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t. This paper deals with the problem of generating intera
tivenatural language do
uments based on formal mathemati
s. It des
ribeshow formal mathemati
al developments, 
arried out in the type theoret-i
al theorem prover Coq, 
an be transformed to readable and intera
tivedo
uments viewable using standard Web browser te
hnology. The trans-formation pro
ess produ
es do
uments en
oded in an xml appli
ation
alled omdo
, suited for des
ribing mathemati
al do
uments.1 Introdu
tionSin
e the advent of the World Wide Web, intera
tive do
uments have be
omein
reasingly popular. Users expe
t 
ontent to be presented intera
tively, allowingnon-linear browsing of the do
ument and embedding of non-textual obje
ts,enhan
ing exploration at multiple levels of detail. From the authoring point ofview, it is yet un
lear whi
h is the best approa
h for preparing su
h do
uments.It seems as though the author has to take into a

ount every possible futurebehavior of the reader and manually 
raft the intera
tivity. Clearly this means a
onsiderable overhead in time. How 
an one 
reate intera
tive do
uments withoutdoing an exponential amount of extra work?One solution might be to 
onvert existing non-intera
tive do
uments into in-tera
tive ones by exploiting the inherent stru
ture present in the do
ument. Forexample, the do
ument you are 
urrently reading is not intera
tive. Yet, it alsois not 
at text, the do
ument is stru
tured in se
tions and within ea
h se
tionare referen
es to the other se
tions. In an intera
tive version of this do
umentthese referen
es would be presented as hyper-links, enabling the reader to jumpto the se
tion immediately. This form of intera
tion, 
alled internal intera
tion,is based on the internal stru
ture of the do
ument. It requires that the authormakes this stru
ture expli
it in the do
ument: Se
tions have to be marked asse
tions, and referen
es to se
tions as referen
es. Fortunately, adding this kindof stru
ture is already 
ommon pra
ti
e when do
uments are prepared usinga typesetting system like LATEX. In general all the author has to do, is to be
areful not to mix 
ontent and presentation, e.g. use \se
tion{Introdu
tion}



rather than \textbf{1 Introdu
tion\\}. If 
ontent and presentation are sepa-rated, an intera
tive version of the do
ument is readily produ
ed by appropriate
onversion tools.Now 
onsider, instead of 
onventional textual do
uments, formal mathemati-
al do
uments like those in a library of a theorem prover assistant. Be
ause theyinherently 
ontain mu
h more expli
it stru
ture, there are many more opportuni-ties for intera
tivity. For example, if we have a de�nition a := T in our do
ument,then any future use of the de�niens a 
an be seen as a link to the de�niendumT . This pie
e of internal intera
tion does not have to be added afterwards, butis already present in the mathemati
al 
ontent. Proofs form another examplewhere internal intera
tion may be derived from the mathemati
al 
ontent. If ina proof we apply another lemma, then this 
an be seen as a link to the statement(plus proof) of that lemma. Moreover, proofs have a lot of stru
ture themselves(sub
ases, reasoning under a binder, hypotheti
al reasoning, et
.), whi
h is leftimpli
it in a textual presentation. The stru
ture of proofs gives a way of hidinglevels of detail of a proof (to be inspe
ted on demand), thus providing a me
h-anism for folding and unfolding subproofs in the a
tual presentation. It is theformal mathemati
al 
ontent that di
tates this folding and unfolding stru
ture.This paper deals with the 
reation of intera
tive mathemati
al do
umentsbased on su
h formal mathemati
al 
ontent. For the purposes of this paper weuse formal mathemati
s as produ
ed by the Coq theorem prover [3℄. The typetheoreti
 paradigm whi
h forms the basis of Coq makes it a good 
andidate,as proofs are treated as �rst 
lass 
itizens. However, the ideas also apply toother theorem provers sin
e it is the mathemati
al stru
ture whi
h is exploitedto 
reate the intera
tion.So far, we have mentioned internal intera
tion, a form of intera
tion based onthe internal stru
ture of the do
ument. A di�erent form of intera
tion, externalintera
tion, allows the reader to send formal obje
ts present in the do
ument toba
k engines external to the do
uments. In our 
ase we are interested in math-emati
al ba
k engines su
h as theorem provers and 
omputer algebra systems.The do
ument a
ts as a user interfa
e to su
h a ba
k engine. The te
hnologysupporting 
ommuni
ation to the ba
k engines is readily available. Combininginternal and external intera
tion does not pose any problems. In fa
t, both makesimilar demands on the author: the do
ument has to be stru
tured. Examples ofexternal intera
tion 
an be found in Algebra Intera
tive [9℄, an intera
tive bookon Algebra inviting students to try to solve example problems using a 
omputeralgebra system.The OpenMath [18℄ language is designed to allow universal ex
hange ofmathemati
al obje
ts. It therefore fa
ilitates external intera
tion very well byabstra
ting from the details of the ba
k engine. For internal intera
tion basedon formal mathemati
al developments, an extension of OpenMath, 
alled om-do
 [14℄, is used. In omdo
 entire mathemati
al do
uments are en
oded insteadof mere obje
ts. omdo
 is an xml appli
ation, whi
h means that a standardWebbrowser (in 
ombination with an appropriate stylesheet) may be used to view



do
uments expressed in omdo
. How this is done is des
ribed in more detail inSe
tion 4.In order to provide a non-trivial presentation of formal proofs, they are ver-balized as natural language text. In the automated theorem prover 
ommunity,it is quite 
ommon to attempt to explain automati
ally generated proofs. See forexample the PROVERB system [13℄, and the Theorema system [5℄. The naturallanguage generation me
hanism employed in Se
tion 5 is based on algorithmsdes
ribed in [11, 10℄, whi
h dire
tly link fragments of natural language text to�-terms. Even though the me
hanism is 
rude, it still yields readable proofs,espe
ially in 
ombination with intera
tive adaptation of the level of detail. Im-provements to make the verbalization more sophisti
ated are work in progress.The remainder of this paper is organized as follows. Se
tion 2 des
ribes someelementary type theory and theorem proving based on type theory. Se
tion 3des
ribes how an informal mathemati
al theory is turned into a formal 
ontext.Se
tion 4 introdu
es xml, OpenMath and omdo
. Se
tion 5 provides detailson how we generate the a
tual omdo
 do
uments. Finally, Se
tion 6 gives theresults and the 
on
lusions.2 Type Theory and Formal Mathemati
sThis se
tion gives a short introdu
tion to theorem proving based on type theory.The general basi
 ideas that make type theoreti
al theorem proving interestingfor our purposes are re
alled. The exposition is 
on
erned with a fragment ofthe type theory used in the Coq system.The logi
al 
al
ulus of Coq is 
alled the Cal
ulus of Indu
tive Constru
tions(
i
) [12℄, an extension of the Cal
ulus of Constru
tions des
ribed for examplein [2℄. The fragment we use is almost all 
i
, but for example no 
o-indu
tion.The key idea behind dire
tly en
oding mathemati
s in type theory is the`propositions-as-types' or `proofs-as-terms' 
orresponden
e, originally due to Curry,Howard and De Bruijn. This interpretation en
odes proofs as typed �-terms. Un-der this interpretation a statement `M : A', whi
h is pronoun
ed as `M has typeA' or `A is inhabited by M ', 
an be read in two ways, depending on the type ofA:{ M is an element of the set denoted by A,{ M is a proof of the proposition denoted by A.This duality has the advantage that 
he
king the validity of a proof be
omes aseasy as 
he
king the type of a term. Moreover, sin
e the type 
he
king algorithm
an be very small, the risk of implementation errors is kept to a minimum and,as a result, the 
al
ulus is very safe. However, from the perspe
tive of the 
ur-rent paper, this duality also has the drawba
k that the same primitive notionsrepresent di�erent 
on
epts. Therefore, a type inferen
e algorithm is needed todisambiguate the presentation of terms. Implementing a type inferen
e algorithmfor 
i
 is a relatively easy task.



Terms on their own are not enough to represent mathemati
s. Mathemati
s
onsists not only of expressions but of expressions o

urring in a 
ontext relativeto other expressions. A 
ontext is a list of 
ontext items. Ea
h 
ontext item iseither an assumption or a de�nition. An assumption is used to de
lare a newsymbol with its type. It states a name for the new symbol and the type. Thename 
an represent a mathemati
al obje
t whose existen
e is assumed or it 
anrepresent an axiom whi
h is assumed to hold. A de�nition is used to de
lare anew symbol with its type, but a de�nition also states a de�ning term for thesymbol. The new symbol de
lared by an assumption or a de�nition may beused in the other 
ontext items in the remainder of the 
ontext. Contexts aregenerated by the following grammar.De�nition 1 Abstra
t syntax for pseudo 
ontexts. Let S be a 
ountable set ofindividuals representing identi�ers.� ::= " j �; S : T j �; S :=T : TNot every pseudo 
ontext generated by the above grammar is valid. There area number of restri
tions, mostly dealing with variables. A 
ontext is not valid ifvariables are de
lared more than on
e in the 
ontext or if they are used beforethey have been de
lared. We will not make these restri
tions pre
ise here.Cal
uli like 
i
 are usually given in two stages. First, an easy 
ontext-freeabstra
t syntax des
ribing a large set of pseudo elements. Se
ond, restri
tions onthe set of pseudo expressions, in the form of a type assignment system, to allowonly those pseudo expressions representing meaningful mathemati
al terms. Thetype system also 
ategorizes the typeable elements, gives them a partial meaning.We do not give a type system for 
i
, instead we present the terms of 
i
 anddes
ribe their use in formalizing mathemati
al notions. See [12℄ for the rules ofthe type system of 
i
.De�nition 2 Abstra
t syntax for pseudo expressions. LetV be a 
ountable set ofindividuals representing variables, and S the individuals representing identi�ersde�ned or assumed in the 
ontext.T ::= V j S j Set j Prop j Type j TT j �V : T:T j �V : T:T jhTi 
asesT :f(T) T)�g j�xV [V : T℄� : T :T jindV [V : T℄� : T :f(V : T)�gWe do not provide formal semanti
s for these expressions, just some informaldes
riptions whi
h are illustrated by examples below. The 
al
ulus 
ontains theusual expressions found in typed �-
al
uli: variables, symbols de�ned in the
ontext, sorts Set, Prop, and Type, des
ribed below, fun
tion appli
ation, �-abstra
tion to form fun
tions, and �-abstra
tion to form fun
tion types. Fun
-tion appli
ation is a binary operator, but by using 
urrying, fun
tion of higherarity 
an be emulated. �-abstra
tion forms fun
tions by abstra
ting a variable



over a term. �-abstra
tion forms dependent produ
t types, whi
h 
an be seenas a fun
tion type when it is not dependent, in whi
h 
ase it will be denotedusing the ! symbol.What makes 
i
 the 
al
ulus of indu
tive 
onstru
tions are 
ases, �x, andind. These primitives deal with indu
tive types and re
ursive fun
tions. Indu
tivetypes are introdu
ed using the ind primitive. When using the Coq prover inpra
ti
e, the ind 
onstru
tion 
an only be used in a de�nition. Su
h an indu
tivede�nition adds also the 
onstru
tors of the type to the 
ontext.The 
ases 
onstru
tion is used to eliminate values of indu
tive types by doinga 
ase distin
tion. It takes a term and a number of pattern-value pairs. The value
orresponding to the �rst pattern that mat
hes the term is the out
ome of the
ases expression.Using the 
ombination of 
ases and �x, primitive re
ursive fun
tions 
an bede�ned over indu
tive types. For every type de�ned using ind,Coq automati
allyadds an elimination term (or re
ursor) to the 
ontext. This term is de�ned interms of 
ases and �x, see [12℄ for the details. The elimination term 
an be usedto spe
ify re
ursive fun
tions over the indu
tive type. It is 
ustomary to use �xand 
ases expli
itly when de�ning fun
tions over an indu
tive datatype, whereasthe elimination term is used in proving assertions over an indu
tive type. Wewill take this into a

ount during verbalization, where the elimination termsare treated as primitive. Consider, as an example, the natural numbers de�nedindu
tively in 
i
 as follows:Example 3 The type of natural numbers nat is de�ned using an indu
tive typewith 
onstru
tors O and S. The plus fun
tion is de�ned as a �xpoint over nat.nat := indX : SetfO : X; S : X ! Xgplus := �x f [n : nat℄ : nat ! nat :�m : nat:hnati
asesn :�O ) m;(S p)) (S (f pm))�Coq puts an elimination term in the 
ontext for every indu
tive type. We donot spe
ify how this term is generated in general, but des
ribe it only for thenatural numbers example above. The reader is referred to [12℄ for the generalme
hanism. It is important to note that the elimination term is not primitive butis de�ned (automati
ally) in terms of 
ases and �x. However, in De�nition 13,when verbalizing proof-obje
ts 
ontaining natelim, it is treated as if it were aprimitive notion.Example 4 The elimination term for nat is generated automati
ally by Coq(de�ned in terms of 
ases and �x).natelim := �P : nat ! Prop:



�h0 : (P O):�h1 : (�n : nat:(P n)! (P (Sn))):�x f [n : nat℄ : (P n):h�n : nat:(P n)i
asesn : nat:�O ) h0;(Sm)) (h1m (f m))�: �P : nat ! Prop:(P O)! (�n : nat:(P n)! (P (Sn))) !�n : nat:(P n)The above indu
tive de�nition of the natural numbers introdu
es a new data-type nat of type Set into the 
ontext, together with the 
onstru
tors O and Sand the elimination term natelim. Similarly, in spirit of the `propositions-as-types'
orresponden
e, logi
al types 
an be en
oded as indu
tive types.Example 5 Proposition and predi
ate logi
 in 
i
.1. As usual, universal quanti�
ation 8x : A:B is implemented as �x : A:B, andimpli
ation A ! B as �x : A:B (in the latter 
ase x is a fresh dummyvariable).2. The other logi
al 
onne
tives are de�ned using indu
tive types with 
onstru
-tors representing the introdu
tion terms.False := indX : Propfgnot := �a : Prop:a! Falseand := indX [a; b : Prop℄ : Propfandintro : a! b! (X a b)gor := indX [a; b : Prop℄ : Propforintrol : a! (X a b); orintror : b! (X a b)gex := indX [A : Set;P : A! Prop℄ : Propfexintro : �x : A:(P x) ! (X AP )g3. Elimination terms are generated automati
ally in terms of �x and 
ases. Weonly give the types, the terms are similar to natelim in Example 4.falseelim : �P : Prop:False! Pandelim : �A;B; P : Prop:(A! B ! P )! A ^ B ! Porelim : �A;B; P : Prop:(A! P )! (B ! P ) ! A _ B ! Pexelim : �A : Set;P : A! Prop;P0 : Prop:(�x : A:(P x) ! P0)!(exAP )! P0The 
onstru
tors of those indu
tive types behave like introdu
tion predi
ates.The elimination terms are de�ned in terms of 
ases and �x.



As a �nal example of the expressive power of 
i
, 
onsider the general poly-morphi
 equality of Coq. Again, the introdu
tion and elimination terms aretreated as primitives during verbalization of proof-obje
ts in whi
h they o

ur.Example 6 Indu
tive equality.1. Indu
tive equality is de�ned using an indu
tive type with one 
onstru
torrepresenting the re
exivity axiom.eq := indX [A : Set;x : A℄ : A! Propfeqintro : (eqxx)g2. The elimination term is generated automati
ally de�ned in terms of �x and
ases. We only give the type, the term is similar to natelim in Example 4.eqelim : �A : Set:�x : A:�P : A! Prop:(P x) ! �y : A:((eqx y) ! (P y))As stated above, the typing rules are not given here. These typing rulesrestri
t the pseudo expressions to well-formed expressions: Expressions that donot make sense are simply not assigned any type. The rules indu
e a stru
tureon the expressions, dividing them in three 
lasses of typeable expressions: The
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Primenat Propnat! Wiles'ProofFig. 1. Sorts, Types, and Terms.sorts level, the types level, and the terms level. In Figure 1 some examples ofsorts, types, and terms are displayed. Every expression in 
i
 falls in one of thesethree levels. Most obje
ts de�ned in a typi
al formalization of a mathemati
aldo
ument live in the terms or types level.
i
 has three sorts : Set, Prop, and Type. Sorts serve as type for expressionson the types level. The sort Set is the type of datatypes su
h as nat. The sort



Prop is the type of propositions. The sort Type is the type of types but alsoserves as a type for the other two sorts.Inhabitants of sorts (ex
ept for the sorts themselves) live on the types level.Examples of expressions living on the types level are the type of booleans booland the type of natural numbers nat. Both these datatypes inhabit sort Set. Anexample of a type inhabiting the Type sort is nat ! Prop whi
h is the type ofunary predi
ates over the natural numbers. Note that in 
i
 propositions arenot identi
al to datatypes, they merely exist on the same level. It is easy todistinguish between them sin
e propositions are 
hara
terized by the fa
t thatthey have type Prop.Expressions whi
h inhabit types are 
alled terms and live on the lowest level.Terms are obje
ts that do not have inhabitants themselves. Terms that inhabit aproposition (a type inhabiting Prop) are 
alled proof-obje
ts. A proposition 
anhave many di�erent inhabitants, representing di�erent proofs of the proposition.Note that these three levels are not synta
ti
al 
lasses, they are indu
edby the typing relation. Also, the interpretation of 
ertain obje
ts as datatypes,propositions, or proofs is arbitrary. Other interpretations of the sorts are pos-sible, leading to di�erent en
odings of the same mathemati
al theories in 
i
.However, the libraries of de�nitions and lemmas that 
ome with Coq assumethe interpretation sket
hed above, as do we when we verbalize proofs when gen-erating intera
tive do
uments.The typing rules from [12℄ are easily transformed into an algorithm for type-assignment. This is used in Se
tion 5 to determine how to verbalize an obje
t.3 Generating Certi�ed ContextsTheorem provers like Coq are used in 
reating 
erti�ed formal mathemati
aldevelopments. Creating su
h a formal development involves en
oding informalmathemati
al 
on
epts, whi
h requires the user to make many non-trivial imple-mentation 
hoi
es. Moreover, also the proofs have to be en
oded in type theory,whi
h is laborious.De�nitions of mathemati
al obje
ts are en
oded dire
tly by the user. How-ever, to assist the user in the proving pro
ess, many theorem provers o�er afriendlier me
hanism. In Coq a proof-obje
t may be 
onstru
ted in an inter-a
tive fashion. The user applies ta
ti
s to the 
urrent goal, whi
h initially isthe statement to prove. A ta
ti
 transforms a proof-obje
t under 
onstru
tion(
ontaining holes) into another proof-obje
t under 
onstru
tion. Initially theproof-obje
t is nothing but a hole. The types of the holes are the goals left toprove, so a ta
ti
 also transforms old goals into new ones. When �nally no moreholes are left in the proof-obje
ts, it is 
he
ked to see whether it is really a proofof the statement.The result of a Coq session is a formally veri�ed 
ontext. Inside Coq this
ontext is stored in some internal data stru
ture, but for us it is not reallyne
essary to know what the internal data stru
ture is like. This 
ontext is parsedand stored in our tool as an instan
e of the CoqTree 
lass des
ribed in [17℄. Ea
h
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ontext generation pro
ess.term o

urring in the 
ontext is implemented as an obje
t of this 
lass. The Coq-Tree 
lass has methods to do redu
tion, and type inferen
e.There are two ways to obtain a CoqTree obje
t starting from the Coq ADT.One way is printing the 
ontext with Coq's Print 
ommand, and parsing the`printed 
ontext' with an ad ho
 parser. The other way is to use the Coq modulemade by the HELM proje
t group whi
h exports the Coq terms as an xmldo
ument [1℄. To this end, they have developed a xml based language, extendingthe MathML language, for terms of the Cal
ulus of Indu
tive Constru
tions.The resulting xml do
ument is then used to generate a CoqTree obje
t for the
ontext. The latter method is obviously 
leaner as the xml is generated dire
tlyfrom the Coq ADT, rather than through a 
ontext whi
h is pretty-printed forhuman 
onsumption.Based on the resulting CoqTree 
lass our implementation generates an om-do
 do
ument, as des
ribed in Se
tion 5. The next se
tion introdu
es xml,OpenMath and omdo
.4 XML, OpenMath, and OMDOCThis se
tion des
ribes xml and two xml appli
ations for spe
i�
ation of math-emati
al 
ontent, OpenMath and its extension omdo
. Both the design goalsand a large part of the syntax are des
ribed here. However, a 
omplete des
rip-tion of these languages is outside the s
ope of this paper and 
an be found inthe literature and online [18, 19, 14, 16, 21℄. Here, we limit the exposition to thefeatures we a
tually use.The extensible markup language, xml [21℄, has emerged as a preferred lan-guage for storing and 
ommuni
ating stru
tured 
ontent over the Internet. It is ameta language, in the sense that it des
ribes other languages. xml grammars are




alled do
ument type de�nitions or dtds, and pres
ribe the elements appearingin do
uments written in the spe
i�
 instan
e of xml. The xhtml language is anexample of an xml appli
ation. When appropriate, an xml do
ument writtena

ording to one dtd 
an be transformed into an xml do
ument of di�erentdtd using a stylesheet. Stylesheets are formulated in xsl, the xml stylesheetlanguage, whi
h happens to be an xml appli
ation itself. When transforming toxhtml, the stylesheet 
an be seen as a spe
i�
ation of how do
uments should bepresented. This allows a rigorous distin
tion between presentation and 
ontent.The 
ontent is spe
i�ed in the xml do
ument a

ording to a previously de�neddtd, the presentation is spe
i�ed in a stylesheet.There are many advantages to using xml as a metalanguage. Open stan-dards whi
h ex
eed the proprietary formats of individual systems are useful andwill be
ome more and more important as we move toward an inter
onne
tedinformation so
iety. xml makes designing su
h open standards a little bit easier.Parsing is potentially easier as te
hnology from others 
an be used, whi
h meansparsing 
an be done on a higher level. Other tools su
h as viewers and editors
an also be reused. For our purposes xml is ideal, as it allows us to draw thedistin
tion between 
ontent and presentation expli
itly in the do
ument. It isnot surprising the 
omputer algebra and theorem proving 
ommunities embra
exml for en
oding the OpenMath and omdo
 standards des
ribed below.The OpenMath standard [18, 19℄ is a language intended to share expressionsbetween 
omputer mathemati
s systems. It provides primitives for variables,abstra
tion and appli
ation. In order to be universally appli
able, OpenMaththeories 
an be parameterized with a so-
alled 
ontent di
tionary (
d) 
ontainingnames and types for new symbols. A 
d for type theory is available, see [6℄. TheOpenMath language, for the purposes of this paper, 
onsists of the followingelements.<OMV>. Variables.<OMS>. Symbols are de�ned in the CD.<OMA>. Fun
tion appli
ation of symbols.<OMBIND>. Binding of variables. Useful for �- and �-abstra
tion.<OMATTR>, <OMATP>. Attributes, 
an be assigned to the other OpenMath ele-ments. Useful for type information.OpenMath is useful for 
ommuni
ating mathemati
al obje
ts between 
om-puter algebra systems. The problem with OpenMath is that it only des
ribesobje
ts not theories or do
uments or 
ontexts. The ability to en
ode 
ontextsis essential if one wants to 
ommuni
ate with theorem prover systems. The 
dme
hanism of OpenMath is not 
exible enough for theorem provers: Contexts inwhi
h one 
an de�ne new 
on
epts are needed. The solution lies in an extensionof OpenMath 
alled omdo
.The omdo
 language [14, 16℄ is an extension of OpenMath whi
h is usedto des
ribe mathemati
al do
uments rather than mathemati
al terms. It usesOpenMath to express individual terms. An important property of omdo
 do
u-ments is that they may also 
ontain informal textual parts. The omdo
 language,for the purposes of this paper, 
onsists of the following elements:



<symbol> en
loses a new mathemati
al symbol. In the remainder of the do
u-ment the symbol may be used in OpenMath obje
ts as if it was de
lared ina 
d1.<definition> en
loses properties of symbols de
lared earlier in the do
ument.It is not required to give a de�nition in \di
tionary style" where a symbol isassigned an expression whi
h 
ompletely de�nes it.<axiom> en
loses a new axiom.<assertion> en
loses a new assertion whi
h may be proved later in the do
u-ment. The type of assertion 
an be re�ned to lemma or theorem using thetype attribute.<proof> en
loses a proof of an assertion. An assertion 
an have any number ofproofs. Proofs 
onsist of derive steps and have a 
on
lusion. Furthermore,proofs may 
ontain re
ursive proofs.<derive> en
loses a derive step inside a proof.<
on
lude> en
loses the 
on
lusion of a proof. Proofs end in a 
on
lusion indi-
ating what statement was proved.<CMP> and <FMP> en
lose 
ommented and formal mathemati
al properties, re-spe
tively. These are used inside the other elements.To summarize, the use of xml for marking up the semanti
 stru
ture ofa do
ument supports a rigorous distin
tion between 
ontent and presentation.The xml appli
ations OpenMath and omdo
 are good 
andidates for represent-ing mathemati
al 
ontent as both the expressions and the meta-stru
ture of amathemati
al do
ument 
an be dealt with.5 Generating Portable Do
umentsThis se
tion des
ribes how omdo
 do
uments are generated from Coq 
ontexts.The goal is to generate 
erti�ed and portable mathemati
al do
uments fromCoq
ontexts. It should be 
lear, from what has been said above, that starting fromformally developed 
ontexts ensures the 
orre
tness of the mathemati
al 
ontentexpressed in the do
ument: the result is 
erti�ed by a mathemati
al assistant.The usage of xml as the format in whi
h the do
ument is exported will take
are of portability by abstra
ting the 
ontent from the synta
ti
al notations ofthe spe
i�
 system used in the initial stage of generation of the do
ument.It is our intention that the do
uments are readable as natural languagemathemati
al do
uments, so some verbalization of the formal obje
ts is needed.Generating 
onvin
ing natural language text from formal mathemati
al repre-sentations is not our main interest. However, a straight-forward verbalizationalgorithm is available whi
h already yields interesting do
uments. The informalnatural language text is embedded in the resulting omdo
 do
ument.Essentially, this means that 
ontent and presentation in the do
ument arestored and handled separately as suggested in [7℄. Sin
e omdo
 is xml, xsl1 The name of the 
d is by default the name of the omdo
 theory within whi
h thesymbol's de�nition resides.



stylesheets 
an be used to produ
e the a
tual presentation. In Figure 3 an over-view of the approa
h used to generate omdo
 do
uments is given. We explainthe �gure and des
ribe its 
omponents in more detail in the rest of this Se
tion.Boxes with rounded 
orners represent java 
lasses in our implementation. On
e
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BrowseFig. 3. Overview of the do
ument generation pro
ess.a CoqTree of the 
ontext is obtained, as des
ribed in Se
tion 3, it is annotatedwith type information, more exa
tly in every subterm the type of that subtermis stored. In 
omputing the type we take into a

ount the type whi
h is expli
-itly given in the 
ontext, i.e. we annotate the subterms with the expe
ted type,as de�ned in [10℄. The algorithm for verbalization of proofs relies on this typeinformation.A MathStatement 
onsists of MathUnits 
ontaining either informal text orformal OMObje
ts.Notation 7 MathStatement.1. The 
onstru
tion of a MathStatement out of MathUnits u1; : : : ; un is de-noted as: hu1; : : : ; uni.2. Con
atenation of MathStatements is denoted by the + symbol.The embedding of text units is still a bit 
rude. It would be more 
exible andsophisti
ated to 
hoose the level of units more abstra
tly, for example units likepun
tuation, adje
tives, nouns, verbs. This would make presentation more 
ex-ible, and allow more subtle natural language generation. It might be interestingto 
ompare this to work su
h as [15℄, whi
h attempts to provide a semi-formallevel of des
ription somewhere between natural language and type theory.For proofs yet another intermediate datatype, namedMathMetaText, is used.This datatype models the <proof> 
ontext item, and fa
ilitates the internal



intera
tion by whi
h proofs 
an be inspe
ted on multiple levels of detail. AMath-MetaText 
onsists of a list of MathStatements but may also 
ontain re
ursiveMathMetaTexts. Furthermore, every MathMetaText has a 
on
lusion, whi
h isjust a MathStatement.Notation 8 The 
onstru
tion of a MathMetaText with 
on
lusion s0 out ofMathStatements s1; : : : ; sn is denoted as:264 s1...sn375s0The re
ursive nature of a MathMetaText provides the multiple levels of detail ofa mathemati
al proof and also indi
ates the points in the representation wherea proof 
an be folded or unfolded. If we look at the example MathMetaText inNotation 8, this obje
t 
an either be folded, in whi
h 
ase we just display s0 orunfolded, in whi
h 
ase we display s1; : : : ; sn. If s1 itself is again aMathMetaText[t1; : : : ; tm℄t0 , then s1 
an also be folded (displaying t0) or unfolded (displayingt1; : : : ; tm). Whether spe
i�
 obje
ts are folded or unfolded is determined by thereader via the interfa
e, but the author might provide a preferred setting alongwith the do
ument, determining the statuses of all the folding/unfolding pointsat start-up.To summarize, for the statement of an axiom or theorem (en
oded by thetype of a de�nition) we use MathStatement, and for the proof of a theorem weuse MathMetaText. For non-propositional obje
ts we just use OMObje
ts byemploying the Coq-to-OpenMath Code
.Here is how we verbalize propositional statements as aMathStatement. Prop-ositional statements are generated from obje
ts of type Prop. Note that this ver-balization treats the propositional 
onne
tives as though they were primitives,even though they have a de�nition in Coq, see Example 5.De�nition 9 Verbalization of a propositional statement as a MathStatement.s(notA) = h\not"i+ s(A)s(andAB) = s(A) + h\and"i+ s(B)s(orAB) = s(A) + h\or"i+ s(B)s(A! B) = h\if"i+ s(A) + h\then"i+ s(B)s(8x : A:B) = h\for all"; x; \in"; Ai+ s(B)s(exA (�x : A:B)) = h\there exists an"; x; \in"; A; \su
h that"i+ s(B)In the above verbalization rules all 
onne
tives are lifted to natural language.What remains are the atomi
 propositions, whi
h are appli
ations of predi
atesto mathemati
al obje
ts. The atomi
 propositions are en
oded as OpenMath ob-je
ts. Alternatively the entire propositional statement 
ould have been en
odedas an OpenMath obje
t. To whi
h degree propositional statements belong to theobje
t language or to the meta language seems to be a matter of taste. Perhaps



this 
hoi
e should be left to the reader of the do
ument, this option is easilyimplemented as an internal intera
tion feature.A

ording to the rules stated in De�nition 9, impli
ation 
hains result inunnatural nested if-then-else verbalizations. To 
ounter this, de-
urrying is ap-plied. This means that a statement of the form A ! (B ! C) is repla
edby (A ^ B) ! C prior to verbalization. Something similar 
an be done toverbalize nested universal and existential quanti�ers abstra
ting variables overthe same domain. For example, the statement 8x : A:8y : A:B is verbalized ash\for all"; x; \and"; y; \in"; Ai+ s(B).Proof-obje
ts are verbalized via the MathMetaText datatype. An adapta-tion of Cos
oy's translation from [11, 10℄ is used. In the de�nition below, whereappropriate, types of terms are indi
ated as supers
ripts.De�nition 10 Verbalization of a proof-obje
t as a MathMetaText. We use theverbalization of propositional statements s(�) as given in De�nition 9. The typeof the proof-obje
t is assumed to be � in ea
h 
ase.t(h) = � h\by"; h; \we have"i+ s(�) �s(�)t(M8x:A:BN) = � t(M)h\by taking"; N; \for"; x; \we get"i+ s(�)�s(�)t(MA!BN) = 24 t(N)t(M)h\we dedu
e"i+ s(�)35s(�)t(�h : AProp:M) = 24 h\assume"i+ s(A) + h\("; h\)"it(M)h\we have proved"i+ s(�) 35s(�)t(�x : As:M) = 24 h\
onsider an arbitrary"; x; \in"; Ait(M)h\we have proved"i+ s(�) 35s(�)Proof-obje
ts 
ontaining repeated �-abstra
ted variables from the same domain
an be presented in a more 
ompa
t way by de-
urrying, similar to the de-
urrying used in verbalization of propositional statements 
ontaining repeateduniversal or existential quanti�ers, see the remarks following De�nition 9.The next de�nition 
on
erns verbalization of proof-obje
ts involving 
ases.De�nition 11 Verbalization of a proof-obje
t as a MathMetaText, 
ases-
ase.t0BBB� h�i 
asesM :8><>:P1 ) B1;...Pn ) Bn 9>=>;1CCCA = 26666666664
h\we reason by 
ases on";Mih\if";M; \is"; P1it(B1)...h\if";M; \is"; Pnit(Bn)h\in all 
ases"i+ s(�)

37777777775s(�)



There is no instan
e for the �x 
onstru
tion. The 
ombination of �x and 
aseso

urring in a proof-obje
t suggests that the proof is by indu
tion over an in-du
tive type. At this moment we do not have a good solution for verbalizationof su
h proofs. For some of the indu
tive types in the Coq standard librarywe have spe
ial verbalization rules. We 
an dete
t su
h situations as the gener-ated elimination term (e.g. natelim) will be used, see De�nition 13. We also givespe
ial verbalization rules for introdu
tion of the logi
al 
onne
tives.De�nition 12 Verbalization of proof-obje
ts involving logi
al 
onne
tives (usingthe 
onstru
tors des
ribed in Examples 5,6).t(andintroAB a b) = 24 t(a)t(b)h\therefore"i+ s(�)35s(�)t(orintrolAB a) = � t(a)h\therefore"i+ s(�)�s(�)t(orintrorAB b) = � t(b)h\therefore"i+ s(�)�s(�)t(exintroAP aH) = � t(H)h\therefore"i+ s(�)�s(�)t(eqintroAa) = � h\by re
exivity"i+ s(�) �s(�)De�nition 13 Verbalization of proof-obje
ts eliminating 
onne
tives (using theelimination terms des
ribed in Examples 3,5,6).t(falseelimP f) = 24 t(f)h\ex falso sequitur quodlibet";\so we have"i+ s(�)35s(�)t(andelimAB P f 
) = 24 t(
)t(f)h\so we have"i+ s(� )35s(�)t(orelimAB P fa fb d) = 2664 t(d)t(fa)t(fb)h\in any 
ase we have"i+ s(� )3775s(�)t(exelimAP P0 f x) = 24 t(f)t(x)h\so we have"i+ s(�)35s(�)t(eqelimAX P hY q) = 2664 t(h)t(q)h\repla
ing"; X; \with"; Y ;\we get"i+ s(� ) 3775s(�)



t(natelimP HbHs n) = 2664 h\indu
tion on"; P it(Hb)t(Hs)h\so we have"i+ s(�)3775s(�)To fa
ilitate the translation to omdo
, we implemented java 
lasses 
orre-sponding to the di�erent elements that 
an o

ur in an omdo
 do
ument. These
lasses have a toXML() method whi
h generates the omdo
 output. Ea
h 
on-text item in the CoqTree 
ontext is translated to an omdo
 
ontext item obje
t.Here the type information present in the CoqTree is used to make the distin
tionbetween parameter assumptions and de�nitions on the one hand, and axioms andproofs of theorems on the other. In more detail: an assumption of propositionalsort, x : A : Prop, be
omes an <axiom> element, and an assumption x : A ofnon-propositional sort be
omes a <symbol> element. A de�nition x :=M : Abe
omes an <assertion type="theorem"> element with a <proof> element ifA : Prop, and a <symbol> element with a <definition> element otherwise.All these omdo
 
ontext items have a formal <FMP> parts as well as a 
om-mented <CMP> part. The <FMP> part of de�nitions and assumptions is easy.We translate the CoqTree to an obje
t of 
lass OMObje
t using the Coq-to-OpenMath Code
 des
ribed in [6℄.The <CMP> part may 
ontain formal OpenMath en
oded terms but it mayalso 
ontain 
at text. The 
ontents of the <CMP> parts is generated using theintermediate MathStatement datatype.The MathMetaText obje
ts representing proof-obje
ts generate <proof> el-ements where ea
h MathStatement 
orresponds to a <proofstep> element, andre
ursive MathMetaTexts be
ome new <proof> elements. The MathStatementsgenerate <CMP> parts. Formal units are repla
ed by OpenMath obje
ts, textualunits remain text. Therefore even though the <CMP> elements are 
ommented
ontent, they do 
ontain formal parts.Finally the omdo
 xml 
an be transformed to Dynami
 html using an xslstylesheet. Dynami
 html supports folding and unfolding of trees whi
h is usedin intera
tively displaying of proofs.6 Results and Con
lusionsWe have developed a method to 
reate intera
tive mathemati
al do
umentsbased on formal 
ontexts prepared in the Coq theorem prover. The formal stru
-ture of the mathemati
s is still present in the resulting do
ument, but it 
an bepresented as informal natural language text to the end user. The presen
e offormal stru
ture in the do
ument allows internal intera
tion, a form of intera
-tion based on stru
tured 
ontent. For example, using the fa
t that proof-obje
tsare treated as �rst 
lass 
itizens in the type theory of Coq, our implementationallows the reader to intera
t with the proofs in the do
ument by adjusting thelevel of detail. For the proof-obje
ts we �rst generate an intermediate level ofMathMetaText obje
ts. The natural language generation me
hanism is based on



Cos
oy's translation [11, 10℄ of proof-obje
ts. This translation is a dire
t trans-du
tion algorithm, whi
h often leads to arti�
ially sounding natural languagetexts. However, the intermediate level allows the reader to adjust the level ofdetail in the presented proof text, and thus implements a form of internal in-tera
tion. The intermediate level o�ers opportunities for re�nement making thetranslation more subtle.In the implementation many emerging te
hnologies are used. Java is used asthe implementation language for most of the 
omponents, XML appli
ations areused to 
ommuni
ate 
ontent between 
omponents. The resulting do
ument isspe
i�ed in an xml appli
ation 
alled omdo
. The use of Java and xml makessharing 
ode with other authors easy. The Coq-to-OpenMath en
oder in [6℄is used for displaying the formal mathemati
al terms o

urring in a 
ontext.The en
oder in turn makes use of the OpenMath library from the PolyMathgroup [20℄ to render OpenMath obje
ts as XML. The omdo
 Java pa
kagewe implemented follows 
losely the stru
ture of the omdo
 dtds, it 
onsistsof about 20 
lasses des
ribing all the omdo
 elements we use. In generatingthe �nal intera
tive do
uments, we use the XSLT transformation program fromApa
he and XML APIs from IBM and Sun. The stylesheets are developed foromdo
 by the Omega proje
t group. In the near future we may start using theHELM module, should also be easy and makes us less dependent on Coq.We applied this te
hnology to some small examples found in [8℄. In futurework we plan to apply it to bigger examples. More future work 
an be found inmaking the intermediate level ofMathStatements more subtle, maybe draw someinspiration from Nederpelt's Pseudo Type Theory [15℄ or the proof-planningprovers su
h as Omega [4℄. Both of these seem to provide a level between formallogi
 based mathemati
s and informal natural language, although they are moreinterested in the opposite dire
tion, i.e. going from informal to formal. For longerterm future work we also would like to investigate the translation from (a subsetof) omdo
 to Coq, but presentation of formal mathemati
s already o�ers many
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