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Abstract—This paper presents enhancements to a surrogate- are usually obtained during one or more generations of a clas-
assisted evolutionary optimization framework proposed earlier sjcal evolutionary search. The statistical global model is then
in the literature for solving computationally expensive design exploited by the evolutionary algorithm as an auxiliary fitness

problems on a limited computational budget [1]. The main function i der t t th imum amount of information
idea of our former framework was to couple evolutionary unction in oraer to get the maximum amount o o 0

a|gorithms with a feasible Sequentia| quadra’[ic programming out of these initial data pOintS. Subsequently, the statistical
solver in the spirit of Lamarckian learning, including a trust- models are updated online based on new data points obtained

region ap_proach for interleaving the true fitness fgnction With during the surrogate-assisted evolutionary search [2], [3], [4].
computationally cheap local surrogate models during gradient- - ajiernatively, the hybrid surrogate-assisted evolutionary opti-

based search. In this paper, we propose a hierarchical surrogate- . tion framework m mol trust-reqion roach in th
assisted evolutionary optimization framework for accelerating the MZaliON framework may employ a trust-region approac e

convergence rate of the original surrogate-assisted evolutionary €volutionary search for interleaving use of the exact models
optimization framework. Instead of using the exact high-fidelity ~for the objective and constraint functions with computationally

fitness function during evolutionary search, a Kriging global cheap local surrogate models during Lamarckian learning [1].
surrogate model is used to screen the population for individuals Lamarckian learning forces the genotype to reflect the result of

that will undergo Lamarckian learning. Numerical results are . - . Lo
presented for two multi-modal benchmark test functions to show improvement by placing the locally improved individual back

that the proposed approach leads to a further acceleration of the into the population to compete for reproductive opportunities.
evolutionary search process. In this paper, we present a preliminary investigation into

a hierarchical surrogate-assisted evolutionary optimization
framework for computationally expensive problems. The hi-
In recent years, Evolutionary Algorithms (EAsS) have beesrarchical optimization framework considered in this study
successfully applied to many complex engineering desitmings together a number of ideas proposed in the literature
optimization problems. Its popularity lies in the ease of impld4], [2], [5]. We would like to highlight that the present
mentation and the ability to arrive close to the global optimumvork is mainly motivated by the lack of studies in the
design. However, high computational costs associated with titerature on combining global and local surrogate models
use of high-fidelity simulation models pose a serious impedis well as suitable hierarchical surrogate-assisted frameworks
ment to the successful application of Evolutionary Algorithmfor evolutionary optimization of computationally expensive
(EAs) to engineering design optimization. This is primarilproblems. In other words, we show how global and local
because a single function evaluation (involving the analysis sdirrogate models can be synergistically combined to accelerate
a complex engineering system) often consumes many minukess.
to hours of computer time and EAs typically require thousands The remainder of this paper is organized as follows. In the
of fitness function evaluations to locate a near optimal solutionext section, we briefly describe the structure of a general
One promising way to significantly reduce the computationalirrogate-assisted evolutionary optimization framework. Sec-
cost of EAs is to employ computationally cheap surrogat®n Il presents the proposed hierarchical surrogate-assisted
models in place of computationally expensive fitness evalavolutionary optimization framework which employs both
ations. By introducing surrogate models, the computationglbbal and local surrogate models to accelerate convergence.
burden can be greatly reduced since the efforts involved Tine results of numerical studies conducted on two benchmark
building the surrogate model and optimization using it arest functions are presented and discussed in Section IV while
much smaller than the standard approach of direct coupliggction V summarizes the major conclusions.
the simulation code with the optimizer.

Many existing evolutionary frameworks for solving compu-
tationally intractable problems consist of building a statistical
global model of the fitness landscape from a small number ofIn this section, we give a brief overview of the general
data points that represents the search space. These data psurt®gate-assisted evolutionary optimization framework for

I. INTRODUCTION

Il. SURROGATE-ASSISTEDEVOLUTIONARY
OPTIMIZATION FRAMEWORK



BEGIN
Initialize: Generate a database containing a population
of designs.

computationally expensive problem. Several efforts in the area

have been made over the recent years, particularly using

Genetic Algorithms (GA) and Evolutionary Strategies (ES - S .

[11, [2], [4] 9[5] A y g (ES) (Optional: upload a historical database if one ex)sts
The basic evolutionary algorithm will not be described here, While (computah_one_ﬂ_budge_t not exhaus)e_d )

the reader is referred to the literature for a detailed exposition; ~* Evaluate all individuals in the population using the

see, for example, [6]. The outline of a typical surrogate- exact models for a pre-defined number of EA gen-
assisted evolutionary optimization framework is shown in erations.

Figure 1. In the first step, a database is initialized using a  * Proceeds according to the strategies employed in the
population of designs, which are generated either randomly surrogate-assisted evolutionary optimization frame-
or using design of experiments techniques such as Latin hy- work.

percube sampling, orthogonal arrays, orthogonal array-based * APPply standard EA operators to create a new popu-
Latin hypercube sampling. All the design points thus generated lation.

and the associated exact values of the objective and constraint End While
functions are then archived in the database that will be END
used later for constructing global or local surrogate models.
Alternatively, one could also use a database containing tﬁ%‘mléw
results of a previous search on the problem or a combination
of the two or the database builds dynamically up as the search
progresses. Subsequently, with ample design points in
database (i.e., this is often after some pre-defined numbe%?
EA search generations using the exact fithess function), the
search proceeds according to the strategies employed in the

surrogate-assisted evolutionary optimization framework. I1l. HIERARCHICAL SURROGATEASSISTED

Ratle[7] examined a strategy for integrating GAs with EVOLUTIONARY OPTIMIZATION FRAMEWORK
Kriging models. It uses a heuristic convergence criterion to
determine when an approximate model must be updated. Thd'he hierarchical framework begins with the initialization
same problem was revisited by El-Beltagy et al. [3], wher@f @ population of design points, which are evaluated using
it was argued that the issue of balancing the concerns tBf exact fitness function. These design points then form the
optimization with those of design of experiments should H&aining dataset used later for constructing surrogate models.
addressed. Jin et al. [4] coupled ES with neural network-badei@ure 2 summarizes a hierarchical surrogate-assisted evolu-
surrogate models. In their approach, an empirical criterion wignary optimization framework that employs both global and
proposed to decide the frequency at which the expensive dfgal surrogate models.
approximate models should be used throughout the search. lin the present investigation, Radial Basis Function (RBF)
Song et al. [8], a real-coded GA was coupled with Krigingnd Kriging are employed as the local and global surrogate
for firtree structural optimization. A strategy for coupling ESnodels, respectively. Since local surrogate models will prob-
with local search along a quadratic response surface model vaaty be built thousands of times during search, computational
proposed in Liang et al. [10]. A parallel hybrid EA frameworlefficiency is a major concern. This consideration motivates the
that leverages local surrogate models for solving computatiarse of radial basis function networks, which can be efficiently
ally expensive design problems with general constraints wagplied to approximate multiple-input multiple-output data,
proposed in [1] and further extended in [11] to incorporatearticularly when a few hundred data points are used for
gradient information in the approximation process. training.

In general, most existing strategies employed in surrogate-ncidentally, to be efficient and effective for complex en-
assisted evolutionary search typically involve considering oggneering design optimization, the selected global surrogate
or more of the following issues listed below: model should retain the characteristics of modest computa-

* steps to control the switch between surrogate modgbnal complexity and accurate representation of the global

and exact fitness function, for example, individual otrends of the fithess landscape [2]. A statistically rigorous
generation levels or using a trust-region approach, alternative to RBF approximation is the idea of Bayesian in-

Outline of a General Surrogate-Assisted Evolutionary Optimization
ork.

imization frameworks for high-fidelity engineering design
blems, the reader may refer to [12].

* the choice of approximation technigues, terpolation or regression which is also referred to as Gaussian

* defining the sample points and data used for surrogaieocess regression in the neural networks literature and Krig-
modeling, ing in the geostatistics literature. It is generally recognized as

* creating global or local surrogate models, a powerful tool for modelling and estimation. Hence, Kriging

* working with non-linear equality/inequality constraints, interpolation is chosen since it retains the aforementioned

* parallelism, and last but not least, features. Besides, the Kriging method is statistically more

* convergence guarantee schemes. meaningful and also allows the possibility of computing error

For a review of existing surrogate-assisted evolutionagstimates for the predicted outputs.



A. Global Surrogate Modelling The main computational cost involved in constructing Krig-
In the present hierarchical optimization framework, a globH19 models occur in the maximum likelihood estimation phase.
Kriging model is built using all the design data points in th&!€re, & nonlinear optimization technique has to be employed
database. The computationally cheap global surrogate modédPiestimate the hyperparameters by maximizing a likelihood
then used in place of the exact fitness function for evaluatifignction. Evaluation of the likelihood function requires fac-
all individuals in the EA population. The role of the globaforization of the correlation matriR which scales a®)(n?).
surrogate model consider here is to identify potentially promi§©r this reason, constructing a Kriging model for cases with
ing areas in the search space. An obvious and commonly u§agfe than two thousand points can be computationally very
metric is the absolute fitness value pre-evaluated using §PENSive. As an aside, we would like to point out here that
global surrogate [5]. Alternatively, the estimated error of theSing @ data parallel approach [14], it is possible to apply
predicted fitness may be taken into consideration. JonesKtging to dataset with tens of thousands of points.
al. [13] proposed the expected improvement approach, whiBh Local Surrogate Modelling
attempts tp achieve a balance between seeking p_romising_ areagpsequently, the members in the population are pre-
of the design space based on both the absolute fitness critefignated and rank sorted based on the global surrogate model.
and the uncertainty in the surrogate model. The first mechanism of the hierarchical framework lies in the
Let {x",y;,i = 1,2,...,n} denote the training dataset,,se of the global surrogate model as a screening operation such
wherex & R? is the input vector ang/ € R is the output. ¢ only the topr percentage individuals in the EA population
The Kriging model can be expressed as: undergo the Lamarckian learning process, where o <
y(x) = B+ Z(x), 1) 100% is a percentage value_ which is specified by the user.
The local strategy or local improvement procedure used in
where 3 represents a constant term of the model, afiet) the Lamarckian learning process is a trust-region approach for
is a zero mean Gaussian stochastic process. The covarignegrleaving the exact fitness functions with computationally
matrix of Z(x) is given by cheap local surrogate models during local search in the spirit
i ; 9 i of Lamarckian learning [1]. The local surrogate models are
Cou(Z(x"), Z(x7)) = " R(x', %), (2) built dynamically usinggo[nl]y portions of the gesign points in
where o? is the so called process variance aRd..) is the the database and interpolating radial basis function networks
correlation function. Different types of correlation function®f the form "
can be employed. A commonly used type of correlation §= ZaiK(Hx—x"’H), (6)
function is the Gaussian kernel P

where K(||x — x¢||) : R? — R is a radial basis kernel and
a={ay,as,...,a,} € R denotes the vector of weights.

Typical choices for the kernel include linear splines, cubic
wheref, > 0 and0 < p, < 2 are the hyperparametersspjines, multiquadrics, thin-plate splines, and Gaussian func-
Note that the above equation asserts that there is a compigd@is [15]. Given a suitable kernel, the weight vector can be
correlation of a point with itself and this correlation detericomputed by solving the linear algebraic system of equations
orates rapidly as the two points move away from each othgr, — y, wherey = {y1,v2,...,yn} € R™ denotes the
in the parameter space. The choiceppf= 2 would provide yector of outputs and € R"*" denotes the Gram matrix
enough flexibility for modelling smooth and highly non-lineaggrmed using the training inputs (i.e., thigth element ofK
functions for most cases. is computed ag< (||x" — x7||)).

The hyperparameters in the Kriging model can be estimatedn the present study, we use linear splines to construct
by maximizing a likelihood function using numerical opti-surrogate models since experimental studies in the literature
mization techniques. Once the hyperparameters are obtaingdsuggest that this kernel is capable of providing models
from the training data, the function value at a new point cagith good generalization capability at a low computational

R(x',x7) = H exp(—0|zk — mi\p’”‘), 3
k=1

be predicted by cost. The local improvement procedure embeds a Feasible
cooky Ay Tp—1 3 Sequential Quadratic Programming optimizer (FSQP) within
= R -1 4 _ .
) = f+x (v = 15), @ the trust-region framework, which ensures convergence to a
where R € R"*" is the correlation matrix andL = stationary point or local optimum of the exact computationally
{1,1,...1}7 e R". expensive fitness function [1], [16]. More specifically, for

The posterior variance of the predictiah(x*) is given by each non-duplicated individuals among the top ranking
percentage in the population, the local strategy proceeds with

2k 2 1 (1-1TR"'r)?) :
S(x*)=c* [l —rR 7 'r + W] (5) a sequence of trust-region subproblems of the form
S
o e . . ik k
where r(x) = {R(x,x!),..., R(x,x")} is the correlation M“_mmlze . kf (x fxc)
vector between the new poistand the points in the training Subject to: gi(x+x:)<0,i=1,2,....p  (7)

dataset. l|x|| < QF



wherek = 0,1,2,..., knazs f(:c) and g(z) are the approxi- is defined by
mation functions corresponding to the objective functfdm) k41 ok P
and constraint functiom(x) respectivelyx® and Q% are the Xe =X, >

initial guess and the trust-region radius used for local search =xp, if pF <. (11)

at iterationk, respectively. In practice, thé., norm can be 1ne tryst-region process for an individual terminates when the
employed to impose the second constraint in Eqn. (7). HeNggayimum number of trust-region iterations permissiklg, .,

this constraint can be transformed into appropriate bounds 9ty configurable by the user is reached. Lamarckian learning
the design variables, which is updated at each trust-regigy proceeds if thé, .. local optimum solution obtained is

iteration based on the value @fk ~ animprovement over that of the initial individual.
For each subproblem (or during each trust-region iteration),

surrogate models of the objective and constraint functiorfs; Convergence Criteria
viz., f¥(x) andg¥(x) are created dynamically. The nearest  Using the hierarchical surrogate-assisted evolutionary opti-
neighbors of the initial guesst®, are extracted from the mization framework in Figure 2, a convergence criteria has
archived database of design points evaluated so far usingbe defined to decide when the global surrogate model
the exact analysis code. The criterion used to determinmust be updated with new sample points obtained using the
the similarity between design points is the simple Euclideaxact fithess function. The convergence criteria introduced in
distance metric. These points are then used to construct Ig@lis used in the present study and convergence is assumed
surrogate models of the objective and constraint functions.to occur when there are zero improvements in the solution
The surrogate models thus created are used to facilitate tver the lastA generations, wherd is another user-defined
necessary objective and constraint function estimations in taue. Hence, if no improvements in the solution can be found
local searches. During local search, we initialize the trusafter A generations, the subsequent population of individuals
region © using the minimum and maximum values of thevill be evaluated based on the exact fitness function and
design points used to construct the surrogate model. Aftle global surrogate model is updated with these new design
each iteration, the trust-region radi2§ is updated based on apoints. Otherwise, the search continues with the former global
measure which indicates the accuracy of the surrogate modesatrogate model.
the kth local optimum,x¥ . After computing the exact values Note that apart from the parameters used in the surrogate-
of the objective and constraint functions at this point, the figusssisted evolutionary optimization framework in [1], the pro-
of merit, p*, is calculated as posed hierarchical optimization framework under study has
two additional user-specified parametersand A.

k : k k .
= f =1,2,... 8
P min(py, pg, ), for i 1S b (8) IV. EMPIRICAL RESULTS

where In this section, we present numerical studies on two multi-
. L A . modal benchmark test functions to investigate the convergence
ph = Ji(xc) - fA(Xlo) and pF = ?i(xc) - ?i(xlo) (9) Properties of the Hierarchical Surrogate-Assisted Evolutionary
f(xF) — f(xF) I gi(xE) — gi(xg,) Optimization Framework (HSAGA). We employed a standard
) . GA with population size of 50, uniform crossover and muta-
The above equations provide a measure of the actual Vergys gperators at probabilities 0.6 and 0.001, respectively. A
predicted change in the objective and C(zn_stramt functiqflear ranking algorithm is used for selection. Besides the stan-
values at theith local optimum. The value of" is then used a4 GA, a performance comparison to our original Surrogate-
to update the trust-region radius as follows [17]: Assisted Evolutionary Optimization Framework (SAGA) [1]
) is also considered in the present study. The SAGA adopts the
QP = 02508, if pt < 0.25, same parameter configurations as the standard GA. However,
= Ok, if 0.25 < p* <0.75, (10) apart from the standard GA settings, the two user-specified
= £QF, if p* > 0.75, parameters of the SAGA are, 1) number of nearest neighboring
data points used to construct the local surrogate medeind
where¢ = 2, if ||x} —x¥|[c = Q% or& = 1,if ||x} —xF||« <  2) maximum trust region iterations,,,.. are configured to be
Ok, 100 and 3, respectively.

The trust-region radiusQ”®, is reduced if the accuracy of
the surrogate, measured by is low. Q¥ is doubled if the _ o _
surrogate is found to be accurate and ftle local optimum, _T_he_ f|_rst benchmar_k_probler_n adopted in this study involves
xk | lies on the trust-region bounds. Otherwise the trust-regiéfnimizing the Rastrigin function [18]:
radius remains unchanged. F(x) =100+ " (22 — 10 cos(272;)) (12)

The exact solutions of the fitness functions at thie local 512 < 2 <5124 =12 n
optimum are combined with the existing neighboring data TreTr =TT AR
points to generate new surrogate models in the subsequerftigure 3 shows a plot of the Rastrigin test function for
trust-region iterations. The initial guess for thel iteration 2 dimension. The function is highly multi-modal, having

A. Rastrigin Test Function



BEGIN

Initialize: Generate a database containing a populatiol

of designs.

Construct global Kriging model using all available design

points in the database.

Set global fitness function := Global surrogate model

While(computational budget not exhausyed

e Evaluate all individuals in the population using the

global fitness function.

e For each non-duplicated top rankirgpercent indi-

viduals in the population,

x Apply trust-region enabled FSQP solver to the in-
dividual by interleaving the exact fithess function
and RBF local surrogate model for the local fithess

function.

x Update the database with any new design points

generated during the trust-region iterations to-

gether with their exact fithess values.

Fig. 3. Rastrigin benchmark test function of 2 dimension

x Replace the individuals in the population with

the locally improved solution in the spirit of

Lamarckian learning.
End For

e Apply standard EA operators to create a new popu

lation.

e If (global fitness function := Exact fitness function) .
* Update database with any new designs generat¢ A

using the exact model.

* Update the global surrogate model using all desigi
points in the database (note that at this point
the database contains both the previous and ne

design points).
End If
e If (convergence over global surrogate model)

global fitness function := Exact fitness function

Else

!
R
M
e
!"'I::: il m',l'ﬁ

4
e
) kA .
i
i
R

A

e
S
e
\I““

Fig. 4. Ackley benchmark test function of 2 dimension

global fitness function := Global surrogate model

End If

End While
END

Fig. 2.
work.

many local minima surrounding the global minimum. It is
separable function. A twenty dimensional (n = 20) version g

the test function is used here in the numerical studies.

B. Ackley Test Function

Figure 4 shows a plot of the Ackley test function for 2
dimension. It is also a highly multi-modal function with many
local minima and a global minimum located at (0,...,0). A 20
dimensional (n = 20) version of the function is used in the

Hierarchical Surrogate-Assisted Evolutionary Optimization Framg@resent study. It has a very rugged landscape and is difficult

to search for most optimizers.

The effects of §) and (A) parameters on the convergence
trends of HSAGA are presented in Figures 5-10. Figures 5 and
present the convergence trends of the HSAGA framework
on the 20-variable Rastrigin and Ackley test functions, respec-
tively, for three different configurations on the top percentage
ranking individuals witho N,,,,=1 (i.e., representing the elitist
strategy),c of 40% and 80%, but with the convergence crite-

The second benchmark problem adopted in this studyrign, A kept constant at 4V,,,, is the EA population size. The

minimization of the Ackley function [19]:

—0.2 % Zn: z?
f(z) =20+ e — 20e =t
32768 < x; < 32.768,i = 1,2,...,n.

results indicate that the setting of significantly affects the

performance of the HSAGA. It is shown that the HSAGA tends
to stall much earlier on both test problems when only the elite
individual is permitted to undergo the Lamarckian learning
process (see trace HSAGA-Elitist in Figure 5 and Figure 6).



would affect significantly on the abilities of the HSAGA in
attaining high search efficiency towards good quality designs,
even though the Ackley function is less affected. A larger value
of A tends to reduce the number of calls to the computationally
expensive exact fitness function and Kriging approximation,
and hence faster convergence. However, the search could stall
easily due to the inaccuracy of the global surrogate model,
leading to convergence to false optima. On the other hand,
a small value of A may result in performing the global
approximation too frequently. This may cause a problem as
the computational cost of the Kriging approximation scales
as O(n?®). Nevertheless, our empirical studies shows that the
HSAGA was able to generate better search performance when
A is configured as 2 on both multi-modal test problems.

Fitness Walue

D 1 1 1 1 1
0 1000 2000 3000 4000 5000 6000
Fitness Function Evaluation Count
200
180 F \“\ 4
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O 0 am w0 mm = e With respect to the standard GA, the results clearly show
Fitness Function Evaluation Count that the HSAGA is capable of converging to good designs at
a significantly lower computational budget. In addition, the
Fa s C rends of GA and HSAGA with vari ctonvergence histories of the HSAGA framework in compari-
1g. 6. onvergence trends O an wi various percern P . .
individuals o = Elitist, 40%, 80% andA = 4 for Ackley function _son_to the original SAGA framework_m [1] are Summ_an_zed
in Figures 9 and 10 for both test functions.The results indicate
that HSAGA can bring about significant improvements over

the SAGA when the two additional user-parameters of the

0 .
A generouss value of 80% would tend to reduce the Sta"mg’-ISAGA are properly configured. Since Lamarckian learning

effect but may however lead to a lower search efficiency. Noitsgconducted only on the promising GA individuals among the
that if o is set at 100%, the HSAGA becomes similar to the ny: p 9 L 9
entire population in the HSAGA framework, it is reasonable

original SAGA proposedlln [1]. In our numerical §tgd|es, W? expect that the HSAGA can perform better than SAGA. In
found that the HSAGA improves the search efficiency an .

. . . other words, the HSAGA attempts to accelerate the evolution-
converges to good designs on both multi-modal functions @y optimization process by reducing the total number of exact
be obtained whew is configured to either 40% or 80%. y op P y 9

We also studied the effects of varyidgon the convergence fitness function calls.
behavior of the HSAGA framework. Figures 7 and 8 show V. CONCLUSION
the convergence trends of the HSAGA framework for three In this paper, we presented a Hierarchical Surrogate-
configurations ofA at 1, 2 and 3, but this time is kept Assisted Evolutionary Optimization Framework(HSAGA) that
constant at 40% on both the Rastrigin and Ackley functionmitegrates both global and local surrogate models to accel-
From these results, it appears that appropriate settings oferate evolutionary search. Experimental studies are presented
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