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1 IntroductionPlanarity is a fundamental property in graph visualization applications, and a substantiale�ort has been devoted to the design of e�cient algorithms for testing planarity and forconstructing planar drawings (see, e.g., [11]).When considering acyclic digraphs, such as the covering digraphs of ordered sets, thenotion of planarity needs to be re�ned to take into account the fact that such digraphs areusually drawn upward, i.e., with the edges monotonically increasing in the vertical direction.Namely, we say that a digraph is upward planar if it admits an upward planar drawing, andwe say that an ordered set is planar if its covering digraph (Hasse diagram) is upward planar.The study of upward planarity has been especially active in the last two decades, andhas revealed fascinating connections with fundamental graph- and order-theoretic propertiessuch as connectivity and dimension (see, e.g., [26]). By the end of 1993, upward planaritytesting algorithms were known only for speci�c subclasses of digraphs, such as embedded andsingle-source digraphs, when the authors came up with a proof that the problem of testingwhether a digraph is upward planar is NP-complete [17]. It is interesting to observe thatwhile testing whether a graph admits a planar drawing or an upward drawing can be donein linear time, combining the two properties makes the problem NP-hard.In this paper, we overview the literature on the problem of upward planarity testing.Basic de�nitions are given in Section 2. In Section 3, we present several characterizations ofupward planarity, with special emphasis on those that yield e�cient algorithms. Section 4surveys upward planarity testing algorithms for special classes of digraphs, such as embeddeddigraphs and single-source digraphs. Finally, Section 5 gives a sketch of the NP-completenessproof of upward planarity testing.Rigorous proofs and technical details are not provided in this paper. The interestedreader can �nd them in the referenced literature. Theorems and lemmas without a referencecan be considered \folklore".2 De�nitions and PreliminariesWe assume standard de�nitions on graphs, ordered sets, and algorithms. See, e.g., [6, 7, 9].All the graphs and ordered sets in this paper are �nite. We denote with n the size of thegraph or ordered set currently being considered.An embedding of a planar graph is the collection of circular permutations of the edgesincident upon each vertex in a planar drawing of the graph. Two drawings with the sameembedding have the same faces, though they may have a di�erent choice of the externalface. An embedded graph is a planar graph equipped with an embedding. The angles of anembedded graph are the pairs of consecutive edges incident on the same vertex. Such anglesare mapped to geometric angles in a straight-line drawing of the graph. A planar graph issaid to be outerplanar it it has an embedding such that all the vertices are on the same face.The above de�nitions are also applicable to digraphs, by ignoring the direction of the edges.A source of a digraph is a vertex without incoming edges. A sink of a digraph is a vertexwithout outgoing edges. An internal vertex of a digraph is a vertex that is not a source or asink. An acyclic digraph is a digraph without directed cycles.A drawing of a graph is straight-line if every edge is drawn as a straight-line segment. A1



drawing is planar if no two edges intersect. A drawing of a digraph is upward if every edgeis monotonically nondecreasing in the y-direction. A digraph is upward planar if it admits aplanar upward drawing. Planarity and acyclicity are necessary but not su�cient conditionsfor upward planarity (see Fig. 1). We say that an embedded digraph is upward planar if itadmits an upward planar drawing with the given embedding.
(b)(a)Figure 1: Two drawings of a planar acyclic digraph that is not upward planar: (a) anupward drawing which is not planar; (b) a planar drawing which is not upward.We say that an ordered set is planar if its covering digraph (Hasse diagram) is upwardplanar. Testing upward planarity of digraphs and planarity of ordered sets are equivalentproblems. Namely, it is easy to see that a digraph ~G is upward planar if and only if theordered set P with covering digraph ~C obtained from ~G by inserting a vertex along everytransitive edge is planar.Besides their applications to ordered sets, testing upward planarity and constructingupward planar drawings of digraphs are important for displaying hierarchical structures, suchas subroutine-call graphs, is-a hierarchies, and PERT networks. While planarity testing canbe done in linear time [19, 23, 8, 10], the complexity of upward planarity testing has beenuntil recently an open problem.3 Characterizing Upward PlanarityIn this section we overview the known combinatorial characterizations of upward planarity,which make use of a variety of topological and geometric constructions. Some of thesecharacterizations yield e�cient upward planarity testing algorithms, as shown in Section 4.3.1 Inclusion in a Planar st-DigraphA simple characterization of upward planarity was independently discovered by Di Battistaand Tamassia [13] and by Kelly [21]. We need the following de�nition: a planar st-digraph2



is planar acyclic digraph with a single source, denoted s, a single sink, denoted t, and theedge (s; t).Theorem 1 [13, 21] A digraph ~G is upward planar if and only it is a spanning subgraphof a planar st-digraph (i.e., edges can be added to ~G such that the resulting digraph ~H is aplanar st-digraph).For example, the digraph of Fig. 2(a) is upward planar because adding to it some edgesyields the planar st-digraph shown in Fig. 2(b).
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sFigure 2: (a) An upward planar digraph ~G. (b) Planar st-digraph obtained from ~G byadding the yellow edges. (c) Illustration of the proof of Theorem 1.The if-part of Theorem 1 is immediate. Now, we give an intuitive illustration of the proofof the only-if part. Consider an upward planar drawing of ~G, and call s a source of ~G withlowest y-coordinate, and t a sink of ~G with highest y-coordinate. At a sink v 6= t, we startdrawing a new edge upwards. If we encounter an existing edge, we follow its path closely,as to avoid other edges, until we reach a vertex w (see Fig. 2(c)). This creates a new edge(v;w) that preserves planarity and acyclicity and \cancels" former sink v. This procedureneeds a minor modi�cation if a vertical ray emanating upwards from v does not intersectany edge. By repeating this step, we are able to cancel all the sinks, except t. A similarprocedure allows us to cancel all the sources, except s. Finally, we add the edge (s; t), thusobtaining a planar st-digraph. 3



As shown in Section 4.1 the characterization of Theorem 1 provides an exponential-timeupward planarity testing algorithm, thus placing the problem in NP.Theorem 1 also implies that if a digraph admits an upward planar drawing, then italso admits an upward planar straight-line drawing. While the latter drawings are highlydesirable for their simplicity, their area requirement may be prohibitive for visualizationapplications. Namely, Di Battista, Tamassia, and Tollis [15] show that there exists a family~Gn of upward planar digraphs such that ~Gn has 2n+2 vertices, and any planar straight-lineupward drawing of ~Gn has area 
(2n). This result holds under any resolution rule thatprevents drawings from being arbitrarily scaled down (e.g., integer vertex coordinates). Theaforementioned worst-case exponential lower bound on the area holds also for the subclassof series-parallel digraphs [2].3.2 Large Angles in Embedded DigraphsThis section presents the characterization of upward planarity for embedded digraphs givenby Bertolazzi, Di Battista, Liotta, and Mannino [3, 4]. As shown in Section 4.2, this char-acterization yields an e�cient upward planarity testing algorithm for embedded digraphs.Let ~G be an embedded digraph. A vertex of ~G is bimodal if the cyclic sequence of itsincident edges can be partitioned into two (possibly empty) linear sequences, one consistingof incoming edges and the other consisting of outgoing edges. The embedded digraph ~G isbimodal if all its vertices are bimodal. The following lemma can be easily proved by meansof elementary geometric considerations:Lemma 1 An embedded digraph is upward planar only if it is bimodal.Consider an assignment of labels from the set fsmall, largeg to the angles formed bypairs of incoming or outgoing edges of ~G. The intuitive meaning of the labels is to indicatewhether the angle is smaller or larger than � in an upward planar straight-line drawing of ~G.Let p be either a vertex or a face of ~G. We denote with L(p) and S(p) the number of anglesof p with label large and small, respectively. Simple geometric considerations show that thefollowing two consistency properties must hold for any upward planar straight-line drawingof ~G: L(v) = ( 0 if v is an internal vertex;1 if v is a source or a sink:L(f) � S(f) = ( �2 if f is an internal face;+2 if f is the external face:A labeling that veri�es the consistency properties is illustrated in the example of Fig. 3.Let A(f) be number of angles in face f formed by pairs of incoming edges (A(f) is alsoequal to the number of angles in face f formed by pairs of outgoing edges). The valuesA(f) are determined by the embedding and are independent from the drawing (see Fig. 3).Clearly, for any labeling, we have:L(f) + S(f) = 2A(f) for every face f .4
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f3Figure 3: Large and small angles in an upward planar straight-line drawing. The largeangles are shaded in yellow . Note that the consistency properties are veri�ed by the labeling.Thus, the consistency properties can be rewritten in the following format, where onlylarge angles are taken into accountL(v) = ( 0 if v is an internal vertex;1 if v is a source or a sink:L(f) = ( A(f)� 1 if f is an internal face;A(f) + 1 if f is the external face:Motivated by the above formulation, we consider now an assignment � that maps eachvertex v which is a source or a sink to a face �(v) incident on v, and we denote with ��1(f)the set of vertices assigned to face f . We say that assignment � is consistent if there existsa face h such that:j��1(f)j = ( A(f)� 1 if f 6= h;A(f) + 1 if f = h:Assigning vertex v to face f = �(v) corresponds to giving label large to the angle formedby v in f , and a consistent assignment corresponds to a labeling with external face h thatveri�es the consistency properties. In Fig. 4, we show the consistent assignment associatedwith the labeling of Fig. 3.Lemma 2 [3, 4] An embedded digraph is upward planar only if it admits a consistent as-signment of sources and sinks to faces.As shown in [3, 4], the conditions given in Lemmas 1{2 are also su�cient.Theorem 2 [3, 4] An embedded digraph is upward planar if and only if it is acyclic, bimodaland admits a consistent assignment of sources and sinks to faces.Theorem 2 can be used to prove that the digraph of Fig. 1, which has a unique embedding,is not upward planar, as illustrated in Fig. 5.5
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2Figure 4: The consistent assignment, indicated with yellow arrows, associated with thelabeling of Fig. 3. Small squares represent the faces. The quantity A(f) � 1 is shown nextto each internal face f . The quantity A(h) + 1 is shown next to the external face h.
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Figure 5: An embedded digraph that is bimodal but does not admit a consistent assignmentof sources and sinks to faces, for any choice of the external face.3.3 Forbidden Cycles for Single-Source DigraphsThomassen [27] characterizes the upward planarity of embedded digraphs with a single sourcein terms of certain forbidden (undirected) cycles. This characterization is used in the algo-rithm by Hutton and Lubiw [20].Theorem 3 [27] An embedded digraph ~G is upward planar if and only if it is acyclic andthere is a choice of external face such that:� the source of ~G is on the external face; and� every undirected cycle C of ~G has a vertex which becomes a sink after removing all theedges outside C. 6



Note that the choice of external face determines what is inside and outside a cycle.The necessity of the condition is easy to verify by considering the vertex of C with highesty-coordinate in an upward planar drawing of ~G (see, e.g., Fig. 3).Theorem 3 provides an alternative proof of the fact that the digraph of Fig. 1, which hasa unique embedding, is not upward planar, as shown in Fig. 6.
Figure 6: Example of forbidden cycle (shown with green lines) in the embedded digraphof Fig. 1(b).3.4 Forests in Single-Source Embedded DigraphsGiven an embedded digraph ~G with a single source s, we de�ne the undirected face-sinkgraph F of ~G as follows:� The vertices of F are the faces of ~G and the vertices of ~G that are sinks for at leastone face of ~G.� F has an edge (f; v) if and only if vertex v is a sink of face f .The edges of graph F incident on a vertex v which is a sink of ~G represent the possibleassignments of v to the faces of ~G (see Section 3.2). In Fig. 7(b), we show the face-sinkgraph F of the embedded single-source digraph ~G of Fig. 7(a). Note that, in this examplewhere ~G is upward planar, F is a forest.Fig. 7(c) shows a consistent assignment of the source and sinks of ~G to the faces. Thisassignment corresponds to rooting each tree of F and orienting its edges from child to parent.Namely, a sink v is assigned to a face f if and only if v is a child of f in the rooted tree.containing v and f . We also notice that the roots of all but one tree (denoted with T ) areinternal vertices of ~G. Tree T does not contain any internal vertex of ~G and is rooted at theexternal face h.The example of Fig. 7 is an illustration of the following theorem.Theorem 4 [5] Let ~G be an embedded single-source digraph, and h a face of ~G. Digraph~G is upward planar, subject to h being the external face, if and only if all the followingconditions are satis�ed: 7
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Figure 7: (a) An embedded single-source digraph ~G. (b) The face-sink graph F of ~G,shown with light-blue edges. (c) A consistent assignment of the source and sinks of ~G to itsfaces (shown with yellow edges), and the corresponding rooting of the trees of F .1. the source of ~G is on the boundary of face h.2. the face-sink graph F of ~G is a forest;3. a tree T of F has no internal vertices of ~G, while the remaining trees have exactly oneinternal vertex; and4. face h is a vertex of tree T .An additional example for Theorem 4 is given in Fig. 8. While Conditions 1{3 of Theo-rem 4 are satis�ed, Condition 4 is not satis�ed because face h is in a tree of F that containsan internal vertex.3.5 Forbidden Structures for LatticesAn important consequence of the fact that the digraph ~G of Fig. 1 is not upward planaris that an upward planar digraph cannot contain a subgraph homeomorphic to ~G. Thisobservation implies the following result.Theorem 5 [6, p. 32, Ex. 7(a)] The ordered set induced by an upward planar digraphwith one source and one sink is a lattice, i.e., a bounded planar ordered set is a lattice.8
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Figure 8: An embedded single-source digraph that is not upward planar and its face-sinkgraph.Kelly and Rival [22] give a Kuratowski-type characterization of planar lattices in termsof forbidden sublattices. Namely, they de�ne a family L of nonplanar lattices (see Fig. 9)and show that L is the minimal obstruction set, under sublattice containment, for upwardplanarity.Theorem 6 [22] A lattice is planar if and only if it contains no (order) sublattice isomorphicto a lattice from the family L. Moreover, L is the minimum such family.
B CAn (n ≥ 0)

u1 u2 u3 un+3Figure 9: Some of the nonplanar lattices in the set L of Theorem 6.Platt [25] characterizes the planarity of a lattice in terms of the planarity of an undirectedgraph related to its covering digraph.Theorem 7 [25] A lattice is planar if and only if the undirected graph obtained from itscovering digraph by ignoring the orientation of the edges and adding an edge between thesource and sink is planar. 9



Lempel, Even, and Cederbaum [23] relate the planarity of biconnected undirected graphsto the upward planarity of acyclic digraphs with one source and one sink. An st-orientationof an undirected graph G is an acyclic digraph with exactly one source s and one sink t,joined by an edge, which is obtained from G by orienting its edges. A biconnected graphadmits an st-orientation for any edge (s; t).Theorem 8 [23] Let G be a biconnected graph, and ~G be an st-orientation of G. We havethat G is planar if and only if ~G is upward planar.The planarity of lattices is also characterized by the (order) dimension.Theorem 9 [1] A lattice is planar if and only if it has dimension at most two.3.6 Some Classes of Upward Planar DigraphsSeveral classes of digraphs have been identi�ed whose members are always upward planar.Theorem 10 All the digraphs in the following classes are upward planar:� digraphs whose underlying undirected graph is a forest;� planar st-digraphs;� series-parallel digraphs;� planar bipartite digraphs [12].4 Testing Upward PlanarityIn this section, we overview the known upward planarity testing algorithms. Since theproblem is in general NP-complete (see Section 5), e�cient algorithms exist only for specialclasses of digraphs.4.1 General DigraphsTesting whether an n-vertex digraph is a planar st-digraph can be easily done in O(n) timeby testing separately its acyclicity, planarity (as an undirected graph), and the existence ofa single source and single sink, joined by an edge. Acyclicity can be tested in O(n) timeby means of an elementary depth-�rst-search method (see, e.g., [9]). Planarity can also betested in O(n) time (see, e.g., [19]).Hence, Theorem 1 yields an exponential-time (albeit linear-space) upward planarity test-ing algorithm, which consists of adding all the possible subsets of at most 3n� 6 edges, andtesting whether each of the resulting digraphs is a planar st-digraph.Theorem 11 Upward planarity testing is in NP.See [26] for an alternative proof of Theorem 11.10



4.2 Embedded DigraphsIn this section we present the algorithm by Bertolazzi, Di Battista, Liotta and Mannino [3, 4]for testing whether an embedded digraph is upward planar. The algorithm is based on thecharacterization of Theorem 2.To test whether an embedded digraph ~G admits a consistent assignment of sources andsinks to faces for a given choice of external face h, we construct a bipartite 
ow networkB(h) as follows (see Fig. 10):� The vertices of network B(h) are the sources, sinks and faces of ~G. The sources andsinks of ~G are the sources of network B(h) and supply each a unit of 
ow. Each face fof ~G is a sink of network B(h), with demand equal to A(f)� 1 units of 
ow if f 6= h,and equal to A(f) + 1 units of 
ow if f = h.� Network B(h) has an edge (v; f) if v is a source or sink of ~G on face f .A 
ow in network B(h) is an assignment of values 0 or 1 to the edges of B(h) such that,for each source v of B(h), the sum of the values assigned to the outgoing edges of v is lessthan or equal to the supply of v, and for each sink f of B(h), the sum of the values assignedto the incoming edges of f is less than or equal to the demand of f . The value of a 
ow inB(h) is the sum of the values assigned to its edges.
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Figure 10: (a) The embedded digraph ~G of Fig. 2. (b) The network B(h) associated with~G and external face h. The vertices of B(h) are labeled with their supplies or demands. (c)Example of 
ow in network B(h). The yellow edges have unit 
ow and give a consistentassignment of sources and sinks to faces.Lemma 3 [3, 4] The bipartite 
ow network B(h) associated with the embedded digraph ~Gand face h has O(r) vertices, where r is the number of sources and sinks of ~G. Also, ~Gadmits a consistent assignment of sources and sinks to faces, subject to h being the externalface, if and only if B(h) admits a 
ow of value r.11



Constructing network B(h) takes O(n) time, where n is the number of vertices of ~G. Theexistence of a 
ow for B(h) can be tested in O(r2) time by means of r 
ow augmentations (forthe standard augmenting path method to solve network 
ow problems, see, e.g., [9]). Hence,we can test the upward planarity of ~G in O(nr2) time by repeating the above procedure forall the O(n) possible choices of the external face h.As shown in [4], the time complexity can be reduced to O(n + r2) using the followingalgorithm.1. Construct 
ow network B, which is the same as B(h), except that each face f hasdemand A(f)�1. Note that 
ow network B is independent from the choice of externalface.2. Test whether B admits a 
ow of value r� 2. If not, then return \not upward planar".3. For each face f which is a sink of B, increase its demand by two units, and test whetherthe 
ow of value r � 2 in B can be augmented by two units.4. If the augmentation test of Step 3 is successful for at least one face, return \upwardplanar" and report all the faces for which it is successful. Otherwise, return \notupward planar".Let n be the number of vertices of ~G, and let r be the number of its sources and sinks.Step 1 takes O(n) time. Step 2 can be performed with r � 2 
ow augmentations, eachtaking O(r) time, and hence runs in O(r2) time. In Step 3, at most two augmentations areperformed for each face. Hence, Step 1 takes O(r2) time. Finally, Step 4 takes O(r) time.By Theorem 2, the complete upward planarity test algorithm for an embedded digraph~G consists of testing �rst whether ~G is acyclic and bimodal, which takes O(n) time, and thentesting whether ~G admits a consistent assignment of sources and sinks to its faces, whichtakes O(n + r2) time.Theorem 12 [4] Let ~G be an embedded digraph with n vertices and r sources and sinks.We can test whether ~G is upward planar in O(n + r2) = O(n2) time.Since a triconnected planar digraph has a unique embedding, we obtain the followingcorollary.Theorem 13 [4] Let ~G be a triconnected planar digraph with n vertices and r sources andsinks. We can test whether ~G is upward planar in O(n + r2) = O(n2) time.4.3 Embedded Single-Source DigraphsHutton and Lubiw [20] show how to apply Theorem 3 to test the upward planarity of anembedded single-source digraph with n vertices in O(n2) time.Theorem 4 yields the following algorithm for testing the upward planarity of an embeddedsingle-source digraph ~G [5].1. Test whether ~G is acyclic and bimodal. If either of these properties is not veri�ed,return \not upward planar".2. Construct the face-sink graph F of ~G (see Section 3.4).3. Check Conditions 2 and 3 of Theorem 4. If these conditions are not veri�ed, thenreturn \not upward planar", else let T be the tree of Condition 3.12



4. Report the set of faces of ~G that contain the source s of ~G (Condition 1) and arevertices of tree T (Condition 4). If this set is empty, then return \not upward planar"else return \upward planar".The above algorithm can be easily implemented in O(n) time.Theorem 14 [5] Let ~G be an embedded single-source digraph with n vertices. We can testwhether ~G is upward planar in O(n) time.By applying Theorem 14 to the embedded digraph ~G of Fig. 8, we conclude that ~G isnot upward planar (for any choice of the external face).4.4 Single-Source DigraphsIn this section we present a decomposition strategy for testing the upward planarity ofsingle-source digraphs, which was originally proposed by Hutton and Lubiw [20], and laterimproved by Bertolazzi, Di Battista, Mannino, and Tamassia [5].To start with, it is easy to prove that the biconnected components of a single-sourcedigraph can be separately tested.Lemma 4 [20] A connected single-source digraph ~G is upward planar if and only all thebiconnected components of ~G are upward planar.By Lemma 4, we restrict our attention to a biconnected single-source digraph ~G. Thebasic idea is to decompose ~G into its triconnected components [18] and test each of themseparately for upward planarity, with certain constraints imposed on them to ensure thatmerging back together the triconnected components preserves upward planarity. Recall thatthe upward planarity of a triconnected digraph can be e�ciently tested (Theorems 13 and 14).The decomposition is performed by splitting the digraph ~G into split-components withrespect to a separation pair, and recursively decomposing each split-component. Each splitcomponent is constrained by attaching to it a certain digraph, calledmarker, which representsthe rest of the digraph. There are four type of markers, as shown in Fig. 11.
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vFigure 11: Markers.Suppose that ~G has two split-components, ~H and ~K, with respect to a separation pairfu; vg. We augment each of ~H and ~K with an appropriate marker that represents the othersplit-component, and recursively test each of them for upward planarity. The markers havea twofold purpose:� when testing a split-component for upward planarity, they take into account the\shape" of the other split-component; and13



� they ensure that each digraph in the decomposition process is biconnected and has asingle source.For example, consider the biconnected single-source digraph ~G shown in Fig. 12(a),which is not upward planar. The split-components of ~G with respect to fu; vg, shown inFig. 12(b,c), are each upward planar. By adding the appropriate markers, we obtain the aug-mented split-components shown in Fig. 12(d,e). Note that the augmented split-component ofFig. 12(e) is not upward planar, as it can be shown by applying Theorem 14. This indicatesthat ~G is not upward planar.
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Figure 12: (a) A biconnected single-source digraph ~G with a separation pair u; v. (b)Split-component ~H of ~G with respect to u; v. (c) Split-component ~K of ~G with respectto u; v. (d) Split-component ~H augmented with the appropriate marker (light blue). (e)Split-component ~K augmented with the appropriate marker (light blue).In addition to the markers, we must take into account the inside-outside relationship ofthe split components with respect to the external face. For example, if we determine thatin any upward planar drawing of a split-component the separation-pair does not appear onthe external face, then we must test the other split-component for upward planarity, subjectto the separation-pair appearing on the external face. Hence, we should keep track in thedecomposition process of vertices that are constrained to appear on the external face.Hutton and Lubiw [20] present an O(n2)-time upward planarity testing algorithm forsingle-source digraphs, based on the above decomposition strategy. Bertolazzi, Di Battista,14



Mannino, and Tamassia [5] reduce the time complexity to O(n) by combining a linear-timealgorithm for triconnected single source-digraphs (Theorem 14) with an improved decompo-sition strategy, which is outlined below.The SPQR-tree [14] T (G) of a biconnected graph (or digraph) G describes the arrange-ment of its triconnected components (see Fig. 13). T (G) is an unrooted tree whose nodesare of four types: S, P, Q, and R. Each edge of T (G) is associated with an edge or separationpair of G, and each node � of T (G) is associated with a multigraph, called the skeleton of�. A P-node corresponds to a parallel composition of split-components with respect to aseparation pair (see Fig. 14(a)), and its skeleton is a bundle of parallel edges. An S-node cor-responds to a cyclic arrangement of split-components and separation pairs (see Fig. 14(b)),and its skeleton is a cycle. An R-node corresponds to a maximal triconnected homeomorphicsubgraph of G, which is its skeleton (see Fig. 13(c)). A Q-node corresponds to an edge ofG, and its skeleton consists of two parallel edges. Note that the edge directions are ignoredin the de�nition of SPQR-tree.The upward planarity testing algorithm of [5] �rst replaces each edge of the skeletons bya gadget (playing the same role as the marker of [20]), which is either a directed edge or apeak (see Fig. 15), and tests each augmented skeleton for upward planarity, marking thosegadgets that can appear on the external face in a planar upward drawing.The existence of a compatible inside-outside relationship between skeletons is then testedusing the SPQR-tree. Namely, the nesting of the skeletons is represented by a rooting of theSPQR-tree T (~G): if node � is the parent of node �, then the skeleton of � is \outer" and theskeleton of � \inner" in the embedding of ~G. Of course, this can be done only if the gadgetof the skeleton of � representing the split-component of the skeleton of � is marked. Also,the source s of ~G must appear in the outermost skeleton (i.e., at the root of T (~G)).In the example of Fig 13, only the skeleton of node �3 contains the source s. Hence, theSPQR-tree must be rooted at �3. However, this implies that the gadget e of the skeletonof node �2 associated with the split-component of the skeleton of �3 must appear on theexternal face in an upward planar drawing. This is not possible, as it can be shown byapplying Theorem 14. We conclude that the single-source digraph of Fig 13(a) is not upwardplanar.Theorem 15 [5] Let ~G be a single-source digraph with n vertices. We can test whether ~Gis upward planar in O(n) time.4.5 Outerplanar DigraphsPapakostas [24] has recently shown that upward planarity testing can be e�ciently performedfor outerplanar digraphs. His algorithms exploit the fact that the dual of an embeddedouterplanar graph is a tree.Theorem 16 [24] Let ~G be an embedded outerplanar digraph with n vertices. We can testwhether ~G is upward planar in O(n) time.Theorem 17 [24] Let ~G be an outerplanar digraph with n vertices. We can test whether ~Gis upward planar in O(n2) time. 15
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vFigure 15: The edge and peak gadgets.5 Upward Planarity Testing is NP-completeIn this section we overview the proof by Garg and Tamassia [17] that upward planarity testingis NP-complete. We assume standard concepts and de�nitions on NP-completeness [16]. Theproof is a reduction from the following well-known NP-complete problem:not-all-equal-3-sat Given a set of clauses with three literals each, is there a truth as-signment such that each clause has at least one true literal and one false literal?Section 5.1 describes some special graphs called tendrils and wiggles that are used in thereduction. A reduction from not-all-equal-3-sat to an auxiliary 
ow problem is given17



in Section 5.2. Section 5.3 describes the reduction from the auxiliary 
ow problem to theupward planarity testing problem.5.1 Tendrils and WigglesIn this section, we de�ne several digraphs that will be used as gadgets in our reductions.We show in Fig. 16(a) tendril Tk (k � 1), which is an acyclic digraph with k + 1 sourcesand k+1 sinks. We also de�ne tendril T0 as a a digraph consisting of a single edge. TendrilTk (k � 0) has a designated source and a designated sink, called the poles of Tk. We shallconsider transformations where a directed edge (u; v) of a digraph is replaced with a tendrilTk, where the source is identi�ed with u and the sink with t.
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Figure 16: (a) Tendril T3. (b) Wiggle W3.Lemma 5 [17] Tendril Tk is upward planar and admits a unique upward planar embedding.In the upward planar embedding of Tk, the external face consists of two paths betweens and t. One such path, called outer path, has 2k large angles and no small angles, andthe other path, called inner path, has 2k small angles and no large angles. When a tendrilreplaces an edge of an embedded planar digraph, the outer path becomes a subpath of aface, and we say that the contribution of the outer path to the face is +2k. Similarly, we saythat the contribution of the inner path to its face is �2k.Figure 16(b) shows a wiggle Wk, which is an acyclic digraph consisting of a chain of 2k+1edges whose orientation alternates along the chain. The extreme vertices of Wk, a sourceand a sink, are called the poles of Wk. We shall consider transformations where a directed18



edge (u; v) of an embedded digraph is replaced with wiggle Wk, where s is identi�ed with uand v with t. Given an upward embedding of Wk, we say that the contribution of Wk to aface f containing Wk is the number of large angles minus the number of small angles of Wkin f . Clearly, Wk can be upward embedded to give to f any contribution 2i with 0 � i � k.Note that if Gk gives contribution c to a face, it gives contribution �c to the other face itbelongs to.5.2 An Auxiliary Undirected Flow ProblemIn this section we de�ne two auxiliary 
ow problems and show that they are equivalent tonot-all-equal-3-sat under polynomial-time reductions.A switch-
ow network is an undirected 
ow network N where each edge is labeled witha range [c0 � � � c00] of nonnegative integer values, called the capacity range of the edge. Forsimplicity, we denote the capacity range [c � � � c] with [c]. A 
ow for a switch-
ow network isan orientation of and an assignment of integer \
ow" values to the edges of the network. Afeasible 
ow is a 
ow that satis�es the following two properties:Range property: the 
ow assigned to an edge is an integer within the capacity range of theedge.Conservation property: the total 
ow entering a vertex from the incoming edges is equal tothe total 
ow exiting the vertex from the outgoing edges.Starting from an instance S of not-all-equal-3-sat, we construct a switch-
ow net-work N as follows (see Fig. 17). Let the literals of S be denoted with x1; y1; � � � ; xn; yn,where yi = xi , and the clauses of S be denoted with c1; � � � ; cm. Let � be a positive integerparameter. We denote with �i and �i (i = 1; � � � ; n) the number of occurrences of literalsxi and yi in the clauses of S, respectively. Note that Pni=1(�i + �i) = 3m. Also, we de�ne
i = (2i � 1)� and �i = 2i� (i = 1; � � � ; n). Network N has a literal vertex for each literal ofS and a clause vertex for each clause of S, plus a special dummy vertex z. There are threetypes of edges in N :Literal edges joining pairs of literals associated with the same boolean variable. The capacityrange of literal edge (xi; yi) is [�i
i + �i�i].Clause edges joining each literal to each clause. The capacity range of clause edge (xi; cj)is [
i] if xi 2 cj, and [0] otherwise. The capacity range of clause edge (yi; cj) is [�i] ifyi 2 cj, and [0] otherwise.Dummy edges joining each literal and each clause to the dummy vertex. The capacity rangesof dummy edges (z; xi) and (z; yi) are [�i�i] and [�i
i], respectively. The capacity rangeof dummy edge (z; cj) is [0 � � � �j � 2�], where �j is the sum of the capacities of theclause edges incident on cj.The construction of network N from S is straightforward and can be carried out inO(nm) time.A feasible 
ow in network N corresponds to a satisfying truth assignment for S. Namely,we have that a literal is true whenever its incident literal edge is incoming in the feasible 
ow(see Fig. 17(b)) and its incident clause edges with nonzero capacity range are outgoing. Also,the three clause edges with nonzero capacity range incident on a clause vertex cj cannot be19
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ow forN corresponding to the satisfying truth assignment (y1; x2; x3) for S. Only the edges withnonzero 
ow are shown. (c) Planar switch-
ow network P associated with S. The edgeswith zero capacity range are shown with black lines. (d) Feasible 
ow for P correspondingto the satisfying truth assignment (y1; x2; x3) for S. Only the edges with nonzero 
ow areshown. 20



all incoming or all outgoing because of the conservation property at vertex cj and the choiceof capacity range for the dummy edge incident on cj. We obtain:Lemma 6 [17] An instance S of not-all-equal-3-sat is satis�able if and only if theassociated switch-
ow network N admits a feasible 
ow. Also, given a feasible 
ow for N ,a satisfying truth assignment for S can be computed in time O(nm), where n and m are thenumber of variables and clauses of S, respectively.Now, starting fromN , we construct a planar switch-
ow networkP consisting ofO(n2m2)vertices in O(n2m2) time. Network P has the property that networkN admits a feasible 
owif and only if network P admits a feasible 
ow, and a feasible 
ow for N can be computedfrom a feasible 
ow for P in O(n2m2) time.P is constructed as follows (see Fig. 17). First, we construct a drawing of N such thatthe literal vertices and the clause vertices are arranged on two parallel lines, and crossingsoccur only between clause edges. Next, we replace the crossings formed by the clause edgeswith new vertices, called crossing vertices. We call fragment edges the edges originated bythe splitting of the clause edges. Each fragment edge inherits the capacity range of theoriginating clause edge.Using Lemma 6, we obtain the main result of this section.Theorem 18 [17] Given an instance S of not-all-equal-3-sat with n variables and mclauses, the associated planar switch-
ow network P has O(n2m2) vertices and edges, andcan be constructed in O(n2m2) time. Instance S is satis�able if and only if network P admitsa feasible 
ow. Also, given a feasible 
ow for P, a satisfying truth assignment for S can becomputed in time O(n2m2). Moreover, if n � 3 and m � 3, then P is triconnected.5.3 Upward Planarity TestingIn this section we show how to reduce the problem of computing a feasible 
ow in the planarswitch-
ow network P associated with a not-all-equal-3-sat instance S to the problemof testing the upward planarity of a suitable digraph. We set parameter � equal to 4.Now, we construct on orientation ~P of P as follows (see Fig. 18):� Every literal edge (xi; yi) is oriented from xi to yi.� Every fragment edge is oriented away from the clause vertex and towards the literalvertex.� Every dummy edge incident on a literal vertex is oriented towards the dummy vertex,and every dummy edge incident on a clause vertex is oriented towards the clause vertex.By Theorem 18, if S has at least three clauses and variables each, the planar embeddingof P and the dual graph D of P are unique. We construct the dual digraph ~D of ~P byorienting every dual edge of D from the face on the left to the face on the right of the primaledge (see Fig. 18).Lemma 7 [17] The dual digraph ~D of ~P is upward planar, triconnected, acyclic and hasexactly one source and one sink, denoted with s and t.Starting from digraph ~D we construct a new digraph ~G by replacing the edges of ~D withsubgraphs (tendrils or wiggles), as follows (see Fig. 19):21



s

t
x 1

y 1
y 2

x 2
y 3

x 3

c 1
c 2

c 3

zFigure 18: Orientation ~P (drawn with dashed lines) of the network P shown in Fig. 17(c)and dual digraph ~D (drawn with solid lines) of ~P.22



� Every edge of ~D that is the dual of a literal edge, fragment edge, or dummy edgeincident on a literal vertex is replaced with tendril Tc, where [c] is the capacity rangeof the dual edge. Note that c is a multiple of parameter �.� Every edge of ~D that is the dual of a dummy edge incident on a clause vertex is replacedwith wiggle Wc, where [0 � � � c] is the capacity range of the dual edge.The vertices of ~G that are also in ~D are called primary vertices. The remaining verticesof ~G are called secondary vertices. By Lemma 7 and the construction of digraph ~G, all theembeddings of ~G are obtained by choosing one of the two possible 
ips for each tendril.Lemma 8 [17] Digraph ~G is upward planar if and only if the tendrils can be 
ipped andthe wiggles can be arranged such that for every face the total contribution of the tendrils andwiggles is zero.The proof of Lemma 8 uses the result of Theorem 2.We establish the following correspondence between digraph ~G and networkP (see Fig. 19):the faces of ~G correspond to the vertices of P; the tendrils and wiggles of ~G correspond to thethe edges of P; 
ipping a tendril of ~G corresponds to orienting an edge of P; the contributionof a tendril or wiggle of ~G corresponds to the 
ow in an edge of P; the balance of thecontributions of the tendrils and wiggles in the faces of ~G corresponds to the conservation of
ow at the vertices of P.Theorem 19 [17] Given an instance S of not-all-equal-3-sat with n variables and mclauses and the associated planar switch-
ow network P, digraph ~G associated with S andP has O(n3m2) vertices and edges, and can be constructed in O(n3m2) time. Instance S issatis�able and network P admits a feasible 
ow if and only if digraph ~G is upward planar.Also, given an upward planar embedding for ~G, a feasible 
ow for P and a satisfying truthassignment for S can be computed in time O(n3m2).From Theorems 11, 18 and 19 we conclude:Corollary 1 [17] Upward planarity testing is NP-complete.
23
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