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ABSTRACT. We exhibit a probabilistic algorithm which computes a rational
point of an absolutely irreducible variety over a finite field defined by a re-
duced regular sequence. Its time-space complexity is roughly quadratic in the
logarithm of the cardinality of the field and a geometric invariant of the input
system. This invariant, called the degree, is bounded by the Bézout number of
the system. Our algorithm works for fields of any characteristic, but requires
the cardinality of the field to be greater than a quantity which is roughly the
fourth power of the degree of the input variety.

1. INTRODUCTION

Let g be a prime power, let F, be the finite field of ¢ elements, and let F, denote
its algebraic closure. For a given n € N, we denote by A" the n-dimensional
affine space ]IT‘qn endowed with its Zariski topology. Let a finite set of polynomials
F,...,F, € §[X1,...,X,] be given and let V' denote the affine subvariety of A"
defined by Fi,..., F,,. In this paper we consider the problem of computing a g-
rational point of the variety V, i.e., a point z € " such that F;(x) = 0 holds for
1<i<m.

This is an important problem of mathematics and computer science, with many
applications. It is NP-complete, even if the equations are quadratic and the field
considered is Fo. Furthermore, [58] shows that determining the number of rational
points of a sparse plane curve over a finite field is #P-complete. In fact, several
multivariate cryptographic schemes based on the hardness of solving polynomial
equations over a finite field have been proposed and cryptoanalyzed (see, e.g., [12]).
The problem is also a critical point in areas such as coding theory (see, e.g., [15],
[39]), combinatorics [40], etc.

In the case of systems over the complex or real numbers, the series of papers [22],
[45], [210, [201, [23], [2], [3], [4], [5] (see also [29], [25], [38]) introduces a new symbolic
elimination algorithm. Its complexity is roughly the product of the complexity of
the input polynomials and a polynomial function of a certain geometric invariant

Received by the editor December 10, 2003 and, in revised form, October 10, 2005.

2000 Mathematics Subject Classification. Primary 11G25, 14G05, 68W30; Secondary 11G20,
13P05, 68Q10, 68Q25.

Key words and phrases. Varieties over finite fields, rational points, geometric solutions,
straight-line programs, probabilistic algorithms, first Bertini theorem.

This research was partially supported by the following grants: UBACyT X112, PIP CONICET
2461, and UNGS 30/3005.

(©2006 American Mathematical Society
Reverts to public domain 28 years from publication

2049



2050 ANTONIO CAFURE AND GUILLERMO MATERA

of the input system, called its degree. The degree is always bounded by the Bézout
number of the input system and often happens to be considerably smaller.

1.1. Main contribution. In this article we extend this family of elimination algo-
rithms to systems over finite fields. More precisely, we exhibit a new probabilistic
algorithm which computes a rational point of an F,-definable absolutely irreducible
variety. Our main result is summarized in the following theorem (see Corollary
for a precise complexity statement).

Theorem. Letn >3 andd > 2. Let F1,...,F,. € F[X1,...,X,] be polynomials of
degree at most d which form a regular sequence. Suppose that Fy, ..., Fs generate a
radical ideal of B[ Xq,..., X,] for1 < s <r andlet Vi :=V(Fy,...,Fs) CA™. Let
0 = maxi<s<rdegV,. Suppose further that V := V, is absolutely irreducible and
q > 8n2dét holds. Then, a q-rational point of V' can be computed by a probabilistic
algorithm using space O~(S(52 log? q) and time O™ (T 6> log? q), where T denotes the
number of arithmetic operations in I, required to evaluate the polynomials F1,. .., F;
and S denotes the mazimum number of elements of ¥, stored during the evaluation.

(Here O™ refers to the standard Soft-Oh notation which does not take into ac-
count logarithmic terms. Further, we have ignored terms depending on n and d, in
the sense that the Soft-Oh symbol includes polynomial terms in n and d.)

Our algorithm does not impose any restriction on the characteristic p > 0, but
requires the cardinality q of the field F, to satisfy the condition ¢ > 8n2d§}, where
0, is the degree of the variety V. We observe that [, Corollary 7.4] asserts that an
absolutely irreducible variety over F, of dimension n—r and degree §, has a rational
point if ¢ > max{2(n —r+ 1)52,25!} holds. As far as the authors know, this is the
best general existence result for an absolutely irreducible variety of fixed dimension
and degree. Since our algorithm cannot work unless there exists a g-rational point
of the variety V', we see that our condition on g comes quite close to this “minimal”
requirement.

In the above statement we assume that the input polynomials Fi,..., F,. form
a reduced regular sequence, i.e., Fy, ... Fy generate a radical ideal for 1 < s < r.
We remark that this does not represent a significant restriction to the generality
of our algorithm. In fact, a generic linear combination of polynomials forming a
regular sequence and generating a radical ideal gives a reduced regular sequence
(see, e.g., [34l Proposition 37]). Furthermore, using techniques inspired by [37],
[38] it is possible to extend our algorithm to arbitrary polynomial systems over
F, defining an absolutely irreducible variety (this extension shall be considered in
a forthcoming work). Finally, we observe that our algorithm can be efficiently
extended to the case of an [F,-definable variety V with an absolutely irreducible IF;-
definable component of dimension equal to dim V. On the other hand, extensions
to the general case of an arbitrary variety over F, are likely to produce a significant
increase of the time-space complexity of our algorithm (see [30]).

1.2. Related work. There is not much literature on the subject. In [59], an
algorithm for computing the set of g-rational points of a plane curve over a finite
field is proposed. On the other hand, [33] and [I2] exhibit algorithms which solve
an overdetermined system of quadratic equations over a finite field, based on a
technique of linearization.

Algorithms for finding rational points on a general variety over a finite field
are usually based on rewriting techniques (see, e.g., [13], [14]). Unfortunately,
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such algorithms have superexponential complexity, which makes them infeasible
for realistically sized problems. Indeed, their most efficient variants (see, e.g., [17])
have a worst-case complexity higher than the result of an exhaustive search in
polynomial systems over Fy [12].

A different approach is taken in [30]. In this article, the authors exhibit an algo-
rithm for solving polynomial systems over a finite field by means of deformations,
based on a perturbation of the original system and a subsequent path-following
method. Nevertheless, the perturbation typically introduces spurious solutions
which may be computationally expensive to identify and eliminate in order to ob-
tain the actual solutions. Furthermore, the algorithm is algebraically robust or
universal in the sense of [28] and [10], which implies exponential lower bounds on
its time complexity.

The complexity of our algorithm is polynomial in the degree of the system 0
and the logarithm of ¢q. Therefore, taking into account the worst-case estimate
§ < D := [[._, deg(F;), we conclude that the complexity is polynomial in the
Bézout number D and loggq. This is the first algorithm for solving polynomial
systems over finite fields having such complexity. In particular, we significantly
improve the dom? 10g0(1)q worst-case estimates of [30] and the algorithms using
rewriting techniques (Grobner bases).

1.3. Outline of the article. Our algorithm may be divided into three main
parts. The first part is a procedure which has as input a reduced regular sequence
Fy,...,F. € F[X1,...,X,] and as output a complete description of a generic zero-
dimensional linear section of the input variety V := V(Fy,..., F,). Such a descrip-
tion is provided by a K-definable generic linear projection 7. : V. — A™™" and
a parametrization of an unramified generic fiber 7-!(P(")), where K is a suitable
finite field extension of F, (cf. Sections 2.1] 2.2)).

In Section H] we describe this recursive procedure. It proceeds in r — 1 steps.
Its sth step computes a complete description of a generic zero-dimensional linear
section of Vi1 := V(Fi,..., Fsi1), which is represented by an unramified fiber
7r;r11 (P(SH)) of a finite K-definable linear projection w41 : Viyq — A"~*~1. For
this purpose, in Section EI] the unramified fiber 7, *(P(*)) of the previous step
is “lifted” to a suitable curve Wp(s41), contained in Vi := V(Fy,..., Fy), whose
intersection with the hypersurface defined by F;,1 yields a complete description of
the fiber 7, !, (P(+1)). This intersection is considered in Sections 2 and F3l

In the second part of our algorithm (Section [l), we obtain an F,-definable de-
scription of an [,-definable generic zero-dimensional linear section of V. For this
purpose, we develop a symbolic homotopy algorithm, based on a global Newton—
Hensel lifting. It “moves” the K-definable finite morphism =7, : V,, — A"~ " and
the K-definable generic unramified fiber 7;-*(P(")) previously obtained, into an F,-
definable finite morphism 7 : V' — A"~ and an [F,-definable generic unramified
fiber 771(Q).

Combining this procedure with an effective version of the first Bertini theorem,
in the third part of our algorithm we obtain an absolutely irreducible plane IF,-
curve C with the property that any g-rational smooth point of C immediately yields
a g-rational point of the input variety V (see Section [l). Then, in Section
we compute a g-rational point of the curve C with a probabilistic algorithm which
combines Weil’s classical estimate and a procedure based on factorization and ged
computations.
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A critical point of our algorithm is the determination of the linear projections
ms and the points PG for 1 < s < r. In Section B we show that this data can
be generically chosen, and we obtain explicit estimates on the degrees of the poly-
nomials underlying this genericity condition. This significantly improves previous
estimates. Using the Zippel-Schwartz test (see [62], [52] and Section 23] we may
randomly find such linear projections and points with a high probability of success.

2. NOTIONS AND NOTATIONS

We use standard notions and notations of commutative algebra and algebraic
geometry as can be found in, e.g., [36], [53], [42].

Let I, and Fq denote the finite field of ¢ elements and its algebraic closure re-
spectively, and let K be a subfield of E containing F,. Let K[X71,...,X,] denote
the ring of n-variate polynomials in indeterminates X, ..., X,, and coefficients in
K. Let V be a K-definable affine subvariety of A™ (a K-variety for short). We shall
denote by I(V) C K[X7,...,X,] its defining ideal and by K[V] its coordinate ring,
namely, the quotient ring K[V] := K[X1, ..., X,,]/I(V). We shall use the notations
{FF =0,...,Fs =0} and {F1 =0,...,F; =0,G # 0} to denote the K-variety V
defined by Fi,...,Fs and the open subset of V' defined by the intersection of V'
with the complement of the hypersurface {G = 0}.

If V is irreducible as a K-variety (K-irreducible for short), we define its degree
as the maximum number of points lying in the intersection of V with an affine
linear subspace L of A™ of codimension dim(V') for which #(V N L) < oo holds.
More generally, if V = C; U--- U Cy is the decomposition of V into irreducible
K-components, we define the degree of V' as deg(V) := Ziil deg(C;) (cf. [20]). In
the sequel we shall make use of the following Bézout inequality ([26]; see also [18]):
if V and W are K-subvarieties of A", then

(2.1) deg(VNW) < degV degW.

A K-variety V' C A™ is absolutely irreducible if it is irreducible as an E—Variety.

2.1. Geometric solutions. In order to describe the geometric aspect of our pro-
cedure we need some more terminology, essentially borrowed from [20]. Let us
consider an equidimensional K-variety W C A™ of dimension m > 0 and degree
deg W, defined by polynomials Fy, ..., F,,_, € K[ X1, ..., X,] which form a regular
sequence. A geometric solution of W consists of the following items:

e a linear change of variables, transforming the variables X1, ..., X,, into new
ones, say Yi,...,Y,, with the following properties:

— the linear map w : W — A"™ defined by Yi,...,Y,, is a finite sur-
jective morphism. In this case, the change of variables is called a
Noether normalization of W, and we say that the variables Y7,...,Y},,
are in Noether position with respect to W, the variables Yi,...,Y,,
being free. The given Noether normalization induces an integral ring
extension R, = F,[Y1,...,Y,,] — E[W]. Observe that F,[W] is a
free R,,-module whose rank we denote by rankg, F,[W]. Note that
rankpg, F,[W] < degW (see, e.g., [24]) and F,[W] = F,[X1,..., X,]/
(Fy,...,Fyn_y) hold.

— the linear form Y,,, 11 induces a primitive element of the ring extension
R, — F,[W], i.e., an element y,,,+1 € F,[W] whose (monic) minimal
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polynomial ¢™ € R,,[T] over R,, satisfies the condition degy ¢(™) =
rankp, F,[W]. Observe that degq(™ = degy ¢\ < deg W holds.

e the minimal polynomial ¢(™ of y,,41 over R,,.

e a generic “parametrization” of the variety W by the zeroes of ¢(™), of

the form (9¢™ /0T)(T)Y; — v§m)(T) with v](-m) € RpT) (m+2<j5<

n). We require that degp v§m) < degr¢™ and (9¢'™ /OT)(Yini1)Y; —

vj(-m)(YmH) € (Fi1,...,Fy_n) hold for m+2 < j < n. This parametrization
is unique up to scaling by nonzero elements of E.

We remark that if W is a zero-dimensional variety, a linear form Y} is a primitive
element of the ring extension E — E[W] if and only if it separates the points of
W, in other words, Y (P) # Y1(Q) whenever P and @ are distinct points of .

This notion of “geometric solution” has a long history, going back at least to
L. Kronecker [35] (see also [41], [61]). One might consider [II] and [I9] as early
references where this notion was implicitly used for the first time in modern symbolic
computation.

2.2. Lifting points and lifting fibers. Consider as in the previous section an
m-~dimensional K-variety W and a Noether normalization « : W — A™. We call
a point P := (p1,...,pm) € A™ a lifting point of m if 7 is unramified at P, i.e., if
the equations F} =0,...,F,_n, =0,Y; =p1,..., Yy, = b, define the fiber 77 1(P)
by transversal cuts. We call the zero-dimensional variety Wp := 7~1(P) the lifting
fiber of the point P.

Suppose that a geometric solution of W and a lifting point P of 7 are given.
Suppose further that P is not a zero of the discriminant of the polynomial ¢(")
with respect to the variable T. Then the geometric solution of the variety W
induces a geometric solution of the lifting fiber Wp. This geometric solution of
Wp is given by the linear forms Yy, 41, ...,Y,, the polynomial ¢™) (P, T), and the
parametrizations (9¢(™) /0T)(P,T)Y; — vém)(P, T) (m+2 < j <n). We call such
a geometric solution of W' compatible with the lifting point P.

We observe that 7 is unramified at a given point P € A™ if and only if J(z) # 0
holds for any z € 7~ 1(P). Here J € F,[Xi,...,X,] denotes the Jacobian de-
terminant of Yi,...,Y,, F1,..., F,_, with respect to the variables Xy,..., X,.
Furthermore, [43, Proposicién 28] shows that 7 is unramified at P € A™ if and
only if the condition #7~1(P) = deg W holds.

For 1 < j < n—m, let F;(Y1,...,Y,) denote the element of E[Yl,...,Yn]
obtained by rewriting F;(Xi,...,X,) in the variables Yi,...,Y,,. The following
result, probably well known, is included here for lack of a suitable reference.

Lemma 2.1. Let notations and assumptions be as above. Suppose that w is un-
ramified at a point P € A™. Then the Jacobian matriz (OF;/0Ym+k)1<j k<n—m(Z)
is nonsingular for any point v € ©—1(P).

Proof. Let Wp = 7~ Y(P), let 7 : Wp — A""™ be the projection morphism
defined by the linear forms Y, 11,...,Y,, and let 7* : E[YmH, R E[Wp]
denote the corresponding morphism of coordinate rings. Let Ip denote the ideal
of F,[Yom+1,---,Yy] generated by the polynomials Fj(P, Yy41,...,Y,) for 1 < j <
n —m. We claim that Ip equals the kernel of the morphism 7*. Indeed, it is clear
that the ideal Ip is included in the kernel of the morphism 7*. On the other hand,
let F € F[Yini1,...,Y,] satisfy the condition 7#*(F) = 0. This implies that F,
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considered to be an element of F,[Xi,..., X,], vanishes on any point of the fiber
Wp. This implies that the following relation holds:

(2.2) Fe (1/1 _p17~-~;)/m_pval(Ha~~-7Yn);---aFn—m(}/lau-aYn))

Specializing the variables Y7, ..., Y,, into the values p1, . .., p;, in [Z2]), we conclude
that ' € Ip holds.

From the claim and the fact that 7* is surjective we deduce the existence of an
isomorphism of E—algebras:

E[Yl,...,Yn]/(Fl(P, Yit1,-- - Yn), oo, Frumm (P, Ym+1,...7Yn)) =~ F,[Wp).

This shows that the ideal Ip is radical. Since Wp is a zero-dimensional variety,
it follows from, e.g., [I4, Chapter 4, Corollary 2.6] that Wp is a smooth variety.
Therefore, applying the Jacobian criterion finishes the proof of the lemma. O

2.3. On the algorithmic model. Algorithms in elimination theory are usually
described using the standard dense (or sparse) complexity model, i.e., encoding
multivariate polynomials by means of the vector of all (or of all nonzero) co-
efficients. Taking into account that a generic n-variate polynomial of degree d
has (d:") = O(d™) nonzero coefficients, we see that the dense or sparse repre-
sentation of multivariate polynomials requires an exponential size, and their ma-
nipulation usually requires an exponential number of arithmetic operations with
respect to the parameters d and n. In order to avoid this exponential behavior,
we are going to use an alternative encoding of input, output and intermediate re-
sults of our computations by means of straight-line programs (cf. [27], [55], [45],
[B]). A straight-line program ( in K(X1,...,X,) is a finite sequence of rational
functions (Fi,...,Fy) € K(X1,...,X,)* such that for 1 <i < k, the function F}
is either an element of the set {Xi,...,X,}, or an element of K (a parameter),
or there exist 1 <iy,i2 < ¢ such that F; = F;, o; F;, holds, where o; is one of the
arithmetic operations +, —, x, +. The straight-line program (3 is called division-free
if o; is different from = for 1 < i < k. Two basic natural measures of the complexity
of § are its space and time (cf. [7], [48]). Space is defined as the maximum num-
ber of arithmetic registers used in the evaluation process defined by (3, and time is
defined as the total number of arithmetic operations performed during the evalu-
ation. We say that the straight-line program (3 computes or represents a subset S
of K(X1,...,Xp) if S C {F,..., Fy} holds.

Our model of computation is based on the concept of straight-line programs.
However, a model of computation consisting only of straight-line programs is not
expressive enough for our purposes. Therefore we allow our model to include de-
cisions and selections (subject to previous decisions). For this reason we shall also
consider computation trees, which are straight-line programs with branchings. Time
and space of the evaluation of a given computation tree are defined analogously as
in the case of straight-line programs (see, e.g., [56], [§] for more details on the notion
of computation trees).

A difficult point in the manipulation of multivariate polynomials over finite
fields is the so-called identity testing problem: given two elements F' and G of
K[X1,...,Xn], decide whether F' and G represent the same polynomial function on
K™. Indeed, all known deterministic algorithms solving this problem have complex-
ity at least (#K)2(). In this article we are going to use probabilistic algorithms to
solve the identity testing problem, based on the following result.
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Theorem 2.2 ([39], [50]). Let F be a nonzero polynomial of F,[X1,...,X,] of
degree at most d and let K be a finite field extension of F,. Then the number of
zeros of F in K™ is at most d(#K)"~1.

For the analysis of our algorithms, we shall interpret the statement of Theo-
rem in terms of probabilities. More precisely, given a fixed nonzero polyno-
mial F in F,[X1,..., X,] of degree at most d, we conclude from Theorem 22 that
the probability of randomly choosing a point a € K™ such that F(a) = 0 holds is
bounded from above by d/#K (assuming a uniform distribution of probability on
the elements of K™).

3. ON THE PREPARATION OF THE INPUT DATA

From now on, let n > 3 and d > 2, and let Fy,..., F, € F[Xi,...,X,] be
polynomials of degree at most d that generate a radical ideal and form a regular
sequence. Suppose further that Fy, ..., F generate a radical ideal for 1 < s <r—1
and that V,. := V(Fy,..., F,) is absolutely irreducible.

In the sequel we shall consider algorithms which “solve” symbolically the input
system F; = 0,...,F, = 0 over F,. As in [2I] and [20], we associate to the system
Fy =0,...,F. =0 a parameter 9, called the degree of the system, which is defined
as follows: for 1 < s <, let V; C A" be the F,-variety defined by Fi,..., Fs and
let §5 denote its degree. The geometric degree of the system F; =0,...,F,. =0is
then defined as § := maxj<s<y d5.

In this section we are going to determine a genericity condition underlying the
choice of a simultaneous Noether normalization of the varieties V1, ..., V, and lifting
points P(®) € A"=* (1 < s < r) such that, for 1 < s < r — 1, the lifting fiber
Vps+1) has the following property: for any point P € Vp(.41), the morphism 7y
is unramified at 75(P). By a simultaneous Noether normalization we understand
a linear change of variables such that the new variables Yi,...,Y,, are in Noether
position with respect to Vs for 1 < s < r. Finally, we are going to find an affine
linear subspace L of A™ of dimension r + 1 such that V. N L is an absolutely
irreducible curve of A™ of degree §,.

3.1. Simultaneous Noether normalization. It is well known that a generic
choice of linear forms Y7,...,Y,, yields a simultaneous Noether normalization of
the varieties Vi, ..., V.. In order to prove the existence of a simultaneous Noether
normalization defined over a given finite field extension of F,, we need suitable
genericity conditions. The next proposition yields an upper bound on the degree
of the genericity condition underlying the choice of such linear forms.

In what follows, for 1 < s < r, we shall interpret the elements of A(?—s+1(n+1)
as (n—s+1) x (n+1)-matrices with entries in F,. We denote such matrices as (\,7),
where A € A"=stD7 represents the entries of the submatrix formed by the first
n columns of (\,7) and v € A"~*T! denotes the last column of (\,7). The linear
forms we are looking for will be given in the form Y := (Y1,...,Yh_s41) := AX +7,
with X := (X1,...,X,).

Proposition 3.1. Fiz s with 1 < s < r. Let A := (A;j)i<i<n—s+1,1<j<n D€ a
matriz of indeterminates, let AW = (Aj1,..., M) for 1 <i <n—s+1, and

let T':= (T'q,...,Tph_s41) be a vector of indeterminates. Let Y := AX +T. Then
there exists a nonzero polynomial A5 € F,[A,T] of degree at most 2(n — s + 2)52
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with the following property: for any (A7) € A=tV with A (X, ~) # 0, if
Y =XX+~v:=M,...,Y,_c11), then
(i) the mapping 7s : Vs — A" % defined by Y1,...,Yn_s is a finite morphism,
(ii) the linear form Y,_sy1 induces a primitive element of the integral ring
extension Ry :=F,[Y1,..., Y, ] — F[V4].

Proof. Let us consider the following morphism of algebraic varieties:
P A(n—s—i—l)(n-{-l) xV, — A(n—s+1)(n+1) % An—s+17

(3.1) Ay.z) = (A Az+7).

Since @ is the generic linear projection of V; into A"~*+! the Zariski closure Im(®)
is a hypersurface of A(®=s+D(+1) 5 An=s+1 known as the Chow form of V; (see, e.g.,
[47), [53]). In particular, we have that Im(®) is defined by a squarefree polynomial
Py, € KA, T, }71, .. ,?n,sﬂ} which satisfies the following degree estimates:
o degy Py, =degy Py, = Js,

. degA(i)’FZ_ID\/S <fdsfor1 <i<n-—s+1.

Let A; 4 € F,[A,T] be the (nonzero) polynomial which arises as a coefficient
of the monomial }N/;fis 41 in the polynomial Py,, considering Py, as an element
of F,[A,T][Y]. The above estimates imply deg 4, , < (n — s + 1)d,. Let A, €
E[A(i),Fi : 1 < i < n— s| be a nonzero polynomial arising as the coefficient
of a monomial of A;,, considering A; as an element of E[A(i),I‘i 11 <3<
n— s[ACHD T ],

Let (\*,7*) € A=) *+1) be any point for which gl,s()\*,fy*) # 0 holds, and
let Y :=(Y7,...,Y,—s) := M*X 4+ ~*. We claim that condition (i) of the statement
of Proposition 3.1 holds. Indeed, since Aj = Alys()\*,fy*,A(”*SH),F”_S“) is a
nonzero element of E[A(”*S“), Iy —s41], we deduce the existence of E—linearly inde-
pendent vectors wy, . .., w, €A" and values a1, ...,a, €A! such that Af s(wj,a;) #
0 holds for 1 < j < mn. Let {; := w; X + a; for 1 < j < n. By construction, for
1 < j < n the polynomial Py, (A\*,v*,wj,a;,Y1,...,Y,_s,¢;) is an integral de-
pendence equation for the coordinate function induced by ¢; in the ring extension
Ry — F,[V4]. Since E,[/1,...,4,] = F[Xi,...,X,], we conclude that condition (i)
holds.

Furthermore, since E[A,F,}N/}/(PVS) is a reduced F-algebra and F, is a per-
fect field, from [42] Proposition 27.G] we conclude that the (zero-dimensional)
F,(A,T,Y1,...,Y,_)-algebra B,(A,T,Y7,..., Y )[Ya_ss1]/(Py,) is reduced. This
implies that Py, is a separable element of F,(A, T, 171, . ,}7"_3)[)7”_3“], and hence
Py, and aPVS/a?n,SH are relatively prime in F,(A, T, 571, . 7?n,s)[?n,s+1]. Then

the discriminant

(3.2) ps i=Resy _ (Py,,0Py, /Y, s41)

of Py, with respect to ?n,sﬂ is a nonzero element of E[A,F,f/l, e ,?n,s]. It
satisfies the following degree estimates:

o degy, ¢ ps < (205 — 1)ds.
o degyip, ps < (205 —1)0, for 1 <i<n—s+1.
Let p1s € F[A,T] be a nonzero coefficient of a monomial of pg, considering
ps as an element of E[A,F] [}71,...,}7n_5], and let A; := pLSZLS. Observe that
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deg Ay < 2(n — s+ 2)02 holds. Let (\,v) € AP=s+D(+D) gatisfy the condition
Ag(\,y) # 0, let Y := AX + v and denote by (\*,7*) € A=)+ the matrix
formed by the first n—s rows of (), 7). Let Py, and p} be the polynomials obtained
from Py, and p, by evaluating A®),T; (1 <i < n —s) at (A\*,7*). Then p’ is a
nonzero element ofE[A(”_S‘H), I'pst1,Y1,. .., Y,_s] which equals the discriminant
of Py (A(”*S“), | RSP TD CTAR Yn—s,?n—s—i-l) with respect to ?n—s+1~ It is clear
that condition (i) holds. We claim that condition (ii) holds.

Let &, ..., &, be the coordinate functions of V; induced by X,..., X,, let §; :=
S hoi Aigkle +7i for 1 <i <n—s, and let Yosp1 = her M1k &6+ Doz
From the definition of the Chow form of V; we conclude that the identity
0= P‘Z (A(nferl)’ ]-—‘nferh Cla e 7477,757 i}nferl)

= P‘Z (A(n—s+1)7 F’ﬂ*SJrla Cla e 7Cn787 ZZ:I Anferl,k Ek + anerl)

holds in E[A(”*SH),Fn—s+1]®EE1[Vs]. Following, e.g., [1] or [46], taking the partial
derivative with respect to the variable A,_11 % at both sides of (8.3) we deduce
that the following identity holds in E[A(”*SH),Fn_Sﬂ] ®F, E[VS] for 1 <k <n:

(3P‘j: /85}n—s+1)(A(n75+1)7 Fn—s+17 Clv RS Cn—s; ?n—s—&-l)gk
+ (8P‘2 /aAn—s+1,k)(A(n_s+l)7 FTL—S-‘rla Cla s 7<n—3a 17n—s-‘,—l) =0.

Since py is the discriminant of the polynomial Py, with respect to }7}1_54_1, it can

(3.3)

(3.4)

be written as a linear combination of P‘Z and (’9P{}s /8}7n_5+1. Combining this
observation with (B3) and (3.4) we conclude that

p: (A(n—s+1)’ Fn—s+17 Clv ERR) Cn—s)gk

(35) (n—s+1) e
+Pk(A ;ans+17C1a-~-aCnfs7Ynfs+1>:0

holds, where P, is a nonzero element of E[A(”_SH),FR,SJA,ZL oy Zp—st1] for
1 < k < n. Substituting A\,—s11% for Ap_st16 (1 < k < n) and v,_s41 for
[y —s41 in identity ([B3), we conclude that the coordinate function of F,[V;] defined
by Y, _s11 is a primitive element of the E,—algebra extension E,(Yl, oY) &
B (V... Yo s) @5 Vi

Condition (i) implies that F,[Vy] is a finite free Ry := F,[V1,...,Y,_]-module
and hence F,(Y1,...,Y,_) ®F, F,[V;] is a finite-dimensional F, (Y7, ..., Y,_g)-vector
space. Furthermore, the dimension of

E(}/l’ s 7Yn—s) ®Fq E[VS]

as an E(Yl, ..., Y,_s)-vector space equals the rank of E[VS] as an Rgs-module. On
the other hand, since R; is integrally closed, the minimal dependence equation of
any element f € F,[V;] over F,(Y7,...,Y,_,) equals the minimal integral dependence
equation of f over R (see, e.g., [30, Lemma I1.2.15]). Combining this remark with
the fact that Y,,_sy1 induces a primitive element of the E-algebra extension

E(Yi,...,Yoos) = B (V... Yaos) @5 BIVA,
we conclude that Y, 41 also induces a primitive element of the F,-algebra extension

Ry < F,[Vi]. This shows that condition (ii) holds and finishes the proof of the
proposition. O
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3.2. Lifting fibers not meeting a discriminant. Our second step is to find
lifting points P+ e A"=5~1 for 0 < s < r — 1 such that the corresponding
lifting fiber Vps4+1y has the following property: for any point P € Vpei1y, the
morphism 4 is unramified at 74(P). With this condition we shall be able to find a
geometric solution of the variety V; such that no point P € Vp11) annihilates the
discriminant of the corresponding minimal polynomial ¢(*). This in turn will allow
us to avoid dealing with multiplicities during the computations.

For this purpose we need the following technical result. It is a slightly simplified
version of [29, Lemma 1 (i4¢)] with an improved degree estimate.

Lemma 3.2. With notations and assumptions as above, fir s with 1 < s < r. Let
A, be the polynomial of the statement of Proposition B, and let H € E, [A I, X]
be a polynomial of degree at most D. Suppose that the Zariski closure V of the
set (A—s+DO+D) 5 VYN {H = 0,4, # 0} satisfies the condition dim V, <
(n—s+1)(n+2) —2. Then the Zariski closure of the image of V, under the mor-
phism ®* : AP=stD+D) 5y A=st V(1) 5 An=5 defined by ®*(\, 7y, z) =
(A, 7y, N*x 4+ v*) is contained in a hypersurface of A=stD(+1) s An=s of degree
at most 2(n — s + 2)Dd? (here \* and v* denote the first n — s rows of A and v,
respectively).

Proof. We use the notations of the proof of Proposition B:Il Since the Chow form
Py, of the variety Vs is a separable element of E w(AL T Yl, .. Yn s)[Yn st1], we
conclude that APy, /8Y,_s41 is not a zero divisor of F,[A, T, Y]/(Py,), and hence of
the F-algebra Iy [A, I'] @g I [Vi]. Taking the partial derivative with respect to the
variable A,,_ 411 at both sides of the identity Py, (A, T, ?) = 0 of F,[A, T ®F F, [V
for 1 <k < n, we see that the following identity holds in F,[A, T] @5 F,[Vi] (cf. [II,
[44]):

(3.6)  (9Py,/0Yn_oi1)(A,T,Y) & + (BPy, JOMN, o1 4)(A,T,Y) =0,

where Y := A6 +T and ¢ := (&1,...,&,) is the vector of coordinate functions of V;
induced by X

Let H € F,[A, T, }7] be the polynomial obtained by replacing in H the variable
Xy by —(0Py, /8}771 s41)” (aPV JOAp_si1, k) for 1 < k < n and clearing denomi-
nators. Observe that degy H= degy H < Dés and degy H < (n—s+1)D3,
holds.

Let R := ResiL75+1(PVS,fI) € E[A,F,?l,...,?n,s] be the resultant of Py,
and H with respect to the variable }A}n_s_l,_l. Observe that the Sylvester matrix of
Py, and H is a matrix of size at most (D + 1)8, x (D + 1)d, with at most D,
columns consisting of coefficients of Py, or zero entries, and J, columns consisting
of coefficients of H or zero entries. This shows that deg R < 2(n — s + 2)D§?
holds. On the other hand, from 1dent1ty (38) and the propertles of the resultant
we conclude that R(A T, Yl, ... Yn s) vanishes on the variety V Furthermore,
the assumption dim V, < (n — s+ 1)(n +2) — 2 implies R(A,T,Y3,...,Y,_,) #0.
This finishes the proof of the lemma. O

Now we are ready to prove the main theorem of this section. This result states
an appropriate upper bound for the degree of a certain polynomial. The nonvanish-
ing of this polynomial expresses a suitable genericity condition for the coefficients
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of the linear forms Yi,...,Y, and the coordinates of the lifting points P(+1)
(1 < s <r—1) we are looking for. We remark that a similar result is proved
in [29, Theorem 3] for a Q-definable affine equidimensional variety of C"™. Un-
fortunately, the proof of [29, Theorem 3] makes essential use of the fact that the
underlying variety is defined over Q and therefore cannot be used in our situation.
Furthermore, we obtain a significant improvement of the degree estimates of [29,
Theorem 3]. This is a critical point for our subsequent purposes.

Theorem 3.3. Let notations be as in Proposition B:[INand ﬁx~s with 1 < s < r.
Then there exists a nonzero polynomial Bs; € E[A,I‘,Yl, oo, Y], of degree at
most 4(n—s+3)*ndd262, |, such that for any (A, v, P) € An=sHD+1) 5 An=s with
Bs(A, v, P) # 0 the following conditions are satisfied: if Y = (Y1,...,Yn_s41) :=
AX + v, then
(i) the mapping ws : Vs — A% defined by Y1,...,Yu_s is a finite morphism,
P € A™° is a lifting point of ws, and Y,_s11 s a primitive element of
7 Y(P).
(ii) Let P* € A"=571 be the vector that consists of the first n—s—1 coordinates
of P. Then the mapping msy1 : Vsy1 — A" 571 defined by Yi,...,Yn s 1
is a finite morphism, P* is a lifting point of mws11, and Yyn_s is a primitive
element of w, !, (P*).
(iii) Any point Q € 7 (w;ﬁl(P*)) is a lifting point of ws, and Y,_sy1 s a
primitive element of 77 1(Q) for any Q € 7 (W;Jrll(P*)).
Proof. Let A; and A,11 be the polynomials obtained by applying Proposition B.lto

the varieties Vi and Vi, 1, respectively. Let Dy, Dsy1 € F,[A, T, X] be the following
polynomials:

Mg o Ay Aig e Aip
An—s,l e An—s,n Anfstl e Anfsfl,n
D, :=det OF, o OF, , Dgiq :=det OF, o oF,
0X1 0X,, 0X1 00X,
oF, .. OF, OFspn OFs
8)(1 OXn 8X1 aXn

We claim that the Zariski closure of the set (A®=s+D+) x V)N {D, =0, A, #
0} is empty or an equidimensional affine subvariety of Alr=stD)(n+1) s A" of di-
mension (n — s+ 1)(n+2) — 2.

In order to prove this claim, let V; = C; U --- U Cn be the decomposition
of V, into irreducible components. Then we have that A—sTDm+D) » y —
Uiﬁl A=stD)(+1) 5 0 is the decomposition of A™—s+D(+1) s V- into irreducible
components. Let A=stD(+1) 5 € be any of these irreducible components and let
x € C be a nonsingular point of V. Then D,(A,x) # 0 holds and therefore there
exists A € A=5HD7 guch that D,(\, ) # 0 holds. This shows that there exists
a point (X, v,z) € A=s+tD+1) 5 € not belonging to the hypersurface {D, = 0}.
On the other hand, Ds(0,2) = 0 holds for any « € V,, where 0 represents the
zero matrix of A™~s+t1)"  This proves that (A=D1 » V)N {D, = 0} is an
equidimensional variety of dimension (n — s+ 1)(n 4 2) — 2, and hence the Zariski
closure of the set (A?=s+tD+D » V)N {D, = 0, A, # 0} is either empty or an
equidimensional variety of dimension (n — s+ 1)(n+ 2) — 2. This proves the claim.
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A similar argument shows that the Zariski closure of the set
(A=) S V) N {Dygjr = 0, Agyr # 0}

is empty or an equidimensional affine subvariety of A(™=%)("+1) x A" of dimension
(n—s)(n +2) — 2. We leave the details to the reader.

Consider the following morphisms:

O, (A=stDOFD S V)N {D, =0, A, # 0} — Aln=sTDnF1) o pn—s
(>‘a 7> ZL’) = ()‘7 s Yl(x)a cee Yn—s(x))v
Pypr (A Vo) N {Dyyy = 0, Agyq # 0} — An=9) (D) 5 pn=s—1
(A*a Py*a IE) = (>\*77*7 S/I(x)a ey Ynfsfl(ﬁ))‘

From the claims above and Lemma we deduce that the Zariski closure of
Im(®;) is contained in a hypersurface of A=stD(+1) s An—=s of degree at most
2(n — s+ 2)n(d — 1)62, and the Zariski closure of Im(®,1) is contained in a hy-

persurface of A=) H+1) 5 An=s—1 of degree at most 2(n — s + 1)n(d — 1)62, .
We denote by B, € E[A,F,f’l, ... ,}7,1,8] and §S+1 € E[A,F,f’l, ... ,57”,8,1] the
polynomials defining these hypersurfaces, respectively.

Let ps, ps+1 € E[A, F,}N/'l, e ,}7”_5] be the (nonzero) discriminants of the vari-
eties Vi and Vi1, as defined in ([B2]) of the proof of Proposition Bl Recall that

deg ps < (n — s+ 2)(262 — &) and deg psi1 < (n— s+ 1)(202,; — d541) holds.

Claim. The Zariski closure of the set (A=t +D) sy YA {p, B, = 0, Ay # 0}
has dimension at most (n —s+ 1)(n+2) — 3.

Proof of Claim. We observe that the mapping @5 above can be regularly extended
to A(=stD(+1) » V. From the definition of the polynomial A,, we deduce that
this extension induces the following finite morphism, denoted also by ®, with a
slight abuse of notation:
O, o (A=t S V) N {A # 0} — (A= TDOFD s an=s) 0 {A] #£ 0}
Ay, x) — ()\,’y, Yi(x),..., Yn_s(x)).

Since (AM=s+tDM+D) » VYN {D, =0, A, # 0} is an equidimensional subvariety of
(A=t 5 VYN {A, # 0} of dimension (n — s +2)(n + 1) — 2, we see that
®,({D, = 0}) is a hypersurface of (A(P=s+D(+D) 5 An=s) " LA, = 0}, which is
therefore definable by the polynomial B,. This means that the identity

(I)s({DS =0,A; 7é 0}) = {ES =0,A; 7é 0}

holds.

From the cylindrical structure of the variety A=+t +h) x V1 we conclude
that no irreducible component of this variety is contained in { Ay = 0}. This implies
that D N {As # 0} is a dense open subset of D for any irreducible component D
of A(r=s+1(n+1) 5 V1. Suppose that there exists an irreducible component D of
A=s+D(+D) 5 V) contained in @51 ({psB, = 0}). Then

Dn {As 7é O} C ‘b;l({psés = O}) n {As 7é 0} = (I);I({psés = O} n {As 7é 0}))
which implies
D, (DN {As #0}) CBy0d; ({psBs =0} N {A, #0}) C {psBs =0} N {A, £ 0}.

We conclude that ®(D) C {psBs = 0} holds. Now we are going to show that the
condition ®4(D) C {psBs = 0} leads to a contradiction. Indeed, we observe that
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there exists an irreducible component Dy of Vi for which D = A=+ +1) x Dy
holds. Let = € Dy be a nonsingular point of V11, which is also a nonsingular point
of Vi. Hence, for a generic choice of a point (\,7) € A®=stD+1) the fiber
W = Vs N {MX 4+ 9* = X + +*} is unramified (see, e.g., [44, §5A]) and the
linear form A(®—stDX 4 Yn—s+1 Separates the points of W,. This shows that any
point y € Vs N {X\*X + +* = Xz + ~*} satisfies the conditions Dg(\,v,y) # 0
and ps(A,7v,y) # 0. We conclude that the point (X, ~, \*z + 7*) belongs to the set
®,(D) \ {psBs = 0}, thus contradicting the condition ®,(D) C {psBs = 0}. This
finishes the proof of our claim. O

From the claim and Lemma [B2] we deduce that the image of the morphism

U, (A(n—s+1)(n+l) % Vs—i—l) ) {psés _ O,As+1 # 0} N A(n—s+l)(n+1) % An—s—1
Ayz) = (A7 Ya(), - Yoo (@)

is contained in a hypersurface of A=stD(n+1) o An—=s=1 of degree at most
dn—s+ 2) 2ndé262, . Let B, denote the defining equation of this hypersurface.
Let B, .= A AS+1psp5+1B BS+1B Observe that deg Bs < 4(n—s+3) ndéf&fH
holds. Let (N, 7y, P) € Aln=s+D)(n+1) 5 An=5 he a point satisfying B (), 7, P) # 0.
We claim that (), P) satisfies conditions (i), (ii), and (iii) of the statement of
Theorem B3] Let (A\*,v*) denote the first n — s rows of (A, ) and let P* denote the
vector consisting of the first n—s—1 coordinates of P. Since Ag(A,v)Asp1(A*,v*) #
0 holds, from Proposition 3] we conclude that the mappings 75 : Vs — A"% and
Top1 : Vay1 — A"~ 1 defined by the linear forms Y7,...,Y,_, and Yl, R
are finite morphisms. Since A,(\,y) # 0 holds, the condition By(),~, P) # 0
implies that Ds()\,v,x) # 0 holds for any = € m;!(P). Therefore, we see that P
is a lifting point of the morphism 7s. A similar argument as above shows that P*
is a lifting point of the morphism 74 ;. Finally, the conditions ps(A, v, P) # 0 and
ps+1(A*, 7%, P*) # 0 show that Y, 41 and Y,,_ are primitive elements of 7 1(P)
and 7, " (P*), respectively. On the other hand, the conditions By(\,7,P*) # 0
and Agiq(A*,v*) # 0 imply that (psés)()\,%P*,Yn,s(x)) # 0 holds for any = €
7,1 (P*). Therefore, since A4(,7) # 0 holds, we deduce that Dy(), 7, Q) # 0 and
ps(A, 7, m5(Q)) # 0 hold for any point Q € w7 (P*,Y,_,(z)) with z € 7}, (P*).
This shows that condition (iii) of the statement of Theorem [3.3] holds. O

In order to find a rational point of our input variety V' we are going to determine
a suitable absolutely irreducible plane [,-curve of the form V N L, where L is an
[F,-definable affine linear subspace of A™ of dimension r + 1. For this purpose, we
are going to find an F,-definable Noether normalization of V', represented by a (I,-
definable) finite linear projection 7 : V' — A"~", and a lifting point P € F™"
of 7. Unfortunately, the existence of the morphism 7 and the point P cannot be
guaranteed unless the number of elements of [, is high enough. Our next result
exhibits a genericity condition underlying the choice of 7 and P whose degree
depends on 6, := deg V., rather than on ¢ := max;<s<y Js.

Corollary 3.4. With notations as in Proposition B and Theorem B3, there exists
a nonzero polynomaial BeFE AT, Yl, e Yn »] of degree at most

(n —r 4 2)(2nds? — 5,)
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such that for any (A, 7, P) € A=r+D(+D) s An=r yyith B(X,~, P) # 0 the following
conditions are satisfied.

Let Z :=(Z1,...,Zpn—ry1) := AX ++. Then the mapping 7 : V,, — A"~ " defined
by m(x) = (Z1(x), ..., Zy—r(x)) is a finite morphism, P € A"™" is a lifting point
of ™, and Z, .1 is a primitive element of m—1(P).

Proof. Let B = Arprér, where A, is the polynomial of the statement of Proposi-
tion 3.1l the polynomial E,« is that of the proof of Theorem with s =r—1, and
pr is the discriminant introduced in (B:2)) of the proof of Proposition Bl Observe
that deg B < (n—r+2)(2nds2—4,) holds. Now, if (A, 7y, P) € A(n=r+D(nt1) 5 gn—r
is any point for which E(A, v, P) # 0 holds, a similar argument as in the last para-
graph of the proof of Theorem [3.3] shows that the linear forms Z := AX + ~ and
the point P satisfy the conditions in the statement of the corollary. (I

Combining Theorem and Corollary [3.4] we conclude that, if
q> (n—r+2)(2nds? - 6,)

holds, then there exists an [-definable Noether normalization of the variety V and
a lifting point P € E'™" of .

3.3. A reduction to the bidimensional case. In this section we finish our con-
siderations about the preparation of the input data by reducing our problem of
computing a rational point of the absolutely irreducible If;-variety V' := V,. to that
of computing a rational point of an absolutely irreducible plane F,-curve. For this
purpose, we have the first Bertini theorem (see, e.g., [64] §I1.6.1, Theorem 1]),
which asserts that the intersection V' N L of V with a generic affine linear subspace
L of A™ of dimension r + 1 is an absolutely irreducible plane curve. If V N L is
an absolutely irreducible F,-curve, then Weil’s estimate (see, e.g., [39], [50]) assures
that we have a “good probability” of finding a rational point in V' N L. The main
result of this section exhibits an estimate on the degree of the genericity condition
underlying the choice of L.

Let (), v, P) € A=)+ 5 An=" he a point for which B(), 7, P) # 0 holds,
where B is the polynomial of Corollary B4l Let (Z1,...,Zp—ry1) = XX + 7,
let Y, —yr4y2,...,Y, be linear forms such that Z1,..., 2,41, Yn—rto,..., Y, are E-
linearly independent, and let P := (p1,...,pn—r). Then the mapping 7 : V. — A"
defined by 7(z) := (Z1(2),...,Zn—r(z)) is a finite morphism, and therefore the
image W := 7(V) of V under the mapping 7 : V. — A"~"*! defined by 7(z) :=
(Zl (@), ..., Zn,rJrl(x)) is a hypersurface of A"~"1. The choice of Z1,..., Z,_r41
implies that this hypersurface has degree 8, and is defined by a polynomial ¢(") e
F,[Z1,. .., Zn_ry1] that is monic in Z, 1.

Let V := {z € A" : (8¢ )0 Zp_r1)(Z1(2), ..., Zn—ri1(x)) = 0} and W :=
{z € An7"*+1 . (0¢\")/0Z,,_,11)(2) = 0}. Our following result shows that the
variety V is birationally equivalent to the hypersurface W c A"~"+1,

Lemma 3.5. The map %\V\(/ VAV — W\W is an isomorphism of Zariski open
sets.

Proof. We observe that 7(V \ V) ¢ W\ W holds. Then 7~T|V\‘7 VAV =W\ w
is a well-defined morphism.
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We claim that 7 is an injective mapping. Indeed, making the substitutions
Aryiy == A1, (1 < 7 < n)and T'n_py1 = Yp—ry1 in identity B4) of
the proof of Proposition Bl we deduce that there exist polynomials vq,...,v, €

E,[Z1, ..., Zn—ry1] such that for 1 < k < n the following identity holds:
(3.7) vi(Z1s ..., Zoyi1) = X (8¢ )0 Zy 1) (21, . .. Zy—yy1) = 0 mod I(V)
Let z := (21,...,an), 2 = (2},...,al) € V\ V satisfy 7(z) = 7(2'). We have

Zy(x) = Zy(z') for 1 <k <n—r+1. Then from @B7) we conclude that x = x,
for 1 < k < n, which shows our claim.

Now we show that %|V\‘~, VA V - W \ W is a surjective mapping. Let
qo := 0¢") /0Z,_ry1. Let z:= (21,...,2p_rs1) be an arbitrary point of W\ W,

and let
= ((v1/q0)(2), - -, (vn/q0)(2))-

We claim that z belongs to V' \ V. Indeed, let F be an arbitrary clement of
the ideal I(V) and let F = (qo(Z1,. .., Zy_r11))NF, where N := deg F. Then
there exists G € F,[T1, ..., T,41] such that F= G(qoX1,...,qXn,qo) holds. Since
F e I(V), for any 2’ € V we have F(2') = 0, and hence from (3.7) we conclude that
G(vi,. ., 0n,q0)(Z1(2"), ..., Zn_rs1(2')) = 0 holds. This shows that ¢(") divides
F= G(vi,..,0n,q0) in F,[Z1,..., Zp_ri1], and therefore F\(z) =q(z)VNF(z)=0
holds. Taking into account that go(z) # 0 we conclude that F(z) = 0 holds, i.e.,
zeV\V.

In order to finish the proof of the surjectivity of 7 there remains to prove that
7(x) = z holds. We observe that (8.17) shows that any 2z’ € V satisfies

Zi(zl)qo (Zl (Z/)a R anrJrl(Z/)) - Z )\i’ k Uk (Zl (Z/)’ tr Z”7T+1(Z/>) =0
k=1

for 1 <i<n-—7r+1. Then q(r) divides the polynomial Z;qy — ZZ:MLWIC in
F,[Z1, ..., Zp—y+1], which implies z; = Y7 A k(ve/q0)(2) = Yop_i Mi k@ for
1<i<n-—r+1. This proves that 7(z) = z holds.

Finally we show that 7|\ : V'\ V — W\ W is an isomorphism. Let

6+ WA\W — V\V,
z = ((01/a0)(2), -, (vn/d0)(2))-
Our previous discussion shows that ¢ is a well-defined morphism. Furthermore, our
arguments above show that 7 o ¢ is the identity mapping of W \ W. This finishes
the proof of the lemma. O

We remark that a similar result for the varieties V;,...,V,_1 can be easily es-
tablished following the proof of Lemma
Now we prove the main result of this section.

Theorem 3.6. Let notations and assumptions be as above. Suppose further that
the variety V :=V,. is absolutely irreducible. Let Q := (Q1,...,Qn—) and T be new
indeterminates. Then there exists a nonzero polynomial C' € E[Q] of degree at most
262 with the following property: let w := (w1, ...,wy_r) € A" satisfy C(w) # 0,
and let L, be the (r + 1)-dimensional affine linear subvariety of A™ parametrized
by Z =wiT+pr (1 <k<mn-—r). Then VN L, is an absolutely irreducible affine
variety of dimension 1.
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Proof. Lemma shows that V is birational to the hypersurface W c An—"+!
defined by {¢")(Zy,...,Zp_r41) = 0}. Since V is absolutely irreducible, we
conclude that W is absolutely irreducible and therefore ¢(") is an absolutely ir-
reducible polynomial. Following [32], let ¢ € F,[Q2, T|[Z,—r+1] be the polynomial
q:= q(r) (QIT +p1, 5 QT+ D, Zn—r+1)-

Since ¢(") is a monic element of F,[Z1,- s Zn—r][Zn—ri1), we easily conclude
that ¢ is a monic element of F,[Q, T][Z,,_41].

We claim that ¢(2,0, Z,,_,41) is a separable element of F,[Q)][Z,,_,.+1]. Indeed, we
have that §(2,0, Z, 1) = ¢ (P, Z,,_,+1) holds. Then the proof of Proposition
B shows that the choice of P implies that the discriminant of the polynomial
¢ (P, Zy_,41) does not vanish. This means that §(€,0, Z,_,,1) is a separable
element of T, [Q][Z,,—11]-

Therefore, applying [32, Theorem 5] we conclude that there exists a polynomial
C € F,[Q] of degree bounded by 247 — 267 + 162 < 267 such that for any w € A"™"
with C(w) # 0, the polynomial ¢(w, T, Z,_,+1) is absolutely irreducible. From this
we immediately deduce the statement of the theorem. O

4. THE COMPUTATION OF A GEOMETRIC SOLUTION OF V

Let notations and assumptions be as in Section[3l In this section we shall exhibit
an algorithm which computes a geometric solution of a K-definable lifting fiber Vp()
of the input variety V', where K is a suitable finite field extension of [,.

In order to describe this algorithm, we need a simultaneous Noether normaliza-
tion of the varieties V7, ..., V, and lifting points PGH) e A==l for 0 < s<r—1
such that the corresponding lifting fiber Vp(.+1) has the following property: for
any point P € Vp(s+1), the morphism 7, is unramified at 75(P). For this pur-
pose, let A := (A; j)1<i,j<n be a matrix of indeterminates and let I" := (I',...,T,)
be a vector of indeterminates. Let X := (X1,...,X,) and let YV := AX 4+ T'. Let
B, € E[A, T, }7] be the polynomial of the statement of Theorem[B.3/for 1 < s <r—1
and let B := det(A) []Z; Bs. Observe that deg B < 4n*dé* holds.

Let K be a finite field extension of F, of cardinality greater than 60ndé* and
let (A, 7, P) be a point randomly chosen in the set K(n+1) 5 K*=1. Theorem
shows that B(A,~, P) does not vanish with probability at least 14/15. From now
on, we shall assume that we have chosen (\,v,P) € Kn(n+1) x K*—1 satisfying
B(A\,v,P) #0. Let (Y1,...,Y,) :=AX + v and P := (p1,...,Pn-1)-

From Theorem [3.3] we conclude that Yi,...,Y, induce a simultaneous Noether
normalization of the varieties Vi,..., V., and the point PG+ == (py, ..., pp_s_1)
satisfies the condition above for 0 < s < r—1. We observe that the fact that the lin-
ear forms Y1, ...,Y, belong to K[X1,..., X,] and P belongs to K®~1, immediately
implies that the lifting fiber Vp(.) is a K-variety for 1 < s <.

The algorithm for computing a geometric solution of Vp( is a recursive proce-
dure which proceeds in r —1 steps. In the sth step we compute a geometric solution
of the lifting fiber Vp(s+1) from a geometric solution of the lifting fiber V(). Recall
that Vpe == 7, (P®)) =V, n{Y1 =p1,...,Yn_s = pn_s}. For this purpose, we
first “lift” the geometric solution of the fiber Vp() to a geometric solution of the
affine equidimensional unidimensional K-variety

Wp(s+1) =V,N {Yl =P1y..., Y s 1= pn_s_l}
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(see Section 1] below). The variety Wps+1) is called a lifting curve. Then, from
this geometric solution we obtain a geometric solution of the lifting fiber Vp11) =
Wp+1 NV (Fy11). This is done by computing the minimal equation satisfied by
Yi—st1 in Vpeyny (see Section 2), from which we obtain a geometric solution of
Vps+1y by an effective version of the Shape Lemma (see Section [43]).

4.1. From the lifting fiber Vp(:) to the lifting curve Wps11). In this section
we describe the procedure which computes a geometric solution of the lifting curve
Wps+1y from a geometric solution of the lifting fiber Vp(s).

Let ms : Vo — A" ™% and 7, : V, — A" 5! be the linear projection mappings
defined by the linear forms Y3,...,Y,_s and Yq,...,Y,, 441, respectively. From
Theorem B3] we know that 7, is a finite morphism and that Y,,_11 is a primitive
element of the integral ring extension E[Yl, Y, ] — E[VS] Furthermore, the
minimal polynomial ¢(*) € F,[Y1,...,Yu_s41] of the coordinate function of F,[Vj]
defined by Y, _s+1 has degree d5 and is a defining polynomial of the hypersurface
7s(Vs). Since 75 (V) is a K-hypersurface, we may assume without loss of generality
that ¢(*) belongs to K[Y1,...,Y,_st1]. This assumption, together with the proof
of Lemma [3.5 shows that there exists a geometric solution of V, consisting of
polynomials ¢(%, vff_)s_m, ol of D Z T A

Our choice of P*) implies that the discriminant of ¢(*) with respect to Y;,_s41
does not vanish in P(®). Therefore, the above geometric solution of V; is compatible
with P() in the sense of Section 2 and q(s)(P(S),Yn_sH),vflszs+k(P(S),Yn_s+1)
(2 < k < s) form a geometric solution of Vpe) with ¥;,_511 as primitive element.
We shall assume that we are given such a geometric solution of Vp(s).

We observe that Wp(s+1) can be described as the set of common zeros of the poly-
nomials Y1 —p1,...,Yn_s_1—DPn_s_1, F1,..., Fs or, equivalently, of the polynomials
Yi—p1,ee s Yoo 1=Pnos1, F1(PCTD Y, o V), Fy(PETY Y, Y.
In particular we see that Wp(s11) is a K-variety. In order to find a geometric solu-
tion of Wp(.11) we are going to apply the global Newton—Hensel procedure of [25].
For this purpose, we need the following result.

Lemma 4.1. The polynomials Fy(PC)Y, . ....Y,),..., Fs(PCTY,  ...)Y})
generate a radical ideal and form a regular sequence of K[Yn_s,...,Y,]. Further,
Wps+1) has degree 6.

Proof. We first show that Fj(P(S“), sy, Yn) (1 < j < s) form a regular se-
quence. Let Lgy; C A™ be the affine linear variety Lsi1 :={Y1 =p1,...,Yp_s_1 =
Pn_s—1}. Observe that {F;(PCTV)Y, ... ) V,)=0;1<j<s}t=ViNLyy =
7r;1(L5+1) for 1 < ¢ < s. Since 7; is a finite morphism, we conclude that dim V; N
Lgyy =dimpn—i Lgyy =n—i—(n—s—1)=s+1—ifor 1 <4 <s. This proves
our first assertion.

Now we prove that deg Wp(s+1) = d, holds. Our previous argumentation shows
that Wpr1y = Vs N Lgyq is an equidimensional variety of dimension 1. By the
Bézout inequality (21I), we have deg Wpt1y < d5. On the other hand, since 7
is a finite morphism, the restriction mapping 7TS|WP(S+1> : Wpe+y — Lgp1 C

A™% is also a finite morphism. Furthermore, our choice of P() implies that
#(Tslw o)) T (PO)) = # 1 (P)) = 6, holds. Then

0y = #71’8_1(]3(5)) = H#Wpesny N {Yn_s = Pn—s}) < degWprn < s,

which proves our second assertion.
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There remains to prove that Fj(PC+H) Y, ...)V,) (1 < j < s) generate a
radical ideal of K[Y,_s, ..., Y,]. Since P() ig a lifting point of 7, from Lemma 2]
we conclude that the Jacobian determinant

JF(P(SJrl)v Yn—s, s 7Yn) = det (aFi(P(SJrl)a Yn—sa ) Yn)/ayn—s+j)1<i j<s

does not vanish at any point of Wp+1) N{Y;,_s = pn—s}. Furthermore, the equality
H#WpeinyN{Yn_s = Pp_s}) = §s = deg Wp(s+1) shows that the affine linear variety
{Y,—s = Pn—s} meets every irreducible component of Wps+1). This proves that
the coordinate function of Wp(.+1) defined by JF(P(S“)7 Yi—s,...,Yy) is not a zero
divisor of F,[Wp(.+1)]. Hence, from [16, Theorem 18.15] we conclude that the ideal
generated by F;(PCHY Y, ....Y,) (1 <j < s) is radical. O

Now we can describe the algorithm for computing the geometric solution of the
lifting curve Wp(s+1). In order to state the complexity of our algorithms, we shall
use the quantity U(m) :=m log® mloglog m. We remark that the bit-complexity of
certain basic operations (such as addition, multiplication, division, and ged) with
integers of bit-size m is O(Z/l (m)), and the number of arithmetic operations in a
given domain R necessary to compute the multiplication, division, resultant, ged,
and interpolation of univariate polynomials of R[T] of degree at most m is also of
order O(U(m)) (cf. [57], [6]). In particular, an arithmetic operation in a finite
field K of cardinality #K can be (deterministically) performed with O(U(log #K))
bit operations, using space O(log#K). Our assumptions on K imply log #K <
O(log(gd)).

Proposition 4.2. There exists a deterministic Turing machine M which has as
mput
e q straight-line program using space S and time T which represents the poly-
nomials Fy, ... F,
e the dense representation of elements of K[Y,—_s41] which form a geometric
solution of Vp(s),

and outputs the dense representation of polynomials of K[Yn_s,Yn_si1] which
form a geometric solution of Wp+1y. The Turing machine M runs in space

O((S +n)d2log(qd)) and time O((nT + n®)U(8s)*U(log(gd))).

Proof. Since every point P € Wp(.+1) has fixed its first n—s—1 coordinates, the lift-
ing curve Wp(.41) is naturally isomorphic to the affine space curve Wy, C Astt
obtained by projecting Wps+1) on the (s + 1)-dimensional affine linear space with
coordinates Y;,_g, ..., Y,. This projection identifies the lifting fiber Vp(s+1) with the
zero-dimensional affine variety V3.1 = W51y N{Yn_s = pn_s}. Furthermore,
the projection 711 : Wihsy — A' induced by Y,,_; is a finite generically unrami-
fied morphism of degree d5, in other words, a generic fiber of 7, has cardinality Js.
In particular, the fiber 7__ il(pn—s) =V} is unramified of cardinality ds.

The polynomials q(s)(P(S), Yi—s+1), vﬁf_)erk(P(s), Yi—s+1) (2 < k < s), intro-
duced before the statement of Lemma 1] form a geometric solution of V- Under
these conditions, applying the Global Newton algorithm of [25, IT.4] we conclude
that there exists a computation tree § in K which computes a geometric solution
of W .41y, which is also a geometric solution of Wp11). The fact that the input
geometric solution of V) consists of univariate polynomials with coefficients in K
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implies that the output geometric solution of Wp(s+1) also consists of polynomials
with coefficients in K.

The evaluation of the computation tree 3 requires O ((n7 +n®)U(8,)?) arithmetic
operations in K, using at most O((S + n)éf) arithmetic registers. Taking into
account the cost of the basic arithmetic operations in K we deduce the complexity
estimate of the statement of the proposition. O

4.2. Computing a hypersurface birational to Vp.+1). The purpose of this
section is to exhibit an algorithm which computes the minimal equation satisfied
by the coordinate function induced by a linear form £y = Y,_s + AY,,_s41 in
F,[Vpe+1], for a suitable choice of A € K.

In order to simplify notations, during this section we shall denote the lifting
point P51 by P, the lifting fiber Vp+1, by Vp, and the lifting curve Wp.+1) by
Wp.

For any A € K, let £y € K[Y,,—s, Yi—s+1] denote the linear form £y := Y, +
AY,_st1, and let Toi1n @ Wp — Al be the projection morphism defined by
Ts+1a(x) = La(z). Our next result yields a sufficient (and consistent) condi-
tion on A, which assures that replacing the variable Y,,_s by £, does not change
the situation obtained after the preprocessing of Section B2l namely 7,11 ) is a
finite morphism, and any element of the set 7511 (Vp) defines an unramified fiber
of %SJrl))\.

Lemma 4.3. Let A be an indeterminate. There exists a nonzero polynomial Es €
F,[A] of degree at most 45, with the following property: for any A\ € Al with
Es(\)#£0,4f Ly =Yg+ Y541, then
(i) the projection mapping Tsi1.x : Wperny — Al defined by Ly is a finite
morphism,
(ii) Ly separates the points of the lifting fiber Vp(st1),
(ili) every element of Tsr1.1(Vpsny) is a lifting point of Tsi1,x-

Proof. By the choice of the linear forms Y7,...,Y,,_s11 and the point P, we have
that the coordinate function defined by Y;,_s41 represents a primitive element
of the integral ring extension F,[Y,,_s] — F,[Wp], whose minimal polynomial is
q¢®)(P,Y,_s,Y,_4i1). Furthermore, F,[Wp] is a free F,[Y;,—s]-module of rank .

First we determine a genericity condition for (i). Let £ := Y,_s + AY,_s11,
and let qgs) be the following element of K[A, Y7,..., Y _s—1, LA, Yo_sy1]:

Q/(\S) = q(S) (}/15 ey Ynfsfla £A - AYnferla Yn75+1)~

Since ¢(*) has (total) degree &, and £ — AY,_ ;1 is linear in £a,Y,_,41, and
also in £y, A, we conclude that deg,, v, ., ql(\s) < 45 and degp, A ql(\s) < J5 hold.
Therefore, we may express q,(\s)(P7 A, LA, Y, s41) in the following way:

qI(\S)(P7 A, Ly, Yn*SJrl) = as, (A)vaierl + a5s*1(A7 L:A)Yr?i;}rl +o CLo(A, ‘CA)7

where as_, ..., a9 € K[A,LA] have degree at most ;. Since q/(\s)(P7 0,Y,—s, Yo si1)

=q“)(P,Y,_s,Yn_s11) holds and the polynomial ¢*)(P,Y,,_,, Y, s11) is a monic
element of K[Y;,_s][Yn—s+1] of degree d5 in Y, 541, we conclude that the leading
coefficient as, is a nonzero element of K[A] (of degree at most d5). We shall prove
below that for any A with as_(A) # 0 condition (i) holds.
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Now we consider condition (ii). Let Vp := {Q1,...,Qs,.,}, and consider the
following polynomial:

Eaa(N) = J] (£a(Q))— £a(Qu)).

1<G<k<8t1

Observe that EA(Q]) _LA(Qk) =Y, (Q]) Y, (Qk) +A(}/n—s+1 (Q]) _Yn—s+1 (Qk))
holds for 1 < j <k < d,41. Therefore, since Y;,— s separates the points of the lifting
fiber Vp, we conclude that E ; is a nonzero element of F,[A] of degree at most 62, ;.
We shall show below that for any A with E;1()\) # 0 condition (ii) holds.

Finally, we consider condition (iii). Let 75414 : Al x Vp — A? be the mapping
defined by Tsy1.4(A, z) = ()\,,C,\(LL')). Observe that the image of Ty11 4 is a K-
hypersurface of A? of degree d,.1, defined by the polynomial q(ﬁsjl)(A,EA) =
[li<j<s.,. (La — La(Q;)) € K[A, La]. We claim that q(ESAH) and the discriminant

P (P, A, La) € K[A, £4] of the polynomial ¢\ (P, A, £, Y,_441) introduced above
have no nontrivial common factors in K(A)[£A]. Arguing by contradiction, suppose
that there exists a nontrivial common factor h € K(A)[£4]. Since qésjl) is a monic
element of K[A][£A], we deduce that there exists a common factor h € K[A, L5]\K[A]
not divisible by A. Taking into account that q(LSjl)(O,Yn,S) = ¢CtY(P Y, )
and ps\s)(P,O,Yn,s) equals the discriminant p(*)(P,Y;_,) of ¢") (P, Y, s, Yn_s41)
with respect to Y, _sy1, we see that h(0,Y,_s) is a nontrivial common factor of
p) (P, Y, ) and ¢+ (P,Y,,_,). Let a € F, be a root of h(0,Y,,_) and let Q be
a point of Vp for which a = ¥,,_4(Q) holds. Then (p1,...,pn—s—1,) = 7s(Q),
and ¢ (75(Q),Y;,,_s41) has less than &5 roots. We conclude that either m,(Q) is
not a lifting point of 74 or Y,,_,y1 is not a primitive element of 7 (7s(Q)), thus
contradicting condition (iii) of Theorem B3] This proves our claim.

From our claim we see that the resultant Es» € K[A] of q(LSAJrl)(A,,CA) and

pk” (P, A, L) with respect to the variable £, is a nonzero element of F,[A] of degree
at most 2(20; — 1)659541. The nonvanishing of Ej 5 is the genericity condition we
are looking for, as will be shown below.

Let B := as,Es1Fs2 € F[A]. Observe that deg E5 < 46° holds. Let A € Al
satisfy Es(A\) # 0 and let £y :=Y,,_s + AY,,_s1. We claim that conditions (i), (ii)
and (iii) of the statement of Lemma 3 hold.

Let £y, yn—s and y,_sy1 denote the coordinate functions of E[Wp] induced by
Ly =Y s+ AYo_s41, Yns and Y, 511, respectively. We have £\ = y,—s +

Aynferl' From q(s) (P7 Yn—s, ynferl) = 0 we deduce that (I,(\S)(/\y Pv g)\aynferl) =0

holds. Let qf\s) = qj(\s)()\,Yl7 e Yo o 1, L5, Yy_si1). Since as, (A\) # 0 holds, we
see that qgs)(P, L, Yn_s41) is a monic (up to a nonzero element of F,) element of
F,[£7][Yn—s+1], which represents an integral dependence equation over F,[£,] for
the coordinate function y,_s11. Assuming without loss of generality that A # 0
holds, we see that Tsy15 : Wp — A' is a dominant mapping, because otherwise
Ts+1: Wp — Al would not be dominant. We conclude that F,[£5] < F,[£x, Yn—s+1]
is an integral ring extension. Combining this with the fact that E[A, Yn—s+1] —
F,[Wp] is an integral ring extension, we see that F,[£,] — F,[Wp] is an integral
extension. This proves that 7,11 ) is a finite morphism and shows that condition
(i) holds.
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Next, taking into account that Es1(N) = [Ti<;cj<s,,, (£x(Qi) = £2(Qy)) # 0
holds, we conclude that £, separates the points of the fiber Vp. This shows that
condition (ii) holds.

Finally, let @ be an arbitrary point of Vp. Since E; 2(A) # 0 holds, the discrimi-
nant pf\s)(P, L) of the polynomial qgs)(P, L, Yn_s1+1) with respect to Y, _¢y1 does
not vanish in £,(Q). Then qg\s) (P, £(Q),Yy—s11) has d, distinct roots in F,. There-
fore, the fiber %;rll,/\(ﬁ)\ (Q)) has d, distinct points, in other words, it is unramified.
This shows that condition (iii) holds and finishes the proof of the lemma. O

Since the cardinality of the field K is greater than 60n*dd*, from Theorem
we see that, for a randomly chosen value A € K, the condition F4(A) # 0 holds with
probability at least 1 — 1/60n?. Assume that we are given such a value A € K and
let Ly :=Y,—s+ AY,_s41. We are going to exhibit an algorithm that computes
the minimal equation of the coordinate function of Vp induced by L.

Let (8q/(\s)/8Yn,s+1)_1(P, Ly, Y,_s+1) be the monic element of K(L£y)[Yy—s41]
of degree at most §; — 1 that is the inverse of (aq§5>/aYn,s+1)(P, Ly, Yn—st1)

modulo ¢\” (P, Lx, Yn—s41), and let w'® (P, Ly, Yaooi1) € K(£2)[Yaosia] be

the remainder of the product USZH,C(P, Ly— Y, i1, KL_S+1)(aq§S)/aYn_s+1)*1

(P, Ly, Y, —st1) modulo qgs)(P, Ly, Yn_s41) for 2 <k < s. Finally, let

fs+1 = Fs+1 (P; E)n Yn—s—l—la U)S_)S+2(P; E)n Yn—s+1)7 cee awgf) (Pv E)\) Yn—s+1))a
(41) gs+1 ‘= ReSYn,_s+1 (q(;) (Pa EA? YTL—S+1)7 fs—i—l)a

where Resy,__,,(f,g) denotes the resultant of f and g with respect to Y;,_s;1.

We observe that fsi1 € K(L£x)[Yn—s+1] has degree at most dds in Y, 441, and
that the denominators of its coefficients are divisors of a polynomial of K[L] of
degree bounded by (265 —1)d,. On the other hand, from [25, Corollary 2] it follows
that gs11 is an element of K[L,] of degree bounded by dds. Our next result shows
that the minimal equation of £ in K[Vp] can be efficiently computed.

Proposition 4.4. There exists a probabilistic Turing machine M which has as
mput
e a straight-line program using space S and time T which represents the poly-
nomial Fsyq,
e the dense representation of elements of K[Y,_s, Yn_s11] which form a geo-
metric solution of Wp+1), as computed in Proposition 12,
e a value \ € K satisfying the conditions of Lemma [£3],

and outputs the dense representation of the minimal polynomial q(ﬁs:rl)(P(SH),L,\)
€ K[L,] of the coordinate function of Vpst1) induced by Ly. The Turing machine
M runs in space O((S + d)621og(¢d)) and time O((T + n)U(dss)U(55)U(log(qd)))
and outputs the right result with probability at least 1 — 1/45n3.

Proof. Let A € K satisfy the conditions of Lemma 3l Then [29, Lemma 8] shows
that the following identity holds:

(s+1) Js+1
q (P,Ly) = ——.
“ ged(gs41,94s1)
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Therefore, the computation of q,(cs:rl)(P, L) can be efficiently reduced to that of
the polynomial gsy; of ([{I]). The latter may be defined as the resultant with re-
spect to the variable Y;,_;11 of two elements of K(L£,)[Y,—s+1] of degrees bounded
by 65 and §; — 1, namely qgs)(P, L, Yn_s4+1) and the remainder of fsy; modulo
qE\S)(P7 L, Y, —s+1). Following [57, Corollary 11.16], such a resultant can be com-
puted using the Extended Euclidean Algorithm (EEA for short) in K(£)[Ys—s+1],
which requires O(U(8,)) arithmetic operations in K(L,) storing at most O(J;)
elements of K(L£y). Furthermore, the computation of fsy; requires the (modu-
lar) inversion of (8q§\s)/8Yn_s+1)*1(P, Lx,Yn—s+1), which can also be computed
by applying the EEA in K(£))[Y5—s+1] to the polynomials qf\s)(P, Ly, Y, —s11) and
(8q,(\8)/ayn—s+1)(Pa ‘C)w Yn—s+1)-

In order to compute the dense representation of the polynomial g1, we shall
perform the EEA over a ring of power series K[£) — a] for some “lucky” point
a € K. Therefore, we have to determine a value a € K such that all the elements of
K[L£] which are inverted during the execution of the EEA are invertible elements of
the ring K[£x — «]. Further, in order to make our algorithm “effective”, during its
execution we shall compute suitable approximations in K[£,] of the intermediate
results of our computations, which are obtained by truncating the power series
of K[£x — «] that constitute these intermediate results. Therefore, we have to
determine the degree of precision of the truncated power series required to output
the right results.

In order to determine the value o € K, we observe that, similar to the proof
of [57, Theorem 6.52], one deduces that all the denominators of the elements
of K(Ly) arising during the application of the EEA to qgs)(P, Ly, Y _s41) and
fs+1 are divisors of at most d; + 1 polynomials of K[L,] of degree bounded by
(dds + 65)(205s — 1)ds. On the other hand, the denominators arising during the ap-
plication of the EEA to ¢\ (P, L, Yn_s11) and (9" /0Yy o 11)(P, L, Yn_o11) are
divisors of at most d5+1 polynomials of K[Y;,_] of degree at most (2d;—1)ds. Hence
the product of all the denominators arising during the two applications of the EEA
has degree at most (dds + 65 + 1)(26s — 1)ds(ds + 1) < 4dd?. Since #K > 60n*ds*
holds, from Theorem 2.2 we conclude that there exists o € K that does not annihi-
late any denominator arising as an intermediate results of the EEA. Furthermore,
the probability of finding such an « by a random choice in K is at least 1 —1/45n>.

On the other hand, since the output of our algorithm is a polynomial of degree
at most dds, computing all the power series which arise as intermediate results up
to order dfs + 1 allows us to output the right result.

Our algorithm computing gs41 inverts (8qf\s)/3Yn_s+1)(P, Ly, Y, _s+1) modulo

qf\s)(P, L, Yy _sy1), computes wffZHk(P, Ly, Yy _sy1) for 2 < k < s, then computes

fs+1 modulo qgs) (P, Ly, Y,—st1), and finally computes gs41. All these steps require
O((T +n)U(6,)) arithmetic operations in K(Ly), storing at most O(S6,) elements
of K(Ly). Each of these arithmetic operations is performed in the power series ring
K[Lx — o] at precision dd, + 1, and then requires O (U(dd,)) arithmetic operations
in K, storing at most O(dds) elements of K. Therefore, we conclude that the whole
algorithm computing g1 requires O((T + n)U(ds,)U(J;s)) arithmetic operations
in K, storing at most O((S + d)§?) elements of K.
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Finally, the computation of g,;1/gcd(gs+1,9441) requires O(U(dds)) operations
in K, storing at most O(dds) elements of K. This finishes the proof of the proposi-
tion. (]

The algorithm underlying Proposition [£.4]is essentially an extension to the finite
field context of |25 Algorithm II.7]. We have contributed further to the latter by
quantifying the probability of success of our algorithm. We also remark that the
complexity estimate of Proposition 4] significantly improves that of [29, Proposi-
tion 1].

4.3. Computing a geometric solution of Vp(:+1). In this section we exhibit an
algorithm which computes a parametrization of the variables Y,, _¢41,...,Y, by the
zeros of (](erl)(P(s"‘l)7 Y,.—s), thus completing the sth recursive step of our main
procedure for computing a geometric solution of the input variety V.

In order to simplify notations, in this section we shall denote, as in the previous
section, the lifting point PG+ by P, the lifting fiber Vpes+1y by Vp, and the lifting
curve Wps+1) by Wp.

First we discuss how we obtain the parametrization of Y,,_sy1 by the zeros of
q(s“'l)(P, Y,._s). Recall that such a parametrization is represented by a polyno-
mial (9gHY) /0Y, _)(P,Yn_o)Yu s11 — oS ) (P Y, ) € K[V s, Yu_sp1], with
vffjsﬁl(P, Y,,_s) of degree at most d,,1 — 1.

Let A1, A2 € K\ {0} satisfy the conditions of Lemma 3] and let £; :=Y,,_s +
AiYp—sy1 for i = 1,2. Observe that the value A = 0 also satisfies the condi-
tions of Lemma (43 By Proposition 4] we may assume that we have already
computed the minimal equations qgerl)(P, L), qésﬂ)(P, L5), and ¢+t (P, Y, _,)
satisfied by £y, L2, and Y,,_, in E[Vp]. Interpreting these polynomials as ele-
ments of K[Y,,—s, Y,—st1], assume further that £, separates the common zeros of
¢t (P,Y,_,) and q§s+1)(P, L1). Arguing as in the proof of Lemma [13] we eas-
ily conclude that there exists a nonzero polynomial ES € E[A] of degree at most
5% such that, for any Ay with Es()\g) # 0, the linear form Lo satisfies our last
assumption.

In our subsequent argumentations we shall consider the following (zero-dimen-
sional) K-variety:

Ws+1 = {(1‘1,332) S A2 : q(SJrl)(P,LIZl) = O,q§8+1)(P,$1 + )\7,]32) =0 fori= 1,2}.

Let 7, : Vp — A2 be the projection mapping induced by Y, _, Y, _si1. Observe
that 75(Vp) C Ws41 holds. Furthermore, since £o separates the common zeros of
¢t (P,Y,_,) and q§s+l)(P, L1), and qésﬂ)(P, L5) vanishes in the set £ (75(Vp))
(of cardinality dsy1) and has degree d511, we conclude that Wi, = 75(Vp) holds.

Our intention is to reduce the computation of vffjslll(P, Y,.—s) to ged com-
putations over suitable field extensions of K. From our previous argumentation
and the fact that Y,,_, separates the points of Vp, it follows that Y,,_ also sep-
arates the points of Wy,1. Then, applying the classical Shape Lemma to this
(zero-dimensional) K-variety (see, e.g., [14]), we see that there exists a polynomial
Wp—st1 € K[Yn—s] of degree at most ds11 — 1 such that Y, _sy1 — wp—si1(Yas)
vanishes on the variety Wy, 1.

Let a € F, be an arbitrary root of ¢**V(P,Y,,_) and let 8 := w,_s11(). Then
the fact that Y;,_, separates the points of Wy shows that (a, 3) is the only point
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of W1 with Y, _s-coordinate a. Hence, Y,,_s+1 = 3 is the only common root of
qgsﬂ)(P, a+MY,_s41) and qéerl)(P7 a+ XY, _sy1). Furthermore, the assumption
on A9 implies that q§s+1)(P, o+ XY, _s11) is squarefree. Therefore, we conclude

that the following identity holds in K(«)[¥,—s4]:
(42)  ged (" (Prat M Yo oin), bV (Pa+ XYoo o1)) = Yoo — 8.

Let ¢t(P,Y,,_,) = hy - - - hy be the irreducible factorization of the polynomial
¢ t(P,Y,_,) in K[Y;,_,]. Every irreducible factor h; represents a K-irreducible
component C; of W, 1. Let a; € F, be an arbitrary root of h;. Taking into account
the field isomorphism K(a;) ~ K[Y;,—]/(h;(Yy—s)), from identity [@2) we conclude
that there exists v; € K[Y;,_;] of degree at most degh; — 1 such that the following
identity holds in (K[Y,—s]/(h;(Yn—s))) [Ya—st1]:

(43) ged(a"™ (P Yoo MY ), 08 (P Y4 Ao ¥an) =Yoo =0 (Yas),

Fix j € {1,...,N}. From the Bézout identity we deduce that the congruence
relation Y;,—s11—v;(Yn—s) = 0 mod I(C;) holds. This implies that b’ (Y, —s11—v;)
belongs to the ideal I(C;) for 1 < j < N. Hence, h;- ( H#j hi) (Yn—s41—v;) belongs
to the ideal I(Wsy1) C I(Vp) for 1 < j < N.
Let
(4.4) v (P Yo = Y W [[hi mod ¢CHV(P,Y,,-y).
1<j<N i#]

By construction we have that vffjslll(P, Y,._s) is an element of K[Y,,_4] of de-

gree at most 05417 — 1. Furthermore, our previous argumentation shows that
(aq(SJrl)/aYnfs)(P, Yrvas)Ynferl _vfzsj_sl)rl (P7 Y’ﬂ*S) = Zjvzlh; (Hz;ﬁjhz) (Y"*SJFI _vj)
belongs to the ideal I(Vp), and hence it represents the parametrization of Y;,_ 411
by the zeros of ¢+ (P,Y,,_,) we are looking for.

Now we estimate the complexity and probability of the success of the algorithm
described above.

Lemma 4.5. The algorithm described above takes as input
o q straight-line program using space S and time T which represents the poly-
nomial Fsyq,
e the polynomials ¢**)(PC))Y,, .Y, _o11) and vif_)s_irk(l—’(”l)7 Yi—s, Yn_st1)
(2 <k <s). They form the geometric solution of the lifting curve Wp41)
computed in Proposition L2,
and outputs
e the minimal polynomial q(SH)(P(S“),Yn_S) of the coordinate function of
K[Vpetn] defined by Yy, _s,
o the parametrization of Y,_g1 by the zeros of ¢tV (PGH Y, ).
This algorithm can be implemented in a probabilistic Turing machine M running in
space O ((S+n-+d)d?log(qd)) and time O ((T+n)U(5) (U(dd)+log(qd))U(log(qd))),
and outputs the right result with probability at least 1 — 1/60n.

Proof. Let E, be the polynomial of the statement of Lemma 3] and let E, be the
polynomial introduced at the beginning of this section. Recall that deg E, < 463
and deg Fy, < §* hold. Let A1, A2 be two distinct values of K randomly chosen



COMPUTATION OF A RATIONAL POINT 2073

and let £; := Y_s + \;Yo_s11 (¢ = 1,2). Applying Theorem we conclude
that Es(A1)Es(A2)Es(X2) # 0 holds with probability at least 1 — 1/72n3. Sup-
pose that this is the case. Then, applying the algorithm underlying Proposi-
tion B4, we conclude that the minimal equations ¢V (P, Y, _,), ¢:(P,L;) (i =
1,2) satisfied by Y,—s, £; (¢ = 1,2) in K[Vp] can be computed by a probabilis-
tic Turing machine which runs in space O((S + d)d2log(¢qd)) and time O((T +
n)U(dos)U(6s)U(log(gd))), with probability of success at least 1 — 1/15n3.

Next we compute the irreducible factorization q(SJrl)(P, Yi_s) = hy---hy of
¢t (P,Y,_,) in K[Y;,,_,]. From [57, Corollary 14.30] we conclude that such a
factorization can be computed with space O(62,,log(¢d)) and time

O (log(n) (U(821) + U(ds41) log(qd) )U (log(9))),

with probability of success at least 1 — 1/16n3.

Then we compute the polynomials vy, ..., vy of (@3] and the polynomial vr(fjsazl

of (Z4) by using the EEA (see, e.g., [0], [57]). According to [57, Corollary 11.16],
this step can be done deterministically using space O(ds0541log(gd)) and time
0(58+1U (6s)U (log(qé))). Adding the complexity and probability estimates of each
step, we easily deduce the statement of the proposition. (Il

Now we discuss how we can obtain the parametrizations of the remaining vari-
ables Y,, g1k for 2 <k <s.

Lemma 4.6. Given the geometric solution of the lifting curve Wp(s+1y and the out-
put of the algorithm underlying Lemma .5, the polynomials v( +1) (P(SH),Yn,S)
which parametrize Yy, o1 by the zeros of q(5+1)( sty ) for 2 < k<s can
be deterministically computed in space O(61og(qd)) and time O(s0U(6)log(qd)).

Proof. Let (9¢tY /0Y,,_ )~ (P,Y,_s) € K[Y;_,] denote the inverse of the poly-
nomial (9¢(**Y /9Y;,_,)(P,Y;_) modulo ¢**V(P,Y,,_,). This polynomial can be
computed by means of the EEA using space O(651og(gd)) and time O (U (d5) log(gd)).
Let wisj;)_l(P Y, )= (0¢CTV/0Y,, )" (P, Y, ) vffjsﬂ)_l(P, Y,_s). Observe that

Yo_st1 —wferSlle (P,Y,—s) belongs to the ideal I(Vp). With this parametrization we

shall “eliminate” the variable Y, _s11 of the polynomials vr(L )s+k(P7 Yis, Yn_si1)
For this, we observe that the polynomials ¢(*) (P, Y, _s, Sjsl_zl(P, Yn_s)) and
s s+1 s+1
(aq( )/aYn—s+l)(P,Yn—sawg_—‘rs_;)_l(RYn—s))Yn—s+k*U£fzs+k (RYTL—S,erL_—FS_e_l(RYTL—S))
(2 < k < s) belong to the ideal I(Vp). Furthermore, we have that the polynomial
(04 Y,— o 11) (P, Yos, w1 (P Y, 4)) is a umit of K[V, ]/ (¢®FD (P, Y, ), be-
cause otherwise the discriminant p(®)(P,Y;,_,) would have common roots with
¢+ (P,Y,_,), thus contradicting condition (iii) of Theorem Therefore, its
inverse b, .1 modulo ¢tV (PY,_,) is a well-defined element of K[Y;,_,], and
Yo ok —bn_si1 -USESJF,C (P, Yn—s, wgsjslll(P, Y—s)) belongs to I(Vp) for2 < k < s.
Therefore, if we let

(45) Wn—s+k = bn—s+1 7(1)5+]C (P Y, _s,w £Ls+sl.|)-1(Pa Yn—s)) (2 <k< 3)7

we see that Y,,_ 515 — wn—s ik belongs to I(Vp) for 2 < k < s. Multiplying wy,—s1 &
by (¢t /Y, _)(P,Y,_,) for 2 < k < s, and reducing modulo ¢+t (P,Y,,_,),

we obtain the polynomials vffjs?_k € K[Yn—s] (2 <k < s) we are looking for.
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The polynomials b,_sy1 and wy,_s1k (2 < k < s) of ([@3) can be computed
with space O(sd0s41log(gd)) and time O(sdsU(ds+1)log(qd)), and the polynomials

vﬁfjsl_zk(P(SH),Yn_s) for 2 < k < s can be computed with the same asymptotic
complexity estimate. This finishes the proof of the lemma. O

As a consequence of Proposition 4] and Lemmas and [£.6] we have an algo-
rithm for computing the polynomials ¢©**Y (P, Y, _,), Uffjsllk(P, Yi-s) € K[Yn—s]
(1 < k < s). These polynomials form a geometric solution of Vp. We summarize

the complexity and probability estimates of this algorithm in the next proposition.

Proposition 4.7. The algorithm underlying Proposition L4 and Lemmas and
has as input

o a straight-line program using space S and time T which represents the poly-
nomial Fsyq,

e the polynomials ¢*)(PCT))Y,, .Y, _o11) and vﬁbs_)s+k(P(S+1), Yo—s, Yn_si1)
(2 <k <s). They form the geometric solution of the lifting curve Wp41)
computed in Proposition [A.2],

and outputs a geometric solution of the lifting fiber Vps41y. It can be implemented
in a probabilistic Turing machine running in space O((S +n + d)6?log(qd)) and
time O ((T + n)U(8) (U(dS) + log(qd) ) U(log(qd))), and outputs the right result with
probability at least 1 — 1/60n.

The algorithm underlying Proposition [£7] extends to the positive characteristic
case the algorithms of [29] and [25], having a better asymptotic complexity esti-
mate (in terms of the number of arithmetic operations performed) than [29], and a
similar complexity estimate as in [25]. We also contribute to the latter by providing
estimates on the probability of success of the algorithm, which are not present in
[25]. Finally, we remark that by means of our preprocessing we have significantly
simplified both the algorithms of [29] and [25].

4.4. A K-definable geometric solution of V. Now we have all the ingredients
necessary to describe our algorithm computing the K-definable geometric solution
of our input variety V := V.. We recall that K is a field extension of I, of cardinality
greater than 60n*dé*. Let (A, 7, P) be a point randomly chosen in the set Kn(nt1)
K"~1. Theorem shows that B(A,~, P) does not vanish with probability at least
14/15, where B is the polynomial defined at the beginning of Sectiondl Assume that
we have chosen such a point and let (Y1,...,Y;,) := AX +~vand P := (p1,...,Pn—1).
Then Yi,...,Y, and P(®) = (p1,.-.,Pn—s) satisfy the conditions of Theorem B3]
forl1<s<r-—1.

Therefore, we may recursively apply, for 1 < s < r—1, the algorithms underlying
Propositions and 7] which compute a geometric solution of the lifting curve
Wps+1) and of the lifting fiber Vps11), respectively. In this way, at the end of the
(r — 1)-th recursive step we obtain a geometric solution of the lifting fiber Vp(.
Taking into account the complexity and probability estimates of Propositions
and 7] we easily deduce the following result.

Theorem 4.8. The algorithm described above takes as input a straight-line program
which represents the input polynomials Fi, ..., F. with space S and time T, and
outputs a geometric solution of the lifting fiber Vpy. It can be implemented to run
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in a probabilistic Turing machine M using space O((S+n+d)§%log(qd)) and time
O((nT + n®)U(5) (U(dS) + log(qd))U(log(gs))).
This Turing machine outputs the right result with probability at least 1 — 1/12.

The complexity estimate of Theorem g significantly improves the O(d"2) com-
plexity estimate of [30], the O(d?") estimate of [31], and the estimates of the algo-
rithms of the so-called Grobner solving. Furthermore, let us remark that, combining
the algorithm underlying Theorem .8 with techniques of p-adic lifting, as those of
[25], for a “lucky” choice of prime number p one obtains an efficient probabilistic
algorithm for computing the geometric solution of an equidimensional variety over
Q@ given by a reduced regular sequence.

5. AN F,-DEFINABLE LIFTING FIBER OF V/

Let notations and assumptions be as in Section 4l In this section we obtain
a geometric solution of an I,-definable lifting fiber of V. For this purpose, we
shall homotopically deform the K-definable geometric solution of the lifting fiber

Vpy =, 1(P"), computed in the previous section, into a geometric solution of
an F,-definable lifting fiber 7~1(Q) of the linear projection mapping m: V — A"~".
This geometric solution is determined by suitable linear forms Zi,...,Z,_,41

€ F,[Xi1,...,X,]. The deformation will be given as a homotopy of the form
(1-T)Y;+TZ; for 1 <j<n—r+1, where T is a new indeterminate.

Let (A7, P) € KMt x K=" be the point fixed in Section @ which yields
the linear forms Y := (¥3,...,Y,) := AX + v and the point P € K"~". Write
vi=(1y.-y7) and P := (p1,...,Pn—r). Let A be an (n — r + 1) x n matrix
of indeterminates. For 1 < i < n —r 4+ 1, let A®) = (Ai1,-..,Aip) denote
its ith row and let A" denote the i x n submatrix of A consisting of the first
i rows of A. Let I" := (I'1,...,[',,_,41) be a vector of indeterminates, and let
Yi=MW,...,Yn_ps1) :=AX +T.

Let B € F,[A, T, Yi,..., }N/n,,«] be the polynomial of Corollary 3.4, and let B’ :=
det(A;) det(Ay)B, where A is the n x n matrix that has AL~ as its upper

(n —r) X n submatrix, and the coefficients of the linear forms Y,,_,41,...,Y,, in its
last 7 rows, and Ay is the n x n matrix having A"~ ag its upper (n—7r+1) xn
submatrix, and the coefficients of Y,,_,12,...,Y,, in its last » — 1 rows. Observe

that deg B’ < 2(n — r + 2)ndd? holds.

Suppose that ¢ > 8n2dé* holds, and let (v,1,Q) € ]EI("_TH)("H) x F'7" be a
point such that B'(v,7n, Q) # 0. Theorem shows that such a point (v,7, Q) can
be randomly chosen in the set IFq(n_rH)(nH)
least 1 — 1/16.

Let v = vt = (1), Q = (q1y-+ -y Gn_r), and Z :=
(Z1,..., Zp—ry1) = vX+n. The condition det(A;-Aq)(v) # 0 implies that the sets
of linear forms Z1, ..., Zp—r, Yn—rt1,-.-, Ypand Z1, ..., Zp_ri1, Yn_.,-i_g, .o, Y, in-

x F'™" with probability of success at

duce linear changes of coordinates. Furthermore, from the condition B(v,n,Q) # 0
and Corollary [3.4] we conclude that the linear projection mapping 7 : V' — A"~
defined by Z1,...,Zn—, is a finite morphism, @ € F'™" is a lifting point of 7, and
Zy—r41 is a primitive element of the lifting fiber Vi := 7~1(Q).
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Let T be a new indeterminate, and let A € K[T]"*™ and T’ € K[T]" be the matrix

and column vector defined in the following way:

= (1-=T)A +TA; (WM ),
(1 - T)’yt + T(T]h s Tn—ry Yn—r+1,- - - 77n)ta

=) =)

where v[1"="] denotes the (n — ) x n matrix consisting of the first n — r rows
of v and the symbol  denotes transposition. Let A~] denote the (n—r)xmn
submatrix of A consisting of the first n — r rows of A and let T3] be the vector
consisting of the first n — r entries of f respectively.

Let W be the subvariety of A"( ( )) defined by the set of common zeros of
Fy,....,F.. Let Z := (Zy,...,Zy) ;= AX+T and P := (1, ..., pp_r) = (1 T)P+
TQ. Since A is an invertible element of T, L (T)"*", we have that X = AN Z - F)
holds, and hence Fj = Fj (A~ (Z F)) is a well-defined element of F, (T )[Z17 e Zn]
for 1 < j < r. Observe that the point (A,T, P) € A"+ (F,(T)) x A" " (E,(T))
does not annihilate the polynomial B of the statement of Corollary B4 There-
fore, applylng Corollary B4l replacing the field F, by F,(T), we conclude that
F (T)[Zl, N/ r] = B(T)[X]/(F,...,F,) is an integral ring extension, P is
a hftlng point of the linear projection mapping 7¢ : W — mn_r defined by

Zl, ... Zn r, and Zn r+1 = Y41 is a primitive element of the (zero-dimensional)
lifting fiber W5 := (7¢)~(P).

e qAZH,-H(ﬁ’ Zp_rp1) €F o (T) [Z1—r11] denote the minimail equa-
tion satisfied by Z,, 11 in F,(T)[Wp]. By the K(7')-definability of W and Zn 41,
we see that g5 belongs to K(T)[Zp—rs1]. Furthermore, our choice of P and

Let E]\Z

21, e Zn,rﬂ implies that g, - is a separable element of K(T' )[Zn,rﬂ] of de-
gree 0,. Let p € K[T] be the product of its denominator and the numerator of its

discriminant with respect to Z,,_,41. In order to perform the homotopic deforma-
tion mentioned at the beginning of this section, we need the following preliminary
result.

Lemma 5.1. The polynomials F\j(ﬁ,Yn,TH,...,Y) (1 <j <r) form a regu-

lar sequence and generate a radical ideal IAls of KIT|5[Yn—r41,---,Yn]. The ring
extension
(5.1) K[T]p = KIT)p[Yari1s - Yol Tp

is integral of rank 6.

Proof. Arguing by contradiction, suppose that there exists 1 < j < r such that
ﬁj(l?’, Yo—ri1,.-.,Yy) is a zero divisor modulo the ideal generated by the polyno-
mials £ (13, Yoorit,oo s Yn),oony ﬁj,l(}g, Yo—rt1,-..,Y,). Substituting 7' = 0 in
these polynomials, we conclude that F;(P,Y;,—r41,...,Y,) is a zero divisor mod-
ulo Fi(P,Y,—rt1,.-,Yn), ..., Fj—1(P,Yy_ri1,...,Y,), thus contradicting Lemma
[l This shows that ﬁj(ﬁ, Yoori1,.--, Yn) (1 < j <r) form a regular sequence. A
similar argument shows that det (9F;(P, Yp—yi1, - - -, Yn)/ayn_r.ﬁ,_j)lgi’jgr is not a
zero divisor modulo I, p- Hence, [16] Theorem 18.15] implies that the ideal I p is
radical.
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By the remarks before the lemma, we see that Z]\Zn_T_H € K[T]; [Z—r11] yields
an integral dependence equation for the coordinate function z,_,,1 induced by
Zp_r41 in the ring extension (B.1). We conclude that K[T 17 = K[T)5[Zn—r41] is an
integral ring extension.

Let &1,...,&, denote the coordinate functions of K[T|5[Y,—pt1,... ,Yn]/flg in-
duced by Xi,...,X,. Arguing as in (B3) of the proof of Proposition Bl we
conclude that there exist polynomials ﬁl, .. P € K[T|; [Zn r+1] such that &, =
Py(Zp_r4+1) holds for 1 < k < n. This shows that KIT5Z0—r+1] — KT, - - -, &0l
= K[T;Yn—r415---» ]/IP is an integral ring extension and, combined with the
fact that K[T|; — K[T|;[Zn—r+1] is an integral ring extension, proves that (G.1)) is
integral.

Our previous assertions imply that K[T' } [Yn Py e e ,Yn]/fﬁ, is a free K[T;-
module of rank at most d,.. Since ¢ 4z, .. (P7 Zn,rﬂ) is the minimal dependence
equation satisfied by En r+1 in the extension (B.1l), we conclude that the rank of
KT 5[Yn—r 41, - - - ]/I as a K[T];-module is exactly d,. This finishes the proof
of the lemma. O

Let V C A™*! be the affine equidimensional variety defined by I p and let 7 :
V — Al be the mapping induced by the projection onto the coordinate T'. Lemma
BTl implies that V has dimension 1 and degree ¢, and 7 is a dominant morphism.
Furthermore, taking into account the equalities V N {T = 0} = {0} x Vp and
Vn{T =1} = {1} x Vo, we conclude that T = 0 and T = 1 are lifting points
of the morphism 7. Therefore, applying the Newton—Hensel procedure mentioned
in Section ] we obtain a geometric solution of the lifting fiber Vy. This is the
content of our next result.

Proposition 5.2. Suppose that ¢ > 8n?dé} holds. Given as input
e q straight-line program using space S and time T which represents the input
polynomials Fi, ..., F,,
n_r+k(P(T)7 Yn,»,qu) (2 S k S ’f’),
which form the geometric solution of the lifting fiber Vpwy computed in
Theorem L8],

the polynomials q(Qa Zn—f’+l) € E][Zn—r—kl}y vn—r+k(Q> Zn—r—i—l) S K[Zn—r+l] (2 S
k < r) which form a geometric solution of the lifting fiber Vg can be computed
using space O((S + n)d2log(qd)) and time O((nT + n®)U(5,)*U(log(qd))). This
algorithm outputs the right result with probability at least 1 — 1/16.

e the polynomials ¢ (P").Y, 1), o™

Proof. Let (v,n, Q) be a point randomly chosen in the set F(n rH D) .

Let B’ € F,[A,T ,Yi,...,Y,_,] be the polynomial introduced at the begmmng of
this section. Since deg B’ < 2(n—r+2)ndé? holds, from Theorem 2.2 we conclude
that B'(v,n,Q) # 0 holds with probability at least 1 — 1/16.

By the remarks before the statement of the proposition, we see that T'= 0 and
T = 1 are lifting points of the morphism 7. Then, applying the Newton—Hensel
procedure of [51], we see that there exists a computation tree in K, computing
polynomials (T, Ys—r+1), Un—rtk (T, Yn—ry1) (2 < k <r) which form a geometric
solution of V. This computation tree requires O((nT + n®)U(6,)?) operations in
K, using at most O((S + n)53) arithmetic registers. Making the substitution T' =1
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in these polynomials we obtain polynomials ¢(1,Y,—r41), Un—rik(1, Ynory1) (2 <
k < r), which form a geometric solution of the lifting fiber V N {T =1} = {1} x Vo
(and therefore of V), using Y,,_,+1 as a primitive element.

Our next goal is to compute a geometric solution of Vg, using Z,_,11 as a prim-
itive element. In order to do this, let @y ryx(1,Y,_ry1) € K[Y;—r11] denote the
remainder of the product (97/9Y;_r+1)(1, Ys—ri1) ™t Unpir(1, Yy_py1) modulo
q(1,Y, 1) for 2 < k < r. Observe that Y,,_,+x = @Wp—rir(1,Y,—r11) holds in
K[Vg] for 2 < k <r. Write Z,,_,41 = 121+ -+ p—yZp—y + Qp_pp1Yn—ry1 +
-+ 4+ a,Y,. Then, from the identity

Res(‘/]\(laYn—r+1)7g) = H g(Yn—r-i-l(x))a
eV
we easily see that the minimal equation satisfied by the linear form 7, .11 +

TY,—ri1 in F[T] @ F,[Vo] is given by

4z, i 14+TY vt (Q7 T7 S)

n

= Resy (?]\(1, U), S — Zaqu — (an77~+1 + T)U — Z ak@k(l, U))
k=1 k=n—r+2

(5.2)

Following [1], [46] as in the proof of PropositionB.], we have the congruence relation
4Zp—rir 4TV (@ T, Zy 1) = (@, Z—ri1)
+ T(aQ/azn—r+l (Q7 Zn—r+1)}/n—r+1 - 'Un—'r'—i-l(Q; Zn—r+1)) mod (T2)’

where ¢(Q, Z,,—+1) is the minimal polynomial of the coordinate function defined
by Zn—r+1 in K[VQ] and (3q/3Zn,T+1)(Q, anrJrl)YnfrJrl = 'UnfrJrl(Qa Z’ﬂ*”“l’l)
holds in K[Vg].

We compute the right-hand side term of (5.2), up to order T2, by interpolation
in the variable S, thus reducing the computation to d, resultants of univariate
polynomials of K[T] of degree at most 1. Using fast algorithms for univariate
resultants and interpolation over K (see, e.g., [6], [57]), we conclude that the dense
representation of ¢(@, S) and v,,—,+1(Q, S) can be deterministically computed with
O(8,U(6,)) arithmetic operations over K, using at most O(82) arithmetic registers.

Finally, it remains to compute the polynomials vy, 41 (Q, Zpn—ri1) (2 <k <)
which parametrize Y,,_,4x by the zeros of ¢(Q, Z,,—+1). For this purpose, we shall
compute polynomials wy,—,+%(Q, Zn—rt1) (1 < k <7) of degree at most 4, — 1 such
that Y,—ryk = wn—r6(Q, Zp—r41) holds in K[Vy]. From these data the polyno-
mials v 5(Q, Zn—ri1) (2 < k < r) can easily be obtained by multiplication by
(0q/0Zp—r41)(Q, Zy—r1+1) and modular reduction.

The polynomial wy,_,+1(Q, Z,—r+1) can be computed as the remainder of the
product (9q/0Z,—r11)(Q, Zn—r+l)71 “ Un—r41(Q,Zn—r41) modulo ¢(Q,Zn—ry1)-
Then, since the identities Y, ,ix = Wp—rir(1,Yn—ry1) and Y, 41 =
Un—rt1(Zp—rt1) hold in K[Vg] for 2 < k < r, we conclude that the polynomial
Wp—r1k(Q, Zn—rs1) equals the remainder of Wy, i (1,vn_r+1(Zn_r+1)) modulo
4(Q, Zp—rs1) for 2 < k < r. Therefore, the polynomials w41 (Q, Zn—ri1)
(2 < k < r) can be computed with O(6,U(d,)) arithmetic operations in K, us-
ing at most O(6?) arithmetic registers.

Putting together the complexity and probability of success of each step of the
procedure above finishes the proof of the proposition. ([
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6. THE COMPUTATION OF A RATIONAL POINT OF V

In this section we exhibit a probabilistic algorithm which computes a rational
point of the variety V := V,.. For this purpose, let K be the finite field extension
of I, introduced in Section [ and assume that we are given E-linearly independent
linear forms Z1, ..., Zn—ri1, Ynri2, -, Yn € F[X], with Z1,..., Z,_r11 € F[X]
and Yy, r42,...,Y, € K[X], and a point @ := (q1,...,qn—) € E'7", such that
the linear projection mapping 7 : V. — A" " determined by Z1,...,Z,_, is a
finite morphism and @ is a lifting point of 7. Furthermore, assume that we are
given p01ynomials Q(szn—'r‘-i-l) € E][Zn—r—‘rlL Un—r+k‘(Q;Zn—r+1) S K[Zn—r+1}
(2 < k <r) which form a geometric solution of the lifting fiber Vy, as provided by
Proposition

Let w := (wi,...,wn—r) be an arbitrary point of A™~", let L, C A™ be the
(r + 1)-dimensional affine linear subvariety of A" parametrized by Z; = w;T + ¢;
(1<j<n-—r)andletC, :=VNL, Wemay consider C, as the affine subvariety
of A™*! defined by the set of common zeros of the polynomials

F](WT+Q7 anrJrlaYnfrJrZa-"vYn) (]- S] S'r)

With this interpretation, let 7, : C, — A! be the projection mapping induced by
T. We have the following result.

Lemma 6.1. The variety C,, C A" is equidimensional of dimension 1 and degree
6y, the mapping 7, is a finite morphism, and 0 is an unramified value of .

Proof. Observe that C, = V N L, = 7 *(L,). Since 7 is a finite morphism, we
conclude that dimC,, = dim~-- L, = 1. Further, C,, is defined by r polynomials in
A"*! and thus it cannot have irreducible components of dimension 0. This shows
that C,, is equidimensional of dimension 1.

The fact that the injective mapping F,[Z1, . .., Z,—,] — F,[V] induces an integral
ring extension implies that F,[T] — [,[C,] is an injective mapping which induces
an integral ring extension, thus showing that 7, is a finite morphism. From the
Bézout inequality (ZI), we see that degC, < ¢, holds. On the other hand, since
7,1(0) = Vg holds, we have §,, = deg Vg < degC,. We conclude that degC,, = §,
holds and 0 is an unramified value of m,. O

Our intention is to find a rational point of the curve C, for a suitably chosen
w € E'~". For this purpose, we are going to find a rational point (t, 2n—rt1)
of the plane curve W, defined by the polynomial h := ¢(wT + Q, Z,,—r+1) such
that (¢, z,—r+1) does not belong to the plane curve Ww defined by the polynomial
Oh/0Z,_ry1. Here q(wT + Q,Z,—r41) denotes the minimal polynomial of the
coordinate function defined by Z,,_,.41 in the integral ring extension F,[T] — F,[C,].
Observe that the F,-definability of C,, and W,, imply that h € [T, Z,,_,+1]. Let
7w : C, — A? be the mapping defined by T, Z,,_,.41. From Lemma we deduce
that 7, induces a birational mapping 7, : C, — W,,, whose inverse is an I,-
definable rational mapping defined on Ww\Ww. This inverse can easily be expressed
in terms of the polynomials vy, 4k (WT+Q, Zp—r41) (2 < k < 7) which parametrize
Y, —r+k by the zeros of h. Therefore, using this inverse we shall be able to obtain
a rational point of our input variety V.

Unfortunately, the existence of a rational point of the plane curve W, cannot be
asserted if W, does not have at least one absolutely irreducible component defined
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over F,. In order to assure that this condition holds, let C' € F,[Q, ..., Q,_,] be the
(nonzero) polynomial of the statement of Theorem Recall that C' has degree
bounded by 26%. Theorem asserts that, for any w € F'™" with C(w) # 0,
the curve W, is absolutely irreducible. Assume as in Section [ that ¢ > 8n2dd?
holds. Theorem shows that a random choice of w in F"~" satisfies the condition
C(w) # 0 with probability at least 1 —1/72. From now on we shall assume that we
have chosen such w.

Proposition 6.2. Let ¢ > 8n%dS. Suppose that we are given:

e q straight-line program using space S and time T which represents the poly-
nomials Fy, ..., Fy,

e the dense representation of elements of K[Z,—,+1] which form a geometric
solution of the lifting fiber Vi, as provided by Proposition 5.2

Then, we can deterministically compute the dense representation of elements
qWT' + Q, Zy—ri1) € BT, Zpp—ri1],
Vn—rik (W + Q, Zn—ry1) €EK[T, Zpryn] 2< k<)
which form a geometric solution of the absolutely irreducible curve C,. The algo-
rithm runs in space O((S + n)6%log(gd)) and time O((nT + n®)U(8)*U(log(qd))).
Proof. Arguing as in the proof of Lemma [£1] we easily conclude that
Fij(wT +Q, Zpn—ri1,Yn—rs2,...,Ys) (1<j<7)

form a regular sequence and generate a radical ideal of

KT, Zy—ri1, Yo—riyo, ..., Yyl

Then the deterministic algorithm underlying Proposition yields a geometric
solution of the curve C,,. From the complexity estimate of Proposition[£2we deduce
the statement of the proposition. O

6.1. Computing a rational point of a plane curve. In this subsection we
exhibit a probabilistic algorithm which computes a rational point of the curve
C, C V previously defined.

Let h := q(wT+Q, Z,,—r+1). Recall that h is an absolutely irreducible polynomial

of B,[T, Z,_r11] of degree 6, > 0. Let as in the previous section W, W, C AZ
denote the plane curves defined by h and 0h/0Z,, _. 1, respectively. As remarked

in the previous section, our aim is to compute a point in the set (W, \ Ww) N ]Fq2,
from which we shall immediately obtain a rational of point V.

Lemma 6.3. If ¢ > 8n2dd?, then
(6.1) #((W A\ WL)NE) = q—q'57 =57,
In particular, there exists at least a rational point of W, \ Ww, and thus of V.

Proof. Weil’s classical estimate on the number of rational points of an absolutely
irreducible nonsingular projective plane curve [60] implies that the set of rational
points of W,, satisfies the estimate (see, e.g., [49])

|#(Ww m]FqZ) - q\ < (5r — 1)((5T — 2)(]1/2 +6,4+1< (5£q1/2.
We deduce the lower bound #(W,, N ]Fq2) > q— §2¢1/2.
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On the other hand, by the absolute irreducibility of h we conclude that h has no
nontrivial common factor with 0h/08Z,,_,11. This implies that W, N Ww is a zero-
dimensional variety. By the Bézout inequality we have deg(W, N Ww) < 6,(6,—1),
which implies #(W, N W, N F?) < 6,(6, —1). Combining this upper bound with
the previous lower bound, we obtain (6.1]).

Finally, since ¢ > 8n2dd} holds, it is easy to see that the right-hand side of
(61 is a strictly positive real number, which implies that there exists at least one
rational point of W, \Ww O

We remark that [, Corollary 7.4] asserts that for ¢ > max{2(n —r + 1)62,25%}
there exists a rational point of V. This is, as far as the authors know, the best
existence result known for a general absolutely irreducible variety V of fixed dimen-
sion and degree. In this sense, Lemma gives us an existence result “close” to
[9, Corollary 7.4].

Our goal is to find a value a € F, for which there exists a rational point (W, \
W,)nN Ef of the form (a,z,—r+1). In order to find such value a, we observe that
for any a € F, there exist at most d, points (¢, z,—r41) € W, \ Ww with t = a.
Combining this observation with (GII), we obtain the following estimate:

—~ _ 1/252 _ 52
#{a € By (W \ Wo) NEF N {T = a} # 0} > T2 =2,
From this we immediately deduce the following lower bound on the probability of
finding at random a value a for which there exists a rational point with ¢t = a:
q—q"?5; -5
o '
Let ¢ > 8n?dé:. Then the probability estimate (6.2) implies that, after at most
0, random choices, we shall find a value a € F, for which there exists a rational
point of W, \ W,, of the form (a, z,_,,1) with probability at least 1 — 2¢~1/262 >
1—1/6. Having such a € F, and applying, e.g., [57, Corollary 14.16], we see that the

computation of z,_,41 € F, can be reduced to gcd computations and factorization
in F,[Z,—r+1]. Our next result describes the algorithm we have just outlined.

(6.2) Prob (a € B, : (W, \ Wo) NE2 N {T = a} #0) >

Proposition 6.4. Let ¢ > 8n%d§*. Suppose that we have a geometric solution of
the plane curve C,,, as provided by Proposition 6.2l Then a rational point of C,, can
be computed using space O(d,log qlog(qd)) and time O(néTL{((ST) log qU(log(qé))).
The algorithm outputs the right results with probability at least 1 — 25/144.

Proof. For a € F,, let h, := ged (h(a, Znri1)s Lo iy — Zn,rﬂ) € KZ,—rs1]
From [57, Corollary 11.16] we have that the computation of h, can be performed
with O(U(ér) log q) operations in F,, storing O(d, logq) elements of F,. Further-
more, deciding whether h(a, Z,,_,+1) is a squarefree polynomial requires O(Z/l (5r))
operations in [, storing O(d,) elements of F,. From the probability estimate (G.2)
we see that, after at most §, random choices, with probability at least 1 — 1/6 we
shall find a value a € F, such that h(a, Z,,_,11) is squarefree and h, is a nonconstant
polynomial of F,[Z,_,4+1]. Therefore, computing such a € F, and the polynomial
h, requires at most O((STU((ST) log q) operations in F,, storing O(J, logq) elements
of F,.

Observe that h, factors into linear factors in F,[Z,_,4+1]. Therefore, apply-
ing [57, Theorem 14.9] we see that the factorization of h, in F,[Z,_,41] requires
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O(U(6,) log q) operations in F,, storing at most O(d, log g), and outputs the right
result with probability at most 1 — 1/144. Any root b € E, of h, yields a rational
point (a,b) of W, \ W,,.

Evaluating the parametrizations of Y,,_,4x (2 < k& < r) by the zeros of
qWT +Q,Zp_ry1) at T = a and Z,_,41 = b, we obtain a rational point of C,
(observe that our choice of a assures that such evaluations are well defined). This
completes the proof of the proposition. O

Now we can describe the whole algorithm computing a rational point of the
input variety V := V,.. First, we execute the algorithm underlying Theorem (A8
in order to obtain a geometric solution of the lifting fiber Vpy. Then we obtain
a geometric solution of the lifting fiber Vo and of the absolutely irreducible IF;-
curve C,,, applying the algorithms underlying Propositions and Finally, the
algorithm of Proposition [6.4] outputs a rational point of C, C V. We summarize
the result obtained in the following corollary.

Corollary 6.5. Let g > 8n%ddt. Suppose that we have a straight-line program using
space S and time T which represents the input polynomials Fy, ..., F.. Then the
coordinates of a rational point of the variety V :=V,. can be computed using space
O((S+n+d)dlogq(d+1og(gd))) and time O((nT +n°)U(8)U(dS) log gU (log(gd))).
The algorithm outputs the right result with probability at least 2/3 > 1/2.

We remark that our algorithm can be easily extended to the case of an equidimen-
sional F,-variety V (given by a reduced regular sequence), which has an absolutely
irreducible component defined over F,. Indeed, the algorithm of Theorem .8 may
be applied in this case, because it only requires the variety V' to be equidimensional
and to be given by a reduced regular sequence. With a similar argument as in
Theorem and Proposition [6.2] we obtain a geometric solution of an F,-curve C,
contained in V, with at least one absolutely irreducible component defined over F,.
Then, using fast algorithms for bivariate factorization and absolute irreducibility
testing (see, e.g., [32]), we compute such an absolutely irreducible component, to
which we apply the algorithm underlying Proposition Under the assumption
that ¢ > 8n2dd? holds, the asymptotic complexity and probability estimates of our
algorithm in this case are the same as in Corollary
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