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tThe 
lass of square (0; 1;�1)-matri
es whose rows are nonzero and mutuallyorthogonal is studied. This 
lass generalizes the 
lasses of Hadamard and Weighingmatri
es. We prove that if there exists an n by n (0; 1;�1)-matrix whose rows arenonzero, mutually orthogonal and whose �rst row has no zeros, then n is not of theform pk, 2pk or 3p where p is an odd prime, and k is a positive integer.1 Introdu
tionA Hadamard matrix of order n is an n by n (1;�1)-matrix H satisfying HHT = nI,where I denotes the identity matrix and HT denotes the transpose of H. Hadamardmatri
es were �rst introdu
ed by J. Hadamard in 1893 as solutions to a problem aboutdeterminants (see [GS, WSW℄). The following well-known, simple result shows that thestandard ne
essary 
ondition (that is, n = 1, n = 2, or n � 0 mod 4) for the existen
eof a Hadamard matrix of order n, is a 
onsequen
e of the mutual orthogonality of three(1;�1)-ve
tors.Proposition 1 Let u, v, and w be mutually orthogonal, 1 by n (1;�1)-ve
tors. Thenn � 0 mod 4.Proof. Ea
h entry in the ve
tors u + v and u + w is even. Hen
e (u + v) � (u + w) is amultiple of 4. Sin
e (u+ v) � (u+ w) = u � u = n, the result follows.The famous Hadamard Conje
ture asserts that there exists a Hadamard matrix oforder n for every n � 0 mod 4, and has been veri�ed for n < 428 (see [HKS℄).Weighing matri
es are generalizations of Hadamard matri
es. Let n and w be positiveintegers. An (n; w)-weighing matrix is an n by n (0; 1;�1)-matrix W = [wij℄ satisfyingWW T = wI. Weighing matri
es have been extensively studied (see [C℄ and the referen
estherein). Several ne
essary 
onditions for the existen
e of an (n; w)-weighing matrix areknown. If n > 1 is odd, then ne
essarily w is a perfe
t square and n � w +pw + 1 withthe ele
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equality only if there exists a proje
tive plane of order pw. The �rst of these 
onditionsfollows from taking determinants of both sides of WW T , and the se
ond from boundingthe number of nonzero entries of CCT , where C = [
ij℄ is the n by n matrix with 
ij = 1when wij = 0, and 
ij = 0 when wij 6= 0. If n � 2 mod 4, then ne
essarily w is asum of two squares, and n � 2 or w < n. The �rst of these 
onditions is a numbertheoreti
 
onsequen
e of applying Witt's 
an
ellation to the 
ongruen
e WW T = wI, andthe latter follows from the standard ne
essary 
ondition for Hadamard matri
es. TheWeighing Matrix Conje
ture asserts that there exists an (n; w)-weighing matrix for ea
hn of the form n � 0 mod 4 and ea
h w � n. This 
onje
ture has been 
on�rmed forn � 88.In this note we 
onsider related 
ombinatorial problems. A matrix A is row-orthogonalif ea
h of its rows is nonzero, and its rows are mutually orthogonal. Thus the (0; 1;�1)row-orthogonal matri
es generalize both Hadamard and Weighing matri
es. The sparsityof row-orthogonal (0; 1;�1)-matri
es (a
tually their transposes) has been studied in [GZ℄.A row or 
olumn of A is full if ea
h of its entries is nonzero. Ea
h row of a Hadamardmatrix is full, and a weighing matrix has a full row if and only if it is a Hadamard matrix.The problem studied in this note is: determine the positive integers n for whi
h thereexists an n by n, row-orthogonal (0; 1;�1)-matrix with a full row. As su
h matri
esare not required to have the same type of regularity (i.e. ea
h row and 
olumn has thesame number of nonzeros) as Hadamard and Weighing matri
es, it appears that suitablyadapted, and even di�erent te
hniques are needed to study this problem.In se
tion 2, we develop some basi
 properties of row-orthogonal (0; 1;�1)-matri
es.In se
tion 3, we use these basi
 properties to give several non-existen
e results. We showthat the existen
e of a row-orthogonal (0; 1;�1)-matrix of order n with full 
olumn isequivalent to the existen
e of a Hadamard matrix of order n. We also show that a row-orthogonal (0; 1;�1)-matrix of order n with a full row does not exist if n has the form pk,2pk, or 3p where p is an odd prime and k is a positive integer.2 Basi
 ResultsIn this se
tion we establish some notation and observe several basi
 results that we willuse throughout the remainder of the note. We are interested in determining the n forwhi
h there exists a row-orthogonal (0; 1;�1)-matrix A of order n with a full row. Notethat s
aling 
ertain rows of a row-orthogonal (0; 1;�1)-matrix results in a row-orthogonal(0; 1;�1)-matrix. Certainly if H is a Hadamard matrix, then H satis�es our requirementsof row orthogonality and full row. Thus, if the Hadamard 
onje
ture is true, then su
han A exists for n = 1, n = 2, and n = 4k for ea
h positive integer k. Two questions,whi
h we only begin to study here, 
ome to mind: 
an one prove the existen
e of su
h Aof order n = 4k for ea
h positive integer k? and must su
h a matrix have order 1, 2, or4k for some positive integer k?Ea
h of the matri
es below is an example of a square, row-orthogonal (0; 1;�1)-matrixthe ele
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with a full row. [1℄ ; " 1 11 �1 # ; 26664 1 1 1 11 1 �1 �11 �1 0 00 0 1 �1 37775 :The number of nonzero entries in row i of A will be denoted by ei. Note that if A is arow-orthogonal (0; 1;�1)-matrix, then AAT is a diagonal matrix D whose jth diagonalentry is ej. A simple 
onsequen
e is the following:Proposition 2 Let A be an n by n row-orthogonal (0; 1;�1)-matrix. Then e1e2 � � � en isa perfe
t square.Proof. This follows immediately from e1e2 � � � en = det(AAT ) = (detA)2.Let A = [aij℄ be an n by n row-orthogonal matrix. For j = 1; 2; : : : ; n, let �j = fi :aij 6= 0g. Sin
e no row of A is the zero row, ea
h ej is positive, and we de�ne Q byQ = diag 1pe1 ; 1pe2 ; : : : ; 1pen!A:Sin
e Q is the matrix obtained from A by normalizing ea
h of its rows to have length 1, Qis an orthogonal matrix. In parti
ular, the 
olumns of Q have length 1, and are mutuallyorthogonal. This implies the following:Proposition 3 Let A be an n by n, row-orthogonal matrix. ThenXi2�j 1ei = 1; for 1 � j � n, and;Xi2�j\�k aijaikei = 0; for 1 � j < k � n:Proposition 3 indi
ates that the study of row-orthogonal (0; 1;�1)-matri
es will involvesums of re
ipro
als of integers. The following proposition 
on
erns su
h sums. Let p bea prime and let Qp denote all rationals q su
h that q 
an be expressed as the ratio ofintegers rs , where p does not divide s. It is well known that Qp (with the usual additionand multipli
ation) is a ring. The following is an immediate 
onsequen
e of the fa
t thatQp is 
losed under addition and subtra
tion.Proposition 4 Let f1; f2; : : : ; fn, g1; g2; : : : ; gn be integers and let p be a prime su
h thatPnj=1 gjfj is an integer, fj � 0 mod p for j = 1; 2; : : : ; k, and fj 6� 0 mod p for j =k + 1; : : : ; n: Then Pkj=1 gjfj 2 Qp:the ele
troni
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3 Non-existen
e ResultsWe will begin by 
onsidering row-orthogonal matri
es with a full 
olumn.Theorem 5 Let A be a row-orthogonal n by n (0; 1;�1)-matrix with a full 
olumn. ThenA is a Hadamard matrix.Proof. Sin
e A has a full 
olumn and ea
h ei � n, Proposition 3 implies that1 = 1e1 + 1e2 + � � �+ 1en � 1n + 1n + � � �+ 1n = 1Thus ei = n for ea
h i. Therefore A is Hadamard.Next we study square, row-orthogonal matri
es with a full row. Interestingly, the
ondition of full row has mu
h di�erent 
onsequen
es than the 
ondition of full 
olumn.For example, the matrix A = 26664 1 1 1 11 1 �1 �11 �1 0 00 0 1 �1 37775is row-orthogonal with a full row, but is not a Hadamard matrix. So for whi
h n does ann by n row-orthogonal matrix with a full row exist? We have already seen examples forn = 1, n = 2, and n = 4. And, to date, we know of no row-orthogonal (0; 1;�1)-matrixwith a full row whose order is not the order of a Hadamard matrix. Ea
h of the results inthe remainder of the note indi
ate that there are some severe restri
tions on the possibleorder of a row-orthogonal (0; 1;�1)-matrix with a full row.Theorem 6 Let A be an n by n row-orthogonal (0; 1;�1)-matrix with a full row. Thenn is not an odd prime.Proof. Suppose to the 
ontrary that n is an odd prime. Sin
e n is odd, no two full 1 byn (0; 1;�1)-ve
tors are orthogonal. By Proposition 2, and the fa
t that n is prime, A hasan even number of full rows. Therefore, A has no full rows, 
ontrary to assumption.The 7 by 7 row-orthogonal matrix
A = 2666666666664

0 0 1 0 1 1 �1�1 0 0 1 0 1 11 �1 0 0 1 0 11 1 �1 0 0 1 00 1 1 �1 0 0 11 0 1 1 �1 0 0�1 1 0 1 1 �1 0
3777777777775shows the ne
essity of the assumption that A has a full row in Theorem 6. We nowgeneralize the previous result to in
lude all powers of an odd prime.the ele
troni
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Theorem 7 Let A be an n by n row-orthogonal (0; 1;�1)-matrix with a full row. Thenn is not of the form pk where p is an odd prime p and k is a positive integer.Proof. Suppose to the 
ontrary that n = pk for some odd prime p and positive integerk. Without loss of generality we 
an take the �rst row of A to be full. By Proposition 3,we have 1pk + Xi2�1nf1g 1ei = 1:Multiplying by pk�1 gives the equation1p + Xi2�1nf1g pk�1ei = pk�1:Proposition 4 implies that at least one of the fra
tions pk�1ei is not in Qp. Hen
e, pk dividesei for some i 6= 1: It follows that A has two full rows, whi
h is a 
ontradi
tion{two n by1 (1;�1)-ve
tors are not orthogonal when n is odd.We next show nonexisten
e for n of the form n = 2pk, p and odd prime.Theorem 8 Let A be a row-orthogonal (0; 1;�1)-matrix with a full row. Then n is notof the form 2pk where p is an odd prime and k is a positive integer.Proof. Suppose to the 
ontrary that n = 2pk for some odd prime p and positive integerk. Suppose A has f full rows, and without loss of generality that these are the �rst frows of A. Consider 
olumn 1 of A. By Proposition 3, we havef2pk + Xi2�1nf1;2;:::;fg 1ei = 1:Multiplying by pk�1 gives the equationf2p + Xi2�1nf1;2;:::;fg pk�1ei = pk�1:Suppose that p does not divide f . By Proposition 4, there is an i 2 �i n f1; : : : ; fgsu
h that pk divides ei. Sin
e the �rst and ith row of A are orthogonal, ei is even. Hen
e,n � ei � 2pk. This implies that row i is full, 
ontrary to assumption.Thus, p divides f . This implies that A has at least 3 full rows, and Proposition 1further implies that n � 0 mod 4|a 
ontradi
tion.We 
on
lude this note, by proving nonexisten
e for n of the form 3p, p an odd prime.Theorem 9 Let A be a row-orthogonal (0; 1;�1)-matrix with a full row. Then n is not3p for some odd prime p.the ele
troni
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Proof. Assume to the 
ontrary that n = 3p for some odd prime p. Without loss ofgenerality we may take the �rst row of A to be [1 1 � � � 1℄. Sin
e, A is row-orthogonaland its �rst row is full, ei is even for i = 2; : : : ; n. Thus, if p divides ei, then ei = 2p. Forea
h j, set Kj = fi : aij 6= 0 and ei = 2pg, and kj = jKjj.By Proposition 3, we have 13p + kj2p + Xi=2(Kj[f1g) 1ei = 1: (1)By Proposition 4 13p + kj2p 2 Qp:It follows that 2 + 3kj � 0 mod p:Let ` be the unique integer with 0 � ` � p� 1 and 2 + 3` � 0 mod p. Sin
e p � 3, ` 6= 0.We have kj � ` mod p, and sin
e (1) implies that kj < 2p, and sin
e kj is nonnegative,either kj = ` or kj = `+ p. Sin
e 1 � ` � p� 1 and pj(3`+ 2), we have3`+ 2 = p or 3`+ 2 = 2p: (2)First suppose there is a j with kj = `. Without loss of generality, we may assume thatj = 1, the �rst j + 1 entries of 
olumn one are +1, and e2 = � � � = e`+1 = 2p.For subsets � and � of f1; 2; : : : ; ng the submatrix of Q whose row indi
es belongto � and whose 
olumn indi
es belong to � is denoted by Q[�; �℄. For m 6= i, let am,respe
tively bm, denote the number of times h 1p2p 1p2pi, respe
tively h 1p2p � 1p2pi, o

ursas a row of Q[f1; : : : ; ng; f1; mg℄. Sin
e the 
olumns of Q are mutually orthogonal and oflength 1, Propositions 3 and 4 imply that2 + 3(am � bm) � 0 mod p;and thus am � bm � ` mod p:As jam � bmj � ` < p;we 
on
lude that either am � bm = ` or am � bm = `� p:Let 
2; : : : ; 
s be the 
olumns of A with am�bm = `. Note that if am�bm = ` then, am =` and bm = 0, sin
e am and bm are nonnegative and am + bm � `. Set � = f1; 
2; : : : ; 
sg,X = A[f2; : : : ; `+ 1g; �℄, Y = A[f2; : : : ; `g; ��℄, and Z = A[f2; : : : ; `g; f1; 2; : : : ; ng℄.There are s` 1's in X. Let y+, respe
tively y�, denote the number of 1's, respe
tively�1's, in Y . Ea
h row of Z has 2p nonzero entries, and is orthogonal to the ve
tor of all1's. Thus ea
h row in Z 
ontains p 1's and p �1's, there are `p 1's and `p �1's in Z, ands`+ y+ = `p = y�:the ele
troni
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Thus, s` = y� � y+ and s � p: (3)Sin
e ea
h 
olumn of Y has sum `� p,y+ � y� = (`� p)(n� s):Thus (n� s)` = (n� s)p+ y+ � y�: (4)Thus by (3) and (4), 3p` = n` = s`+ (n� s)` = (n� s)p:This implies that s = 3p � 3`. Equation (2) implies s � 3p � (2p � 2) = p + 2, whi
h
ontradi
ts (3). Therefore every 
olumn of Q has `+ p entries equal to 1p2p .Let 
 = fi : row i of A has 2p nonzero entriesg. Then A[
; f1; 2; : : : ; ng℄ has 2pnonzero entries in ea
h row, and `+ p nonzero entries in ea
h 
olumn. Thus 3p(`+ p) =2pj
j. Sin
e p is odd, ` must be odd. In parti
ular, 3` + 2 6= 2p. From (2) we 
on
ludethat ` = p�23 .Let aj and bj be as previously de�ned. Then by Propositions 3 and 4, we see that forj 6= 1 aj � bj � ` mod p:As jaj � bjj � `+ p = (4p� 2)=3, we haveaj � bj 2 �4p� 23 ; p� 23 ; �2p� 23 � :For ea
h j, let xj = A[fi : i 62 
 [ f1gg; fjg℄.First suppose that there exists a 
olumn j 6= 1 with aj� bj = (4p�2)=3 = `+p. Thenby Proposition 3, we have 13p + `+ p2p + x1 � xj = 0:This implies that jx1 � xjj = 2 + 3`+ 3p6p = 23 :Similarly, kx1k2 = kxjk2 = 3p� 2� 3`6p = 13 :By the Cau
hy-S
hwartz inequality, 2=3 = jx1 � xjj � kx1kkxjk = 1=3, whi
h is a
ontradi
tion. Therefore, for ea
h j 6= 1, either aj � bj = (�2p � 2)=3 = ` � p oraj � bj = (p� 2)=3 = `.Let s be the number of j su
h that aj � bj = `. The matrix A[K1; f1; 2; : : : ; ng℄ hasrow sums 0, 1 
olumn with sum `+ p, s 
olumns with sum `, and 3p� 1� s 
olumns withthe ele
troni
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sum `� p. Hen
e, 0 = (`+ p) + s`+ (n� 1� s)(`� p)= 2p+ n`� np+ sp= p(s� 3p+ 3`+ 2);whi
h implies that s = 2p.Sin
e the rows of A are mutually orthogonal,0 = Xi1;i22
;i1<i2A[fi1g; f1; 2 : : : ; ng℄ � A[fi2g; f1; 2 : : : ; ng℄: (5)Column 1 of A 
ontributes �`+p2 � and 
olumn j (j 6= 1) of A 
ontributes �aj2 �+ �bj2�� ajbjto the sum on the righthand-side of (5). Hen
e,0 =  `+ p2 !+ nXj=2  aj2!+  bj2!� ajbj! : (6)Note that aj + bj � p+ ` = (4p� 2)=3 and hen
e aj2!+  bj2!� ajbj = 12((aj � bj)2 � (aj + bj))� 8><>: 12 h(p�23 )2 � 4p�23 i if aj � bj = p�23 ,12 h(2p+23 )2 � 4p�23 i if aj � bj = �2p�23 :Hen
e, by (6) and the fa
t s = 2p, we have0 �  `+ p2 !+ s2  �p� 23 �2 � 4p� 23 !+ 3p� 1� s2  �2p+ 23 �2 � 4p� 23 !=  (4p� 2)=32 !+ p �p� 23 �2 � 4p� 23 !+ p� 12  �2p+ 23 �2 � 4p� 23 != p(p2 � 4p+ 1)3 :It is easy to verify that p2 � 4p + 1 > 0 for p � 4. We are led to the 
ontradi
tionthat p is an odd prime with p < 4 and ` = (p� 2)=3 an integer. Therefore, n is not of theform 3p where p is an odd prime.
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