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Abstra
tWe explore a mathemati
al 
hara
terization of the fun
tional duality between 
lassi
al sour
e and 
hannel
oding, formulating the pre
ise 
onditions under whi
h the optimal en
oder for one problem is fun
tionallyidenti
al to the optimal de
oder for the other problem. We then extend this fun
tional duality to the 
aseof 
oding with side information. We 
onsider several examples 
orresponding to both dis
rete-valued and
ontinuous-valued 
ases to illustrate our formulation.1 Introdu
tionWith the re
ent emergen
e of appli
ations related to sensor networks [1, 2℄, eÆ
ient en
oding of informationsignals in a multiterminal setting has re
eived spe
ial attention. One su
h problem is that of sour
e 
oding withside information at the de
oder [3℄, where the en
oder wishes to represent a sour
e with an index 
oming froma set to be transmitted to a de
oder whi
h has a

ess to some 
orrelated information. In many appli
ationsinvolving estimation of information �eld (su
h as seismi
, a
ousti
), the signal to be estimated at the de
oderis delay-sensitive, and the signal to be estimated might be available to the de
oder either in a delayed and/ornoisy form. Thus an eÆ
ient en
oder must take into a

ount the information available at the de
oder at thetime of de
oding a parti
ular sample.Motivated by this appli
ation, we 
onsider an idealized version of this problem in this paper. Extensionof the proposed work to in
lude other pra
ti
al 
onstraints will be a part of the future work [4℄. Consider astationary dis
rete memoryless sour
e X with a probability distribution p(x) with some alphabet X , and are
onstru
tion alphabet X̂ . The en
oder observes a sequen
e of independent realizations of the sour
e from thegiven distribution. Asso
iated with the sour
e, there is a distortion measure d : X � X̂ ! R+ . The en
oderis a mapping from the l-produ
t sour
e alphabet to an index set: f : X l ! f1; 2; : : : ;Mg, where l denotes theblo
k-length in en
oding and 1l logM denotes the transmission rate in bits/sample. The distortion measure for1



a pair of sequen
es of length l is the average of the distortions of l samples: d(x; x̂) = (1=l)Pli=1 d(xi; x̂i), wherexi and x̂i denote the ith samples of x and x̂ respe
tively.The de
oder stru
ture is given by the following: the de
oder re
eives the index transmitted by the en
oder,and to re
onstru
t the ith sample (for i = 1; 2; : : : ; l), it has a

ess to all the past samples of the sour
e tilli� 1. In other words, the de
oder is a sequen
e of mappings gi : f1; 2; : : : ;Mg � X i�1 ! X̂ for i = 1; 2; : : : ; l.Let g(x) denote the l-length ve
tor re
onstru
tion of the l-length sour
e ve
tor x. The goal is to minimizeE [d (X;g(X))℄ for a given rate R = (1=l) logM . We refer to this problem as sour
e 
oding with feedforward.Let Rff (D) denotes the in�mum of R over all en
oder-de
oder pair su
h that Ed � D for some D > 0. As
hemati
 of this problem is shown in Fig. 1.
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Figure 1: Sour
e 
oding with feedforward: the de
oder, to re
onstru
t any sour
e sample, has a

ess to all theprevious samples in addition to the quantized version of the sour
e.This problem is formulated and the optimum performan
e is evaluated in [4℄. The main result of [4℄ issummarized in the following:1 For stationary memoryless sour
es, Rff (D) = R(D), where R(D) denotes the optimal Shannon rate-distortion fun
tion.2 For sour
es with memory, Rff (D) � R(D).3 For a stationary sour
e, the error exponent of sour
e 
oding with feedforward Eff (R;D) for rate R anddistortion D satis�es Eff (R;D) � E(R;D) where E(R;D) denotes the standard sour
e 
oding errorexponent for rate R and distortion D.2 Main ResultIn this paper we 
onsider a spe
ial 
ase of stationary memoryless Gaussian sour
e with zero-mean and varian
e�2, and with mean squared error as the distortion measure. The main result of this paper is given by the2



following theorem:Theorem: For a stationary memoryless Gaussian sour
e with zero-mean and varian
e �2 and distortion measuregiven by the mean squared error, for any R > Rff (D) = R(D), and for suÆ
iently large l, 9 a pair of en
oderand de
oder for sour
e 
oding with feedforward su
h that Pe � 
1e�
2e
3l for some 
1; 
2; 
3 > 0 where Pe is theprobability that a sour
e word is not re
onstru
ted with distortion less than or equal to D.Note: For stationary memoryless Gaussian sour
e, the sour
e de
oding error de
ays doubly exponentially withblo
k length where for the re
onstru
tion of any sour
e sample all the past samples are available, while forthe 
onventional Shannon sour
e 
oding, it de
ays only exponentially [5℄. Also note that this problem 
an be
onsidered as the dual [6℄ of 
hannel 
oding with feedba
k [7, 8℄ for additive white Gaussian noise 
hannels.3 Proof of Theorem: En
oding and De
oding strategyIn the following we des
ribe a deterministi
 s
heme involving an en
oder-de
oder pair with a stru
ture as givenabove. The inspiration for this 
omes from the strategy des
ribed in [8℄ for 
hannel 
oding with feedba
k.Let � > 0 be some 
onstant. Consider the following sequen
e of re
ursive fun
tions of the sour
e:Yi+1 = Yi � p�2 � 1�i+1 Xi (1)for i = 2; : : : ; l, where Y1 = 0:5 and Y2 = Y1 � 1�X1.It 
an be shown that Yi is Gaussian with mean Y1 and varian
e given by�2�2 �1 + 1�2 �2(i�2) � 1�2(i�2) � : (2)Further limi!1 V ar(Yi) = (�2(1 + �2))=�4. For the �rst blo
k of l sour
e samples, Yl+1 will be a fun
tionof fX1; X2; : : : ; Xlg. Consider a uniform s
alar quantizer with M levels and bounded between ��=2 and�=2, where � will be determined later. Thus the step size of this quantizer is �=M . The en
oder quantizes(Yl+1 � Y1) using the above quantizer and the index of the 
ell 
ontaining it is sent to the de
oder. Let Ŷdenotes the quantized version of (Yl+1 � Y1).The de
oder re
onstru
tion is given by the following s
heme.X̂i = �X̂i�1 � (�2 � 1)� Xi�1 (3)for i = 3; : : : ; l and X̂1 = �(Y1 � Ŷ ), X̂2 =p�2 � 1(X̂1 �X1).The en
oder and de
oder start over for the next blo
k of l samples.3



4 Distortion AnalysisLet us model the quantization of (Yl+1�Y1) as follows. Let (Yl+1�Y1) = Ŷ +Z where Z denotes the quantizationnoise, and is modeled as independent of Ŷ and is uniformly distributed from ��=2M to �=2M . Note that thisis an approximation that be
omes in
reasingly better as l be
omes large. Let D0 denote the varian
e of Z.Now we 
al
ulate the average expe
ted distortion whi
h is given by1l " lXi=1 E(Xi � X̂i)2# : (4)Using some algebra it 
an be shown thatE(X1 � X̂1)2 = �2�2 ��2(l�1) � 1�2(l�1) �+ �2D0; (5)and for i = 2; 3; : : : ; l, we haveE(Xi � X̂i)2 = �2�4 + �2(�2 � 1)2�6 �1� ��2(l�i)1� ��2 �+D0(�2 � 1)�2(i�1): (6)Together, the above expressions give1l lXi=1 E(Xi � X̂i)2 = D0�2ll + �2(l�2 � �2 + 1)l�4 : (7)Let 1l Pli=1E(Xi � X̂i)2 = D, for some D > 0 and let M be 
hosen su
h that M = �l(1+�0) for some �0 > 0whi
h results in D0 = �212M2 = �212(�2l�2l�0) : (8)Now 
hoose � = �l�0q�2+1�4 . Noting that Rff (D) = R(D) = (1=2) log(�2=D), we have from the aboveexpressions the rate of transmission to be R = 12 log ��2D �+ � (9)where � = 12 log � DD � Æ�+ �02 log � �2D � Æ� and Æ = 112le 4R(1+�0) h12�2(1� e 2R(1+�0) ) + e 2R(1+�0) + 1i : (10)Clearly, liml!1 lim�0!0 �(�0; l) = 0. Hen
e for suÆ
iently large l, one 
an 
hoose �0 to make � arbitrarily small.Now let us analyze the probability Pe that a sour
e word is not re
onstru
ted with distortion less than orequal to D. This probability is upper bounded by the probability that the absolute value of (Yl+1 � Y1) isgreater than �=2. Thus we havePe � Pr"jYl+1 � Y1j > �l�02 s�2 + 1�4 # = 2erf
"�l�02  �lp�2 + 12�p�2(l+1) + �2l � �2!# (11)4



� 2erf
��l�0 14�� � 
1e�
2el
3 ; (12)where 
1 = 8�ap2�e lR�0(1+�0) ; 
2 = 18�2 and 
3 = 2R�0(1 + �0) ; (13)and we have used the following fa
t: erf
(x) � 1xp2� exp��12x2� : (14)5 Con
lusionsIn this paper we 
onsidered the problem of sour
e 
oding with feedforward where at the time of re
onstru
tionof the ith sour
e sample, the de
oder has a

ess to all the past samples. We have shown that for the Gaussiansour
e with mean squared error 
riterion, if the transmission rate R > Rff (D) = R(D), the probability thata sour
e word is not re
onstru
ted with distortion less than or equal to D de
ays doubly exponentially withblo
k-length for suÆ
iently large blo
k-length. Hen
e, although Rff (D) = R(D) for sour
es without memory,the sour
e 
oding error exponent 
an be in
reased with feedforward.A
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