PERFORMANCE
fﬁ% EVALUATION

ELSEVIER Performance Evaluation 50 (2002) 189-218

www.elsevier.com/locate/peva

Performance evaluation with temporal rewards
Jeroen P.M. Voetén

Section of Information and Communication Systems, Faculty of Electrical Engineering/Eindhoven Embedded Systems
Institute, Eindhoven University of Technology, P.O. Box 513, 5600 MB Eindhoven, Netherlands

Abstract

Today many formalisms exist for specifying complex Markov chains. In contrast, formalisms for specifying rewards,
enabling the analysis of long-run average performance properties, have remained quite primitive. Basically, they only support
the analysis of relatively simple performance metrics that can be expressed as long-run aveeagescofewardsi.e.
rewards that are deductible directly from the individual states of the initial Markov chain specification. To deal with complex
performance metrics that are dependent on the accumulation of atomic rewards over sequences of states, the initial specification
has to be extended explicitly to provide the required state information.

To solve this problem, we introduce in this paper a new formalistemiporal rewardghat allows complex quantitative
properties to be expressed in terms of temporal reward formulas. Together, an initial (discrete-time) Markov chain and the
temporal reward formulamplicitly define an extended Markov chain that allows the determination of the quantitative property
by traditional techniques for computing long-run averages. A method to construct the extended chain is given and it is proved
that this method leaves long-run averages invariant for atomic rewards. We further establish conditions that guarantee the
preservation of ergodicity. The construction method can build the extended chain in an on-the-fly manner allowing for efficient
simulation.
© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

To manage complexity and to shorten design cycles, system-level methods for specification and de-
sign are becoming more and more important. System-level methods focus on the creation of executable
system models, describing a system in the earliest phases of the design process. They allow quantitative
(performance) and qualitative (correctness) system properties to be analysed before the system is actually
being realised in terms of hardware and software components. The analysis results are used as input for
taking structured and well-founded design decisions.

Today many formalisms exist for modelling complex systems. In this paper, we focus on formalisms
that utilise discrete-time Markov chains to analyse performance properties. Examples of such formalisms
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include, but are not limited to, synchronous probabilistic process calculi (s&&2R], asynchronous
probabilistic process calculi (see €109,34)), Petri nets (see e.[21]) as well as industrial-strength mod-

elling languages such as Parallel Object-Oriented Specification Language (PQ263lZ] Performance
metrics in these formalisms are often defined as long-run average rewards, which can be determined b
standard techniques for computing long-run averages (see for in$&ingéd)).

In contrast to the expressiveness of available formalisms for specifying complex Markov chains, for-
malisms for specifying the rewards have remained quite primitive. Basically, they only support the analysis
of relatively simple performance metrics that can be expressed as long-run averagmsiofrewards
i.e. rewards that are deductible directly from the individual states of the initial Markov-chain specifica-
tion. Examples of atomic rewards are the time progress in a state, the value of a variable in a state or ar
indication (0 or 1) of whether or not an action has occurred in a state.

Atomic rewards allow the expression of relatively simple performance metrics, such as the long-run
average number of actions performed per unit of time or the long-run average occupancy level of a buffer.
Many performance problems encountered in practice however, are more complex in the sense that the!
can only be expressed as long-run averages of accumulated atomic rewards over sequences of state
Examples of such performance metrics are the probability of losing a sequence of consecutive cells in a
switch, the long-run average inter-arrival time between messages on a channel, the long-run variance o
time between two events, or the long-run variance in rate (the burstiness) of a traffic source. The latter
three metrics are often called delay-type meas|#gsince they measure the duration of activities over
time.

In case the modelling language is expressive enough, it is possible to compute the required accumu:
lated rewards in the model itself, therebyplicitly extending the initial Markov chain by making the
accumulated rewards of the original chain available as atomic rewards in the extended chain. However,
this approach has two major drawbacks:

e The model is polluted with information that is only necessary for performance analysis and that has
nothing to do with the essential behaviour of the model itself.
e The model must be changed for each performance metric to be analysed.

To solve these problems, we extend in this paper the technique of temporal rewards that we first introducec
in [35]. The extension includes

an embedding of the formalism in the context of the industrial-strength modelling language POOSL;
the establishment of conditions guaranteeing the preservation of ergodicity;

the proofs of all theorems;

a number of realistic examples.

The technique of temporal rewards allows one to express the qualitative property of interest in terms of a
collection oftemporal rewardormulas. A temporal reward formula is able to express accumulated atomic
rewards that are available in the initial Markov chain. Together, the initial Markov chain and the temporal
reward formulasmplicitly define an extended Markov chain. This extended chain allows the evaluation
of the quantitative property by traditional techniques for computing long-run averages. The formalism of
temporal rewards will be developed in the context of discrete-time Markov chains. The formalism will be
explained in the context of the industrial-strength modelling language PQOS27], but is generally
applicable to any formalism utilising discrete-time Markov chains for performance evaluation. Further,
the formalism can be easily adapted for continuous formalisms as well.
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The plan of the remainder of this paper is as followsSkrction 2 the formal modelling language
POOSL is explained and a modelling example of a communication protocol is given that will be used
throughout the remainder of the paper. The semantic model of the language is a labelled transition system.
It is shown how a labelled transition system can be interpreted as a discrete-time Markov chain together
with a set of reward variables. These are used to compute some simple performance metrics of the
protocol. The section also poses more complex performance metrics, that are difficult to compute without
explicitly extending the initial model. I6ection 3we develop the formalism of temporal rewards and a
method to construct an extended Markov chain that allows these temporal rewards to be interpreted. We
further prove that the construction method leaves long-run averages invariant for atomic rewards and we
establish conditions that guarantee the construction method to preserve ergodicity. A comparison with
related research is also given in this sectiorSéttion 4 the performance metrics as pose®ixtion 2
are worked out in terms of temporal rewards. Other, more involved, metrics are demonstrated as well.
Finally, in Section 5the conclusions and directions for future research are given.

2. The POOSL language

In[27,28], we introduced the methodology Software/Hardware Engineering (SHE). SHE is a framework
for object-oriented specification and design of hardware/software systems. The framework incorporates
activities found in many modern object-oriented methods such as UML. Such activities include the
creation of object class diagrams, message-flow diagrams and interaction diagrams (message-sequenc
charts). Starting from such informal and often graphical models, SHE produces rigorous behaviour and
architecture models expressed in the formal specification language PQ2@IL].

The POOSL language is briefly explainedSection 2.1by giving an example of a protocol stack.

The semantic model of the language is a labelled transition system, which is explaiedtion 2.2

In Section 2.3it is shown how a labelled transition system can be interpreted as a discrete-time Markov
chain with a collection of reward variables. These are used to compute some simple performance metrics
of the protocol.

2.1. The language

POOSL is a formal modelling language for complex hardware/software systems. The language com-
bines a data part with a process part. The data part is based upon the concepts of traditional sequential
object-oriented programming languages such as Smallt&k The process part is based on a proba-
bilistic extension of TCC$23], the timed extension of the CCS process alg¢b2h A specification in
POOSL consists of a collection of asynchronous concupetess objectéalso called processes) and
clustersthat communicate synchronously by passing messages over channels. A cluster is a hierarchical
entity consisting of processes and other clusters. Processes can contain, operate on and exchange iten
of data calledlata objectsEach process object, cluster and data object is an instance of a corresponding
process class, cluster class or data class, defining its behaviour.

The POOSL language has specifically been developed to be used as a system-level modelling language
Once POOSL models have been constructed, they can be executed and interesting design properties ca
be determined. The execution of POOSL models is defined by a formal semantics which allows one to
create tools to validate and verify the design and estimate performance figures very early in the design
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Fig. 1. Simulator window showing a protocol stack.

trajectory. The SHE methodology and the POOSL language are supported by the interactive model editing
and simulation tool called SHESIfh6]. The tool is used to incrementally specify and modify classes of
data, processes and clusters in a graphical way. It further allows models to be simulated, several types o
model viewers to be opened and message-sequence charts to be generated automatically. Currently t
tool is being extended with capabilities for verification and performance analysis.

We will explain the POOSL language by means of a model of a protocol Ragkwhich we will use
throughout the remainder of this paper. The protocol stack is shown in the SHESim simulator window
of Fig. L The stack consists ofldetworkLayel process, &etworkLaye2 process, ®ataLinkSender
process, dimerprocess, @dataLinkReceiveprocess and BRhysicalLayercluster. These entities com-
municate by exchanging messages over chanNelsvorkLayet andNetworkLaye2? exchang®ackets
To this end NetworkLayet can send messages of the fapacke(somePackegtto the DatalinkSender
by executingtoDL!packefsomePackegtstatementstoDL is a logical communication port of thidet-
workLayed object and this port is connected to chariketoDL. The DataLinkSendecan receive the
packetsomePackgtmessages by executiiggpmNL?packgsomePackgtstatements. HersomePacket
denotes a data object of data cl&sket Upon reception of @acket the DatalinkSendemraps this
Packet(together with some control information) in a data object of ckrasne ThisFrameis then sent
to thePhysicalLayemvhich transports it to th®atalink ReceiverConsequently, thPacketis retrieved
from theFrameobiject, and is delivered tdetworkLaye®.
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Fig. 2. Inspector on the PhysicalLayer cluster.

The PhysicalLayeris unreliable and can lose messages. To make sure thHaa@tetsare delivered
in the correct order, thBatalinkSendeand DatalinkReceivemake use of a sliding-window protocol
[30]. Therefore, thdatalinkSendecan send &rameseveral times and thBatalinkReceivecan also
send an acknowledgemertame We will take a closer look at the specification of tRRysicalLayer
PhysicalLayeis a cluster consisting ofransmissionChanngrocess and aficknowledgementChannel
process, seEig. 2 These entities have two poria:andout From portin, they receivdramegaFrame
messages which will either get lost or get delivered at pattafter some specified amount of time.
Both theTransmissionChanneind theAcknowledgementChannale instances of clagssyChannel
defining their common behaviour. This behaviour is specifideign 3. In this figuretransferFrame§()
is the name of a piece of behaviour (of thessyChannetlass) called anethod Clause| f : Fram¢g
declares a local variablg of data clas§rame The declaration of local variables is followed by the actual
body of the method. Message-receive statente?ftamef) indicates that the process wants to receive
messagdéramewith parameterf via portin. This statement is blocking; it is only executed if some other
process executes a corresponding message-send statement of thefammgsomeFramg wherep is
any port that is connected via a channel to frort

transferFrames()()
| f: Frame |

in?frame(f);
if errorDistribution yieldsSuccess
then delay(transmissionTime); out!frame(f);
transferFrames()()
else transferFrames()()

fi.

Fig. 3. Definition of aLossyChannel
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Fig. 4. Execution model (frorf24]).

After the reception of messa@imamef), aLossyChannalraws a sample from agrror-Distribution.
This is a variable which is instantiated to a data object of cBemoulli specified by expression
new(BernoulljwithParan(0.9) (seeFig. 2). Drawing a sample is performed by sending messagje-
sSuccestw thisBernoullidata object. This object returns the vatuge with probability 0.9 and the value
falsewith probability 0.1. In the former case, thessyChanneadelays fortransmissionTimanits of time
(transmissionTimés a variable which is assumed to be instantiated to value 3), sends the frame to port
outand starts again by calling methtrensferFrame§() in a tail-recursive manner. In the latter case, the
frame is lost and theossyChannedtarts receiving the next frame by calling methiahsferFrameg§().

2.2. Formal semantics

The POOSL language is equipped with a mathematical semantics. The semantics of the non-real-time
part of POOSL is given ifi27]. The formalisation of the real-time extension is describgd15]and
the probabilistic version is currently being developed (an initial version in the form of a simple calculus
PRTCCS is given ii34]). The semantics is based on a two-phase execution nfipdelThe state of
a system can either change by asynchronously executing atomic (communication or data processing
actions (taking no time) or by letting time pass (synchronously) inactivel\siged. The semantics of a
POOSL specification is given by a Plotkin-style structural operational semiigsiefining a labelled
transition system:

S, S, AT, (> cSxDistr(S)|a e A}, > < S x S|t e T).

It consists of a (countable) sétof states (POOSL models during execution), an initial state S, a
set of actionsA, a time domair7” and two labelled transitionAreIatioﬁSDistr(S) is the collection of
probability distributions o, i.e. the collection of function® : S — [0, 1] for which} "¢_s D(S) = 1.

RelationS-> D holds if in stateS actiona can be performed after which the model will enter steith
probability D(S") for eachS’. In case several (possibly different) actions can be performg&dire choice
of which action is actually being executed is taken non-deterministit&@liger the non-deterministic
choice has been made, a probabilistic choice determines the next state.

2 We will assumeT to be the set of positive real numbers.
3 For performance analysis, non-determinism is first resolved by an external scheduler, Szxtts02.3
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RelationS— S’ holds in states if the model can delay farunits of time and after that transit to state
Time transitions follow the concepts as presente@4j. The basic idea is that a process only has time
transitions for maximal durations of time it wants to delay, where (for reasons of compositionality) it is
implicitly understood that it is also willing to delay for shorter durations of time. Hence time transitions
are deterministic; for each stafe there is at the most oneand S’ such thats— §'. Therefore, a time
transition can be considered to always be taken with probability 1.

The semantic model of POOSL is closely related to the model of non-deterministic probabilistic
labelled transition systems as introduced by Hansson and Jofioi®©ur model, however, follows
the approach of Segala9] and does not distinguish probabilistic states from non-deterministic ones.
A non-deterministic choice is followed immediately by a probabilistic one; an intermediate state is not
represented explicitly as is done in the work of Hansson and Joi$8hr-urther, our model uses a
dense time domain, wheread[i®] a discrete-time domain is used. The semantic model of POOSL also
resembles the model of timed probabilistic systéijsvhich in its turn is closely related to the model
of Markov decision process§s2]. Finally, our model is often implicitly used as the execution model of
many discrete-event simulators such as OPNET.

When the contents of the actual data frames is abstracted from, the transition systevegyf@hannel
is given inFig. 5. The ellipses denote the states of the transition system. The > symbol indicates the initial
state. The (double) arrows labelled with actions as well as with probabilities denote action transitions. Here
actionsin andout abbreviate actions of executing statemen®ramef) andout!framdf), respectively
(seeFig. J). Action t denotes an internal unobservable actiorkin 5, the actiornr represents the action
of drawing a sample from ti@ernoullidistribution (seé-ig. 3). The arrows labelled with numbers or with
the symbobo denote time transitions. The time transition labelled with 3 indicates thao$syChannel
wants to delay for 3 units of time after which is transits to the next state. The time transitions with labels
oo indicate that d_ossyChanneis willing to wait for an arbitrary amount of time before performing
thein andout actions. The reason is that andout are synchronisation actions; if the environment is
not willing to participate in them at a certain instant in timé,assyChannek allowed to wait until the
environmentis ready to send respectively receive a frame. (Itis not allowed to wait longer than that, which
is enforced by the property of action urgeri@#].) In this way, the transition system of a component
model is always ‘open’ to the environment it is placed in. This allows for the compositional construction
of a transition system of a composite model from the individual transition systems of its constituents.
For instance, the transition system of fRRysicalLayercluster is built from the transition systems of
the TransmissionChanngrocess and thAcknowledgementChanngiocess, and the transition system
of the complete protocol stack is built from the transition systems ofNigvorkLayet process, the
NetworkLaye2 process, th®ataLinkSendeprocess, th@imerprocess, th®ataLinkReceiveprocess
and thePhysicalLayercluster (sed-igs. 1 and 2

Fig. 5. Labelled transition system oLassyChannel
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2.3. Rewards and performance evaluation

Suppose we would like to know the capacity of.assyChanneprocess, i.e. the long-run average
number of frames accepted per unit of time. Since the process can only accept or deliver a frame if the
environmentis willing to offer respectively receive it, we have to make an assumption about the behaviour
of this environment. To study the behaviour of the channel in isolation, the environment is assumed to
be always willing to participate in any action the process wants to perform. This means that the process
will always make maximal progress; if it is able to perform an action, it is not allowed to delay. Maximal
progress implies the removal of time transitions from states allowing both time and action transitions.
For the transition system iRig. 5this implies the removal of the time transitions labelled with symbol
oo. After the removal of these time transitions, the remaining time transitions are interpreted in a slightly
different way than before. Instead of indicating maximal durations of time the process wants to delay,
time transitions now indicate the exact amount of time the process must delay.

Next we transform the labelled transition system into a Markov chain. To this end, first the non-
determinism is resolved by an external sched|#8i (also called adversary {29] and rule or policy in
the theory of Markov decision proces$#g]). After resolving the non-determinism, performance metrics
are given by a single performance figure (at least if the property of ergodicity is satisfi&tam 3.7.
Different schedulers can yield different figures. Therefore, in case the non-determinism is not resolved,
performance metrics give rise to a collection of performance figures. Notice that in the transition system
in Fig. 5non-determinism is not present (if the transitions are removed). Also, in the sequel we will
not consider schedulers and assume that all non-determinism has been resolved.

After resolving the non-determinism, we obtain a new labelled transition system, which is of the form:

S, S, AT AL S xSlacA pel0,1]},{= S xSltreT).

As in the original semantic modef, Ss, A and7 denote the collection of states, the initial state, the set

of actions and the time domain, respectively. For stite%, actiona and probabilityp, relations={s’
holds if in stateS, actiona can be performed with probability after which stateS’ is entered. The

action relation satisfies the property that for eacl andp’, S=£.§’ andSaﬁg/S’ impliesp = p’. Hence
for each actiom: and statey’, there is at most one-transition leading tc’. RelationZ{ is determined

straightforwardly from relation’> (seeSection 2. and the scheduler. Relatigix S’ holds if in state
S a delay ofr units of time must be performed, after which a transition to sfais made. Due to the

assumption of maximal progresﬁﬁ-é)S’ holds if S— S’ holds and if no action transitions can be performed

in stateS. Because time transitions are deterministic, each time transition is considered to be taken with
probability 1. The resulting transition system is stochastic, i.e. for each state the sum of probabilities of
the outgoing transitions equals 1. Notice that in each state either action transitions or a time transition
can be performed, but not both.

Next, the resulting labelled transition system is transformed into a Markov chain by shifting the (action
and time) information of the transition labels into the states. Although this transformation may seem
to be redundant, it will enable us to retrieve from the states information aboaicthal occurrences
of actions and the passage of time (from the transitions of the labelled transition system one can only
deduce about a state that an action or time transitaonbe taken). This makes it possible to encode
action and time information as atomic rewards, which is necessary when developing the temporal reward
formalism. The technique of encoding transition information in the states is often used implicitly by
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Fig. 6. Markov chain of & ossyChannel

state-space construction methods for continuous-time Markov chains (s¢25)gln our case, we
make the transformation explicit. The transformation yields a Markov chain with state Spaaé X
AUT U{-}.#The interpretation of a state of the fokif), a) is that stateS in the labelled transition system

was entered by a transition labelled with actionThe interpretation ofS, ) is thatS in the labelled
transition system was entered by a time transition labelledwétid the interpretation @fS, —) is thatS

in the labelled transition system was entered without performing any action or time transition. The initial
state of the Markov chain is defined b, —), whereS, denotes the initial state of the labelled transition
system. Foy € AU T U {—}, the stochastic probability matrixt1 : S — S is defined as follows:

p if y =aands=s,

My =11 ify =randS=S,
0 otherwise

HereMs ,).(s'.,, denotes the probability that the Markov chain transits from gfate) to state(S’, ).

In case the labelled transition system is finite, the number of states of the Markov chain equals 1 plus the
number of transitions in the labelled transition system with different label/target-state combinations. For

each state in the Markov chain, the number of outgoing transitions is equal to the number of outgoing

transitions of the corresponding state in the transition system. After the transformation, we obtain the

Markov chain as shown iRig. 6.

The states of the chain consist of two components. The first component refers to the corresponding
state in the labelled transition system and the second component refers to the action that was performed
or the amount of time that elapsed when this state was entered. The initia{&tate) of the chain
corresponds to the initial stafg of the labelled transition system. Before the initial state of the labelled
transition system was entered, no action was performed and the time did not elapse. This is encoded in
the corresponding state of the Markov chain by symboSGtateq S, ) and(S;, out) of the chain also
correspond to the initial statg of the labelled transition system, but symbelandoutencode that this
state was entered by first performing actian@ndout respectively. Similarly, symbol 3 in stat§,, 3)
of the Markov chain encodes that the corresponding Stadéthe labelled transition system was entered

4 Sis an uncountable object, but we assume that the actual state space is defined by the states that are reachable from the initia
state with positive probability.
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9/38, 9/38

Fig. 7. Markov chain and rewards oLassyChannel

by first letting the time pass for 3 units of time. Notice that, in contrast to the labelled transition system

of Fig. 5, actions now occur in the states and also the time passes in the states (and not in the transitions)
For performance evaluation, the information contained in the states is used to define a number of

rewards. A reward is a function on the state space and the idea is that each time a certain state is visited

‘reward’ as specified by the reward function is obtaif&t 34] Usually reward functions are real-valued,

but in this paper we will also consider Boolean-valued reward functions. We will use the syimlmls

and: as the names of three rewards. These symbols are interpreted as functions on the state space of tt

Markov chain and these functions are denotedripyout and?, respectively. Functions andout are

Boolean-valued functions indicating whether actionsespectivelyout, occur in a state or not. Function

t is a real-valued function indicating the progress of time in a statei Ferl—4, these functions are

defined by

in((Si, ) = i oo

J DYV =1 # otherwise
o t if y =out

* out((S, y)) = {ff otherwise

o 1((Si,¥)) = { 0 otherwise

Symbolstt andff denote the Boolean valuésie andfalse respectivelyFig. 7 visualises the Markov
chain where the values of the rewards are indicated in the states. For instance, the intended meaning ¢
clausein = ff in the initial state is thain((S1, —)) = ff. Remark that, in contrast to the former models,
no fundamental distinction is made anymore between the occurrence of actions and the passage of time
all information is uniformly represented as rewards.

Now that we have defined a Markov chain and a collection of reward functions, we are able to compute
a number of simple performance metrics such as

() The long-run average number iofactions performed per discrete-time epoch of the Markov chain.
(i) The long-run average number of actions performed per unit of model time.
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If {X;|i > 1} denotes the Markov chain defined by the grapkit 7, then performance metric (i) is
given by the limiting behaviour of random variable

1., —

=3 if in(X;) thenl else0fi.

n

i=1

In case the chain is ergodic (sBection 3.7, this random variable converges (by the strong law of large
numbers) strongly (with probability 1) to a constarand (by the ergodic theorem) this constant is given
by

c= Y _if iN((S:, y)) thenlelseOfi - (s, ).

(Si.v)

Herern, ,) denotes the equilibrium probability of stat&, y) (these probabilities are indicated at the
upper-left positions of the states lig. 7). Similarly, performance metric (ii) is given by the limiting
behaviour of random variable

' if in(X;) thenlelseOfi

> 1(X0)
This variable converges strongly to constant
L in((S:, ¥)) thenlelse0fi - 7, .
Z(Si,)/) t(Si, ) - TT(Si.y) '

The reader may want to check that 5/19 andd = 10/27. Hence the capacity of the@ssyChannebk
10/27 frames per unit of time.

In the example above, only rewards concerning the occurrence of actions or the passage of time are
used. APOOSL model can give rise to other rewards as well. These rewards include the value of a variable
in a certain state and the value of a parameter passed between two entities. Developing a specification
language for retrieving such rewards is subject of current research.

d

3. Temporal rewards

In this section, the formalism of temporal rewards is introduce&dation 3.1the motivation for the
formalism is given. The formalism is introduced$ection 3.2 The interpretation of temporal rewards
over extended chains is definedSection 3.3and a method to construct an extended chain is given in
Section 3.4Section 3.%&xplains how to construct the extended chain in an incremental wagdtion 3.6
itis proved that the construction method preserves long-run averages of atomic rew@sisidn 3.7we
establish conditions guaranteeing the construction method to preserve ergodicity. Finally, a comparison
with related research is made$ection 3.8

3.1. Motivation

Performance metrics (i) and (ii) given in the previous section are simple in the sense that they can be
expressed as long-run averages of atomic rewards, whose values can be determined directly from the
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states of the initial Markov chain. Often, however, performance metrics are more involved because they
can only be expressed as long-run averages of accumulated atomic rewards over a sequence of stat
where the order in which this sequence is traversed can be important.

As an example concerning th®ssyChannehgain, consider the following performance metrics:

(iii) The long-run average time between tioactions.
(iv) The long-run variance of time between tivoactions.

Both these performance metrics can be expressed as long-run averages of time durations (or the squar
thereof) between twim actions. Such a time duration, however, depends on the sequence of states that is
traversed from a state in which actimnoccurs and a state in which actiomoccurs again. For instance if
actionin occurs (se€ig. 7), the next instance af happens either 0 or 3 units of time later, dependent on
whether the left-middle state is visited in-between or not. (Notice that measure (iii) could be determined
indirectly by computing the reciprocal of measure (ii). This is however not possible for performance
measure (iv).)

The values of performance metrics (iii) and (iv) could be obtainedxpjficitly extending the Markov
chain ofFig. 7in such a way that the time durations between two successiaetions are defined as
atomic rewards. This can be carried out by modifying the behaviour specification béssgChannel
(seeFig. 3). One could for instance add a variable recording the time between two successive executions
of statementn?framef). The value of this variable would then be defined as an atomic reward in the
underlying Markov chain.

A major disadvantage of this approach is that it requires the model to be polluted with an additional
variable, thereby hampering the readability and clarity of the model. Another disadvantage is that the
model must be modified again if one isinterested in different performance measures such as the throughpu
of the channel. The temporal reward formalism enables the specification of performance measures (jii)
and (iv) without having to modify the initial model. Metrics (iii) and (iv) are elaborate8etion 4

3.2. Formalism

Consider a discrete-time Markov chdii;|i > 1} with countable state spac® initial stateS; and
probability matrixM : S x & — [0, 1]. The definition of such a chain will be given in the form of
the ensemblés, S;, M). ForS, T € S, Mg 7 is the probability that the chain transits from statéeo
stateT'.

We letB denote the set of atomic Boolean-valued rewards arid let range ovei3. We further letR
denote the set of atomic real-valued rewards, ranged over.by. We assume that each Boolean-valued
or real-valued reward is interpreted over a chain defined$s,, M). In particular, we assume the
existence of an interpretation functien BU R — S < B U R. For a Boolean-valued rewatdand
stateS, b(S) is either undefined, denoted byS) =1, or element of the Boolean domah In case
b(S) = tt, we will say that state satisfiesh. For real-valued reward, 7(S) is either undefined, denoted
by 7(S) =L or element of the domaiRR of reals. The symbot— indicates that and7 are partial
functions.

We will assume that symbols suchtase, false 1 and+/2 are elements d§ andR, respectively, and
are interpreted in the standard way, fie(S) = tt, false$) = ff, 1(S) = 1 and+/2(S) = V2. We
further assume that symbaldenotes both a Boolean-valued and a real-valued reward and is interpreted
as_L(S) =L for each statss.
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Based on the seB of atomic Boolean-valued rewards, we define the collect®rof temporal
Boolean-valued rewards. The interpretation of these temporal rewards will depend not onIy on the current
state of the Markov chain, but also on states visited in the past. ColleStjsanged over by, .. ., is
inductively defined by

b ::=b|=blb Vv c|r < 5] 10o]if bthencelsedfi|®b|B.

Except for thet andif then else foperators, the interpretation of all operators is strict, i.e. if one of the
constituent rewards is undefined, the composite reward is undefined as well. The intuitive interpretation of
the operators is as follows. The Boolean operatoamidV have their usual meaning. Reware: sholds
if rewardr is smaller than reward Herer andsare temporal real-valued rewards and will be explained
shortly. 1 o indicates whether reward is defined. Reward is either Boolean-valued or real-valued.
Rewardf bthencelsed fiequalsif b holds, equald if b does not hold, and is undefinedbiis undefined.
©® denotes the previous-state operator. The interpretation igthdtolds in the current state fif holds
in the previous state (temporal rewards will be interpreted over an extended chain satisfying the property
that the values db in different previous states are equal). Finally, rewBrdenotes a Boolean-valued
reward constant. These constants are denoted by symBbols. It is assumed that each constadnts
defined by an equation of the forB=b, such that ifB is (indirectly) defined in terms aB itself, this
latter occurrence oB is guarded by the previous-state operator

Note that other Boolean operators can be defined in terms of the operators mentioned above. For
example,

e b A cis defined as-(—b v —c);
e | o isdefined as 1o,
e S>tis defined as-s < t.

Next we define the collectioR' of temporal real-valued rewards. We shalldet. . range oveR' and
we further leto, . .. range ove3' U R!. CollectionR! is inductively defined by

r ::=r|r + 9jr x gjif bthenr elsesfi|®@ r|R.

Except for thef then else foperator, all operators are strict. Operatprands* have their usual meaning.
Rewardf b thenr elsesfi equals if b holds, equalsif b does not hold, and is undefinedifs undefined.
The value of rewardr in the current state equals the value dff the previous state (temporal rewards
will be interpreted over an extended chain satisfying the property that the valuesdifferent previous

states are equal). Finally, rewaRlis a real-valued reward constant. These constants are denoted by

symbolsR, . ... Itis assumed that each const@nis defined by an equation of the forlﬁ’ifr such that

if Ris (indirectly) defined in terms aR itself, this latter occurrence @& is guarded by the previous-state
operator®.
Again, other operators can be defined in terms of the operators defined above. For instance

e I —sisdefined as + (—1*9S);
e r maxsis defined a¥f r > sthenr elsesfi;
e r2isdefined as *r.

Further forn > 1 and temporal reward, we will sometimes writeé®"o to denote the temporal reward
consisting of: previous-state operators followed by
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3.3. Interpretation

Temporal rewards cannot be interpreted directly over the initial chain definé8, 8y, M). This is
caused by the previous-state operator-or temporal reward < B' U R!, the value of expressio@o
in a stateS should depend on the value efin a stateS’ precedingS. The problem is that if§ has
more than one preceding state, the values of these states may differ. To solve this problem, we will
interpret temporal rewards over an extended chain that does not suffer this problem. The technique we
use to construct the extended chain resembles the technique apgégtbinencoding past information
concerning the past operators in pCTL

The extended chain is constructed fro& S,, M) and a finite collectio€ € B' U R! of temporal
rewards and is denoted W8, S;, M)¢ = (S¢, S¢, MC). C is the collection of rewards required to
analyse the quantitative properties of interest. Colledfi®massumed to be closed in the sense that

If =b € C thenb e C.

If bvcecCthenb e Candc e C.

Ifr <seCthenr eCandseC.

If 10 € Ctheno € C.

If if bthencelsedfi € Cthenb € C,ce Candd (.
If ®b € C thenb € C.

If B € C andBE'b thenb e C.
Ifr+seCorrxseCthenr e CandseC.

If if bthenr elsesfi € Cthenb € C,r € Cands e C.
If ©@r € C thenr € C.

If ReC ande=Efr thenr € C.

Now state spacé® is defined as the Cartesian proddttx (B U R)CerCor whereCep andCe, are
defined byCop = {0 € Clo = Gbforsomeb € C} andCy; = {0 € Clo = Or forsomer e C}.°

Here symbok= denotes syntactic identity. Furth@s U R)Ce»"Cer denotes the collection of all partial
functions fromCyp UCe, to BUR that map Boolean-valued rewards to Booleans and real-valued rewards
to reals. We will denote these functions with symbgls, . ... For a statgS, f) € S¢, the S part
represents the original state over which the non-temporal rewards are interpreted gngobttiestores

the information about the temporal rewards of the fadsm. Based on this information, we are able to
extend the reward interpretation functioto domainB U R U C. For eachy € C, ¢ is a partial function

from SC to BUR. Foro € C and (S, f) € S¢, &((S, f)) is defined inductively by the following
rules:

(i) If o =bthena((S, 1)) = b(S).

(i) If o = =bthens((S, f)) = —b((S, f)).
(iiiy If o =b v cthena((S, £)) =b((S, f)) vV E(S, f)).
(iv) If o =r < sthena ((S, f)) =T((S, f)) <S((S, )).
ff if o/((S, f)) =L,

(V) If o =t0'thena ((S, /) = tt otherwise

5 Notice that in generaly, is an uncountably infinite object.



J.P.M. Voeten / Performance Evaluation 50 (2002) 189-218 203

(S, f) if b((S, ) =tt,
(vi) If o = if bthencelsedfithens ((S, f)) = { d((S, f)) if b((S, f)) =ff,

1 if b((S, f)) =L.
(vii) If o = ®@bthens ((S, f)) = f(Ob).
(viii) If o = B andBEb thens ((S, £)) = b((S, 1))
(iX) If o =rthena((S, 1)) = F(S).
(X) If o =1 +sthena ((S, ) =T((S, ) +3((S, f))-

(X)) If o =1 % sthens ((S, £)) = (S, f)) * (S, f)). )
r((s, ) if b((s, ) =tt,
(xii) If o =if bthenr elsesfi thena ((S, £)) = | &((S, f)) if B((S, ) =ff,

1 if b((s, ) =L.
(xiii) If o = ©Or thens((S, f)) = f(Or).

(xiv) If o = R andRE" thena ((S, f)) = (S, f)).

The operators-, v, <, + and x, applied to the reward interpretations in stase f) are interpreted
strictly. Rules (i) and (ix) state that the value of an atomic reward in an extended state equals the value in
the corresponding state of the initial chain. Rules (ii)—(vi) and (x)—(xii) express the value of a composite
reward in terms of the values of its constituents. Rules (vii) and (xiii) state that the value of a temporal
reward of the form®o is stored in the second component of an extended state. Finally, rules (viii) and
(xiv) define the value of a reward constant as the value of its defining reward. Notice that an extended
state contains precisely the information necessary to dete@iiiefor eacho € C.

Now that we have defined state sp&€ewe can give a definition of probability matris© : S¢xS¢ —
[0, 1]. For stategsS, f), (S', f') € S€, Mfs’f))(s,’f,) is defined by

e [ M if@a (S, ) =a((S, f)) foreach®@o € C,
CRARCEVOREE ) otherwise

Hence a transition with positive probability from st&fe f) to state(S’, f') can be made if and only if
a transition with the same probability from stefido stateS’ is available in the initial chain and if the
values of each temporal reward of the fo&a in the next staté¢S’, 1) is consistent with the rewaxd
in the previous stateés, f). In caseMs g = 0, M(Csyf)y(s,,f,) = 0 for eachf and f’. In this case, the
previous and next states do not have to be (and cannot be required to be) consistent.

From the definition ofMC it follows immediately that for eaclkiS, f) € S¢ and S’ € S with
Ms ¢ > 0, there exists a unique functiofi (defined by f'(Po) = & ((S, f)) for each®@o € C)
such thatM{ , ¢ , > 0. For this functionf’, M{ , ¢ ) = Ms.s and for each functiog # f/,

Mfs,f),(s,’g) = 0. Using these facts, it is easily shown thefC defines a proper probability matrix.

From the definition ofM®, we also have that for alls, f), (5', ') € S¢ with M'(s 7). (s, > O,
Qo (S, 1)) =a((S, f)) foreach®o e C. Hence the value of an expressi®w in a state(S’, f) is
determined uniquely by the value of expressioavaluated in some preceding state(df /) has more
than one preceding state, the valueis these states are equal. This shows that the interpretation of our
previous-state operator is sound.

Finally, we will define the initial statg® of (S¢, S¢, M©). This state is defined b§¢ = (S;, f) such
that for each®o € Cop U Cor, f(@c) =1. Soin the initial state, previous-state rewards are undefined.
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The reader may have noticed that the state space of the Markov chain defingd, 5§, M) will
in general not be countable. However, it is not difficult to prove that (since the original statespace
countable) the collection of states that are reachable from the initial$tasecountable. It is therefore
possible to reduce the chain by only considering the reachable states, thereby obtaining a discrete-tims
Markov chain with a countable state space. In the remainder of this text, we will assuri@thsft, M©)
is already of this reduced form.

Even if the original Markov chain has a finite-state space, the extended chain may be infinite. For
instance, consider the real-valued ‘counting’ rewArdefined by

RE"if @ RthenOelse® R + 1fi.

Then starting with a Markov chain with a single state and a single transition, one obtains an extended chain
with aninfinite number of states, each assigning a different natural number to lRwdede we state with-

out proofthat starting from an initial chain with a finite-state space, an extended chain with an infinite-state
space can only be constructed if collect®rontains recursively defined real-valued reward constants.

3.4. Construction method

If the extended Markov chain has a finite-state space, it is easily constructed using the following search
algorithm:

1. Define collectiorStates To Visit= {S¢} andStates Visited= ¢.
2. If States To Visie ¢, we are done. Otherwise remove an elem@ntf) from States To Visiand add
it to States Visited
3. For each stat& of the initial chain for whichMg r > 0, determine functiog such thatg(®o) =
o ((S, f)) foreach®o e C. Notice that this function can be computed directly from rules (i) to (xiv)
given inSection 3.3Add a transition labelled with probability1 s ; from state(S, f) to state(T, g)
in the extended chain. [T, g) ¢ States To Visit) States Visitedhen add T, g) to States To Visit
4. Continue with step 2.

Notice that the algorithm can be modified to generate a single trace of the chain. This algorithm con-
sists of evaluating for each transition step, a number of simple update-functions corresponding to the
previous-state temporal reward formulaginThis efficient algorithm computes the temporal rewards in

an on-the-fly manner (without having to construct the complete extended chain) and can thus be appliec
for simulation purposes in case the extended Markov chain is very large or even infinite. In those cases
statistical techniques (such as Markov chain Monte Jagy) utilising central limit theorems for Markov
chains can be applied to estimate the performance measures.

3.5. Incremental construction

Sometimes it is convenient to build the extended chain in an incremental fashion. This can be done by
defining an increasing sequenéeC C, C --- € C, = C of closed subsets @f. Then starting from
an initial chain(S, S,, M) we first build the extended chaii, S, M):. This extended chain is the
initial chain for the next step of the construction by considering all rewards s atomic. We then
obtain extended chai(s, S,, M), This process is repeated for all the other sets as well resulting in
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chain(S, S, M)%¢ ¢ By induction om and by using the extended chain definition, it is easy to prove
that this chain is the same &S, S,, M), except for the naming of states. Corresponding states further
assign the same values to all atomic rewards and to all rewar@sApplications of this incremental
construction technique are demonstrate8éctions 3.7 and 4.2

3.6. Preservation of long-run averages

In this subsection, we will prove that the construction method preserves long-run averages for atomic
rewards. Let(S, S;, M) define Markov chainX;|i > 1}. We assume that the probability space of
this chain is given by triplé€s2, F, P), wheres2 is the collection of all infinite-state sequences starting
with S, F is theo-algebra generated by the collection of cylindrical sets [&nsl the corresponding
probability measure (s€é] for more details). Let > 1. A finite-state sequenc®, = (S1, S, ..., S,)
or infinite-state sequence= (51, S, - - ) is called a trace if for each: 1 < i < n, respectively, each
i:i>1,Mss,., > 0. We will denote the collection of all finite traces of lengthvith S; as first state
by Traces (S, S;, M) and all infinite traces witls; as first state byfraces,(S, S;, M). For any infinite
tracesS, we letS, denote the finite prefix of lengthh For any finite trace§,, we defineS:’ to be the thin
cylinder of infinite traces having, as prefix. The probability of occurrence of finite tra&;eand infinite
traceS is denoted byP(S,) andP(S), respectively. These probabilities are givenitys,) = P(S?) =
[T/ M, 5., andP(S) = (N2, 59) = [, Ms,.s,.,. Notice thatP(S,) = P(X,, = S1, Xpui1 =
S2, ooy Xnane1 = Spl X = S1) andP(S) = P(X,, = S1, Xppe1 = So, ... | X = S1) for eachm such
thatP(X,, = S1) > O.

Lemmal. LetS, denote a finite trace ofS, S;, M) and let(S1, f1) be a state ofS¢, S¢, MC). Then
there exists a unique sequencs, f, ..., f,) of functions such that(S1, f1), (S2, f2), ..., (S., f»)
is a finite trace of(S¢, S¢, MC). Further P(S,) = P((S1, f1), (S2, f2), - .., (Su, f))- Vice versaif
((S1, f1), (S2, f2), - .-, (Sn, fn)) is afinite trace ofS¢, S¢, M), thens, is a finite trace of S, S;, M)
andP((S1, f1), (S2, f2), ..., (Su, fu)) = P(S,). The same holds for infinite traces

Proof. The proof follows from the definition of probability matrix(€. The crux of the proof is that
since each transition in a trace has a positive probability, each fungtien> 2) is determined uniquely
from state sequend®i, f1), (S2, f2), ..., (S,_1, fn_1) and states,,. O

As a consequence of this lemma there exists a unique trateages (S¢, ¢, MC) (respectively
in Traces,(S¢, ¢, M®)) for each trace inTraces(S, S;, M) (respectively inTraces (S, S;, M))
and vice versa. Further, the probabilities of occurrence of these traces are the same. For all traces
S, € Traces(S, S;, M) and S € Traces, (S, S;, M), we will denote the corresponding traces in
Traces (S¢, S¢, M) andTraces,(S¢, S¢, M) by S¢ andS€, respectively. Notice thas©), = (S,)C.

Theorem 1. Let{X;|i > 1} and{X{|i > 1} be Markov chains defined I6§, S,, M) and(S¢, 5S¢, M©),
respectively. Furtherlet » € R be an atomic real-valued reward and lete R be a constant. Then
1/n Y F(X)Scifand only if1/n Y1, F(X)Be.

Proof. We will only prove the ‘only if’ part ofTheorem 1the ‘if’ part of the proof proceeds in a similar
way.
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Assume ¥n Y" F(X)Se.

Define setE by E = {S € Traces,(S, Sy, M)|lim,.c1/n > " 1 7(S;) = c}.

Then by definition of almost sure convergenEeis an event (i.e. is measurable) ah@) = 1. Now
define setE€ by E€ = {S € Traces,(S¢, S¢, MO)[lim,—.o1/n > " 7(Si) = c}.

Notice that since is an atomic reward, depending only on the state-Saof some extended state
(S, f), we have that € E iff S¢ e EC(x).

We have to prove thak€ is an event witiP(E€) = 1. To this end define for each> 1 setsE, and
ESbY E, = Ugep 8¢ andES = g e Sy, respectively.

Now E,, andE,f are cylindrical sets of rank and are therefore events. Further, for each 1, we have
P(ES) = {bycountable additivityz{inlﬁeEc} P(Sy) = {by definition of P(S,)} Z{M&Ec} P, =
{by(x)} ngeE} ]P’(Qf) = {byLemmal} Z{M&E} P(S,) = {by countable additivityP(E,,).

FurtherEy 2 E; D --- andEf ) Eg D ... are decreasing sequences of events with lirisnd
EC, respectively.

HenceEC is an event an®(E€) = P(N72; ES) = iMoo P(ES) = lim, o P(E;) = P(N2, E) =
P(E) = 1. O

Theorem Istates that for each atomic real-valued reward, the long-run average rewards of the original
chain and the extended one are equal. It is not difficult to check that this result also holds for temporal
real-valued rewards whose definition does not (directly or indirectly) contain the previous-state operator
(at least if we extend the reward interpretation funcfohthe original chain to deal with these rewards).

In conclusion, we have that the extended ch@h, S¢, M) can be used to

s S ’

e compute all the long-run average (atomic) rewards that can be computed for the original chain
(S, S;, M) (by Theorem };
e compute all the long-run average values for the temporal real-valued rewards detiriadafinition.

Here we would like to note that this is only possible if the extended chain is ergodic. It is easy to show that
the property of ergodicity is not preserved by the construction method in general. In the next subsection,
we will derive conditions that guarantee the preservation of ergodicity.

Notice that in case the extended chain is not ergodic, long-run averages may still exist (if they exist
for atomic rewards in the original chain they also exist in the extended chaiinégrem ). But since
the ergodic theorem is not applicable then, these long-run averages cannot be expressed in terms of th
equilibrium probabilities of the chain.

For example, the Markov chains depictedrig. 8both have a long-run averageeward of 1 (see also
[34]). For the left-hand ergodic chain, this value can be expressed in terms of the equilibrium probabilities

111

Fig. 8. Markov chains with equal long-run averages.
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of this chain. The right-hand chain, on the other hand, is transient and for this chain equilibrium proba-
bilities do not exist.

3.7. Preservation of ergodicity

The construction method for temporal rewards does not preserve the property of ergodicity in general.
Due to the expressive power of the formalism, a procedure for deciding from an initial chain and reward
collection whether the chain to construct will be ergodic, is certainly difficult, probably even impossible,
to establish. It would therefore be desirable if we could find conditions on the initial chain and reward
collection that guarantee the preservation of ergodicity. Such conditions will be developed in this section.
The conditions have turned out to be suitable in all practical applications we have encountered thus far.

The property of ergodicity considered in this paper is taken {&B81]. Let(S, S;, M) define a Markov
chain. We define this chain to be ergodic if and only if it has some positive $tateS that is ultimately
reached from any stat® € S with probability 1 (a state is called positive if it is positive recurrént).
This implies that the chain has no two disjoint closed sets of states. Further the (non-empty) cdllection
of recurrent states is irreducible, each stat€'iis positive and each state &\ C is transient. It can be
shown that each ergodic chain has a unique equilibrium distribitigls € S}. It further satisfies the
following important ergodic theorem.

Ergodic Theorem. Let(S, S;, M) be ergodic and let € R be an atomic real-valued rewardhen

1 n

. Z FXHE Z 7(S) - 75 provided that§ 7(S) - s converges absolutely

n
i=1 SeS SeS

Here the condition of absolute convergence is required if rewdedkes both positive and negative
values. Incase(S) > Oforall S € Sorr(S) < 0forall S € S, the condition can be omitted if we make
use of the extended real number system and allow limits to take infinite values.

Starting with an ergodic chain defined &y, S, M) our construction method does not in general yield
another ergodic chain. This is due to the use of recursively defined reward constants, which will be shown
in this subsection. For example, consider the following rewRcbunting the number of epochs since
the last occurrence of evea{wheree is a Boolean-valued atomic reward):

REif e thenOelse® R + 1fi.

In each state where occursR is set to 0. In any other state is increased by 1 (if we assume that

is defined in every state). The extended chain is built starting from the closure of reward col{&jtion
The only reward of the forn® o in this closure is9 R. Hence all extended states are of the fqinf),
whereS € S and wheref is a function from{® R} to R. Now it is not hard to find out that in case the
initial chain only has transient states satisfyinghe extended chain will be transient. The reason for this
is that from the moment the extended chain has reached & State¢ wheresS is positive, rewardR will
keep on increasing and is never ‘reset’ to 0 anymore.

5 In literature the term ergodic chain often refers to an irreducible, positive recurrent Markov chain. In this paper, we allow the
chain to have transient states as well, but we only consider chains having one initial state.
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The intuition behind guaranteeing the extended chain to be ergodic is as follows. We assume the
existence of a positive stafain the initial chain determining the value &f This means that the value of
R in any extended states, f) is independent on the past information storeg ifFor instance any state
satisfyinge determinesR. If we defineV to be the collection of all extended states of the fasmy),
we thus have that for any two extended statesf1), (S, f>) € V, R will assume the same value. Now
consider any successor staie g) of (S, f) € V. Then, sinceg maps®T to the value off" in (S, f),
(T, g) is a successor state of any staté/inFurther the transitions from any of the stated/ito (7', g)
happen with the same probabilities. Now sirtés reachable from any state in the initial chain with
probability 1, se is reachable from any state in the extended chain with probability 1. Also Sirce
positive, the expected first passage timé&/as finite starting from any positive state. Because all states
in V have a common successor stéfeg), this state must be positive and reachable from any other state
with probability 1. Hence the extended Markov chain is ergodic.

We will now formalise and generalise the above intuitions. (%tS;, M) define a Markov chain, let
S € Sandletr be atemporal reward. We say tisadetermines (or equivalently is determined bys) if
there exists a constansuch that for alC containings, 5 ((S, f)) = cforall f € (BUR) Y Cor Hence
S determines if it contains all the information necessary to determine the value.dfor example,
atomic rewards are always determined by any state and réfnettienr else®@r fi (wherer is an atomic
reward) is determined by any state satisfying atomic rewald caseo is determined bys, its value
will be denoted bys (S). It is easy to prove that if determines any extended states, /) determines
o as well.

Theorem 2. Let(S, S;, M) define an ergodic chajiketC be a closed finite collection of temporal rewards
and let(S¢, S¢, MC) define the constructed extended chain. Determiagthe smallest > 1 such that
O**ls ¢ Cforallo € C. LetVy,..., V, be sets of temporal rewards such that= {o € Clo’ = O'c

for somes’ € C ando # ®o” for all o” € C}. Then the extended chain is ergodic if there exists a finite
trace S, of positive states i such thatS; determines all rewards i, ;1 foralli € {1, ..., n}.

Before we provelrheorem 2 we give some definitions and another lemma. Uebe a set of finite
traces. Ther/ will be called proper if all the traces il have the same initial state and if no tracéin
is a proper prefix of another tracelin If U is a proper set of finite traceB(U) and& (U) are defined by

PWU)= Y PS,), EWU)=) (n—DPS,).
S, eu S, €U

In caseP(U) = 1 expressior€ (U) denotes the expected length of the trace¥ jrwhere the length of
traceS, is defined by: — 1. LetU be a proper collection of finite traces with the same final state and let
V be a proper collection of finite traces such that the final statésare the same as the initial states in
V if both U andV are non-empty. Thely - V is defined by

U-V={S1.... 8, Tz..., Tv)|S, € UandT, € V}.
Notice thatU - V is properP(U - V) = P(U)P(V) andEU - V) = P(U)EV) + P(V)EWU).
Lemmaz2. Let(S, S;, M) define an ergodic chain and I8}, be a finite trace consisting of positive states.

Then starting from any stats§, is eventually traversed with probabilifly Further from any positive state
in the chain the expected first traversal timeSgfis finite.
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Proof. Let WSE" denote the collection of finite traces of the fofy Sy, ..., S',,) such thatS’,, ends
with sub-trace§, and has no sub-track, elsewhere. Further |EW;"T be defined a¢T’,, € WS§"|T2 # T}.

Notice thath" andW%lT are proper sets. We have to prove ﬂhewf”) = 1foreachS andS(WSE") < 00
for each positives. The proof is by induction on. Forn = 1, the result follows immediately from the

fact thatS, consists of a single positive state. For the induction step define colle)cfitih by
s o0
—n iﬂ §ll i
Xyt = ws - (Werg D" {(Sus Suyn))-
i=0
. (Wgn",sm)"‘l otherwise. Now for each

S l H . §n l §11
Here (WE:sSnJrl) = {(Sn)} If L= 0 and(WSttaSn+1) = WSn’SnJrl
i > 0, we have

S S
PWs" - (Ws's

n+1

. S S .
) (S Sar))) = POWEB(Ws s ) Ms, ...

this expression equalsts, s

n+1

(1-Ms, s,.,)'. Hence
(1— Ms, s,.,)" = 1. In a similar way, we can derive

By induction and sincé’(WS%”,Sm) =1-Ms, 5,1
N
PX™) =320 Ms,.s

e}
EWg" - Wy ) (S S}
= Ms, 5, (EWEHP(Ws' s ) +IEWg s JP(Wg's )T +PWs' s ).
From this, it follows that
EWg's )
(Ms, 5,02
Now this expression is finite siné’e{WS&‘) is finite by induction. By induction we also have tI&(ij) is

finite and from this it follows immediately tha?t(W?,:’,sm) is also finite. Notice further tha¥(s, 5,., > 0.

We conclude by remarking that each trace or prefix therekifg'm1 isalso atrace irWSQ”“. From this, it
follows thatP(W;"*) > P(X™") and&(W5™) < £(X5™). HenceP(W;"*) = 1 and€(Wy™) < oo.
This concludes the proof afemma 2 O

E(X5) =14 EWE) +

We are now able to give a proof @heorem 2

Proof of Theorem 2. DefineW as the collection of finite traces @€, S¢, M) of the form((S1, f1), ...,
(S., f)). UsingLemma 1 it is not hard to show thal/ # @. Assume that(S1, g1), ..., (S., 1)) € W.
Pick a state(T, g) such that((S1, g1), ..., (S., g»), (T, g)) is a trace (notice that such a state must
exist). We will show that for all((S1, 21), ..., (Sy, k) € W, ((S1, k1), ..., (Su, hy), (T, ) is a
trace of (S¢, S¢, MC). Assume((S1, h1), ..., (Sy, h,)) € W and let®o’ e C. Then there is some
k > 1ando # ©¢” (for all ¢” € C) such that®o’ = O%¢. Theno e V,; ando is deter-
mined by S, ;1. By definition o ((S,_x11, g1—k+1)) = 6 ((Sn—x+1, hnrs1)). But then it follows that
Ok=15((S,, gn)) = O 1o ((S,, hy)). We further have tha®*c (T, g)) = O*15((S,, g.)). But then
we also haved*o (T, g)) = O*15((S,, h,)) and thusPo’((T, g)) = o’ ((S,, h,)). This holds for all
©@o’ € C. FurtherMs, r > 0. Hence((Sy, h1), ..., (Su, hy), (T, g)) is a trace of S¢, S¢, MC).
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By Lemma 2 traceS,, is eventually traversed with probability 1 starting from any stats.ifurther,
starting from any positive state, the expected first traversal tinSg isffinite. By applying_.emma 1 itis
then easy to prove that the collection of the traceiis reachable from any statedit with probability
1. Further, starting from any extended stéfe /) whereS is a positive state i, the expected time to
traverse some trace W is finite. Since the traces a¥ are of the form((S1, f1), ..., (S., f»)), where
eachs; is positive inS, the expected time to traverse any trac#ipwhen such a trace was just traversed,
is also finite (and independent of the trace just traversed). After the traversal of any tréGethe
extended chain can always transit to std@teg) with probability Mg, » > 0 (by the discussion above).
By using an argument similar as that of the prool.einma 2 it can be proved thatT', g) must be a
positive state, reachable from any stateSfnwith probability 1. Hence the extended Markov chain is
ergodic. This ends the proof @heorem 2 O

Consider reward defined above again. The only reward of the fada in the closure of R} is ®R.
When applyingTheorem 2we getn = 1 andV; = {R}. Hence the extended Markov chain is ergodic
if there exists a positive state in the initial chain that determieRemark thar is determined by any
state satisfying. Consequently, the extended chain is ergodic if the initial chain has a positive state that
satisfies.
As another example consider rewadefined by

s%'if e thenOelse if | @@ S thenOelse® @ S + 1fifi.

Just as in the case of rewaRd one might expect the extended chain to be ergoditsikatisfied by some
positive state in the initial ergodic chain. However, it is easy to construct a counterexample showing that
this is not true in general. Notice that (fyneorem 2, the extended chain will always be ergodic if two
successive positive states in the initial ergodic chain satisfy

Recursively defined real-valued reward constants are not the only possible cause for constructing a
non-ergodic chain. For example, the Boolean-valued reward comdtdetined by

BEiif 1 bthenb else® B fi

can result in a chain with two disjoint closed sets of states if b@thd—b are satisfied by some transient
states and ib is undefined in all recurrent states. Bizeorem 2the extended chain will be ergodicif
is defined in some positive state.

Sometimes heorem 2s not applicable directly. Consider for instance rewaRdsnd7 defined by

REifethenOelse@ R + 1fi,  TEif fthenOelse®T + 1fi.

To applyTheorem 2there must be a positive state in the initial chain determining RahdT. In case

such a state does not exist, we can try to use the incremental construction technigue §aetioim 3.5

We first build an extended chain using rewadnly, and extend this chain by usirigin a second

step. Now suppose that the initial chain has a positive state determitnémgl also has a positive state
determiningT. Then the extended chain resulting from the first step is ergodic. Further it is easy to
show that since is determined by some positive state in the initial chain, it is also determined by some
positive state in the extended chain. Hence the extended chain resulting from the second step is alst
ergodic.
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The previous idea can be generalised to the following useful result3, &%, M) define the initial
chain and le€ denote afinite closed collection of temporal reward8 dén be split inta: (not necessarily
disjoint) closed collections of rewards, each satisfying the conditiofiebrem 2then(S¢, s¢, MC)
is ergodic. By applying the incremental construction technigugeation 3.5it is further straightforward
to show that the property of ergodicity is always preserved by the construction method if no recursively
defined reward constants are usedS#ttion 4.2the incremental construction technique together with
Theorem 4s applied to prove the preservation of ergodicity for a collection of complex temporal rewards.

3.8. Related research

The idea to develop expressive techniques for specifying performance properties is not new. Especially
in the area of continuous-time Markov chains, a number of specification techniques have been developed.
Our formalism of temporal rewards is developed in the context of discrete-time Markov chains. However,
it is not difficult to make the technique suitable for continuous formalisms (see the comparison made in
this section with the technique of path-based automata). For this reason, we include related research from
the continuous-time setting as well.

In the context of the stochastic process algebra PEPA, reward specification formalisms based on modal
logic have been developd@-11]. In these formalisms, states to be assigned a particular reward are
specified by means of a modal logic formula. Each state satisfying this formula is assigned a reward as
specified by a simple arithmetic expression. In this way, states to be assigned a reward can be specified
conveniently by characterising these states in a behavioural way. However, the modal logic approaches
cannot deal with the accumulation of rewards over sequences of states. Each state of the Markov chain
underlying a PEPA model is assigned a single reward value and no extended chain is built. The reason is
that the assignment of a reward to a state depends on the possible future behaviours from that state only; it
cannot depend on the behaviour performed in the past. As a consequence ‘counting’ rewards are difficult
to deal with[10]. Of course, reward assignments in our formalism cannot depend on future behaviours
but only on behaviours performed in the past.

In [5], a method to associate rewards with terms of the stochastic process algebra EMPA is introduced.
Instead of using a separate formalism for specifying rewards, the language of the process algebra itself
is extended. The rewards are described within the actions performed by the algebraic terms. Although
this method is less powerful in general than the logic-based approd@h dafis somewhat simpler and
allows for the easy specification of several frequently occurring performance measures. Since rewards
have to be defined within the algebraic models themselves, these models are somewhat polluted, be it in
a minor way. Just as in the case of the modal logic approaches, the method does not allow rewards to be
accumulated over sequences of states.

In [25], a technique of path-based reward variables is introduced for continuous-time Markov chains
that allows rewards to be accumulated over sequences of states and transitions. Path-based rewards ar
specified by means of deterministic finite-state path automata. A path automaton accepts inputs from the
initial Markov model. Such a model consists of states and events. Events occur at specified rates and the
occurrence of an event triggers a state transition. A path automaton accepts input traces (called paths) of
state-event pairs of the model. Based on the path automaton, a reward structure is defined that assigns
(impulse and rate) rewards dependent on the state of the chain and a possible event occurring in this state
as well as on the state of the automaton. In this way, different rate rewards can be assigned to the same
state of the chain and different impulse rewards to the same event. A state-space construction procedure is



212 J.P.M. Voeten / Performance Evaluation 50 (2002) 189-218

presented for automatically generating an extended state space that supports multiple path-based rewal
variables. Each path automaton has a collection of final states that are interpreted by this constructior
procedure as indicating that if such a final state is encountered, the current state of the chain should no
be explored any further.

The construction method for temporal rewards can easily be adapted to deal with continuous models.
To this end, one only has to switch from transition probabilities to transition rates. Both the atomic and
temporal rewards are then automatically defined on the states of the continuous-time Markov chain. Due
to the arithmetic operators and recursive relations, the temporal reward formalism is then somewhat more
flexible and expressive than the formalism of path automata. In particular, each path automaton can be
encoded in terms of temporal rewards in the following way:

e Starting from a continuous model with states and events as described above, one first shifts the even
information inside the states (in a similar fashion as describ&kation 2.3). Event and state infor-
mation can then be encoded as atomic rewards.

e The states (including final states) and the behaviour of a path automaton can be encoded by a recursivel
defined temporal real-valued reward constant.

e The reward structure can be encoded by appropriate real-valued (non-temporal) rewards.

Encoding temporal rewards in terms of path automata, on the other hand, is not easy in general. Fot
instance, a ‘counting’ reward counting the number of occurrences of a certain event before some other
event happens, requires a path automaton with infinitely many states. Such an automaton cannot b
specified without proper linguistic facilities. Also, due to the lack of arithmetic support, accumulations
(such as sums and products) of real-valued rewards are cumbersome, if not impossible, to specify with
path automata.

Currently interesting work is carried out in the context of the temporal logic continuous stochastic
logic (CSL). CSL was introduced if2] and the verification via model checking is describef3in An
extension of the logic to real-valued rewards is givefdinand in[20] it is described how to move from
state-based to transition-based measures. CSL allows the specification and verification of state-based ar
path-based dependability measures as well as of steady-state dependability measures in a compact al
flexible way. CSL differs from temporal rewards in the sense that in CSL one specifies a quantitative
property and verifies whether the model satisfies this property (which means that the property has to
hold for all the initial states of the model). A temporal reward, on the other hand, does not specify a
property to be satisfied by the model, but extends the original model and assigns accumulated reward:
to the (extended) states. Based on the extended model, complex properties can be specified and analys
with relative ease, but the specification of the properties themselves must be done in another way, for
instance by defining the limit of a sequence of random variables as is done in this paper or by applying a
temporal logic.

An approach that actually combines the definition of an extended model with a logic to specify
behavioural properties is presented1f. This work introduces a framework for specifying and veri-
fying long-run average properties of systems in which both non-deterministic and probabilistic choices
are present. The framework uses a discrete model, based on a timed extension of Markov decision pro
cesses, which is similar to the semantic model of POOSL. To enable the definition of long-run average

7 In fact a similar shift of information from transitions to states is performed by the state-space construction method for path
automata.
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properties, the concept of experiment is introduced. Experiments are deterministic finite-state automata
used to describe behaviour patterns of interest. Experiments associate with each occurrence of these pat
terns a real-valued outcome. The synchronous product of an initial model and an experiment determines
an extended model encoding these outcomes as (atomic) rewards. The long-run average properties them
selves are specified in extended versions of CTL and*GiFild model checking techniques are used to
verify whether the model satisfies these properties.

Experiments are closely related to path autonjat as well as to temporal rewards. Just as path
automata can be encoded as temporal rewards, experiments can be encoded as temporal rewards as we
On the other hand, encoding temporal rewards in terms of experiments is not possible in general.

4. Examples

In this section, some examples of temporal rewards will be giveieletion 4.1 we will work out
the performance metrics (iii) and (iv) for the initial Markov chainfeg. 7. Section 4.2gives a more
involved example of the specification of the long-run average transmission rate and the long-run variance
in transmission rate on a communication channel.

4.1. Average and variance of inter-arrival time

Metrics (iii) and (iv) were defined i®ection 3.1as:

(i) The long-run average time between tivoactions.
(iv) The long-run variance of time between tioactions.

We assume that atomic rewaidsoutandr are as defined iBection 2.3Boolean-valued rewards and
outindicate whether actiom respectivelyoutis performed in a state. Real-valued rewadknotes the
amount of time progress in a state.

Based on these atomic rewards, we define a temporal reivedeshoting the time since the last occur-
rence of actionn. The real-valued reward constahis defined by the following equation:

7% ifin thenOelse® T + ¢ fi.

The idea is that in a state satisfyiilg T is set to 0. In any other stat€, is increased with the amount
of time progress in that state. If is undefined, an actioim did not yet occur in the past. Note that an
increase withr leavesT' undefined in this case. Note further that in any state where actioccurs, the
time since the previous action is given by@ T, where®T is undefined if no such action did occur yet.

If {Xl.c|i > 1} denotes the extended Markov chain, we can describe performance metric (iii) as the
limiting behaviour of random variable

', ifin A 16T thenOT else0fi(X¢)
S, ifin A 1 OT thenlelseOfi(X€)

Here the numerator denotes the sum of inter-arrival times in the:fepbchs of the Markov chain. The
denominator denotes the number of such inter-arrival times.
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Fig. 9. Extended Markov chain definition.

In the construction of the extended Markov chain definition, we start with the clasofeeward
collection

{ifin A 1+ OT then®T elselfi, ifin A 1 ©T thenlelseOfi}.

The only reward of the formo in C is ©® T. Therefore a state in the extended chain is of the faggny),
whereS is a state of the initial Markov chair-{g. 7) and wheref is a partial function from{® T} to
R. By Theorem 2the extended chain is ergodic if actionis performed in some positive state in the
Markov chain ofFig. 7. Notice that this is indeed the case.

Itis not difficult to verify that the extended Markov chain definiti@f , ¢, M) is as shown iffFig. 9.
For reasons of clarity, next to the atomic rewards and the temporal renBrdhe figure also shows the
values of reward".

By applying the ergodic theorem for Markov chains, the random variable defined above converges
strongly to the constant given by

Y scifin A 1 OT thenOT else0fi(Sf) - e
Y scifin A+ OT thenlelseOfi(Sf) - mse

It is now easy to calculate that performance metric (iii) has value 27/10 (the equilibrium probabilities are
indicated at the upper-left positions of the stateBim 9).

Having constructed the extended Markov chain for metric (iii), the value of metric (iv) is also easy to
compute. This metric is defined by the limiting behaviour of random variable

S ifin A +OT then(OT — 27/10)2 else0fi(XY)
S ifin A 1 OT thenlelseOfi(X€) '

Since the only reward of the for@®o is @ T, the extended chain iRig. 9 can be used to calculate the
value of this metric as well. It is easy to check that this value equals 81/100.
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Fig. 10. Execution trace of the protocol.

4.2. Average and variance of transmission rate

The temporal reward formalism developed in this paper is very expressive and can be used to spec-
ify many complex performance metrics. As an example, we will consider the frame traffic entering a
LossyChannehgain, but now the environment of this channel is taken into account. We will specify the
long-run average transmission rate as well as the long-run variance in transmission rate in bits per unit
of time on channeDLtoPL1 of the protocol stack ifrig. 1. The long-run variance in rate is a measure
for the burstiness of the traffic on the channel. SinceRhgLinkSendeand thePhysicalLayer(the
TransmissionChanngkxchange frames, the size of these frames, and not the frames themselves are
required. This size could be retrieved by sending the medsi#geeto an object of data claggame
A real-valued reward constaRSize giving the size in bits of a frame exchanged on chamigbPL1,
could® be defined by

FSiz&<DLtoPLL frame f). f bitSize

In case no frame is exchanged in a state rew&ideis undefined; otherwise the valuefebizegives the
number of bits of the frame. IRig. 10 a possible execution trace of the protocol is shown. To specify
the rate metrics, rewards(the time progress) anéSizeneed to be used to define some rewRate
representing a bit-rate. The basic idea is to deRagein those states where a frame is passed as the
number of bits of a previous frame, divided by the inter-arrival time of the current frame and the previous
one. For instance, in statdg andsS, of Fig. 10 the value oRateis undefined (in stat§; the first frame
is passed and in staf no frame is passed). In stafg, the second frame is passed and the transmission
rate of the previous frame is 15 bits in 3 units of time. Therefate= 5 in this state. In stat§,, we
encounter a problem however, since in this state the third frame is passed, but the time since the second
frame is 0 units of time. (Notice that this situation can actually happen sihossyChannek able to
accept a new frame immediately after a previous frame is losti-gee.) This problem can easily be
solved by accumulating the bit sizes in statesand S, and assign a rate of 12 = 4 bits per time unit
to stateSs.

RewardRatecan be defined in terms of two other rewartiSinceFandBitAcc TSinceFgives the time
since the previous frame and in rewddAccthe bit sizes are accumulated until a state is encountered
in which a frame is exchanged and in which the time since the previous frame is positive.

Although these rewards can be defined directly, we will introduce some convenient derived temporal
operators first. For rewards r, andr, these derived operators are defined by

8 The development of a specification language for temporal rewards that is consistent with POOSL and follows its
object-oriented and modular character is not completed yet. Here we show what some language elements might look like.
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o C(b,rq,ry) is defined aff bthenr,elser; fi;
o C'(b,ry,ry) isdefinedag (th, C(b,ry,r2),r1);
e C/(b,rq,r,)is definedag (1h, C(b,rq,r2),r»).

HereC(b, ry, ry) is just an abbreviation of the conditional rewdrdb thenr , elser, fi. C'(b, ry, r,) and
C/(b,rq,r,) are also conditional rewards, but they take the vatygsspectivelyr if b is undefined.
With these derived operators, rewaidSinceF BitAccandRatecan be defined by

TSinceFE'c/ (© +FSizet, ®©TSinceF+ 1),

BitAcc®'C (1 FSize C' (TSinceF> 0, FSize @BitAcc+ FSize, OBitAco),
®BitAcc
TSinceF ’

Notice thatt FSizeis satisfied precisely when a frame arrival has taken place. The values of the rewards
are indicated in the execution tracekify. 10 If {Xl.cli > 1} denotes the extended chain, the long-run
average transmission rate is given by the limiting behaviour of random variable

>"_, C(1 Rate TSinceF+ Rate 0)(X¢)
y'_,C(tRate TSinceF0)(X¢)

If this variable converges to constantthe long-run variance is defined by the limiting behaviour of
variable

> '_, C(1 Rate TSinceFx (Rate— r)2, 0)(X?)
> "_, C(1 Rate TSinceF 0)(X¢) '

To verify the ergodicity property of the extended Markov chain, we will use the incremental construction
technique ofSection 3.5We will show that the extended chain is ergodi¢-8izeis defined in some
positive state of the initial Markov chain and if for some positive state O (i.e. the time progresses

in some positive state). First we extend the initial ergodic chain with the closy®@ dfFSizg. Since
1FSizeis determined by any state in the initial chain, the extended chain will be ergodic. Fyfisizre

holds in some positive staté&) 1 FSizeholds in some positive state and> 0 holds in some positive

state of the extended chain. As a second extension, we use the clogli&rafel. Since® +FSizeis
considered to be atomic, the only reward of the fadm is @ TSincek Since® 1FSizeholds in some
positive stateT SinceHs determined by some positive state. The second extension therefore leads to an
ergodic chain. For this chain, we also have th&iSizeholds in some positive staté) 1 FSizeholds

in some positive state and> 0 holds in some positive state. It is further easy to verify that there must
be a positive state satisfying bottFSizeand TSinceF> 0. As a third extension, we use the closure

of {BitAcc}. This extension also leads to an ergodic chain sBit&ccis determined by a positive state
satisfying bothtFSizeandTSinceF> 0. Finally as a fourth extension the rewards in the numerators and
denominators of the performance metrics are used. The closure of these rewards does not contain rewarc
of the form® o and therefore does not differ from the chain resulting from the third extension.

As a consequence, under the (realistic) conditions mentioned above, the average and variance of trans
mission rate can be safely deduced from the extended Markov chain. To compute or estimate these
metrics, tools are necessary to generate (a trace of) the (extended) Markov chain underlying the mode
of the protocol inFig. 1L The development of these tools is subject of current activities.

RateX'c/ (TSince F~ 0,
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5. Conclusionsand futureresearch

In this paper, we introduced a new approach for expressing and calculating complex performance
metrics for discrete-time Markov chains. The technique allows a quantitative property of interest to be
expressed in the form demporal rewardformulas. Such a formula is able to express accumulated
atomic rewards over sequences of states of an initial Markov chain. From this initial Markov chain and
the temporal reward formulas, an extended Markov chain is constructed that allows the quantitative
property to be evaluated through standard techniques for computing long-run averages. We proved that
the construction method leaves long-run averages invariant for atomic (non-temporal) rewards and we
established conditions guaranteeing the preservation of ergodicity.

The emphasis in this paper is on the computation of performance figures. In practice, however, Markov
chains are oftentoo large to allow for an analytical exhaustive analysis. Inthose cases, statistical techniques
(such as Markov chain Monte Calfftb3]) utilising central limit theorems for Markov chains are indispens-
able. Since our construction method builds the extended chain in an on-the-fly manner (without having
to construct the complete extended chain), it can be applied for efficient simulation purposes in case the
extended Markov chain is very large or even infinite. We are currently working on the topic of simulation
in the context of the industrial-strength modelling language POOSL, that is successfully being applied in
a number of industrial case studies. We are also developing a specification language for temporal rewards
that is consistent with POOSL and follows its object-oriented and modular character. Further, the mod-
elling and analysis tool SHESim is being extended with performance analysis and verification capabilities.
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