
FastPenetration Depth Estimation for Elastic Bodies
UsingDeformed DistanceFields

SusanFisher Ming C. Lin

Departmentof ComputerScience
Universityof NorthCarolinaat ChapelHill�

sfisher,lin � @cs.unc.edu

Abstract

We presenta fastpenetration depthestimationalgorithmbe-
tweendeformablepolyhedral objects.We assumethecontinuum
of non-rigid modelsare discretizedusing standard techniques,
such as finite elementor finite differencemethods. As the ob-
jectsdeform,the pre-computeddistancefieldsare deformedac-
cordingly to estimatepenetration depth,allowingenforcementof
non-penetration constraints betweentwo colliding elastic bod-
ies.Thisapproach canautomaticallyhandleself-penetrationand
inter-penetration in a uniformmanner. We demonstrate its effec-
tivenesson moderatelycomplex simulationscenes.

1 Intr oduction
Dueto recentadvancementsin bothhardwaretechnologyand

modelingof thephysicalworld, simulationtechniqueshave been
increasinglyusedto improve the efficiency andeffectivenessof
robotics in virtual prototyping and designautomation. These
techniquesproducemotionsequencesdirectly from inputobjects
(robotsandobstacles),simulatingtheir motion basedon mathe-
maticalmodelsthatspecifytheirphysicalbehavior, theircomplex
structuresandtheinteractionamongthem.

However, mostof the existing robotic simulationtechniques
arerestrictedto rigid objects,dueto thecomputationalchallenges
in modelingcomplex deformationamongcolliding bodies.But,
many real-world objectsare not rigid. Automatic, predictable
androbustsimulationof realisticdeformationis oneof themany
challengesfor roboticsandintelligent systems.Someexamples
includerealisticmotiongenerationof soft tissuesandorgansfor
surgicalplanningof tele-robots,interactionamongnon-rigidbod-
ies,andtheuseof elastictubesfor thedesignof miniaturemed-
ical robots. [8] gives a recentsurvey on the simulationof de-
formablemodels. Oneof the mostdifficult issuesin generating
realistic motion of non-rigid objectsis to simulatecontactbe-
tweenbetweenthem.

Whentwo flexible objectscollide, they exert reactionforces
on eachotherresultingin thedeformationof bothobjects.Sim-
ilarly whenoneflexible body self collides,multiple portionsof
theobjectmaydeform.Thereactionforceis calledcontactforce,
andwherethetwo surfacestouchis oftencalledthecontactsur-
face. Simulatingsucheventsis non-trivial. It is known as the
contactproblem in computationalmechanics,andhasbeenac-

tively investigatedfor decades[5]. Thedifficulty of this problem
for modelingdeformationof non-rigidbodiesarisesfrom unclear
boundaryconditions;neitherthecontactforcenor thepositionof
thecontactsurfaceis known a priori.

Ideally, no two objectsshouldsharethe samespace.This is
the non-penetration constraint. The non-penetrationconstraint
canbe imposedusingtechniquessuchasconstrainedoptimiza-
tion techniquesor penalty-basedmethods.Dueto dualunknowns
in thecontactproblemfor deformablemodelsmentionedabove,
penalty-basedmethodsareoftenpreferred.Whenusingapenalty
basedmethod,we needto first definea penetrationpotentialen-
ergy thatmeasurestheamountof intersectionbetweentwo mod-
els,or thedegreeof self-intersectionof a deformablebody. One
of the more accuratemeasurementsof the amountof intersec-
tion is thepenetrationdepth,commonlydefinedastheminimum
(translational)distancerequiredto separatetwo intersectingob-
jects. No generalandefficient algorithmfor computingpenetra-
tion depthbetweentwo non-convex objectsis known. In fact,an�������
	

timeboundcanbeobtainedfor computingtheMinkowski
sum of two rigid, non-convex polyhedrato find the minimum
penetrationdepthin 3D [7]. No complexity boundfor this prob-
lemnoraformaldefinitionof penetrationdepthis yetestablished
for deformablemodels.

1.1 Main Contrib ution
We presenta novel, efficient approachfor estimatingthepen-

etrationdepthbetweennon-penetratingelasticbodies. The un-
derlying geometricmodelsarecomposedof polygonalmeshes.
Modelsconsistingof implicit representationsor parametricsur-
faces,suchasNURBS,canbetessellatedinto polygonalmeshes
with boundederror. We assumethat eachnon-rigid body is
modeledusing finite elementmethods(FEM) [21] in our cur-
rentimplementation[11], but thealgorithmitself is applicableto
otherdiscretizationtechniquessuchasfinite differencemethods
or spring-masssystems.We employ the fastmarchinglevel-set
method[19, 20] to precomputetheinternaldistancefield of each
undeformedmodel. Whentwo flexible bodiescomeinto contact
anddeform,thedistancefieldsarelikewisedeformedto compute
theestimatedpenetrationdepthbetweentwo deformingobjects.

Our penetrationdepthestimationalgorithmcan handleboth
self-collisionsand contactsbetweensoft objects in a uniform
manner. It balancesbetweenaccuracy andspeed,andrequiresno



assumptionor prior knowledgeaboutthe locationsof contacts.
This penetrationmeasurecan be incorporatedinto a penalty-
basedformulation to enforcethe non-penetrationconstraintbe-
tweentwo elasticbodies. This enablesefficient computationof
thecontactforceandhelpsto yield a versatileandrobustcontact
resolutionalgorithm. We have successfullyintegratedour pene-
trationdepthestimationalgorithmto computecollision response
of two elasticbodiesefficiently.

1.2 Organization
The rest of the paperis organizedin the following manner.

We briefly survey the stateof the art in section2. In section3,
wegiveanoverview of ouralgorithmandthebasicterminologies
usedin thispaper. Section4 describesthenumericalmethodused
to pre-computethedistancefield andhow it is updatedon thefly
as the objectsdeform. Section5 presentsour new penetration
depthestimationmethodfor deformableobjectsbasedon linear
interpolationof precomputeddistancefieldsandtheresultingcol-
lision response.Section6 describesthe systemimplementation
anddemonstratestheeffectivenessof our algorithm.

2 RelatedWork
2.1 Penetration Depth Computation

Thenotionof penetrationdepthbetweenoverlappingobjects
wasintroducedby Buckley andLeifer [2] andCameronandCul-
ley [4]. Several algorithms[7, 9, 16] have beenproposedfor
computinga measureof penetrationdepthusingvariousdefini-
tions.TheenhancedGJKalgorithmcanalsobemodifiedto com-
putepenetrationdepthbetweentwo convex polytopes[3]. Re-
cently, Agarwal, et al. proposeda randomizedalgorithm that
computespenetrationdepth betweentwo convex polyhedrain�����
������ ���������� ��� ����� ��� ��� 	 expectedtime for any constant����� [1]. However, all of themassumethatat leastoneof the
inputmodelsis a convex polytope.

It is well known that if two polytopesintersect,thenthedif-
ferenceof their referencevectors lies in their convolution or
Minkowski sum [10]. The problemof penetrationdepthcom-
putationreducesto calculatingthe minimum distancebetween
the boundaryof Minkowski sum of two polyhedraanda point
insideit. However, the constructionof the Minkowski sumcan
be quite expensive. In three-dimensionalspace,the sizecanbe
easilyquadraticevenfor two convex polyhedra.An

��������	
time

boundcanbeobtainedfor computingtheMinkowski sumof two
non-convex polyhedrato find theminimumpenetrationdepth[7].
Thereseemsto belittle hopeto computethepenetrationdepthat
interactive ratesbasedon someof thesewell-known theoretical
algorithms.

Few methodshave beenproposedto computethepenetration
depthfor NURBS modelsor othernon-rigid model representa-
tions. Lin, et al [15] hasrecentlystudiedthe penetrationdepth
problembetweenquasi-rigidbodiesand derived a closed-form
formulafor thefirst andsecondderivativesof this key parameter.

2.2 DistanceField

Computingtheminimumgeodesicdistancefrom a point to a
surfaceisawell known complex problem[17]. OsherandSethian

[19,20], introducedanew perspectiveonthisproblemby usinga
partialdifferentialmethodto performcurveevolution. Hoff, etal.
introducedtheuseof graphicshardwareto computegeneralized
Voronoidiagramandits correspondingdiscretizeddistancefield
[12]. Recently, thisapproachhasbeenappliedto performgeneral
proximity queriesin 2D [13].

3 Preliminaries

In this section, we define basic notationsand methodolo-
giesusedin this paper, give a brief overview of the simulation
framework usedto testour algorithm,andgive anoutlineof our
approachfor estimatingpenetrationdepthbetweendeformable
models.

3.1 Finite ElementMethods

Deformationinducesmovementof every particle within an
object.It canbemodeledasamappingof thepositionsof all par-
ticles in theoriginal objectto thosein thedeformedbody. Each
point  is movedby thedeformationfunction ! �#" 	 :

 �$%! �'&)(  	
where  representsthe original position,and ! �'&)(  	 represents
thepositionat time

&
. We limit thediscussionto thestaticanal-

ysis,hence
&

is omitted:  *$+! �  	 . Simulatingdeformationis
in fact finding the ! �#" 	 that satisfiesthe laws of physics. Since
thereareaninfinite numberof particles,! �#" 	 hasinfinite degrees
of freedom.

For simulation of deformablebodies,spring networks, the
finite differencemethod(FDM), the boundaryelementmethod
(BEM), andthefinite elementmethod(FEM) have all beenused
for discretization. In our prototypesimulator, we have chosen
FEM asthediscretizationmethoddueto its generalityanddiver-
sity. TheFEM usesapiecewiseapproximationof thedeformation
function ! �#" 	 . Each“piece” is calledanelement,whichis defined
by several nodepoints. The elementsconstitutea mesh. Since
theFEMsposerelatively smallrestrictionsonthemeshtopology,
they aresuitablefor representingavarietyof shapesandtopology.

Our algorithmusesa FEM with 4-nodetetrahedralelements
andlinearshapefunctions.However, othernon-linearshapefunc-
tionscanbe usedaswell. But, this will affect the updateof the
distancefield computation,astheobjectsdeform(section5).

The deformationfunction ! �#" 	 mapsa point in a tetrahedral
elementat  -,/. 0 (213(547698 to a new position ! �  	 . By definition,! �#" 	 movesfour nodesof anelementfrom theiroriginalpositions

:�; ,<. ��=?>@(2��=BA�(2��=BCD6 8 (FEHGJIKGJLM(
to thenew positions

N:�; ,<.'O� =?> ( O� =BA ( O� =BC 6 8 (FEHGJIKGJLMP
Thedisplacementsof thefour nodesdueto deformationis
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3.2 Simulation Framework

Giventhebasicsof FEM, we reformulatetheproblemof sim-
ulatingdeformableobjectsasaconstrainedoptimizationproblem
usingConstitutiveLaw [22] by minimizingthetotalenergy in the
systemdueto deformation.Detailsof thesimulatoraregiven in
[11]. Fig. 1 givesa brief overview of the simulatorusedto test
ouralgorithmfor computingestimatedpenetrationdepthbetween
flexible models.
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Figure1: A systemoverview showing variouscomponents
of thesimulatorusedto testouralgorithm

3.3 Overview of Our Approach

Given the finite elementmeshesof two flexible bodies,our
algorithm precomputean internal distancefield for eachunde-
formedmodelusingthe fastmarchinglevel-setmethod(sec.4).
As the two objectscomeinto contactanddeform,thealgorithm
use

1. A hierarchical sweep-and-prune[14] whentheNURB rep-
resentationsof themodelsaregiven;

2. A lazy evaluationof possibleintersectionsusingbounding
volumehierarchiesof axis-alignedboundingboxes[23].

The collision detectionmoduleidentifiesthe “regionsof po-
tentialcontacts”,aswell astheintersectingtetrahedralelements.
The intersectingtetrahedralelementsare then usedto compute
the estimatedpenetrationdepthbasedon the pre-assigneddis-
tancevaluesat thenodesof eachelement(sec.5). This is a fast
output-sensitive computationrequiring

���ZY[	
time, where

Y
is

the numberof pairsof intersectingtetrahedralelements,and is
normallysmallcomparedto thenumberof elementswithin each
model.

Since the pre-assigneddistancevaluesat eachnodeof the
tetrahedralelementsmay no longerbe valid after the deforma-
tion, we needto eitherrecomputeor adaptively updatethesedis-
tancevalues.Sincerecomputationof theentireinternaldistance

field for eachdeformedmodelcanbe ratherexpensive, we per-
form apartialrecomputationof distancefield only atandnearthe
regionsof potentialcontactsindicatedby thecollision detection
moduleandFEM simulation.We alsoensurethecontinuityand
differentiabilityof thedistancefield at theboundaryof thesere-
gions.Thevaluesof updateddistancefieldsarethenusedfor the
next simulationstep.

This processcontinuesiteratively to estimatethe penetration
depthbetweenelasticbodiesquickly and efficiently during the
simulation.

4 Inter nal DistanceFields

The Fast Marching Level Set Method was first designedto
track the evolution of fronts througha 3D space. In our appli-
cation,thesurfaceof anarbitrary3D objectis treatedasa front.
The surfaceis propagatedinwards, oppositeof the directionof
the surfacenormal. As the surfaceevolveswith uniform speed,
distancevaluesfrom thesurfaceareassignedto pointson a dis-
cretizedgrid.

The FastMarchingLevel SetMethodinput to the algorithm
consistsof a polygonalmesh.Modelsconsistingof implicit rep-
resentationsor parametricsurfaces,suchasNURBS,canbetes-
sellatedinto polygonalmesheswith boundederror. Theusermay
alsospecify the resolutionof the 3D grid, tradingaccuracy for
speed.Theoutputof themethodis adiscretizeddistancefield for
the volumeencompassedby the 3D surface. In practice,inter-
polationmethodsareusedwhensamplingthe distancefield for
penetrationdepthcomputations.

Several key termsare usedin the presentationof this algo-
rithm. A gridp oint may be marked with one of three labels:
ALIVE, NARROW BAND, or FAR AWAY. An ALIVE point
representsa grid point who hasalreadybeenassigneda distance
value.A NARROW BAND pointrepresentsapointontheevolv-
ing front. A FAR AWAY point representsa point without anas-
signeddistancevalue.

4.1 Initialization

To computedistancevaluesfor an arbitrary object requires
initializing thelocationof thesurfacewithin a 3D grid. For each
triangleof thepolygonalmesh,anaxis-alignedboundingbox is
created.Distancevaluesfor eachgrid point in theboundingbox
are then defined. When the initialized value is greaterthan or
equalto zero, the grid point lies outsideof the objector on the
surface.Thesegrid pointsaremarkedALIVE. Whenthedistance
value is negative, it lies inside the object,and the grid point is
markedNARROW BAND.

Thesetof NARROW BAND pointsrepresentsthosewithin a
neighborhoodof thezerolevel set. Restrictingwork to only this
neighborhoodof thezerolevel setyieldsaconsiderablereduction
in computationalcost. This methodof computationis known as
thenarrow bandapproach, andis discussedin detail in [20].

4.2 Marching

Once the surface has been initialized in the 3D grid, the
marchingphaseof thealgorithmmay commence.At eachstep,



thegrid point with theminimumdistancevalueis extractedfrom
thesetof NARROW BAND grid points. Thedatastructureun-
derlying this phaseof the algorithmis discussedin section4.3.
Upon selectionof the minimum valuedNARROW BAND grid
point, it is marked ALIVE, andany FAR AWAY neighborsare
movedto thesetof NARROW BAND points.Thedistancevalue
for eachneighboringNARROW BAND point is thenupdatedby
solvingfor \ in thefollowing equation,selectingthelargestpos-
siblesolutionto thequadraticequation:E] = ^`_ ,ba c �ed*�Jf
where

c*, ��gih7j��Zkml > \ �on 0p kml > l > \ (5k � > \ �-n 0p k � > � > \ ( � 	2	2q

wherethefinite differencesaregivenbyk � > , \ = � � T \n 0k l > , \ T \ = l �n 0k � > � > , \ = � q T p \ = � � � \p n 0kml > l > , \ T p \ = l � � \ = l3qp n 0
Similarly,

d , ��gih7j��Zkml A \ � n 1p kml A l A \ (5k � A \ � n 1p k � A � A \ ( � 	2	2q
f , ��gih
j��Zkml C \ � n 4p kml C l C \ (rk � C \ � n 4p k � C � C \ ( � 	2	2q

The term
] = ^`_

representsthe speedof thepropagatingfront.
Becausewe wish to find thedistancefrom eachpoint to thesur-
face,this valueis uniform(constant)in ourapplication.

Theequationsusea secondorderschemewhenever possible
to producehigheraccuracy. Thatis, both \ = � q and \ = � � mustbe
ALIVE in orderto compute

k � > � > , k � A � A or
k � C � C , where\ = � q � \ = � � . The choice of when to use the secondorder

schemesimply dependson whethertwo known (ALIVE), mono-
tonically increasingvaluesexist asneighborsof thetestpoint. If
not, thenthefirst orderschemeis used.

Thisprocessof selectingaminimumNARROW BAND point,
marking it ALIVE, and updatingneighborscontinuesuntil no
NARROW BAND pointsremain.This algorithmto computean
internaldistancefield for eachobjectcanbesummarizedasfol-
lows.

GridPoint G;
InitializeGrid();
heap = BuildHeap(); //NARROW_BAND POINTS
while (heap.isEmpty() != TRUE)
{

G = heap.extractMin();
G.status = ALIVE;
markNeighbors(G);
updateNeighbors(G);

}

4.3 Data Structur es

To satsify the needfor an efficient sorteddatastructureand
retainspatial information, we useboth a minimum heapstruc-
ture anda 3D array. Eachheapnodecontainsa pointer to the
3D array grid point that it references. Similarly, eachNAR-
ROW BAND grid point in the 3D arraypointsto a nodein the
heap. ALIVE and FAR AWAY points have NULL pointersas
only NARROW BAND pointsareincludedin theheap.

4.4 Partial Updateof DistanceField

Whenan objectdeforms,the simulatoridentifiesthe regions
of deformationusingthecollision detectionmodule.This infor-
mationis thenusedto quickly updateportionsof theinternaldis-
tancefield.

4.4.1 Collision Detection
For collision detection,we usethe hierarchical sweep-and-

prunedescribedin [14], whentheoriginal,correspondingNURB
representationsof the modelsareavailable. Eachsurfacepatch
is subdividedinto smallerpatchesandrepresentedhierarchically.
Eachleaf nodecorrespondsto a splinepatchwhosesurfacearea
is lessthananinputparametern usedin generatingthepolygonal
meshesof thepatch. Theresultingtreehasa shallow depthand
eachnodecan have multiple children. An axis-alignedbound-
ing box is computedfor the control polytopeof eachpatchand
dynamicallyupdated.At eachlevel of hierarchy, thesweep-and-
prune[6] is usedto checkfor overlap of the projectionsof the
boundingboxes onto 0 TX(213TX(#4ST axes. Only when the boxes
overlap in all threedimensions,a potentialcontactis returned.
Coherenceis exploited to keep the runtime linear to the num-
ber of boundingboxesat eachlevel. The resultinghierarchical
sweep-and-prunecanbeefficiently employedto checkfor poten-
tial overlapsof thehierarchies.

If theNURB representationsof themodelsarenot available,
we lazily constructthe bounding volume hierarchies(BVHs)
basedon axis-alignedboundingboxesfor eachmodelon thefly
andcheckfor collision betweenthemusingthesebinary BVHs.
For moredetails,wereferthereadersto [23].

4.4.2 Lazy Evaluation
Given the regions of potential contactsreturned(as one or

moreboundingboxes)by thecollisiondetectionmodule,weper-
form partialupdateof the internaldistancefield by only recom-
putingthedistancevaluesateachgrid pointwithin theseregions.
With suchmethodsas FEM andfinite differencemethods,this
informationis easyto obtain. Thesemethodstreatobjectsvolu-
metrically, andthereforethey retain informationon how far the
effectsof deformationhave propagatedthroughouttheobject.

Giventheboundingbox,asecond3D grid is createdthatover-
lays the first. The algorithmto computethis partial grid is the
samealgorithmpreviously described;thesavingsin computation
timecomesfrom thereductionof thenumberof grid pointsbeing
computed.Oncethemarchingcompletes,we have two datasets
thatneedto becombinedwhile preservingthecontinuityanddif-
ferentiabilityof thesolutions.

In practice,theseseparatedatasetsare almostalways con-
tinuous. We verify continuity by examiningthe gradientacross



the borderof the two sets. In rarecaseswherethedatasetsare
discontinuous,otheroptionsareavailable.

Oneoptionis to linearinterpolatethetwo datasetsto obtaina
continuoussolution. This option is only viablewhenthedegree
of discontinuityis low. In caseswherethe resultingdataset is
highly discontinuous,theentireobjectis recomputed.In our test
applications,this situationnever occurred.This is dueto theac-
curacy of theboundingboxesfor partialupdategeneratedby our
collisiondetectionandFEM algorithm.

5 Penetration Depth Estimation
When using the penaltybasedmethod,we needto first de-

fine a penetrationpotentialenergy sutFvxwyv#z �#" 	 that measuresthe
amountof intersectionbetweentwo polyhedra,or the degreeof
self-intersectionof a singlepolyhedron.This definition requires
anefficientmethodto computeit, its first andsecondderivatives.

5.1 Defining the Extent of Penetration

Thereareseveral known methodsto definethe extent of in-
tersection.Thenode-to-nodemethodis thesimplestway to com-
pute s tDv#wyvxz �#" 	 . This methodcomputess tDv#wyvxz �#" 	 asa function
of thedistancesbetweensampledpointson theboundaryof each
objects. The drawbackof this methodis that oncea nodepen-
etratesboundarypolygons,therepulsive forceflips its direction,
andinducesfurtherpenetration.Suchpenetrationoftenoccursin
intermediatestepsof theaggressive numericalmethods.Further-
more,oncea nodeis insidea tetrahedralelement,it is no longer
clearwhichboundarypolygonthenodehasactuallypenetrated.

Themostcomplicatedyet accuratemethodis to usetheinter-
sectionvolume. Using this method, sutFv#w�v#z �#" 	 is definedbased
onthevolumeof intersectionbetweentwo penetratingpolyhedra.
Sincepolyhedradeformassimulationstepsproceed,it is difficult
to createandreuseprevious datafrom the original model. Fur-
thermore,it is susceptibleto accuracy problemsanddegenerate
contactconfigurations.So,efficient computationof the intersec-
tion volumeis ratherdifficult to achieve.

Wehavechosenamethodthatprovidesabalancebetweenthe
two extremesby computinganapproximatepenetrationdepthbe-
tweendeformableobjects.With ourmethod,s tFvxwyv#z �#" 	 isdefined
asa functionof distancesbetweenboundarynodesandboundary
polygonsthatthenodespenetrate.We define

s tDv#w�v#z �#" 	 ,|{X}�~ q (1)

where ~ is the minimum distancefrom a boundarynodeto the
intrudedboundaryand { is apenaltyconstant.

5.1.1 Estimating Penetration Depth
Our algorithm estimatesthe computationof the penetration

depth ~ by replacingit with the linear interpolation O~ of pre-
assigneddistancevalues:

O~�,
� � ~ � � � q ~ q � �3�K~�� � �#E�T � � T � q T �3� 	 ~�� (2)

where ~ � ( ~ q ( ~�� and ~�� aredistancevaluesat the four nodesof
eachtetrahedralelement.Thesedistancevaluesaresampledfrom
thedistancefield generatedby thefastmarchinglevel setmethod
as describedin section4. � � ( � q and �3� are the interpolation

Figure2: LEFT: The distancefield of a sphere.RIGHT:
The distancefield of a deformedspherecomputedusing
linearinterpolationof theprecomputeddistancefield.

parametersderivedfrom theshapefunctionsof theelements,and� G � =�G|E , EXGJIKG�� .
Oncean accuratevalueof distanceis assignedto eachnode,

no matterhow the meshis deformed,the valueof O~ is quickly
computedat any point insidethe object. Figure2 shows an ex-
amplewherethedistancefield of asphereis quickly re-computed
asthespheredeforms.

This approximateddistancefield sharesa few propertieswith
theexactdistancefield. Someof thesepropertiesareessentialfor
propercomputationof penaltyforcesandtheir derivatives:

1. It vanisheson theboundarypolygons.
2. It is twice differentiableinsidetheelementsand fH� contin-

uouseverywhere.

n 2

n

n

n

4

3

1 m

Figure3: A nodem penetratesinto anothertetrahedralel-
ement.Thedistancebetweenm andtheredtriangleis the
penetrationdepth.

A hierarchicalsweepandprunemethod[14] oralazycollision
evaluationbasedonboundingvolumehierarchiesof axis-aligned
boundingboxes[23] is usedto find eachinstancewhereabound-
ary nodefrom oneelementpenetratesanotherelement.Suppose
a boundarynode � is within anelementwith nodes:�� ( :�� ( :��
and :�� asshown in Figure3. � canbewritten in termsof linear
interpolationof : � (DPDP`PD( :�� :
��,
� � : � � � q : � � � � : � � �#E�T � � T � q T � � 	 :�� (3)

O~ at � is obtainedby solvingEqn.2 andEqn.3:

O~�,�. ~ � T ~ � ( ~ q T ~ � ( ~ � T ~ � 6S� l � . � T :�� 6 � ~ � (4)

where � ,�. :�� T : � ( :�� T : � ( :�� T : � 6



Figure4: A snake swallowing an apple from a bowl of fruits

s�tDv#wyvxz �#" 	 is computedby using O~ insteadof ~ in Eqn.1.
This algorithm is insensitive to which object (or connected

mesh)thenodes� and : belongto. Therefore,self-intersections
and intersectionsbetweentwo objectsare treatedin a uniform
manner. It is alsorobustenoughto recover from penetrationsof
significantdepth.

6 Implementation and Results

We have implementedthe algorithm describedin this paper
and have successfullyintegratedit into a moderatelycomplex
simulationwith videoclips shown at ourprojectwebsite:

http://www.cs.unc.edu/� geom/DDF/

We usedMayadevelopedby Alias �Wavefront to generatethe
modelsusedin our simulationsequences.We useda public do-
main meshgenerationpackage,SolidMesh[18], to createtetra-
hedralelementsusedin our FEM simulation. Renderingof the
simulationresultswas displayedusingOpenGLon a 300MHZ
R12000SGI Infinite Reality.

6.1 Demonstration

Figure4 aresnapshotsfrom a simulationsequencewherea
snake swallows a deformableredapplefrom a bowl of fruit. The
snakeandtheapplemodelshaveatotalof 23,000elements.Eight
majorkeyframeswereusedto setthepositionalconstraints.The
deformationof theappleandthesnakewascomputedby thesim-
ulatorusingouralgorithmto estimatepenetrationdepthsbetween
deformablebodies.

6.2 Choiceof Grid Resolution

The choiceof the grid resolutionhasa significanteffect the
runtimeperformanceandaccuracy of thedistancefield computa-
tion usingfastmarchinglevel-setmethods.In fact,fastmarching
level-setmethodsrunsin

��� { � q 	 worst-casetimeusingthe“nar-
row bandapproach”[20], giventhegrid resolutionof

�
x
�

x
�

and { is the numberof cells in the narrow band. Table1 gives
anexampleof thecomputationresultsusingdifferentgrid resolu-
tionsonasphereof

E �y�y� triangleswith thecorrectdistancevalue
of 1.0at thecenterof thesphere.

Note that the computedvaluesfor the internaldistancefield
aremuchmoreaccurateat theregionsnearthesurfaceof theob-
ject. This is appropriatefor ourapplicationwherethepenetration
is normallynot deep.Thedeviation betweenthecorrectdistance

Resolution Ctr Value Dist. Field 1/8 D. Field

60x60x60 0.921986 57.4696 2.02469
55x55x55 0.916389 28.9428 1.16319
50x50x50 0.912209 17.4810 0.71547
40x40x40 0.898008 3.81680 0.29566
30x30x30 0.878681 0.52117 0.08658
20x20x20 0.875549 0.10853 0.02734

Table1: Theeffectof grid resolutionson theaccuracy and
performance(in seconds)of distancefield & partialupdate
computations

valueandthecomputeddistancevalueat thecenterof thesphere
indicatesthemaximumerrorpossibledueto theaccumulationof
numericalinaccuracies,asthelevel-setcomputationmarchingin
towardthecenter.

6.3 Partial Updateof DistanceFields

Table1 alsoillustratestheperformancegainin computingpar-
tial updateof thedistancefield over therecalculationof theentire
distancefield. Thelasttwo columnsof Table1 give thecomputa-
tion time (in seconds)requiredfor computingtheentiredistance
field of thespherevs. updatingonly

EF���
of its distancefield. The

speedupis quitesubstantial,especiallyfor thosewith highergrid
resolutions.

Figure5: Partial distancefield updateof anapple(LEFT)
anda crosssectionof a deformedsphere(RIGHT)

The timing (in seconds)for partial updatevs. completere-
computationof the distancefields for variousmodels,including
a torus,anappleanda deformedsphere(Fig. 5), is given in Ta-
ble2. Notethatthetorusmodelwith moretrianglesandthesame
grid resolutiontakes lesstime to computethana simplerapple
modewith far lesspolygons.This is dueto thefactthatthetorus



modelonly occupiesa smallportionof thegridsallocated;while
theappleoccupiesmajority of thegrid spaceallocated.

Model Resolution Tri’s Dist. Field 1/8 D. Field

Torus 50x50x50 2048 1.04334 0.290281
Apple 50x50x50 384 10.6384 0.958958
Sphere 50x50x50 972 5.21021 0.516960

Table2: Timing (in seconds)on partialupdateof thedis-
tancefield vs. therecomputationof theentiredistancefield

6.4 Discussion

Although our currentimplementationis basedon the useof
FEM simulator[11], our algorithmcanbeappliedto simulation
methodsusingfinite differencemethods(FDM) andwill require
little modification. Onecanreplacethe linear interpolationstep
usingshapefunctionsof FEM (explainedin section5) with a lin-
earinterpolationsuitablefor FDM. For thespring-masssystems,
eachmasscanbeconsideredasanodeof eachfinite elementand
thesameformulationwill apply.

Thereis somelimitation to our approach.Our methodcom-
putesthe internaldistancefields within eachobject. Therefore,
it is not bestsuitedfor handlingself-penetrationof very thin ob-
jects,suchascloth or hair, which areoftenencounteredin char-
acteranimation.

7 Summary

As the frontier of roboticsextendsbeyond its traditionaldo-
mainsand into medicaland other more advancedapplications,
modelingdeformationbecomesakey componentfor roboticsim-
ulation. In this paper, we presenta fastpenetrationdepthestima-
tion algorithmbetweenelasticbodiesfor simulatingcomplex de-
formationdueto non-penetrationconstraintsusingpenalty-based
methods.And, wedemonstrateits efficiency andeffectivenesson
moderatelycomplex simulationscenarios.
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