otherwise the splitting is non-admissible. Vertex v isadmissible if some split at v is admissible. The next lemma follows from the de�nitionof admissibility and 
riti
ality.Lemma 2.5. Let v 2 V be a vertex with N(v) = fa; b; 
g. The split va; vb is admis-sible if and only if there is no 
riti
al set X with a; b 2 X and v =2 X.Lemma 2.6. Let v 2 V be a vertex with N(v) = fa; b; 
g. The splits va; v
 andvb; v
 are both non-admissible if and only if there is a pair A;B of 
riti
al sets witha 2 A; b 2 B, 
 2 A\B and v =2 A[B. Furthermore, for any su
h sets A;B we haveA \ B = f
g, d(A;B) = 0, and A [ B is semi-
riti
al.Proof: The �rst part of the lemma follows from Lemma 2.5. To see the se
ond partobserve that A [ B 
annot be 
riti
al, sin
e otherwise d(v; A [ B) = 3 would implythat i(A [B [ fvg) = 2jA [ B [ fvgj � 2, 
ontradi
ting (1). So A \ B = f
g followsfrom Lemma 2.3. By applying (2) to the 
riti
al sets A;B, we obtain d(A;B) = 0and i(A [ B) = 2jA [Bj � 4. �For a proof of the next lemma see, for example, [3, Lemma 2.8℄.Lemma 2.7. [4℄ Let v 2 V .(a) If d(v) = 2 then G� v is M-independent.(b) If d(v) = 3 then v is admissible.We shall also use some 
onne
tivity properties of the subgraphs indu
ed by 
riti
aland semi-
riti
al sets. We 
all G = (V;E) essentially 3-edge-
onne
ted if G is 2-edge-
onne
ted, and every X � V with d(X) = 2 satis�es jXj = 1 or jV � Xj = 1. Asusual, Km denotes the 
omplete graph on m verti
es, for some m � 1.Lemma 2.8. [3, Lemma 2.6℄ Let X � V be a 
riti
al set. Then either G[X℄ = K2or G[X℄ is 2-
onne
ted. Furthermore, if jXj � 3, then G[X℄ is essentially 3-edge-
onne
ted.Note that if G = (V;E) is isostati
 then V is 
riti
al. Thus it follows from Lemma2.8 that isostati
 graphs on at least three verti
es are 2-
onne
ted and essentially3-edge-
onne
ted.Lemma 2.9. Let X � V be a semi-
riti
al set. Then either G[X℄ 
onsists of twoisolated verti
es or G[X℄ is 
onne
ted. If X = A [ B, jAj; jBj � 2, jA \ Bj = 1, andd(A;B) = 0, then A and B are both 
riti
al.Proof: If jXj = 2, then the fa
t that i(X) = 2jXj � 4 implies that G[X℄ 
onsists oftwo isolated verti
es. Hen
e we may assume that jXj � 3.Suppose that G[X℄ is dis
onne
ted and let X = A0 [B0 be a bipartition of X withjA0j; jB0j � 1 and d(A0; B0) = 0. By symmetry, we may assume that jA0j � 2. ThenEGRES Te
hni
al Report No. 2004-02



2.1 Extensions of frameworks 5i(X) = i(A0)+ i(B0) � 2jA0j � 3+ 2jB0j � 2 = 2jXj � 5, 
ontradi
ting the fa
t that Xis semi-
riti
al. Thus G[X℄ is 
onne
ted.To see the se
ond part of the lemma 
onsider a pair A;B with X = A [ B,jAj; jBj � 2, jA \ Bj = 1, and d(A;B) = 0. Then (2) gives 2jAj � 3 + 2jBj � 3 �i(A)+i(B) = i(X)+i(A\B)�d(A;B) = 2jA[Bj�4+2jA\Bj�2 = 2jAj+2jBj�6.Thus equality must hold everywhere, and hen
e A and B are both 
riti
al. �2.1 Extensions of frameworksWe shall use the following two operations on frameworks. Let (G; p) be a framework.The operation 0-extension (on verti
es a; b 2 V ) adds a new vertex v and two edgesva; vb to G, and determines the position pv of v in the new framework.Lemma 2.10. [8, Lemma 2.1.3℄ Suppose that (G; p) is an independent framework.Then the 0-extension of (G; p) on verti
es a; b is independent for all 
hoi
es pv withpa; pb; pv not 
ollinear.The operation 1-extension (on edge ab 2 E and vertex 
 2 V � fa; bg) subdividesthe edge ab by a new vertex v and adds a new edge v
, and determines the positionpv of v in the new framework.Lemma 2.11. [8, Theorem 2.2.2℄ Suppose that (G; p) is an independent framework,ab 2 E(G), 
 2 V (G) � fa; bg, and the points pa; pb; p
 are not 
ollinear. Then the1-extension of (G; p) on ab and 
 is independent if pv is any point on the line of pa; pb,distin
t from pa; pb.Lemma 2.12. Let (G; p) be an in�nitesimally rigid framework and let a 2 V (G).Then there is an � > 0 su
h that every framework (G; p0) is in�nitesimally rigid,where p0a is su
h that jjp0a � pajj < �, and p0v = pv for all v 2 (V (G)� fag).Proof: Sin
e (G; p) is in�nitesimally rigid, R(G; p) has a non-singular square sub-matrix A of size 2jV (G)j � 3. Let pa = (xa; ya). By repla
ing all the entries xa; ya ofA by variables x; y, respe
tively, the determinant of A be
omes a polynomial P (x; y).Sin
e P (xa; ya) 6= 0, there exists an � > 0 for whi
h P (x0a; y0a) 6= 0 for all p0a = (x0a; y0a)with jjp0a � pajj < �. Thus repla
ing pa by p0a, where jjp0a � pajj < �, does not de
reasethe rank of the rigidity matrix. Hen
e (G; p0) is also in�nitesimally rigid. �We say that a framework (G; p) is general if the points pv, v 2 V , are in generalposition in R2 (i.e. no three points lie on a line). The fa
ts that isostati
 graphs arerigid, and that generi
 realisations of rigid graphs are both in�nitesimally rigid andgeneral, immediately implies the following lemma.Lemma 2.13. Let G = (V;E) be isostati
. Then there is an in�nitesimally rigidgeneral framework (G; p) on G.EGRES Te
hni
al Report No. 2004-02



Se
tion 3. Feasible splittings 63 Feasible splittingsThroughout this se
tion we suppose that G = (V;E) is M -independent, and x; y; z 2V are three distin
t verti
es. An obsta
le (for the ordered triple (x; y; z)) is an orderedtriple of 
riti
al sets (X; Y; Z) for whi
h X \Y = fzg, X\Z = fyg, and Y \Z = fxg.It follows from Lemmas 2.1 and 2.4 and the fa
t that G is M -independent that if(X; Y; Z) is an obsta
le then X [Y [Z is also 
riti
al, d(X; Y; Z) = 0 holds, and ea
hof the sets X [ Y;X [ Z; Y [ Z is semi-
riti
al.A near obsta
le (for the ordered triple (x; y; z)) is an ordered triple of sets (X; Y ;Z)for whi
h X; Y are 
riti
al, Z is semi-
riti
al,X\Y = fzg, X\Z = fyg, Y \Z = fxg,and d(X; Y; Z) = 0. It follows from Lemma 2.2 and the fa
t that G isM -independentthat if (X; Y ;Z) is a near-obsta
le then X [ Y [ Z is semi-
riti
al. Note that thenotation re
e
ts that the only semi-
riti
al member of the near-obsta
le is Z and thatthe pair of verti
es from x; y; z that Z 
ontains is fx; yg.Hen
eforth, in this se
tion, we suppose thatthere is no obsta
le in G for the ordered triple (x; y; z): (3)Note that (3) implies that there is no obsta
le for all orderings of the verti
es x; y; z.Let v be a vertex of degree three in V �fx; y; zg and a; b 2 N(v) be a non-adja
entpair of neighbours of v. The pair va; vb is 
alled suitable if Gabv also satis�es (3). Thenext lemma is easy to verify.Lemma 3.1. The pair va; vb is suitable if and only if there is no near obsta
le(P;Q;R) in G with v 2 V � (P [ Q [ R) and a; b 2 R, for some triple (p; q; r),su
h that fp; q; rg = fx; y; zg.Lemma 3.2. Let (X; Y ;Z) be a near obsta
le for (x; y; z) and let W be a 
riti
al setwith x; y 2 W . Then X [ Y [ Z [W is 
riti
al.Proof: Sin
e fx; yg � Z \W , we have jZ \W j � 2. It follows from (3) that Z \Wis not 
riti
al, sin
e otherwise (X; Y; Z \W ) would be an obsta
le for (x; y; z). Using(2) and the fa
t that W is 
riti
al and Z is semi-
riti
al, we 
an dedu
e2jZj � 4 + 2jW j � 3 = i(Z) + i(W ) � i(Z \W ) + i(Z [W ) �2jZ \W j � 4 + 2jZ [W j � 3:Thus equality holds throughout and Z [W is 
riti
al.If W \ (X [ Y ) = fx; yg, then (X; Y;W ) would be an obsta
le for (x; y; z), 
ontra-di
ting (3). Thus we may assume, without loss of generality, that jW \Y j � 2. Hen
ej(Z [W ) \ Y j � 2, and so Z [W [ Y is 
riti
al by Lemma 2.3. Clearly, we havej(Z [W [Y )\Xj � 2, and hen
e, again by Lemma 2.3, we have that X [Y [Z [Wis 
riti
al, as 
laimed. �Lemma 3.3. Let (X; Y ;Z) be a near obsta
le for (x; y; z), let v 2 V � (X [ Y [ Z)be a vertex with N(v) = fa; b; 
g, and suppose that a; b 2 Z. Let Z 0 be a semi-
riti
alset with v =2 Z 0 and x; y; 
 2 Z 0. Then z 2 Z 0.EGRES Te
hni
al Report No. 2004-02



Se
tion 3. Feasible splittings 7Proof: For a 
ontradi
tion suppose that z =2 Z 0. Sin
e fy; xg � Z \ Z 0, we havejZ \Z 0j � 2. Note that 
 =2 Z must hold, sin
e otherwise Z + v would be 
riti
al and(X; Y; Z + v) would be an obsta
le for (x; y; z). The set Z \ Z 0 
annot be 
riti
al,sin
e otherwise (X; Y; Z\Z 0) would be an obsta
le for (x; y; z). The set Z[Z 0 
annotbe 
riti
al either, sin
e otherwise i((Z [ Z 0) + v) � 2j(Z [ Z 0) + vj � 2 would follow,
ontradi
ting the fa
t that G is M -independent. Thus, using the fa
t that Z and Z 0are semi-
riti
al, we 
an use (2) to dedu
e that2jZj � 4 + 2jZ 0j � 4 = i(Z) + i(Z 0) �i(Z \ Z 0) + i(Z [ Z 0) � 2jZ \ Z 0j � 4 + 2jZ [ Z 0j � 4:Thus Z [ Z 0 is semi-
riti
al, and so (Z [ Z 0) + v is 
riti
al.We must have jZ 0\(X[Y )j � 3, otherwise (X; Y; (Z[Z 0)+v) would be an obsta
lefor (x; y; z). We may assume, without loss of generality, that jZ 0 \ Y j � 2.The sets X [ Y and Z [Z 0 are semi-
riti
al, and the set X [ Y [Z [Z 0 
annot be
riti
al, sin
e d(v;X [ Y [ Z [ Z 0) = 3. Thus (2) gives that T := (X [ Y ) \ (Z [ Z 0)is semi-
riti
al. Furthermore, jT j � 3, and, sin
e z =2 Z 0 and d(X; Y ) = 0, G[T ℄ isdis
onne
ted. This 
ontradi
ts Lemma 2.9. �Lemma 3.4. Let (X; Y ;Z) be a near obsta
le for (x; y; z) and let v 2 V �(X[Y [Z)be a vertex with N(v) = fa; b; 
g and a; b 2 Z. Then there is no near obsta
le (P;Q;R)in G for (p; q; r) with fp; q; rg = fx; y; zg, v 2 V � (P [Q [ R) and b; 
 2 R.Proof: Suppose that (P;Q;R) is a near obsta
le for (p; q; r) with fp; q; rg = fx; y; zg,v 2 V �(P [Q[R) and b; 
 2 R. If fp; qg = fx; yg and r = z then R is a semi-
riti
alset with v =2 R, x; y; 
 2 R, and z =2 R. This 
ontradi
ts Lemma 3.3.Thus we may assume, without loss of generality, that p = z; q = x; and r = y.Now P is a 
riti
al set with x; y 2 P , and Y is a 
riti
al set with x; z 2 Y . ThusLemma 3.2, applied to the near obsta
les (X; Y ;Z) and (P;Q;R), respe
tively, givesthat X [ Y [ Z [ P and P [ Q [ R [ Y are both 
riti
al. Now Lemma 2.3 impliesthat T := X [ Y [ Z [ P [Q [ R is 
riti
al. Sin
e d(v; T ) = 3, this 
ontradi
ts thefa
t that G is M -independent. �Lemma 3.5. Let (X; Y ;Z) be a near obsta
le for (x; y; z) and let v 2 V �(X[Y [Z)be a vertex with N(v) = fa; b; 
g 6= fx; y; zg and a; b 2 Z. Suppose that the split onva; vb is admissible. Then at least one of the splits va; v
 or vb; v
 is admissible.Proof: Suppose that the splits va; v
 and vb; v
 are both non-admissible. By Lemma2.6 there is a pair A;B of 
riti
al sets with v =2 A [ B, A \ B = f
g, a 2 A, b 2 B,d(A;B) = 0, su
h that A[B is semi-
riti
al. We may assume that A and B are bothmaximal subje
t to v =2 A [ B, a 2 A, b 2 B, 
 2 A \ B.As above, 
 2 Z would imply that (X; Y; Z + v) is an obsta
le for (x; y; z), so wemust have 
 =2 Z. Observe that (A[B)\Z is not 
riti
al, sin
e a; b 2 (A[B)\Z andEGRES Te
hni
al Report No. 2004-02



Se
tion 3. Feasible splittings 8va; vb is an admissible pair. The set A[B[Z is not 
riti
al, sin
e d(v; A[B[Z) = 3and G is M -independent. Thus it follows from (2) that2jA [ Bj � 4 + 2jZj � 4 = i(A [B) + i(Z) � i((A [B) \ Z) + i(A [B [ Z) �2j(A [B) \ Zj � 4 + 2jA [ B [ Zj � 4:This implies that Q := A [ B [ Z and T := (A [ B) \ Z are both semi-
riti
al.Now G[T ℄ is dis
onne
ted (sin
e d(A;B) = 0 and 
 =2 Z). By Lemma 2.9 this givesjT j = 2. Sin
e X [ Y [ Z is semi-
riti
al, a similar 
ounting argument, using (2),gives that (A [ B) \ (X [ Y [ Z) is semi-
riti
al. Sin
e Q is semi-
riti
al, Q + vis 
riti
al. This implies, by (3), that (A [ B) \ ((X [ Y ) � Z) 6= ;, and hen
ej(A[B)\ (X [Y [Z)j � 3: By symmetry, we may assume that jB\Xj � 2. Lemma2.9 implies that (A [B)\ (X [ Y [Z) is dis
onne
ted. Using the fa
ts that jT j = 2,G[T ℄ is dis
onne
ted, and d(X; Y; Z) = 0, we dedu
e that T = fx; yg holds.Sin
e N(v) 6= fx; y; zg we have 
 6= z. Sin
e jB \Xj � 2, and B and X are 
riti
al,and fv; ag \ (X [ B) = ;, Lemma 2.3 and the maximality of B implies X � B. IfjB\Y j � 2 then B[Y is 
riti
al, whi
h is impossible (sin
e G isM -independent andd(v; B [ Y ) � 3). Thus B \ Y = fzg. Sin
e 
 6= z, we have 
 2 B � Y . Similarly,if jA \ Y j � 2, then Y � A follows from the maximality of A. This would implyfz; 
g � A \ B, 
ontradi
ting the fa
t that A \ B = f
g. So A \ Y = fxg. Sin
eA;B; Y are all 
riti
al, jA\Y j = 1, jB \Y j = 1, and jA\Y j = 1, Lemma 2.2 impliesthat A [ B [ Y is also 
riti
al. But d(v; A [ B [ Y ) = 3, 
ontradi
ting the fa
t thatG is M -independent. This proves the lemma. �A split at v is feasible if it is admissible and suitable.Lemma 3.6. Let v 2 V � fx; y; zg be a vertex with d(v) = 3 and N(v) 6= fx; y; zg.Then there is a feasible split at v.Proof: Let N(v) = fa; b; 
g. It follows from Lemma 2.7 that there is an admissiblesplit, say va; vb, at v. If this split is suitable then the lemma follows. Otherwise, byLemma 3.1, there is a near obsta
le (X; Y ;Z) for (x; y; z) with a; b 2 Z. By Lemma3.5 we may assume that the split va; v
 is also admissible. If this split is suitable,we are done. Otherwise, by Lemma 3.1, there is a near obsta
le (P;Q;R) for (p; q; r)with fp; q; rg = fx; y; zg, v 2 V � (P [Q[R) and b; 
 2 R. This 
ontradi
ts Lemma3.4. �For two verti
es x; y 2 V in an isostati
 graph let Cx;y denote the (unique) minimal
riti
al set whi
h 
ontains the pair x; y. Sin
e the graph is isostati
, V is 
riti
al.Thus Cx;y exists for all pairs x; y. Uniqueness follows from Lemma 2.3. Sin
e ea
h setin an obsta
le (X; Y; Z) is 
riti
al, we 
an dedu
e the following 
hara
terisation.Lemma 3.7. Let x; y; z 2 V be three distin
t verti
es in an isostati
 graph G =(V;E). Then there exists an obsta
le for (x; y; z) if and only if jCxy \ Cxzj = jCxy \Cyzj = jCxz \ Cyzj = 1.Note that Cx;y is the set of verti
es indu
ed by the edges in the unique 
ir
uit ofthe rigidity matroid R2(G).EGRES Te
hni
al Report No. 2004-02



Se
tion 4. In�nitesimally rigid realizations with 
ollinear verti
es 94 In�nitesimally rigid realizations with 
ollinearverti
esThroughout this se
tion let G = (V;E) be an isostati
 graph and let x; y; z 2 Vbe distin
t verti
es. We say that v 2 V is spe
ial if d(v) = 3, v =2 fx; y; zg andN(v) 6= fx; y; zg. In the indu
tive proof of our main result we shall either deleteverti
es of degree two or use splitting o� (and Lemma 3.6) at some spe
ial vertex toredu
e the graph, unless the graph and the triple x; y; z forms one of the followingfour ex
eptional 
on�gurations Gi, 3 � i � 6.Let Ks;t denote the 
omplete bipartite graph on s+ t verti
es, s; t � 1. Re
all thatKm denotes the 
omplete graph on m verti
es. In the �rst spe
ial 
on�guration G3we have G = K3 with V (G) = fx; y; zg. In the se
ond one, denoted by G4, the graphis obtained from K4 by deleting an edge, and G[fx; y; zg℄ = K1;2. The graph of G5is obtained from K2;3 by adding an edge (
onne
ting two verti
es of degree two), andG[fx; y; zg℄ = K2. Finally, the graph of G6 is K3;3, and E(G[fx; y; zg℄) = ;.Lemma 4.1. Let G = (V;E) be isostati
 with jV j � 3 and let x; y; z 2 V be distin
tverti
es of G. Then at least one of the following holds:(a) there is a spe
ial vertex in G,(b) there is a vertex v with d(v) = 2 and v =2 fx; y; zg,(
) d(x) = d(y) = d(z) = 2 and E(G[fx; y; zg℄) = ;,(d) G and x; y; z form a Gi 
on�guration for some 3 � i � 6.Proof: A vertex v with d(v) = 3 and N(v) = fx; y; zg will be 
alled bad. Observethat G has at most three bad verti
es, sin
e otherwise G has a K3;4 subgraph, whosevertex set violates (1). Let Di denote the number of verti
es of degree i in G. Sin
eG is isostati
, we have Pv2V d(v) = 4jV j � 6 and d(v) � 2 for all v 2 V . Thus2D2 +D3 � 6: (4)We shall verify the lemma for ea
h possible value ofD3 by partitioning the alternativesinto four sub
ases.D3 � 6. Now either (a) holds or we have exa
tly three bad verti
es, d(x) = d(y) =d(z) = 3, and G = K3;3. In the latter 
ase (d) must hold.D3 2 f4; 5g. In this 
ase D2 � 1 by (4), so either (b) holds, or, without loss ofgenerality, we have d(z) = 2. In the latter 
ase we have at most two bad verti
es.If D3 = 5 then this implies (a). So suppose D3 = 4. Then we must have two badverti
es v1; v2, and d(x) = d(y) = 3. If, in addition, xy 2 E then (d) holds. If xy =2 Ethen V � S 6= ; and d(S) = 2, where S = fx; y; z; v1; v2g. Now either jV � Sj = 1,whi
h implies jEj = 2jV j � 4, or jV � Sj � 2, whi
h implies that G is not essentially3-edge-
onne
ted. Both 
ases 
ontradi
t the fa
t that G is isostati
.D3 2 f2; 3g. In this 
ase D2 � 2 by (4), so either (b) holds, or, without loss ofgenerality, d(y) = d(z) = 2. In the latter 
ase we have at most two bad verti
es. Soeither (a) holds, or ea
h vertex of degree three is either bad or is equal to x. Suppose(a) does not hold. If D3 = 3 then G has two bad verti
es v1; v2, d(x) = 3, G[S℄ = K2;3,EGRES Te
hni
al Report No. 2004-02



Se
tion 4. In�nitesimally rigid realizations with 
ollinear verti
es 10V � S 6= ;, and d(S) = 1, where S = fx; y; z; v1; v2g. This 
ontradi
ts the fa
t thatG is 2-
onne
ted. Hen
e we may assume that D3 = 2. Then G has at least one badvertex v1. If d(x) = 2 then there must be another bad vertex v2 and hen
e G = K2;3must hold. This 
ontradi
ts the fa
t that G is isostati
.Suppose d(x) = 3. Then either V = S, where S = fx; y; z; v1g (in whi
h 
ase wehave a G4 
on�guration, and hen
e (d) holds), or V � S 6= ;. If jV � Sj = 1 then we
an dedu
e that jV j = 5 and jEj = 6. If jV � Sj � 2 then we get jE(G[V � S℄)j =2jV j�3�i(S)�d(S) � 2jV �Sj�2. Both 
ases 
ontradi
t the fa
t that G is isostati
.Thus we may assume that d(x) � 4. Then G has two bad verti
es v1; v2, G[S℄ =K2;3, where S = fx; y; z; v1; v2g, V �S 6= ;, and d(S�fxg; V �S) = 0, 
ontradi
tingthe fa
t that G is 2-
onne
ted.D3 � 1. Now D2 � 3 by (4). Hen
e either (b) holds or d(x) = d(y) = d(z) = 2.In the latter 
ase, sin
e G is essentially 3-edge-
onne
ted, we 
an dedu
e that either(
) holds or G = G3 = K3, in whi
h 
ase (d) holds. This 
ompletes the proof of thelemma. �A framework (G; p) is nearly general (with respe
t to x; y; z 2 V ) if for every 
ollineartriple pa; pb; p
 we have fa; b; 
g = fx; y; zg. We also say that (G; p) is nearly generalwhen the set fx; y; zg is 
lear from the 
ontext. Let (p1; p2; p3) be an ordered tripleof three points of R2 and let � 2 R � f0; 1g. We say that the triple is �-
ollinear, if(p3 � p2) = �(p3 � p1).Theorem 4.2. Let G = (V;E) be an isostati
 graph, let x; y; z 2 V be distin
t ver-ti
es, and let � 2 R � f0; 1g. Then G has an in�nitesimally rigid realisation (G; p),whi
h is nearly general with respe
t to x; y; z and for whi
h (px; py; pz) are �-
ollinearif and only if G 
ontains no obsta
le for the triple (x; y; z).Proof: First we prove the `only if' dire
tion. We prove the stronger statement that ifG has an obsta
le for the triple (x; y; z) then G has no in�nitesimally rigid realisationsu
h that px; py; pz are 
ollinear. To see this suppose that (G; p) is an in�nitesimallyrigid realisation ofG su
h that px; py; pz are 
ollinear, and, for a 
ontradi
tion, supposealso that (X; Y; Z) is an obsta
le for (x; y; z) in G. Sin
e X [ Y [ Z is 
riti
al,H = G[X [ Y [ Z℄ is isostati
. Sin
e G is isostati
, it follows that the restri
tion(H; p) is an in�nitesimally rigid realisation of H. On the other hand, R(H; p) hasrank at most 2jV (H)j � 4. This 
an be seen by de�ning `instantaneous velo
ities'v : V (H) ! R2 as follows. Let v(a) = 0 for all verti
es of Y (in parti
ular, letv(z) = v(x) = 0), let v(y) 6= 0 be orthogonal to the line of px; py; pz, and let us
hoose the other ve
tors so that verti
es of X and Z rotate about points pz and px,respe
tively. Sin
e (X; Y; Z) is an obsta
le, it is easy to see that this is possible. ThusR(H; p)v = 0. Sin
e v is not identi
ally zero and leaves at least two points �xed, itfollows that v does not 
orrespond to a `rigid 
ongruen
e' of R2 . Hen
e R(H; p) hasrank at most 2jV (H)j � 4. Thus (H; p) is not in�nitesimally rigid, a 
ontradi
tion.Next we prove the `if' dire
tion by indu
tion on jV j. To this end let G = (V;E)be an isostati
 graph, let x; y; z 2 V be distin
t verti
es, and suppose that G hasno obsta
le for (x; y; z). Sin
e G is isostati
 and has no obsta
le for (x; y; z), weEGRES Te
hni
al Report No. 2004-02
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ollinear verti
es 11
an dedu
e that jV j � 4, and that if jV j = 4 then, without loss of generality, wehave V = fx; y; z; wg and E = fxw;wy; yx; zx; zwg. The required in�nitesimallyrigid framework (G; p) 
an be obtained by taking three non-
ollinear points px; py; pwfor x; y; w, and then 
hoosing pz in su
h a way that the framework is �-
ollinearwith respe
t to (x; y; z). Clearly, pz will not be on the line of px; pw, and hen
ethe framework is indeed in�nitesimally rigid by Lemma 2.10 (and the fa
t that anynon-
ollinear realization of K3 is in�nitesimally rigid). It is 
learly nearly general aswell.Now we turn to the indu
tion step. Consider an isostati
 graph G = (V;E) withjV j � 5. This graph must satisfy one of the four alternatives (a),(b),(
),(d) of Lemma4.1. Sin
e jV j � 5, we only have to 
onsider G5 and G6 when (d) holds. We shallverify the theorem for ea
h of these alternatives.(a) In this 
ase G has a spe
ial vertex v. By Lemma 3.6 there is a feasible splittingat v whi
h yields an isostati
 graph Gv with no obsta
le for (x; y; z). By indu
tion,Gv has a nearly general in�nitesimally rigid realisation (G; p) su
h that px; py; pz are�-
ollinear. Sin
e v is spe
ial, NG(v) 6= fx; y; zg. Thus we 
an use Lemma 2.11 toadd vertex v and determine pv by a 1-extension su
h that the resulting realisation ofG is in�nitesimally rigid. By applying Lemma 2.12 to pv we 
an make the realisationnearly general and preserve rigidity, as required. (Note that to ensure near generality,we only have to make sure that pv avoids a set of �nitely many lines.)(b) Now there is a vertex v 2 V � fx; y; zg with d(v) = 2. Sin
e G has no obsta
lefor (x; y; z), G� v has no obsta
le for (x; y; z) either. Sin
e G is isostati
, Lemma 2.7implies that G � v is also isostati
. Hen
e, by indu
tion, G� v has a nearly generalin�nitesimally rigid realisation (G � v; p) where the triple (px; py; pz) is �-
ollinear.Now we 
an use Lemma 2.10 to add vertex v and determine pv by a 0-extension insu
h a way that the resulting framework is nearly general and in�nitesimally rigid, asrequired.(
) In this 
ase x; y; z are pairwise non-adja
ent verti
es of degree two. Thus H =G�fx; y; zg is isostati
 by Lemma 2.7. By Lemma 2.13,H has a general in�nitesimallyrigid realisation (H; p). Now we 
an apply Lemma 2.10 three times to add verti
esx; y; z and determine the points px; py; pz so that the resulting realization of G isnearly generi
, in�nitesimally rigid, and the triple (px; py; pz) is �-
ollinear. (This 
anbe done by 
hoosing a small enough ball B su
h that ea
h point in B is in generalposition together with the points of H, �xing px as an arbitrary point in B, then
hoosing a line L through px so that it 
ontains no other points of H, and then �xingpy; pz on L \ B so that (px; py; pz) are �-
ollinear.)(d) As remarked above, we have two sub
ases to 
onsider when Lemma 4.1(d) holds.First suppose G and x; y; z form a G5 
on�guration on �ve verti
es fx; y; z; a; bg, withxy 2 E. We 
hoose the points px; py; pz so that they are �-
ollinear, and 
hoose pa sothat it is not on the line of px; py. Then we 
hoose pb, not on the px; py line, so thatthe interse
tion of the line of pa; pb and the line of px; py is di�erent from px; py; pz.We 
laim that with these positions the framework (G; p) is in�nitesimally rigid. Thisfollows from the fa
t that it 
an be built from the framework of the triangle x; y; a(with the 
hosen positions px; py; pa) by a 0-extension, whi
h adds b on the verti
esEGRES Te
hni
al Report No. 2004-02



Se
tion 5. Rigid graphs 12x; y, and another 0-extension, whi
h adds z on the verti
es a; b. It follows from Lemma2.10 and the 
hoi
e of p that the resulting framework (G; p) is in�nitesimally rigid,nearly general, and (px; py; pz) are �-
ollinear.The last sub
ase is when we have a G6 
on�guration. Then G = K3;3 and x; y; zare pairwise non-adja
ent. Let V (G) = fx; y; z; a; b; 
g. We �x the points of theframework as follows. First we 
hoose px; py; pz so that (px; py; pz) are �-
ollinear, andthen we 
hoose distin
t points pa; pb; p
 so that pb is not on the line of px; py; pa is onthe line of pb; px; and p
 is on the line of pb; pz. We 
laim that with these positions(G; p) is in�nitesimally rigid. This follows from the fa
t that the framework 
an bebuilt by 0- and 1-extensions, starting from the triangle a; b; y (with the �xed positionspa; pb; py): �rst we add vertex 
 on verti
es b; y by a 0-extension, then vertex x onedge ab and vertex 
 by a 1-extension, and �nally vertex z on edge b
 and vertex aby a 1-extension. The 
hoi
e of the points and Lemmas 2.10 and 2.11 guarantee that(G; p) is in�nitesimally rigid and (px; py; pz) are �-
ollinear. Then we 
an use Lemma2.12 to move the points pb and p
 and hen
e �nd the required in�nitesimally rigidframework whi
h is nearly general with respe
t to x; y; z. This 
ompletes the proof ofthe theorem. �Theorem 4.2 has the following 
orollaries. A dire
t proof for the �rst one appearsto be non-trivial.Corollary 4.3. Let G = (V;E) be an isostati
 graph, let x; y; z 2 V be distin
tverti
es, and let � 2 R � f0; 1g. Then G has a in�nitesimally rigid realisation inwhi
h px; py; pz are 
ollinear if and only if it has an in�nitesimally rigid realisation inwhi
h (px; py; pz) are �-
ollinear.The next 
orollary extends (the diÆ
ult part of) Theorem 1.3. Note that everyisostati
 graph on at least four verti
es 
ontains non-adja
ent pairs of verti
es.Corollary 4.4. Let G = (V;E) be isostati
 with jV j � 4 and let x; y 2 V be non-adja
ent verti
es. Then there is a vertex z 2 V � fx; yg su
h that G has an in�nites-imally rigid realisation in whi
h px; py; pz are 
ollinear.Proof: Consider Cx;y (the unique minimal 
riti
al set 
ontaining the pair x; y). Sin
eG[Cx;y℄ is not 
omplete, there is a vertex z 2 Cx;y�fx; yg. Now it follows from Lemma3.7 that there is no obsta
le for the triple (x; y; z) in G, and hen
e G has the requiredrealisation by Theorem 4.2. �5 Rigid graphsIn this se
tion we extend Theorem 4.2 to arbitrary (rigid) graphs G. Sin
e G has anin�nitesimally rigid realisation if and only if G has an isostati
 spanning subgraphH with an in�nitesimally rigid realisation, Theorem 4.2 implies that we need to �ndne
essary and suÆ
ient 
onditions for the existen
e of an isostati
 spanning subgraphH whi
h 
ontains no obsta
le for a given set of three verti
es.EGRES Te
hni
al Report No. 2004-02



Se
tion 5. Rigid graphs 13To state (and prove) this 
ondition, it will be 
onvenient to use matroidal methodsand terminology. (We refer the reader to [6℄ for the basi
 
on
epts of matroid theory.)Let G be a graph. A subgraph H = (W;C) is said to be an M-
ir
uit in G if C is a
ir
uit (i.e. a minimal dependent set) in R2(G). In parti
ular, G is an M-
ir
uit if Eis a 
ir
uit in R2(G). It is easy to dedu
e from (1) that G is an M -
ir
uit if and onlyif jV j � 2, jEj = 2jV j � 2 and i(X) � 2jXj � 3 for all X � V with 2 � jXj � jV j � 1.Sin
e G is rigid if E has rank 2jV j � 3 in R2(G), M -
ir
uits are rigid.Given a matroidM = (E; r), we 
an de�ne a relation on E by saying that e; f 2 Eare related if e = f or if there is a 
ir
uit C inM with e; f 2 C. It is well-known thatthis is an equivalen
e relation. The equivalen
e 
lasses are 
alled the 
omponents ofM. If M has at least two elements and only one 
omponent then M is said to be
onne
ted. We say that a graph G = (V;E) is M-
onne
ted if R2(G) is 
onne
ted.Then M -
onne
ted graphs are also rigid (see [3, Lemma 3.1℄). For more details onthese 
on
epts and for examples see [3℄.Lemma 5.1. Let C1; C2 be M-
onne
ted graphs with jV (C1) \ V (C2)j � 2. ThenC1 [ C2 is M-
onne
ted.Proof: Sin
e the M -
onne
ted 
omponents of C1 [ C2 are pairwise edge-disjoint,we only need to show that there exists an M -
ir
uit C with E(C) \ E(C1) 6= ; 6=E(C) \ E(C2). If there is an edge f in G[V (C1) \ V (C2)℄ then we 
an simply 
hooseM -
ir
uits Di in Ci with e 2 E(Di), i = 1; 2, and apply the 
ir
uit axiom1 to D1; D2and e. Otherwise pi
k two verti
es a; b 2 V (C1) \ V (C2), let e = ab, and 
onsiderC1 + e. Sin
e C1 is M -
onne
ted, and hen
e rigid, C1 + e is also M -
onne
ted. Simi-larly, C2+e isM -
onne
ted. Now we may 
hoose twoM -
ir
uits Di in Ci+e, i = 1; 2,as above, and use the 
ir
uit axiom to dedu
e the existen
e of the required M -
ir
uitin C1 [ C2. �In what follows we shall 
onsider a rigid graph G = (V;E) with three designatedverti
es x; y; z 2 V . For a subgraph H with x; y; z 2 V (H) we use H� to denoteH + xy; yz; zx. Note that, if there exists an edge in H between x; y; z, then H� will
ontain a pair of parallel edges whi
h will indu
e an M -
ir
uit in H�.Lemma 5.2. Let G = (V;E) be rigid. Then ea
h isostati
 spanning subgraph H ofG has an (x; y; z)-obsta
le if and only if the edges xy; yz; zx belong to three di�erentM-
onne
ted 
omponents in G�.Proof: First we prove the theorem in the spe
ial 
ase when G is isostati
. Sup-pose that G has an (x; y; z)-obsta
le. Then we have three edge-disjoint M -
ir
uitsC1; C2; C3 in G� with xy 2 E(C1); yz 2 E(C2) and zx 2 E(C3) by Lemma 3.7. For a
ontradi
tion suppose that there is anM -
ir
uit C in G� with jE(C)\fxy; yz; zxgj �2. If fxy; yz; zxg � E(C) then the 
ir
uit axiom, applied to C and C3, gives anM -
ir
uit C 0 with E(C 0) � E(C)[E(C3) and zx =2 E(C 0). Sin
e C1 (resp. C2) is theunique M -
ir
uit in G + xy (G + yz, resp.), C1; C2; C3 are edge-disjoint, and E(Ci)1If C;C 0 are 
ir
uits of matroidM and x 2 C \C 0 then there exists a 
ir
uit C 00 inM su
h thatC 00 � C [ C 0 and x =2 C 00. EGRES Te
hni
al Report No. 2004-02
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annot be a subset of E(C) for i = 1; 2, we must have xy; yz 2 E(C 0). Thus we mayassume that E(C) 
ontains xy and yz but not zy. As above, the 
ir
uit axiom appliedto C and C2 implies that there is an M -
ir
uit C 00 with E(C 00) � E(C) [ E(C2) andyz =2 E(C 00). Hen
e C 00 is an M -
ir
uit in G + xy, C 00 = C1, and E(C1) � E(C)follows, a 
ontradi
tion.Now suppose that G has no (x; y; z)-obsta
le. By Lemma 3.7 we may assumethat there exist two M -
ir
uits C1; C2 in G� with xy 2 E(C1); yz 2 E(C2) andjV (C1) \ V (C2)j � 2. Then xy and yz belong to the same M -
onne
ted 
omponentof G� by Lemma 5.1. This 
ompletes the proof when G is isostati
.In the rest of the proof we 
onsider an arbitrary rigid graph G. Suppose that thereis anM -
ir
uit C in G� with xy; yz 2 E(C). Let H be an isostati
 spanning subgraphof G obtained by extending E(C) � fxy; yz; zxg to a basis of R2(G). Sin
e xy andyz belong to the same M -
onne
ted 
omponent of H�, it follows from the �rst partof the proof that H has no (x; y; z)-obsta
le.Conversely, suppose that the edges xy; yz; zx belong to three di�erent M -
onne
-ted 
omponents in G�. Then they belong to di�erent M -
onne
ted 
omponents inH� for ea
h isostati
 spanning subgraph H of G. So it follows from the �rst part ofthe proof that there is an (x; y; z)-obsta
le in ea
h isostati
 spanning subgraph of G. �Our main result is the following theorem. It follows from Theorem 4.2 and Lemma5.2.Theorem 5.3. Let G = (V;E) be a rigid graph, let x; y; z 2 V be distin
t verti
es,and let � 2 R � f0; 1g. Then G has a in�nitesimally rigid realisation (G; p), whi
his nearly general with respe
t to x; y; z and for whi
h (px; py; pz) are �-
ollinear if andonly if there is an M-
onne
ted 
omponent C of G� with jE(C) \ fxy; yz; zxgj � 2.There exist eÆ
ient algorithms for �nding theM -
onne
ted 
omponents of a graphG. See [1℄ for a re
ent O(jV j2) algorithm and related results. Thus the ne
essary andsuÆ
ient 
ondition in Theorem 5.3 
an be tested in O(jV j2) time.Referen
es[1℄ A. Berg, T. Jord�an, Algorithms for graph rigidity and s
ene analysis, (G. DiBattista and U.Zwi
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