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ON CANONICAL-TYPE CONNECTIONS
ON ALMOST CONTACT COMPLEX RIEMANNIAN MANIFOLDS

MANCHO MANEV

AsstrACT. We consider a pair of smooth manifolds, which are the counterparts
in the even-dimensional and odd-dimensional cases. They are separately an al-
most complex manifold with Norden metric and an almost contact manifolds with
B-metric, respectively. They can be combined as the so-called almost contact com-
plex Riemannian manifold. This paper is a survey with additions of results on
differential geometry of canonical-type connections (i.e. metric connections with
torsion satisfying a certain algebraic identity) on the considered manifolds.

1. INTRODUCTION

The geometry of almost Hermitian manifolds (N, J, k) is well developed. Asitis
known, P. Gauduchon gives in [10] a unified presentation of a so-called canonical
class of (almost) Hermitian connections, considered by P. Libermann in [14]. Let us
recall, a linear connection D is called Hermitian if it preserves the Hermitian metric
h and the almost complex structure |, Dh = D] = 0. The potential of D (with respect
to the Levi-Civita connection V), denoted by Q, is defined by the difference D — V.
The connection D preserves the metric and therefore is completely determined
by its torsion T. According to [3} 35, [33], the two spaces of all torsions and of all
potentials are isomorphic as O(n) representations and an equivariant bijection is
the following

(1) T(X, Y, Z) = Q(x/ Y, Z) - Q(]// X, Z)/
2) 20Q(x,y,2)=T(x,y,2) = T(y,z,x) + T(z,x, ).

Following E. Cartan [3], there are studied the algebraic types of the torsion tensor
for a metric connection, i.e. a linear connection preserving the metric.

On an almost Hermitian manifold, a Hermitian connection is called canonical if
its torsion T satisfies the following conditions: [10]

1) the component of T satisfying the Bianchi identity and having the property
T(J-, J-) = T(:,) vanishes;

2) for some real number ¢, it is valid (ST)" = (1 — 2)(dQ)*(J+, ], ]-), where &
denotes the cyclic sum by three arguments and (d(2)* is the part of type (2, 1) +(1, 2)
of the differential dQ for the Kdhler form Q = g(J-, -).

According to [10], there exists an one-parameter family {V'};egr of canonical
Hermitian connections V! = tV! + (1 — t)V°, where V? and V' are the Lichnerowicz
first and second canonical connections [15], respectively.

An object of our interest is the class of manifolds with Norden-type metrics!]

In comparison, the action of the almost complex structure with respect to the
Hermitian metric (respectively, the Norden metric) on the tangent spaces of the
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almost complex manifold is an isometry (respectively, an anti-isometry). The latter
manifolds are known as generalized B-manifolds [11]] or almost complex manifolds with
Norden metric [4] or complex Riemannian manifolds [13]. The Norden metric is a
pseudo-Riemannian metric of neutral signature whereas the Hermitian metric is
Riemannian.

In the odd-dimensional case, the additional direction is spanned by a vector field
&. Then its dual 1-form 1 determines a codimension one distribution H = ker(n)
endowed with an almost complex structure ¢. Then we have an almost contact
structure (@, &, 1). If the almost complex structure is equipped with a Hermitian
metric then the almost contact manifold is called metric. In the case when the
restriction of the metric on H is a Norden metric then we deal with an almost
contact manifold with B-metric (or an almost contact complex Riemannian manifold).
Any B-metric as an odd-dimensional counterpart of a Norden metric is a pseudo-
Riemannian metric of signature (n + 1, n).

The goal of the present paper is to survey the research on canonical-type con-
nections in the case of Norden-type metrics as well as some additions and gener-
alizations are made. In Section [2] we consider the even-dimensional case and in
Section[3— the odd-dimensional one.

Notation 1.1. (a) The notation S (or simply &) means the cyclic sum by the three
X, Y,z
arquments x, y, z; e.g., S F(x,y,z) = F(x,y,z) + F(y,z,x) + F(z,x, y);
xX,Y,Z

(b) For the sake of brevity, we shall use the notation {A(x, y, z)}xcy for the difference
A(x,y,2) = Ay, x, z) and {A(x, Y, 2)} (xesy) for the sum A(x, y, z) + A(y, x, z), where
A is an arbitrary tensor of type (0, 3);

(c) We shall use double subscripts separated by the symbol /. The former and latter
subscripts regarding this symbol correspond to the upper and down signs plus
and minus (or, = and #) in the same equality, respectively. For example, the no-
tation Fgyo : F(x,y,z) = F(x,y,&)n(z) + F(x,z, E)n(y), F(x, y, &) = +F(y,x, &) =
F(px, oy, &) means Fs : F(x,y,z) = F(x,y,&)n(z) + F(x,z, En(y), F(x,y, &) =
F(y,x,&) = F(px, ¢y, &) and Fo : F(x,y,z) = F(x,y, &) + F(x,z, Eny),
F(x,y,&) = =F(y,x, &) = F(px, oy, &). Similarly, T12 : T(E,y,2) = T(x,y,&) =
0, T(x,y,z) = =T(px,py,z) = =T(x, 9y, ¢z), t Z 0 means T1:TE y,2) =
T(x,y,&) =0, T(x,y,2) = -T(px,0y,2z) = =T(x,py,¢z), t # 0 and T, :
Ty 2)=T(x,y,&) =0, T(x,y,2) = -T(px, 9y, z) = =T(x, y, ¢z), t = 0.

2. ALMOST COMPLEX MANIFOLDS WITH NORDEN METRIC

Let us consider an almost complex manifold with Norden metric or an almost
complex Norden manifold (M’, ], g’), i.e.

@  Px=-x,  g0x]y) =gy

for all differentiable vector fields x, y on M’. It is 2n-dimensional. The associated
metric g’ of g on M’ defined by ¢’(x,y) = ¢'(x, Jy) is also a Norden metric. The
signature of both the metrics is necessarily (1, n).

These manifolds are known as almost complex manifolds with Norden met-
ric [31) 32, [5], almost complex manifolds with B-metric [6] 8] or almost complex
manifolds with complex Riemannian metric [13, 25,7, 2]. Their structure group is
GL(n,C) N O(n, n).

Further in this section, x, y, z, w will stand for arbitrary differentiable vector
fields on M’ (or vectors in the tangent space of M’ at an arbitrary point of M’).
Moreover, let {e;} (i = 1,2,...,2n) be an arbitrary basis of the tangent space of M’
at any point of M’ and g’/ be the corresponding components of the inverse matrix
of g'.
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The fundamental (0, 3)-tensor F/ on M’ is defined by F'(x, y,z) = g’((V; Dy, z),
where V' is the Levi-Civita connection of g, and F’” has the following properties:
(1]

4) F'(x, y/Z) =F(x,z, y) = F'(XJJ/JZ)‘
The corresponding Lee form 0’ is defined by 6'(z) = g"/F'(ej, ej,z). The associ-
ated trace with respect to the metric ¢’ is defined by 5’(2) = §'IF (e, ej,z), which
implies the relation 0'(z) = 0’(Jz) because of §/F'(e;, ej,z) = —g"F (e;, Jej,z) =
g"'F'(ei, ej, ]2).

In [4], the considered manifolds are classified into three basic classes W; (i =
1,2,3) with respect to F’. All classes are determined as follows:

Wo: Fx,y,2)=0;
Wit Foy2)=3{g@ne@+g@neya)
Wy: & Fl(xyJz)=0, 0 =0;

X, Y,z

(W3 . S F,(X, ]//Z) = 01
5) G
WieW,: & FxyJz)=0;

X,y,Z

WieWs: S Fxy2)=; &lg@y0@+g o)

X,
W, ® (Wg, 0 =0;
Wi W,®dWs5: noconditions.

The class ‘W, of the Kihler manifolds with Norden metric belongs to any other class.

Let R’ be the curvature tensorof V/,i.e. R’ = [V’ ,V' ] - V{ . and the correspond-
ing (0, 4)-tensor is determined by R’(x, y, z, w) = ¢'(R’(x, y)z, w). The Ricci tensor p’
and the scalar curvature 7’ are defined as usual by p’(y,z) = g'ifR'(ei, Y,z,ej) and
v =g"p’ e e))-

A tensor L of type (0,4) having the properties L(x,y,z,w) = —L(y,x,z,w) =
-L(x,y,w,z), & L(x,y,z,w) = 0 is called a curvature-like tensor. Moreover, if the

XY,z

curvature-like tensor L has the property L(x, v, Jz, Jw) = —L(x, y,z, w), it is called a
Kihler tensor [6].

2.1. The pair of the Nijenhuis tensors. As it is well known, the Nijenhuis tensor
N’ of the almost complex structure | is defined by

(6) N/(x/ y) = []/]](x/ y) = []x/]y] - [x/ y] —]UX/J/] —][XJJ/]'

Besides it, we define the following symmetric (1,2)-tensor N’ in analogy to (6) by

NG, y) = L1V y) = U Tyh = b b = T, ) = T Ty,
where the symmetric braces {x, y} = V,y+V x are used instead of the antisymmetric

brackets [x, y] = Vyy —V,x. The tensor N’ we also call the associated N ijenhuis tensor
of the almost complex structure.

The pair of the Nijenhuis tensors N’ and N’ plays a fundamental role in the topic
of natural connections (i.e. [ and g’ are parallel with respect to them) on an almost
complex Norden manifold. The torsions and the potentials of these connections
are expressed by these two tensors. By this reason we characterize the classes of
the considered manifolds in terms of N’ and N’.

As it is known from [4], the class ‘W5 of the quasi-Kihler manifolds with Norden
metric is the only basic class of the considered manifolds with non-integrable
almost complex structure |, because N’ is non-zero there. Moreover, this class

is determined by the condition N’ = 0. The class W) & W, of the (integrable
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almost) complex manifolds with Norden metric is characterized by N’ = 0 and N #
0. Additionally, the basic classes ‘W; and ‘W, are distinguish from each other
according to the Lee form 6’: for W, the tensor F’ is expressed explicitly by the
metric and the Lee form, i.e. 6’ # 0; whereas for ‘W, it is valid 6’ = 0.

The corresponding (0, 3)-tensors are denoted by the same letter, N'(x, y,z) =

g (N'(x,v),2), N'(x,y,2z) = g'(N’(x,y),z). Both tensors N’ and N’ can be expressed
in terms of F’ as follows: [4]

(7) N/(x/ Y, z) = P/(x/ ]y/ z) - F/(y/ Jx,z) + F/(]X, Y, z) - F,(]y/ X, z),
(8) N'(x,y,z)=F(x,]Jy,z) + F'(y,Jx,z) + F(Jx,y,z) + F'(Jy, x, 2).
The tensor N’ coincides with the tensor N introduced in [4] by an equivalent

equality of (8).
By virtue of (3), @), (7) and (8), we get the following properties of N’ and N':

©)  N'(@y2=NEJyJ2)=N(xyJ2) = -N(x,]y,2),
(10)  N'(Jx,y,2) = N'(x,]y,2) = -N'(x, y, J2);
(11)  N'(v,y,2) =Ny, J2) = N(xy,J2) = -N'(Jx,]y,2),
(12)  N'(xy,2=N(,Jy,2) = -N'(xy,]J2).

Theorem 2.1. The fundamental tensor F’ of an almost complex Norden manifold (M, |, g°)
is expressed in terms of the Nijenhuis tensors N” and N’ by the formula

1 —~ —~
~3INUx Y2+ N'(x,2, ) + N'(Jx,y,2) + N'(x,2,y)}.

Proof. Taking the sum of (7) and (8), we obtain

(13)  F(xy,2)=

!’ ’ 1 ! A/
(14)  F(xy,2)+F 0 ]y2) = 5Ny + N y,2).
The identities (3) and (@) imply

(15)  F'(x,z,Jy) = —-F(x,y,]z).
A suitable combination of (14) and (13) yields

(16) F'(x,y,z)= i{N’(x, ¥,2)+N'(x,z,y) + Z’\I\’(x, Y,z)+ ﬁ'(x, z, y)}.
Applying (@) to ({16), we obtain the stated formula. o

As direct corollaries of Theorem 2.7 we have:
WieW,: Fxyz)= —% I/\]\'(]x, y,z)+ Z’\T\’(]x,z, iy

(17) . ’ 1 ’ ’
Wi F(x,y,2)=-3{N'(Jx,y,2) + N'(Jx, 2, ).

According to Theorem[2.1] we obtain the following relation for the correspond-
ing traces:

1
(18) 0'=77o],

where V'(z) = g”"ﬁ '(ei,ej,z). For the traces with respect to the associated metric
g’ of F/ and N, ie. 0'(z) = a’l]F’(ei, ej,z) and V'(z) = 5}7”1/\]\’(61-,6,4,2), we have
6 =-1v =0 0JandV =46 =V o, respectively.

Then, bearing in mind (B) and the subsequent comments on the pair of the
Nijenhuis tensors, from Theorem[2.T]land (18) we obtain immediately the following
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Theorem 2.2. The classes of almost complex Norden manifolds are characterized by the
Nijenhuis tensors N” and N’ as follows:

Wo: N =0, N=0
W;: N =0, ﬁ'z%{7®9’+5®57};
W, : N =0, Z =0;
W;: N =0;
(19) % @‘Wi : N =0; B
Wi Ws: N\'zﬁ{??@g%?@g?};
Wy Ws: V= 0;
WioW,oWs: no conditions.

2.2. Natural connections on an almost complex Norden manifold. Let V* be a
linear connection with a torsion T* and a potential Q* with respect to V’, i.e.

T'(xy)=Viy-Vix-Ixyl, Qxy=Viy-Vy.
The corresponding (0,3)-tensors are defined by
T, y,2) =9 (T'(x )2, Q&y2)=79(Qxy)2).

These tensors have the same mutual relations as in (1) and @).

In [8], itis given a partial decomposition of the space 7 of all torsion (0,3)-tensors
T (i.e. satisfying T(x,y,z) = —=T(y, x,z)) on an almost complex Norden manifold
M, ]g) T =T1©T2,®T3® T4, where 7; (i = 1,2, 3,4) are invariant orthogonal
subspaces with respect to the structure group GL(n, C) N O(n, n):

T1: T y,z)=-T(x, Jy,z) = -T(Jx,y,]2);
T2: Txy,2)=-T(x,Jyz) =T(x,y,]z);
T3: T(x,y,2)=T(x ]y, 2), xﬂfz T(x,y,2) =0,

Ti: Tay2=T0xjy2, € T(vy2) =0

Moreover, in [8] there are explicitly given the components T; of T € 7 in 7;
(i=1,23,4).

A linear connection V* on an almost complex manifold with Norden metric
(M, ],g’) is called a natural connection if V'] = V*g" = 0. These conditions are
equivalent to V¢’ = V*y’ = 0. The connection V* is natural if and only if the
following conditions for its potential Q* are valid:

(20) F,(x/ v, Z) = Q*(X, Y, ]Z) - Q*(x/ ]y/ Z)/ Q*(X, Y, Z) = _Q*(x/ z, y)

In terms of the components Tj, a linear connection with torsion T on (M’, ], g’) is
natural if and only if

1 ’ 1 A/ AI
Ta(x,y,2)= ;N y,2), Taxy,2) = o[N'Gy0) - NG x )

The former condition is given in [8] whereas the latter one follows immediately by

@, @, @ and 20).

2.3. The B-connection and the canonical connection. In [6], it is introduced the
B-connection V' only for the manifolds from the class ‘W; by

. 1
(1) Viy=Viy- 5/ Vi) y.

Obviously, the B-connection is a natural connection on (M’, ], g’) and it exists in
any class of the considered manifolds. Only on a ‘Wj-manifold, the B-connection
coincides with the Levi-Civita connection.
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By virtue of (1), (I0), (@2), (13), from @I) we express the torsion of the B-
connection as follows:

. 1 — —~
22) T(x,y,2)= g{N’(x, ¥,2)+ & N'(x,y,2) + N'(z,y,x) - N'(z, x, y)}.
xX,Y,Z

A natural connection with torsion T’ on an almost complex manifold with
Norden metric (M’, J, ¢’) is called a canonical connection if T’ satisfies the following
condition [8]

23)  T'(x,y2)+T'(yzx)-T'(xy Jz)- T'(y, ]z, Jx) = 0.

In [B] it is shown that (23) is equivalent to the condition T} = T} = 0, i.e.
T’ € T2 @ T3. Moreover, there it is proved that on every almost complex Norden
manifold there exists a unique canonical connection V’. We express its torsion in

terms of N’ and N as follows
T 1 2 1 X’ X7
24) T(x,y,z2)= ZN (x,y,2z)+ g{N (z,y,x)=N'(z,x, y)}.

Taking into account (24) and 22), it is easy to conclude that V' = V" is valid if
and only if the condition N = @GN’ holds which is equivalent to N’ = 0. In other
words, on a complex Norden manifold, i.e. (M, ], g') € Wi ® W, the canonical
connection and the B-connection coincide.

Now, let (M, ],¢’) be in the class ‘W;. This is the class of the conformally
equivalent manifolds of the Kdhler manifold with Norden metric. The conformal
equivalence is made with respect to the general conformal transformations of the
metric g’ defined by

(25) 7 =eé*{cos2vg +sin207),

where u and v are differentiable functions on M’ [6]]. For v = 0 they are restricted
to the usual conformal transformations. The manifold (M’, ], 7') is again an almost
complex Norden manifold. An important subgroup of the general group C of
the conformal transformations @25) is the group Cy of the holomorphic conformal
transformations, defined by the condition: u + iv is a holomorphic function, i.e.
du = dv o J. Then torsion of the canonical connection is an invariant of Cy, i.e. the
relation T"(x, y) = T’(x, y) holds with respect to any transformation of Cy. There
are proved that the curvature tensor of the canonical connection is a Kahler tensor
if and only if (M’, ], ¢’) € (VV?, i.e. a manifold in ‘W; with closed forms 6’ and 6’ o |.
Moreover, there are studied conformal invariants of the canonical connection in

WY
1
Bearing in mind the conformal invariance of both the basic classes and the

torsion T” of the canonical connection, the conditions for T’ are used in [8] for other

characteristics of all classes of the almost complex Norden manifolds as follows:

Wo: T(x,y)=0;
Wi T'(vy) = 5 (F@Qy - ()x + P Ux)]y - F(y)x);
Wy T'y)=T(x]Jy), t'=0;
Wi T'(Jx,y)=-JT"(x, y); }
(26) WieoW,: T(xy=T(0x]y), X%Z T'(x,y,2z) =0;

WieWs: T'(x,y) +]T(x,y) = HE(yx - F(y)Jx);
Wy Ws: F= 0;
Wi W,®dWs: noconditions,

where {'(x) = g’/ T’ (x, e;, ). The special class W) is characterized by the condition
T'(x,y) = 0, i.e. there V' = V’ holds.
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ON CANONICAL-TYPE CONNECTIONS ON ALMOST CONTACT COMPLEX RIEMANNIAN MANIFOLDS7

The classes of the almost complex Norden manifolds are determined with re-
spect to the Nijenhuis tensors in (I9), the same classes are characterized by condi-
tions for the torsion of the canonical connection in (26). By virtue of these results
we obtain the following

Theorem 2.3. The classes of the almost complex Norden manifolds M = (M, ¢, &, 1, 9)
are characterized by an expression of the torsion T’ of the canonical connection in terms of

the Nijenhuis tensors N and N as follows:

Wi T2 = V@912 + 7009 (] Z)}[XHy];
Wai Py = NGy -Nexy), ¥=7=0
Ws . T'(X, Y, z) = %N/(x’ Y, 2);
WieoW,: T'(vyz2)= %{N\/(Z’ v =N x, y)};
WioWs: T'(xy2)=iN(xy>2)
+ LT 0r @2+ T g @ IR,
WyoWs: T'(v,y,2)=iN({xy2)+ %{ﬁ’(z, Y, = N x, y)},
=v=0.

27)

The special class ‘W is characterized by T" = 0 and the whole class W1 & W, & W5 —
by @4) only.
Moreover, bearing in mind the classifications with respect to the tensor F’ and the torsion
T’ in [4] and [8], respectively, we have:
e MeWyoW,ifand onlyif T’ € T3;
o M e Wiifandonlyif T € T, where T is the subclass of T3 with the vectorial
torsionSE;
M e W, ifand only if T' € T, where T is the subclass of T3 with I’ = 0;
M e Wi ifand only if T’ € To;
MeWreWsifandonlyif T € T, & T,
Me W, Wsifandonly if T" € T, & T3,
MeW,dWr®Wsifand only if T’ € Tr® T.

Proof. Let (M’,],g’) be a complex Norden manifold, i.e. (M, ] g") € Wi & W,.
According to (24) and N’ = 0 in this case, we have T” = T}, i.e. T’ € 73 and the
expression T"(x, y,z) = %{I’\]\’(z, Y, Xx)— I/\]\'(z, X, y)} is obtained. Applying ([19) to the
latter equality, we determine the basic classes ‘W7 and ‘W, as is given in (27) and
the corresponding subclasses 7, and 77, respectively. Taking into account the
relation between the corresponding traces V' = 8t’, which is a consequence of the
equality for ‘W; @ W,, we obtain the characterization for these two basic classes
in (26).

Let (M, ], 9’) be a quasi-Ké&hler manifold with Norden metric, i.e. (M’,] g’) €
Wi;. By virtue of (24) and N’ = 0 for such a manifold, we have T’ = T,ie. T €T,
and therefore we give T = 1N’. Obviously, the form of 1" in the latter equality
satisfies the condition for Wj in 26).

In a similar way we get for the rest classes ‘Wi & W3 and W, @ W;. The
conditions of these two classes, givenin (26), are consequences of the corresponding
equalities in (27). The case of the whole class ‘W; & W, & W3 was discussed
above. O

2 A vectorial torsion is a torsion which is essentially defined by some vector field on the manifold and
its metrics.
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The canonical connections on quasi-Kéhler manifolds with Norden metric are
considered in more details in [28]. There are given the following formulae for the
potential Q’ and the torsion T’ on a ‘W;3-manifold:

Q'Cey) = H(ViI) Jx = (Vi) x +2(Vi) Ty},

T, y) = H{(Vi) Ty + (Vi ]) ).
Moreover, some properties for the curvature and the torsion of the canonical con-
nection are obtained.

2.4. The KT-connection. In [27], it is proved that a natural connection V' with
totally skew-symmetric torsion, called a KT-connection, exists on an almost complex
Norden manifold (M’, ], ¢’) if and only if (M, ], g’) belongs to W3, i.e. the manifold
is quasi-Kéahlerian with Norden metric. Moreover, the KT-connection is unique
and it is determined by its potential

1
@) Jy2=-7 8 Feya)

As mentioned above, the canonical connection and the B-connection coincide
on (M, ],g') € Wi & W, whereas the KT-connection does not exist there.

The following natural connections on (M’, ], g') are studied on a quasi-Kéhler
manifold with Norden metric: the B-connection V’ ([26]), the canonical connection
V’ ([28]) and the KT-connection V' ([27]).

From the relations (24) and (22) for a ‘Ws-manifold follow

. 1 . 1
29 T(xyz2-= —{N’(x, v,.2)+ & N'(x,y, z)}, T'(x,y,z) = =N'(x, y, 2).
8 XYz 4

The equalities (1) and 28) yield T'(x,y,z) = -3 & F'(x,y,Jz), which by (D) for
X, Y,z
W3 and ([@0) implies

1 ,
(30) T (x,y,z)=- & N'(x,y,2).
4 xyz

Then from (29) and (30) we have the relation 7’ = 1 (T’ + T’), which by @) is

equivalent to Q = % (Q’ + Q ) Therefore, as it is shown in [28], the B-connection
is the average connection for the canonical connection and the KT-connection on a
quasi-Kghler manifold with Norden metric , i.e. V/ = 1 (V’ + V’)

3. ALMOST CONTACT MANIFOLDS WITH B-METRIC

Let (M, @, &, 1) be an almost contact manifold, i.e. M is a (2n + 1)-dimensional
differentiable manifold with an almost contact structure (¢, &, 1) consisting of an
endomorphism ¢ of the tangent bundle, a vector field £ and its dual 1-form 7 such
that the following relations are valid:

Bl) @&=0, ¢*=-Id+n8E nop=0, nE)=1.

Later on, let us equip (M, ¢, &, 1) with a pseudo-Riemannian metric g of signature
(n + 1, n) determined by

(32)  g(px, py) = —g(x, y) + n(x)n(y)

for arbitrary differentiable vector fields x, y on M. Then (M, ¢, ¢, 1, 9) is called
an almost contact manifold with B-metric or an almost contact B-metric manifold.
The associated metric g of g on M is defined by the equality g(x,y) = g(x, py)
+1(x)n(y). Both metrics g and g are necessarily of signature (n+ 1, n). The manifold
(M, ¢, &,1,9) is also an almost contact B-metric manifold. [9]
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ON CANONICAL-TYPE CONNECTIONS ON ALMOST CONTACT COMPLEX RIEMANNIAN MANIFOLDS9

Let us remark that the 2n-dimensional contact distribution H = ker(7), gener-
ated by the contact 1-form 1, can be considered as the horizontal distribution of the
sub-Riemannian manifold M. Then H is endowed with an almost complex struc-
ture determined as ¢|i — the restriction of ¢ on H, as well as a Norden metric g|y, i.e.
la(@la, @la) = —glu(-, -). Moreover, H can be considered as an n-dimensional com-
plex Riemannian manifold with a complex Riemannian metric g© = g|y + igly [7].
By this reason we refer to these manifolds as almost contact complex Riemannian
manifolds. They are investigated and studied in [9} 17, 19} 20, 21} 23| 24} 30]. The
structure group of these manifolds is (GL(1n, C) N O(n, n)) X I.

Further in this section, x, y, z will stand for arbitrary differentiable vector fields
on M (or vectors in the tangent space of M at an arbitrary point of M). Moreover,
let {e;; & }1-221 denote an arbitrary basis of the tangent space of M at an arbitrary point
in M and g/ be the corresponding components of the inverse matrix of g.

The fundamental tensor F of type (0,3) on the manifold (M, ¢, &, 1, g) is defined
by F(x,y,z) = g((Vx(p) v, z), where V is the Levi-Civita connection for g and the
following properties are valid: [9]

(33)  F(x,y,z) = F(x,z,y) = F(x, py, pz) + n(y)E(x, &, 2) + n(z)F(x, y, &).

The relations of the covariant derivatives V& and V) with F are:

(Vamy = g(Vi&, y) = F(x, 9y, ).
The following 1-forms, called Lee forms, are associated with F:

G(Z) = ijF(ei/ €j, Z)/ 6*(2) = ijF(ei/ pe;, Z)/ Cl)(Z) = F(é/ ¢, Z)'

Obviously, the equalities 6" o ¢ = —6 o ®* and @(&) = 0 are valid. For the corre-

sponding traces 6 and 6" with respect to 7 we have 0=-6"and 6" = 6.

A classification with respect to F of the almost contact B-metric manifolds is
given in [9]. This classification includes eleven basic classes 1, %>, ..., F11. Their
intersection is the special class ¢ : F(x, y,z) =

Further, we use the following characteristic conditions of the basic classes: [9}[18]

Fi: F@y,2) = 5ot @y)e@zw((px Py)0( Z)}W
Fa: F(&y,2)=F(x¢&2)=0, xyZF(x Y, Qz) = 0=0;

Fsz: FE y2)=Fx&2)=0, & F(x,y,2)=0;
XY,z

Fi: F(x,y,2) = —52alex, @ + g(x, p2n(y));
Fs: F(,y,2)= (5) Dgx, py)n@ + 9(x, p2)1(y));
Fer7: F(x,y,2) = F(x ¥, En(z) + F(x, z, En(y),
F(x,y,&) = +F(y,x, &) = =F(px, oy, &), 0=0"=0;
Fsro: F(x,y,2) = F(x,y, En(z) + F(x,z, En(y),
F(x, Y &) = iP(y/ x, &)= F((Px/ Y, &);
Fro: F(x,y,2) = F(&, oy, pz)n(x);
Fu: Fx,y,2) = n(x) {n(y)o) + nz)o(y)} .

3.1. The pair of the Nijenhuis tensors. An almost contact structure (¢, &, 1) on M
is called normal and respectively (M, ¢, &, 1)) is a normal almost contact manifold if the
corresponding almost complex structure |” generated on M’ = M X R is integrable
[34]. The almost contact structure is normal if and only if the Nijenhuis tensor of
(p, &,n) is zero [1].

The Nijenhuis tensor N of the almost contact structure is defined by N := [¢, p]+

dn® & where [, 9l(x,y) = [px, oyl + ¢* [x, y] — ¢ [px, y] — ¢ [x, py] and dn is the
exterior derivative of 7.
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In [24], it is defined the symmetric (1,2)-tensor N for a (@, &, n)-structure by
N = {p, o} + (Leg) ® &, where L denotes the Lie derivative and {¢@, ¢} is given by
@, p)(x, y) = {px, py} + goz{x, v} = elox, yt — plx, ey} for {x,y} = Voy + Vyx. The
tensor N is also called the associated Nijenhuis tensor for (@, &, ).

Obviously, N is antisymmetric and Nis symmetric, i.e. N(x,y) = —=N(y,x) and
N(x,y) = N(y, x). _

The Nijenhuis tensors N and N play a fundamental role in natural connections
(i.e. such connections that the tensors of the structure (¢, &, 1, g) are parallel with

respect to them) on an almost contact B-metric manifold. The torsions and the
potentials of these connections are expressed by these two tensors. By this reason

we characterize the classes of the considered manifolds in terms of N and N.
The corresponding tensors of type (0,3) are denoted by the same letters as

follows N(x,y,z) = g(N(x,y),z), N(x, y,z) = g(N(x,y), z). Both tensors N and N are
expressed in terms of F as follows [24]

(34 N(v,v,2) = {Fpx,y,2) - F(x,y, 92) + 1) F(x, @y, &)}
(65)  N(x,y,2) = {Fpx, y,2) = F(x, v, 92) + 1@F @, 09, )}

Bearing in mind (3I), (32) and (33), from (34) and (35) we obtain the follow-
ing properties of the Nijenhuis tensors on an arbitrary almost contact B-metric
manifold:

[x<—>y],

N, oy, 92) = N(x, ¢*y,9%2),  N(px,y,92) = N(@*x,y, 9%2),
N(px,py,2) = -N@x,¢°y,2), N py,92) = N(x, 9y, ¢72),
N(px,y,92) = N(@*x,y,9%2),  Nipx,py,2) = ~N(9*x, 9%y, 2),
N(&, oy, pz) + N(E, pz, py) + ﬁ(é, oY, pz) + ﬁ(é, @z, py) = 0.
It is known that the class of the normal almost contact B-metric manifolds, i.e.

N=0,isF1 ®F>® F1 ® F5 ® Fe. According to [24], the class of the almost contact

B-metric manifolds with N = 0 is 3 & ;. The latter two statements follow from
[23] and [24], where the following form of the Nijenhuis tensors for each of the
basic classes F; (i =1,2,...,11) of (M, @, &, 1, g) is given:

Fi: Ny =0, Ny =2{gox,ppptf +g(x, oy)6*);
Fa: Ny =0, N@y =2{Vew)y-¢(Vsp)y);
Fa: Ny =2{(Vep)y -9 (Vsp)y}, Ny =0;
Fi: Ny =0, Ny =309 ey¢E;
F5: Ny =0, N(xy)=-20(gpx, py)&;
Fo: Ny =0, Nxy=4MVys
Fr: N@x,y)=4(Vinyé, Nxy)=0;
(6 Fs: Ny =2{n()V,E - n()Vse},
N(x,y) = =2 {n()V,& + n)Vé};
Fo: Ny =2{n@)Vyé —ny)Vie),
N(x,y) = =2{n(0)V,& + n)Vé};
Fro: Ny =-10¢ (Vep)y +n(y)e (Vep) x,
N(x,y) = =n()p (Vep) y = () (Vep) x;
Fi1: Ny = {n0wley) - n(y)w(e)}s,
N(x, y) = (naw(ey) + n(y)o(px)} &,
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where 6% and w* are the corresponding vectors of 6 and w with respect to g.
In [12], the tensor F is expressed by the Nijenhuis tensors on an arbitrary (M, ¢,
&, 1, 9) as follows:

oy TV ~ 1N, 2+ Npx,2.) + Nigx, .9 + N 2, )

+ 2N v, 92+ NE v, 02+ 1NE £ pp)

As corollaries, in the cases when N = 0 or N = 0, the latter relation takes the
following form, respectively:

F(x,y,2) = —i{ﬁ(@x, y,2)+ N(px,z,y)|
1 —~ —~
+ 5I@{NE v, 92) + 1@NE & oy,
Fx,y,2) = —jI{N(qox, v,2)+ N(px, 2, y)} + %n(x)N(é, Y, 92).

3.2. Natural connections on an almost contact B-metric manifold. Let D be a
linear connection on (M, ¢, &, 1, g) and let us denote its torsion and potential (with
respect to V) by T and Q, respectively. The corresponding tensors of type (0,3) are
determined by T(x, y,z) = g(T(x,y),z) and Q(x, y,z) = g(Q(x,y),z). The relations
(@) and @) are valid.

In [24], itis given a classification of all linear connections on the almost contact B-
metric manifolds with respect to their torsions T in 15 basic classes 7 (i = 1, .. ., 15)
(which are invariant and orthogonal subspaces with respect to the structure group)
as follows:

7-1/2 : T(EI Y, Z) = T(X, Y, E) = 0/
T(x,y,2) = ~T(px, @y, 2) = ~T(x, py,9z), t 2 0;
T3: TE y,2)=Tx,y,E =0,
T(x,y,z) = =T(px, py,z) = T(x, py, z);
7-21/5 : T(EI Y, Z) = T(X, Y, E) = 0/

T(x,y,2) - T(px,9y,2) = & T(x,y,2)=0, tZ0;
x,y,z
Te: T y,2)=Tx,y,& =0,
T(x,y,z) - T(px, py,z) = X%Z T(px,y,2z) =0;
Trs: T(x,y,z) = n@)T(*x, ¢*y, &), Ty, &) =FT(px, ¢y, &);

Tono: T(x,y,2) = n)T(E @y, 9°2) = (V)T (E, 9*x, 9*2),
T(&,y,2) =Tz y) = -TE@y,0z), 20, 50
Tu: T(x,y,2) = (0)TE 9y, ¢*2) - (Y TE, %, ¢2),
T y,2) =T zy) =-TE ey, 9z), t=0, t=0;
Tia: T(x,y,2) = n0)TE %y, ¢°2) = n(y)T(E, ¢°x, *2),
T, y,2) = -T(& zy) = =T, 9y, 9z);
Tisna: T, y,2) = 10)TE @Y, 9°2) = n(YTE, 9*x, ¢°2),
T, y,2)=+T(, z,y) = TE @y, 9z);
Tis: T(x,y,2) = 1@ 1)) - iy},
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where the torsion forms associated with T are defined by

tHx) = gijT(x, ei,ej), t(x)= gijT(x, ei, pe;), f(x) = T(x, &, &).
Moreover, in [24] there are explicitly given the components T; of T € 7 in 7;
i=1,...,15).

A linear connection D is called a natural connection on (M, @, &, 1, g) if the almost
contact structure and the B-metric are parallel with respect to D, i.e. Dp = D& =
Dn = Dg = 0 [19]. As a corollary, we have also Dg = 0. According to [24], a
necessary and sufficient condition for a linear connection D to be natural on (M, ¢,
& 1,9)is Do = Dg = 0.

It is easy to establish (see, e.g. [19]) that a linear connection D is a natural
connection on an almost contact B-metric manifold if and only if

Qv y,92) = Qlx, 9y, 2) = Flx,y,2),  Qx,y,2) = -Qx, 2, y).

Let us remark that the condition a linear connection to be natural does not imply
that some of the basic classes 7; (i = 1, .. ., 15) to be empty for natural connections.

In [24], it is proved that an almost contact B-metric manifold M = (M, ¢, ¢,
n,9) € Fi \ o is normal, i.e. N = 0, (respectively, has N = 0) if the torsion of an
arbitrary natural connection on M belongs to 74 @75 & T9® 710 ® 711 (respectively,
T307T7).

3.3. The pB-connection and the ¢@-canonical connection. In [21], it is introduced
a natural connection on (M, ¢, &, 1, g) by

(38) Dxy=Viy+Qvy), Qlxy)= %{(Wp) Py + (Ve y &} = )Vl

In [22]], the connection determined by (38) is called a @B-connection. It is studied
for some classes of the considered manifolds in [20} 21} [16} 17| 22] with respect to
properties of the torsion and the curvature as well as the conformal geometry. The
restriction of the ¢B-connection D on H coincides with the B-connection V' on the
corresponding almost complex Norden manifold, given in (2I) and studied for the
class ‘Wi in [6].

The torsion of the pB-connection has the form

(39) 0 y,2) = 3{F py,2) + nOF oy, &) + 2000F, 92,0,

Then it belongs to T3 ® 74 & - - - ® 715, according to [24].

Using (37), (39) and the orthonormal decomposition x = hx + vx, where hx =
—@*x, vx = n(x)&, we give the expression of the torsion of the ¢B-connection in
terms of the Nijenhuis tensors as follows

T(x,y,z) = %{N (hx, hy, hz) + X%Z N(hx, hy, hz) + N(hz, hy, hx) — N(hz, hx, hy)}

(40) + i{ZN (vx, hy, hz) + N(hy, hz, vx) + 2N (vx, hy, hz) + N(hy, hz, vx)
+ N(hx, hy, vz) + N(vz, hx, hy) — N (vz, hx, hy) — 21/\1\(02, VX, hy)}[xﬁy].

Taking into account (39), and (36), we obtain for the manifolds from %3 & ¥
the following

T(x,y,2) = %{N(hx, hy,hz) + S N(hx, hy, hz)}
(41) ) e
+ —{N(hx,hy, vz)+ S N(hx, hy, vz)}.
4 XYz
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Therefore, using the notation hN(x, y,z) = N(hx, hy, hz), for the basic classes with
vanishing N we have:

(42)  F: T:%%N+emﬂ, Fr e T:%@n®q+quﬂ.

A natural connection D is called a ¢-canonical connection on (M, @, &, 1, g) if its
torsion T satisfies the following identity: [23]
{T(X, Y, Z) - T(X, (Py/ (PZ) - T](X) {T(é/ Y, Z) - T(é/ (Py/ (PZ)}
— ) {Tx, & 2) - T(x,2,8) - 101z, &, &)}
Let us remark that the restriction of the p-canonical connection D on the contact
distribution H is the unique canonical connection V’ with torsion given in (24) on

the corresponding almost complex Norden manifold studied in [§].
In [23], it is constructed a linear connection D as follows:

9Dy, 2) = g(Vay, 2) + Ox, v, 2),

lyez] B

.. . 1
Qx,y,2) = Qx,,2) - ¢ {N(@*2, 0%y, 9*x) + 2N(pz, gy, On)}.

It is a natural connection on (M, @, &, 1, g) and its torsion is

T(x,y,2) = T(x,y,2) + % {N(hz, hy, hx) + 2N (hz, hy, vx));

xeyl

which is equivalent to

T(x,y,z)=T(x,y,2) + %{N(hx, hy,hz)— & N(hx, hy, hz)}
(43) ) e
+ —{N(hx,hy, vz)— & N(hx, hy, vz)}.
4 X,Y,z

Obviously, Disa @-canonical connection on (M, ¢, &, 1, g) and it is unique. More-
over, the torsion forms of the ¢-canonical connection coincide with those of the
@B-connection.

In [23], it is proved that the @-canonical connection and the ¢B-connection
coincide on an almost contact B-metric manifold if and only if N(hx, hy) vanishes,
or equivalently, (M, ¢, &, 1, g) belongs to the class Uy = F1 @2 S F1DF50Fe ©Fs @
Fo®F10® F11. In other words, bearing in mind #0), the torsions of the ¢-canonical
connection and the gB-connection on a manifold from U, have the form

T(x,y,2) =T(x,y,2) = %{I’\I\ (hz, hy, hx) — N(hz, hx, hy)}

+ jI{ZN (vx, hy, hz) + N(vz, hx, hy)
+2N (vx, hy, hz) - N (vz, hx, hy) — 2N (vz, vx, hy)}[x(_)y].

The torsions T and T are different each other on a manifold belonging to the
only basic classes 3 and ¥7 as well as to their direct sums with other classes. For
F3 @ F7, using (1) and (43), we obtain the form of the torsion of the ¢-canonical
connection as follows

T(x,y,2) = iN(hx,hy, hz) + %N(hx, hy, vz).

Therefore, using (B6), the torsion of the p-canonical connection for 3 and ¥7 is
expressed by

Lo 1 .
44) F3: Tzth, F7: T=dnen.
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The general contactly conformal transformations of an almost contact B-metric
structure are defined by

45 E=eE, n=en,
(45) g(x,y) = e cos 20 g(x, y) + €2 sin 20 g(x, py) + (€% — e** cos 2v)n(x)n(y),
where u, v, w are differentiable functions on M [17]. These transformations form a
group denoted by G. If w = 0, we obtain the contactly conformal transformations
of the B-metric, introduced in [20]. By v = w = 0, the transformations (45) are
reduced to the usual conformal transformations of g.

Let us remark that G can be considered as a contact complex conformal gauge
group, i.e. the composition of an almost contact group preserving H and a complex

conformal transformation of the complex Riemannian metric g€ = ¢+ 4< on H.

Note that the normality condition N = 0 is not preserved by G. In [23], it is
established that the tensor N(¢-, ¢-) is an invariant of G on any almost contact
B-metric manifold and U is closed with respect to G. By direct computations
is established there that each of #; (i = 1,2,...,11) is closed by the action of the
subgroup Gy of G defined by the conditions du o ¢? + dvo @ = duop —dvo ¢?y =
du(&) = dv(&) = dw o ¢ = 0. Moreover, Gy is the largest subgroup of G preserving
0, 6", w and F(. Moreover, the torsion of the ¢p-canonical connection is invariant
with respect to the general contactly conformal transformations if and only if these
transformations belong to Gy [23].

Bearing in mind the invariance of ; (i = 1,2,...,11) and T with respect to the
transformations of Gy, each of the basic classes of (M, ¢, &, 1, g) is characterized by
the torsion of the p-canonical connection as follows: [23]

Fi: T y) = 4 {{e* 002y - Hp*y)p?x + Kpx)py - Hpy)px};
Fo: TEy =0, n(Ty)=0, Tty =Tex ey, i=0
Fi: TEy=0, n(Tey)=0, Ty =Tk ey);
Fi: T y) = 5t n)ex - n(x)ey};
Fs: T(y) = £ nm)e - ey},
Fo: T, y) = n@)TE y) - nTE, ),
T y,2) = T(E, 2, y) = =T(E, 9y, 92);
Frs: T, y) =0T y) —nWTE, x) +n(T(x, y))E,
T, y,2) = =T(&, 2, y) = FT(E, oy, ¢2)
=31,z &) = F3T(py, 2, 8);
Fono: T(x,y) =n()T(E, y) —n(y)T(E, x),
T(& y,2) = £1(&, 2, y) = T(E, oy, 92);
Fin: T y) = (@) - lynw) <.

According to the classification of the torsions in [24] and the characterization
above, we have that the correspondence between the classes ¥; of M and the classes
T of the torsion T of the @-canonical connection on M = (M, ¢, &, 1, g) is given as
follows: [23]

MeFy © TeT10THeTe®Tn, McTFq o TeTu;
MeF © TeTy MeF;, © TeT, 8T
MeF, © TeTs; MeFs © TeTsg®T14;
MeF; © TeTs; MeFy © TeTis;
MeF, © TeTy; MeFyy © TeTwu;
MeFs © TeTy; MeF © TeTs.
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3.4. The pKT-connection. In [19], it is introduced a natural connection D on (M,
@, &,1,9), called a pKT-connection, which torsion T is totally skew-symmetric, i.e.
a 3-form. There it is proved that the ¢KT-connection exists on an almost contact B-

metric manifold if and only if N vanishes on it,i.e. when (M, @, &, 1, 9) € F3®F7. The
@KT-connection is the odd-dimensional analogue of the KT-connection introduced
in [27] on the corresponding class of quasi-Kédhler manifolds with Norden metric.
The unique @KT-connection D is determined by

1...
9(Dxy,z) = g(Vxy, 2) + 3 T(x,y,2),

where the torsion is defined by

1
T, y,2)=-5 x%{F(x, y,92) = 3n(OF(y, 9z, )|
(46) o 1
= 1.8 Nwy2)+5 0 Ad)xy,2).
X, Y,z

Obviously, the torsion forms of the ¢KT-connection are zero.

The torsion T of the @KT-connection belongs to 73 &7 ® 77 ® 712, according to
[24].

From (@6) and (B6), for the classes ¥3 and F7 we obtain

.1
@) F: T=5&hN, F: T=nadny
4 xyz

As mentioned above, the ¢pB-connection and the ¢-canonical connection coin-
cide (i.e. D = D) if and only if (M, ¢, &, 1, g) belongs to 7,1 € {1,2,...,11}\ {3,7}
(where the pKT-connection D does not exist).

For the restbasic classes #3 and ¥7 (where the ¢KT-connection exists), according
to [24], it is valid that the ¢B-connection is the average connection of the gp-canonical

connection and the ¢KT-connection, i.e. D = 1 {D + D} This relation holds also

because of @#2), {@4) and {7).
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