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Abstra
t. The author has re
ently proposed a new way of formulating two
lassi
al 
lasses of stru
tured 
onvex problems, geometri
 and lp-norm optimiza-tion, using dedi
ated 
onvex 
ones. This approa
h has some advantages over thetraditional formulation: it simpli�es the proofs of the well-known asso
iated dualityproperties (i.e. weak and strong duality) and the design of a polynomial algorithmbe
omes straightforward.In this arti
le, we make a step towards the des
ription of a 
ommon frameworkthat in
ludes these two 
lasses of problems. Indeed, we present an extended variantof the 
one for geometri
 optimization previously introdu
ed by the author andshow it is equally suitable to formulate this 
lass of problems. This new 
onehas the additional advantage of being very similar to the 
one used for lp-normoptimization, whi
h opens the way to a 
ommon generalization.1 Introdu
tion1.1 Geometri
 optimizationGeometri
 optimization forms an important 
lass of problems that enables pra
-titioners to model a large variety of real-world appli
ations, mostly in the �eld ofengineering design [5℄. This 
lass of problems is usually known for histori
al rea-sons under the names of geometri
 programming. However, be
ause of the strong
onne
tion of the term "programming" with 
omputer s
ien
e, we prefer to use themore natural word "optimization".These problems 
an be expressed as follows: we �rst need to de�ne the followingtwo sets R = f0; 1; 2; : : : ; rg and I = f1; 2; : : : ; ng and let fIkgk2R be a partition ofI into r + 1 
lasses, i.e. satisfying[k2RIk = I and Ik \ Il = ; for all k 6= l :�Servi
e de Math�ematique et de Re
her
he Op�erationnelle, Fa
ult�e Polyte
hnique de Mons,rue de Houdain, 9, B-7000 Mons, Belgium (Fran
ois.Glineur�fpms.a
.be).



The primal geometri
 optimization problem is the following:inf G0(t) s.t. t 2 Rm++ and Gk(t) � 1 for all k 2 R n f0g ; (1)where t is the m-dimensional 
olumn ve
tor we want to optimize and the fun
tionsGk de�ning the obje
tive and the 
onstraints are so-
alled posynomials, de�ned byGk : Rm++ 7! R++ : t 7!Xi2Ik Ci mYj=1 taijj ;where exponents aij are arbitrary real numbers and 
oeÆ
ients Ci are required tobe stri
tly positive (hen
e the name posynomial). These fun
tions are very wellsuited for the formulation of 
onstraints that 
ome from the laws of physi
s ore
onomi
s (either dire
tly or using an empiri
al �t).Although not 
onvex itself (
hoose for example G0 : t 7! t1=2 as the obje
tive,whi
h is not a 
onvex fun
tion), a geometri
 optimization problem 
an be easilytransformed into a 
onvex problem, for whi
h a Lagrangean dual 
an be expli
itlywritten. This transformation uses the following 
hange of variables:tj = eyj for all j 2 f1; 2; : : : ; mg ; (2)to be
ome inf g0(y) s.t. gk(y) � 1 for all k 2 R n f0g : (3)The fun
tions gk are de�ned to satisfy gk(y) = Gk(t) when (2) holds, whi
h meansgk : Rm 7! R++ : y 7!Xi2Ik Ci mYj=1 (eyj )aij =Xi2Ik e�
i+Pmj=1 yjaij =Xi2Ik eaTi y�
i ;where ai = (ai1; ai2; : : : ; aim)T is anm-dimensional 
olumn ve
tor and the 
oeÆ
ientve
tor 
 2 Rn is given by 
i = � logCi. Note that unlike the original variables t and
oeÆ
ients C, variables y and 
oeÆ
ients 
 are not required to be stri
tly positiveand 
an take any real value.It is straightforward to 
he
k that fun
tions gk are now 
onvex, hen
e that (3)is a 
onvex optimization problem. However, we will not establish this propertyhere but rather derive it from the fa
t that problem (3) 
an be 
ast as a 
oni
optimization problem (see Subse
tion 3.1). Moreover, following others [3, 7℄, wewill not use this formulation but instead work with a slight variation featuring alinear obje
tive: sup bT y s.t. gk(y) � 1 for all k 2 R ; (PG)where b 2 Rm and 0 has been removed from set R (i.e. this set is now equal tof1; 2; : : : ; rg). Problems in the form (3) (and (1)) 
an be easily expressed in thisformat [1, Se
tion 5.1℄ and all the results we are going to obtain about problem (PG)
an be easily translated ba
k to these more traditional settings, so that we 
an
on
entrate our attention on formulation (PG) without any loss of generality.



The dual problem for (PG) 
an be written as followsinf 
Tx+Xk2RXi2Ikxi>0xi log xiPi2Ik xi s.t. Ax = b and x � 0 ; (DG)where x 2 Rn+ is the ve
tor of nonnegative dual variables we have to optimize.Several duality results are known for the primal-dual pair (PG){(DG), somebeing mere 
onsequen
es of 
onvexity (e.g. weak duality), others being spe
i�
to this parti
ular 
lass of problems (e.g. the absen
e of a duality gap). Theseproperties were �rst studied in the late sixties, and 
an be found for example inthe book of DuÆn, Peterson and Zener [5℄.1.2 Coni
 optimizationConi
 optimization1 deals with a 
lass of problems that is essentially equivalent tothe 
lass of 
onvex problems, i.e. minimization of a 
onvex fun
tion over a 
onvexset. However, formulating a 
onvex problem in a 
oni
 way has the advantage ofproviding a very symmetri
 form for the dual problem and often gives a new insightabout its stru
ture.The basi
 ingredient of 
oni
 optimization is a 
onvex 
one. Re
all that a setC is a 
one if and only if it is 
losed under nonnegative s
alar multipli
ation, i.e.if x 2 C ) �x 2 C for all � 2 R+ . Moreover, a set is 
onvex if and only if it
ontains the whole segment joining any two of its points. However, when dealingwith 
ones, this assumption is equivalent to 
losedness under addition, i.e. 
one Cis 
onvex if x 2 C and y 2 C ) x + y 2 C.In order to avoid some te
hni
al nuisan
es, the 
onvex 
ones we are going to
onsider will be required to be 
losed, pointed and solid, a

ording to the followingadditional de�nitions:De�nition 1.1 A 
one C is solid if and only if int C 6= ; (where intS denotes theinterior of set S).De�nition 1.2 A 
one C is pointed if and only if C \ �C = f0g.These two properties basi
ally mean that C is a full-dimensional 
one that does not
ontain any straight line passing through the origin.We are now in position to de�ne a 
oni
 optimization problem: let C � Rna pointed, solid, 
losed 
onvex 
one. The (primal) 
oni
 optimization problem isde�ned as infx 
Tx s.t. Ax = b and x 2 C ; (CP)where x 2 Rn is the 
olumn ve
tor we are optimizing and the problem data is givenby 
one C, a m�n matrix A and two 
olumn ve
tors b and 
 belonging respe
tively1Proofs for the theorems stated in this subse
tion 
an be found e.g. in [8, 9℄.



to Rm and Rn . This problem 
an be viewed as the minimization of a linear fun
tionover the interse
tion of a 
onvex 
one and an aÆne subspa
e.It is well-known that this 
lass of problems is equivalent to the 
lass of 
onvexproblems, see e.g. [4℄. However, the usual Lagrangean dual of a 
oni
 problem 
anbe also expressed very ni
ely in a 
oni
 form, using the notion of dual 
one.De�nition 1.3 The dual of a 
one C � Rn is de�ned byC� = �x� 2 Rn j xTx� � 0 for all x 2 C	 :The following theorem stipulates that the dual of a 
one is always a 
losed
onvex 
one.Theorem 1.1 If C is a 
losed 
onvex 
one, its dual C� is another 
losed 
onvex
one. Moreover, the dual (C�)� of C� is equal to C.Closedness is essential for (C�)� = C to hold (without the 
losedness assumptionon C, we only have (C�)� = 
l C where 
lS denotes the 
losure of set S). Theadditional notions of solidness and pointedness also behave well when taking thedual of a 
onvex 
one (indeed, these two properties are dual to ea
h other).Theorem 1.2 If C is a solid, pointed, 
losed 
onvex 
one, its dual C� is anothersolid, pointed, 
losed 
onvex 
one.The dual of our primal 
oni
 problem (CP) 
an be stated assup(y;s) bT y s.t. ATy + s = 
 and s 2 C� ; (CD)where y 2 Rm and s 2 Rn are the 
olumn ve
tors we are optimizing, the otherquantities A, b and 
 being the same as in (CP). It is immediate to noti
e thatthis dual problem has the same kind of stru
ture as the primal problem, i.e. italso involves optimizing a linear fun
tion over the interse
tion of a 
onvex 
oneand an aÆne subspa
e. The only di�eren
es are the dire
tion of the optimization(maximization instead of minimization) and the way the aÆne subspa
e is des
ribed(it is a translation of the range spa
e of AT , while primal involved a translation ofthe null spa
e of A). It is also possible to show that the dual of this dual problemis equivalent to the primal problem, using the fa
t that (C�)� = C.The two 
oni
 problems of this primal-dual pair are strongly related to ea
hother, as demonstrated by several duality theorems. In order to keep this presen-tation short, we only 
ite the most basi
 of these theorems, 
alled the weak dualityproperty:Theorem 1.3 (Weak duality) Let x a feasible (i.e. satisfying the 
onstraints)solution for (CP), and (y; s) a feasible solution for (CD). We havebTy � 
Tx ;equality o

urring if and only if the following orthogonality 
ondition is satis�ed:xT s = 0 :This theorem shows that any primal (resp. dual) feasible solution provides an upper(resp. lower) bound for the dual (resp. primal) problem.



1.3 Aim of the arti
leIn [1℄, the author starts by de�ning an appropriate 
onvex 
one that allows himto express geometri
 optimization problems as 
oni
 programs, his aim being toapply the general duality theory for 
oni
 optimization [8, 9℄ to these problemsand prove in a seamless way the various well-known duality theorems of geometri
optimization. The goal of this arti
le is to introdu
e a variation of this 
onvex
one that keeps its ability to model geometri
 optimization problems but bearsmore resemblan
e with the 
one that was introdu
ed for lp-norm optimization in[2℄, hinting for a 
ommon generalization of these two families of 
ones.This arti
le is organized as follows: following this brief introdu
tion to geomet-ri
 and 
oni
 optimization, Se
tion 2 introdu
es the 
onvex 
ones needed to modelgeometri
 optimization and studies some of their properties. Se
tion 3 
onstitutesthe main part of this arti
le and demonstrates how the above-mentioned 
ones en-able us to model primal and dual geometri
 optimization problems in a seamlessfashion. Modelling the primal problem with our �rst 
one is rather straightfor-ward and writing down its dual is immediate, but some work is needed to provethe equivalen
e with the traditional formulation of a dual geometri
 optimizationproblem. Finally, 
on
luding remarks in Se
tion 4 provide some insight about therelevan
e of our approa
h and hint at some possible ways to make use of it.2 The geometri
 
oneLet us introdu
e the geometri
 
one Gn, whi
h will allow us to give a 
oni
 formu-lation of geometri
 optimization problems.De�nition 2.1 Let n 2 N . The geometri
 
one Gn is de�ned byGn = n(x; �; �) 2 Rn+ � R+ � R+ j � nXi=1 e�xi� � �ousing in the 
ase of a zero denominator the following 
onvention:e�xi0 = 0 :We observe that this 
onvention results in (x; 0; �) 2 Gn for all x 2 Rn+ and � 2 R+ .As a spe
ial 
ase, we mention that G0 is the 2-dimensional nonnegative orthant R2+ .In order to use the 
oni
 formulation des
ribed in the previous se
tion, we �rstprove that Gn is a 
onvex 
one.Theorem 2.1 Gn is a 
onvex 
one.Proof . Let us �rst introdu
e the following fun
tionfn : Rn+ � R+ 7! R+ : (x; �) 7! nXi=1 �e�xi� :



With the 
onvention mentioned above, its e�e
tive domain is Rn+1+ . It is straight-forward to 
he
k that fn is positively homogeneous, i.e. fn(�x; ��) = �fn(x; �) for� � 0. Moreover, fn is subadditive, i.e. fn(x + x0; � + �0) � fn(x; �) + fn(x0; �0).In order to show this property, we 
an work on ea
h term of the sum separately,whi
h means that we only need to prove the following inequality for all x; x0 2 Rand �; �0 2 R+ : �e�x� + �0e�x0�0 � (� + �0)e�x+x0�+�0 :First observe that this inequality holds when � = 0 or �0 = 0. For example,when � = 0, we have to 
he
k that �0e�x0�0 � �0e�x+x0�0 , whi
h is a 
onsequen
e ofthe fa
t that x 7! e�x is a de
reasing fun
tion. When � + �0 > 0, let us re
allthe well-known fa
t that x 7! e�x is a 
onvex fun
tion on R+ , implying that�e�a + �0e�a0 � e�(�a+�a0) for any nonnegative a; a0; � and �0 satisfying �+ �0 = 1.Choosing a = x� , a0 = x0�0 , � = ��+�0 and �0 = �0�+�0 , we �nd that��+�0 e�x� + �0�+�0 e�x0�0 � e� ��+�0 x�� �0�+�0 x0�0 ;whi
h, after multiplying by (� + �0), lead to the desired inequality�e�x� + �0e�x0�0 � (� + �0)e�x+x0�+�0 :Positive homogeneity and subadditivity imply that fn is a 
onvex fun
tion. Sin
efn(x; �) � 0 for all x 2 Rn+ and � 2 R+ , we noti
e that Gn is the epigraph of fn, i.e.epi fn = n(x; �; �) 2 Rn+ � R+ � R j fn(x; �) � �o = Gn :Gn is thus the epigraph of a 
onvex positively homogeneous fun
tion, hen
e a 
onvex
one [6℄. �We now pro
eed to prove some properties of the geometri
 
one Gn.Theorem 2.2 G is 
losed.Proof . Let �(xk; �k; �k)	 a sequen
e of points in Rn+2+ su
h that (xk; �k; �k) 2 Gnfor all k and limk!1(xk; �k; �k) = (x1; �1; �1). In order to prove that Gn is 
losed,it suÆ
es to show that (x1; �1; �1) 2 Gn. Let us distinguish two 
ases:� �1 > 0. Using the easily proven fa
t that fun
tions (xi; �) 7! �e�xi� are
ontinuous on R+ � R++ , we have that�1 nXi=1 e�x1i�1 = nXi=1 limk!1 �ke�xki�k = limk!1 nXi=1 �ke�xki�k � limk!1�k = �1 ;whi
h implies (x1; �1) 2 Gn.



� �1 = 0. Sin
e (xk; �k; �k) 2 Gn, we have xk � 0 and �k � 0, whi
h impliesthat x1 � 0 and k1 � 0. This shows that (x1; 0; �1) 2 Gn.In both 
ases, (x1; �1; �1) is shown to belong to Gn, whi
h proves the 
laim. �It is also interesting to identify the interior of this 
one.Theorem 2.3 The interior of Gn is given byintGn = n(x; �; �) 2 Rn++ � R++ � R++ j � nXi=1 e�xi� < �o :Proof . A

ording to Lemma 7.3 in [6℄ we haveintGn = int epi fn = f(x; �; �) j (x; �) 2 int dom fn and fn(x; �) < �g :The result then simply follows from the fa
t that int dom fn = Rn+1++ . �Corollary 2.1 The 
one Gn is solid.Proof . It suÆ
es to prove that there exists at least one point that belongs tointGn (De�nition 1.1). Taking for example the point (e; 1n ; 1), where e stands forthe n-dimensional all-one ve
tor, we havenXi=1 �e�xi� = e�n < 1 = � ;and therefore (e; 1n ; 1) 2 intGn. �We also have the following fa
t:Theorem 2.4 Gn is pointed.Proof . The fa
t that 0 2 Gn � Rn+2+ implies that Gn\�Gn = f0g, i.e. Gn is pointed(De�nition 1.2). �To summarize, Gn is a solid pointed 
losed 
onvex 
one, hen
e suitable for 
oni
optimization.2.1 The dual geometri
 
one (G)�In order to express the dual of a 
oni
 problem involving the geometri
 
one Gn,we need to �nd an expli
it des
ription of its dual.Theorem 2.5 The dual of Gn is given by(Gn)� = ((x�; ��; ��) 2 Rn+ � R � R+ j �� � Xx�i<���x�i log x�i�� � x�i �� Xx�i��� ��) :



Proof . Using De�nition 1.3 for the dual 
one, we have(Gn)� = �(x�; ��; ��) 2 Rn � R2 j (x; �; �)T (x�; ��; ��) � 0 for all (x; �; �) 2 Gn	(the � supers
ript on variables x� and �� is a reminder of their dual nature). We�rst note that in the 
ase � = 0, we may 
hoose any x 2 Rn+ and � 2 R+ and have(x; 0; �) 2 Gn, whi
h means that the produ
t(x; �; �)T (x�; ��; ��) = xTx� + ��� + ��� = xTx� + ���has to be nonnegative for all (x; �) 2 Rn+1+ and is easily seen to imply that x� and�� are nonnegative. We may now suppose � > 0, (x�; ��) � 0 and writexTx� + ��� + ��� � 0 for all (x; �; �) 2 Gn, xTx� + ��� + �� nXi=1 e�xi� ��� � 0 for all (x; �) 2 Rn+ � R++, �� � �xTx�� � �� nXi=1 e�xi� for all (x; �) 2 Rn+ � R++, �� � �tTx� � �� nXi=1 e�ti for all t 2 Rn+, �� � � nXi=1 �tix�i + ��e�ti� for all t 2 Rn+ ;where we have de�ned ti = xi� for 
onvenien
e. We now pro
eed to seek the greatestpossible lower bound on ��, examining ea
h term of the sum separately: we havethus to seek the minimum of tix�i + ��e�ti :The derivative of this quantity with respe
t to ti being equal to x�i � ��e�ti , wehave a minimum when ti = � log x�i�� , but we have to take into a

ount the fa
t thatti has to be nonnegative, whi
h leads us to distinguish the following three 
ases� �� = 0: in this 
ase, the minimum is always equal to 0,� �� > 0 and x�i � ��: in this 
ase, the minimum is attained for a nonnegativeti and is equal to �x�i log x�i�� + x�i , this quantity being taken as equal to zeroin the 
ase of x�i = 0,� �� > 0 and x�i > ��: in this 
ase, the minimum value for a nonnegative t isattained for t = 0 and is equal to ��.These three 
ases 
an be summarized withinfti>0 �tix�i + ��e�ti� = (�x�i log x�i�� + x�i when x�i < ���� when x�i � �� :



Sin
e all of these lower bounds 
an be simultaneously attained with a suitable
hoi
e of t, we 
an state the �nal de�ning inequalities of our dual 
one asx� � 0; �� � 0 and �� � X0<x�i<���x�i log x�i�� � x�i �� Xx�i��� �� : �As a spe
ial 
ase, sin
e G0 = R2+ , we 
he
k that (G0)� = (R2+)� = R2+ , asexpe
ted.Note 2.1 It 
an be easily 
he
ked that the lower bound on �� appearing in thede�nition is always nonpositive, whi
h means that (x�; ��; ��) 2 (Gn)� as soonas x� and �� are nonnegative. This fa
t 
ould have been guessed prior to any
omputation: noti
ing that Gn � Rn+2+ and (Rn+2+ )� = Rn+2+ , we immediately havethat (Gn)� � Rn+2+ , be
ause taking the dual of a set in
lusion reverses its dire
tion.Finding the dual of G was a little involved, but establishing its properties isstraightforward.Theorem 2.6 (G)� is a solid, pointed, 
losed 
onvex 
one. Moreover, ((G)�)� = G .The proof of this fa
t is immediate by Theorem 1.2 sin
e (G)� is the dual of a solid,pointed, 
losed 
onvex 
one. �The interior of (G)� is also rather easy to obtain:Theorem 2.7 The interior of (G)� is given byint(Gn)� = ((x�; ��; ��) 2 Rn++�R�R++ j �� > X0<x�i<���x�i log x�i���x�i ��Xx�i��� ��) :Proof . We �rst note that (Gn)�, a 
onvex set, is the epigraph of the followingfun
tionfn : Rn+ � R+ 7! R : (x�; ��) 7! X0<x�i<���x�i log x�i�� � x�i �� Xx�i��� �� ;whi
h implies that fn is 
onvex (by de�nition of a 
onvex fun
tion). Hen
e we 
anapply Lemma 7.3 in [6℄ to getint(Gn)� = int epi fn = �(x�; ��; ��) 2 int dom fn � R j �� > fn(x�; ��)	 ;whi
h is exa
tly our 
laim sin
e intRn+ � R+ = Rn++ � R++ . �3 A 
oni
 formulationThis is the main se
tion of this arti
le, where we show how a primal-dual pair ofgeometri
 optimization problems 
an be modelled using the Gn and (Gn)� 
ones.



3.1 Modelling geometri
 optimizationLet us restate here for 
onvenien
e the de�nition of the standard primal geometri
optimization problem:sup bT y s.t. gk(y) � 1 for all k 2 R ; (PG)where fun
tions gk are de�ned bygk : Rm 7! R++ : y 7!Xi2Ik eaTi y�
i :In the rest of this arti
le, we will use the following useful 
onvention: vS (resp.MS) denotes the restri
tion of 
olumn ve
tor v (resp. matrixM) to the 
omponents(resp. rows) whose indi
es belong to set S. We introdu
e a ve
tor of auxiliaryvariables s 2 Rn to represent the exponents used in fun
tions gk, more pre
iselywe let si = 
i � aTi y for all i 2 I or, in matrix form, s = 
� ATy ;where A is a m� n matrix whose 
olumns are ai. Our problem be
omes thensup bT y s.t. s = 
� AT y and Xi2Ik e�si � 1 for all k 2 R ;whi
h is readily seen to be equivalent to the following, using the de�nition of G ,sup bTy s.t. ATy + s = 
 and (sIk ; 1; 1) 2 G#Ik for all k 2 R ;and �nally tosup bTy s.t. 0�AT00 1A y +0�svw1A = 0�
ee1A and (sIk ; vk; wk) 2 Gnk for all k 2 R ;(CPG)where e is the all-one ve
tor in Rr , nk = #Ik and two additional ve
tors of �
titiousvariables v; w 2 Rr have been introdu
ed, whose 
omponents are �xed to 1 by partof the linear 
onstraints. This is exa
tly a 
oni
 optimization problem, in the dualform (CD), using variables (~y; ~s), data ( ~A;~b; ~
) and a 
one K� su
h that~y = y; ~s = 0� svw1A ; ~A = �A 0 0� ; ~b = b; ~
 = 0�
ee1A ; K� = Gn1�Gn2 �� � ��Gnr ;where K� has been de�ned as the Cartesian produ
t of several disjoint geometri

ones, in order to deal with multiple 
oni
 
onstraints involving disjoint sets ofvariables. We also note that the fa
t that we have been able to model geometri
optimization with a 
onvex 
one is a proof that these problems are 
onvex.



3.2 Deriving the dualUsing properties of G and (G)� proved in the previous se
tion, it is straightforwardto show that K� is a solid, pointed, 
losed 
onvex 
one whose dual is(K�)� = K = (Gn1)� � (Gn2)� � � � � � (Gnr)� ;another solid, pointed, 
losed 
onvex 
one, a

ording to Theorem 1.2. This allowsus to derive a dual problem to (CPG) in a 
ompletely me
hani
al way and �nd thefollowing 
oni
 optimization problem, expressed in the primal form (CP):inf 0�
ee1AT 0�xzu1A s.t. �A 0 0�0�xzu1A = b and (xIk ; zk; uk) 2 (Gnk)� 8k 2 R ;(CDG)where x 2 Rn , z 2 Rr and u 2 Rr are the ve
tors we optimize. This problem 
anbe simpli�ed: making the 
oni
 
onstraints expli
it, we �ndinf 
Tx + eT z + eTu s.t. 8<:Ax = b; xIk � 0; uk � 0 ;zk �P i2Ik0<xi<uk�xi log xiuk � xi��P i2Ikxi�uk uk 8k 2 R ;whi
h 
an be further redu
ed toinf 
Tx+eTu+Xk2R� Xi2Ik0<xi<uk�xi log xiuk�xi��Xi2Ikxi�uk uk� s.t. Ax = b; u � 0 and x � 0 :Indeed, sin
e ea
h variable zk is free ex
ept for the inequality 
oming from theasso
iated 
oni
 
onstraint, these inequalities must be satis�ed with equality at ea
hoptimum solution and variables z 
an therefore be removed from the formulation.At this point, the formulation we have is simpler than the pure 
oni
 dual but isstill di�erent from the usual geometri
 optimization dual problem (DG) one 
an�nd in the literature. A little bit of 
al
ulus will help us to bridge the gap: let us�x k and 
onsider the 
orresponding terms in the obje
tive
TIkxIk + uk + Xi2Ik0<xi<uk�xi log xiuk � xi�� Xi2Ikxi�uk uk :We would like to eliminate variable uk, i.e. �nd for whi
h value of uk the previousquantity is minimum. It is �rst straightforward to 
he
k that su
h a value of ukmust satisfy xi < uk for all i 2 Ik, i.e. will only involve the �rst summation sign(sin
e the value �uk in the se
ond sum is attained as a limit 
ase in the �rst sumwhen xi tends to uk from below). Taking the derivative with respe
t to uk andequating it to zero we �nd0 = 1 +Xi2Ik xiukxi (� xiu2k ) = 1� Pi2Ik xiuk , whi
h implies uk =Xi2Ik xi :



Our obje
tive terms be
ome equal to
TIkxIk +Xi2Ik xi +Xi2Ik�xi log xiPi2Ik xi � xi� = 
TIkxIk +Xi2Ik xi log xiPi2Ik xi ;and leads to the following simpli�ed dual probleminf 
Tx+Xk2RXi2Ikxi>0xi log xiPi2Ik xi s.t. Ax = b and x � 0 ; (DG)whi
h is, as we expe
ted, the traditional form of a dual geometri
 optimizationproblem that was presented in Se
tion 1.1. This 
on�rms the perfe
t relevan
e ofour pair of primal-dual geometri
 
ones as a tool to model the 
lass of geometri
optimization problems.4 Con
luding remarksIn this arti
le, we have formulated geometri
 optimization problems in a 
oni
 wayusing some suitably de�ned 
onvex 
ones Gn and (Gn)�. This approa
h has thefollowing advantages:� Classi
al results from the standard 
oni
 duality theory 
an be applied toderive the duality properties of a pair of geometri
 optimization problems,in
luding weak and strong duality. This was done in [1, 2℄ and 
an be donehere in a very similar fashion. This leads in our opinion to 
learer proofs, thespe
i�
ity of the 
lass of problems under study being 
on�ned to the 
onvex
one used in the formulation.� Another advantage of our 
oni
 formulation is that it allows us to bene�twith minimal work from the theory of polynomial interior-point methodsfor 
onvex optimization developed in [4℄. Indeed, �nding a 
omputable self-
on
ordant barrier for our geometri
 
one G is all that is needed to buildan algorithm able to solve a geometri
 optimization problem up to a givena

ura
y within a polynomial number of arithmeti
 operations.� Unlike the 
ones des
ribed in [1℄, the pair of 
ones we have introdu
ed in this
hapter bears some strong similarities with the 
ones Lp and Lqs used in [2℄for lp-norm optimization. We 
an indeed write the following de�nition of the
one Lp Lp = n(x; �; �) 2 Rn � R+ � R+ j � nXi=1 1pi ���xi� ���pi � �oand 
ompare it toGn = n(x; �; �) 2 Rn+ � R+ � R+ j � nXi=1 e�xi� � �o :



The only di�eren
e between those two de�nitions is the fun
tion that is ap-plied to the quantities xi� for ea
h term of the sum: the geometri
 
one Gnuses x 7! e�x while the lp-norm 
one Lp is based on x 7! 1pi jxj. This ob-servation is the �rst step towards the design of a 
ommon framework thatwould en
ompass geometri
 optimization, lp-norm optimization and severalother kinds of stru
tured 
onvex problems and that would allow the easyderivation of the asso
iated duality properties.A
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