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ient Conditions ofExisten
e of Fix-Free CodesYekhanin Sergey1Department of Cyberneti
s andComputer S
ien
eMos
ow State Universitye-mail: yekhanin�
ityline.ruAbstra
t | Code is �x-free if no 
odeword is a pre-�x or a suÆx of any other. In this paper we improvethe best-known suÆ
ient 
onditions on existen
e of�x-free 
odes by a new expli
it 
onstru
tion. We alsodis
uss the well-known Kraft-type 
onje
ture on theexisten
e of �x-free 
odes basing on the results ob-tained by 
omputer 
he
king.I. Introdu
tionLet C(k1; k2; : : : ; kn) denote a binary variable-length 
odeC with k1 
odewords of length 1, k2 
odewords of length 2,. . . and kn 
odewords of length n.Let k1; : : : ; kn be arbitrary positive integers. To simlifyfurther presentation we denote nPi=1 ki2i by �(k1; : : : ; kn).Re
all that a 
ode is 
alled pre�x-free fresp. suÆx-freeg,if no 
odeword is beginning fresp. endingg of another one.Code C, whi
h is simultaneously pre�x-free and suÆx-free is
alled �x-free.Our goal is to develop suÆ
ient 
onditions on the existen
eof �x-free 
odes. The well-known Kraft-type 
onje
ture [1℄ byR. Ahlswede is that for any values of parameters k1; k2; : : : ; kn,su
h that �(k1; k2; : : : ; kn) � 34 ; (1)there exists a �x-free 
ode C(k1; k2; : : : ; kn)The next se
tion gives a short overview of parti
ular 
asesin whi
h the 
onje
ture is proved.The following lemma [1℄ shows that, if true, bound (1) isthe best possible.Lemma 1: For any " > 0 there exist parametersk1; k2; : : : ; kn su
h that �(k1; k2; : : : ; kn) � 34 + " and thereexists no �x-free 
ode C(k1; k2; : : : ; kn).II. Statement of ResultsIn this se
tion we formulate the known suÆ
ient 
onditionson existen
e of �x-free 
odes. Proofs of the next two theorems
an be found in [1℄.Theorem 1: If �(k1; : : : ; kn) � 12 then there exists a �x-free C(k1; : : : ; kn).Theorem 2: Suppose that if i < j and ki > 0 and kj > 0,then i < 2j. Then �(k1; : : : ; kn) � 34 implies the existen
e ofa �x-free 
ode C(k1; : : : ; kn).The main result presented in 
urrent paper is formulatedby the next theorem. The sket
h of proof is given in se
tionthree.1This work was supported by the Russian Fond for FundamentalResear
hes (proje
t 01-01-00495)

Theorem 3: Let k1; k2; : : : ; kn be arbitrary nonnegativeintegers. Suppose that the following statements are true:�(k1; : : : ; kn) � 34 ;9p : k1 = : : : = kp�1 = 0; and kp2p + kp+12p+1 � 12 :This implies the existen
e of �x-free 
ode C(k1; k2; : : : ; kn).Corollary 1: If �(k1; : : : ; kn) � 34 and k1 = 1 then thereexists a �x-free 
ode C(k1; k2; : : : ; kn).Note, that all the theorems formulated above are parti
ular
ases of 
onje
ture (1). We have applied 
omputer program-ming to 
he
k the 
onje
ture for the small values of n. Thusthe following theorem was obtained.Theorem 4: Let k1; : : : ; kn be arbitrary nonnegative inte-gers su
h that �(k1; : : : ; kn) � 34 and n � 8 then there existsa �x-free 
ode C(k1; : : : ; kn).One more suÆ
ient 
ondition of existen
e of �x-free 
odesis given in [2℄. III. Sket
h of the proofWe say that set D � f0; 1gn is left regular fright regularg ifall (n� 1)-pre�xes fsuÆxesg of words from D are pairwiselydistin
t.Let C(k1; : : : ; kn) be a �x-free 
ode. We say that a ve
torw 2 f0; 1gn is pre�x-free fsuÆx-freeg over C if no 
odeword
 2 C is a pre�x fsuÆxg of w. Futher by M(C) fM̂(C)g wedenote the set all binary ve
tors of length n that are pre�x-freefsuÆx-freeg over C.De�nition: We say that �x-free 
ode C(k1; : : : ; kn) is a�-system if M(C) is right regular, M̂(C) is left regular and�(k1; : : : ; kn) = 12 .We split the proof into two se
tions. Firstly we study theproperties and develop expli
it 
onstru
tions of �-systems.The main result of this se
tion is formulated byLemma 2: If k1 = : : : = kn�2 = 0; kn�12n�1 + kn2n = 12 ; thenthere exists a �-system C(k1; k2; : : : ; kn):Se
ondIy we study the relationship between �-systemsand �x-free 
odes and prove that an arbitrary �-systemC1(k1; : : : ; kp) 
an be extended to �x-free 
ode C2(k1; : : : ; kp+b; : : : ; kn), where �(k1; : : : ; kp + b; : : : ; kn) � 34 .Referen
es[1℄ R. Ahlswede, B. Balkenhol, L. Khar
hatrian, Some Propertiesof Fix-Free Codes. In Pro
. First INTAS International Seminaron Coding Theory and Combinatori
s, pp. 20-33, Thazkhadzor,Armenia, 1996.[2℄ Chunxuan Ye, Raymond W. Yeung, On Fix-Free Codes. InPro
. ISIT 2000, p. 426, Sorrento, Italy, June 25-30, 2000.


