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Abstra
tWe 
onsider the exa
t and approximate 
omputational 
omplexity of the multivari-ate LMS linear regression estimator. The LMS estimator is among the most widelyused robust linear statisti
al estimators. Given a set of n points in IRd and a parameterk, the problem is equivalent to 
omputing the slab bounded by two parallel hyperplanesof minimum separation that 
ontains k of the points. We present algorithms for theexa
t and approximate versions of the multivariate LMS problem. We also providenearly mat
hing lower bounds on the 
omputational 
omplexity of these problems.The lower bounds hold if de
iding whether d + 1 points are 
oplanar requires 
(nd)time.1 Introdu
tionFitting a hyperplane to a �nite 
olle
tion of points in spa
e is a fundamental problem in sta-tisti
al estimation. Robust estimators are of parti
ular interest be
ause of their insensitivityto outlying data. The prin
ipal measure of the robustness of an estimator is its breakdownpoint, that is, the fra
tion (up to 50%) of outlying data points that 
an 
orrupt the estimator.Rousseeuw's least median-of-squares (LMS) linear regression estimator [Rou84℄ is among thebest known and most widely used robust estimators.The LMS estimator (with inter
ept) is de�ned formally as follows. Consider a set P ofn points (xi; yi) = (xi;1; : : : ; xi;d�1; yi) in IRd. The problem is to 
ompute a parameter ve
tor� = (�1; : : : ; �d) whi
h best �ts the data by the linear modelyi = xi;1�1 + xi;2�2 + � � �+ xi;d�1�d�1 + �d + ei; i = 1; : : : ; n;�See http://www.uiu
.edu/~je�e/pubs/halfslab.html for the most re
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kson, Sariel Har-Peled, and David Mountwhere (e1; : : : ; en) are the (unknown) errors. Given an arbitrary parameter ve
tor � 2 IRd,let ri = yi�xi � � denote the ith residual. The LMS estimator is de�ned to be the parameterve
tor that minimizes the median of the squared residuals. More generally, given a parameterk, where d + 1 � k � n, the problem is to �nd a parameter ve
tor that minimizes the kthsmallest squared residual. This is also 
alled the least-quantile squared (LQS) estimator[RL87℄. Typi
ally, k is 
(n). Hen
eforth, for uniformity, we refer to the dependent variableyi as the dth point 
oordinate, xi;d.This estimator is widely used in pra
ti
e, for example in �nan
e, 
hemistry, ele
tri
alengineering, pro
ess 
ontrol, and 
omputer vision (see [Rou97℄). In addition to having ahigh breakdown-point, the LMS estimator is regression-, s
ale-, and aÆne-equivariant, whi
hmeans that the estimate transforms properly under these types of transformations [RL87℄.The LMS estimator may be used on its own or as an initial step in more 
omplex estimations
hemes [Yoh87℄.From a geometri
 perspe
tive, it is easy to see that 
omputing the LMS estimator isequivalent to 
omputing the slab (that is, the 
losed region bounded between two parallelhyperplanes) of minimum verti
al separation that en
loses at least k of the points. TheLMS estimator is obtained as the hyperplane that bise
ts this slab. In the dual setting, theproblem is equivalent to �nding the shortest verti
al segment in IRd that interse
ts at least kof a set of n given hyperplanes. A 
losely related formulation, whi
h we shall also 
onsider,involves 
omputing the slab en
losing k points that minimizes the perpendi
ular width (thatis, where the width is measured normal to the hyperplanes).The most eÆ
ient exa
t algorithm for 
omputing the LMS estimator in the plane is thetopologi
al plane-sweep algorithm due to Edelsbrunner and Souvaine [ES90℄, whi
h runsin O(n2) time and requires O(n) spa
e. Mount, et al. [MNR+97℄ presented a pra
ti
alapproximation algorithm for the LMS line estimator in the plane, based approximating thequantile and/or the verti
al width of the slab. Their algorithm, however, does not guaranteea better than O(n2) running time when the quantile is required to be exa
t. In higherdimensions, an O(nd+1 logn) time algorithm has long been known [MMRK91, RL87℄.The LMS problem 
an be solved using linear programming with violations [Mat95,Cha02℄. In parti
ular, it 
an be solved in O(n(n � k)d+1) time using those te
hniques.An alternative approa
h that 
an also be deployed in this 
ase, is to shape �tting with out-liers [HW02℄, whi
h extra
ts a small 
oreset, and �nds the best possible solution on this
oreset. However, sin
e we are interested in the 
ase where k = 
(n), this is the worst 
asefor those algorithms, whi
h ex
els in handling a small number of outliers. In our settingsthis is when k is very large (roughly, k � n � o(n1=2d)), and then those algorithms run innear linear time. It is natural to ask whether all those algorithms 
an be extended to handlethe 
ase where the number of outliers is large. Finally, the problem of �tting the data withtwo slabs of minimum width, seems to be inherently 
onne
ted to the problem of LMS, asintuitively, we want to �nd a good 
lustering for most of the points by the �rst slab, andalso a good 
lustering for the remaining (outlier) points. Thus, a better understanding ofthe LMS problem might lead to a better understanding of the 2-slab problem, whi
h seemsto be surprisingly hard [Har03℄, and 
urrently no near linear time approximation algorithmis known for d > 3. Thus, LMS is a fundamental problem, and a better understanding of itwould lead to a better understanding of several 
entral optimization problems.



On the Least Median Square Problem 3Given the high 
omplexity of 
omputing LMS exa
tly, it is natural to 
onsider whethermore eÆ
ient approximation algorithms exist. Olson presented a 2-approximation algorithmsfor LMS, whi
h run in O(n log2 n) time in the plane and in O(nd�1 logn) time for �xed d � 3[Ols97℄.In this paper we 
onsider the 
omputational 
omplexity of the both the exa
t and ap-proximate versions of LMS. We provide a O(nd logn) time randomized algorithm for solvingthe LMS problem exa
tly in IRd. We also provide a randomized "-approximation algorithmwhose running time is O((nd=k") logn), with high probability. For the most interesting 
asewhere k = 
(n), this is roughly O(nd�1).We also show a lower bound that any exa
t algorithm for the LMS problem requires 
(nd)time, and any approximation requires 
(nd�1) time, thus providing a strong indi
ation thatour algorithms are 
lose to optimal. Our lower bounds are derived by redu
tion from theaÆne degenera
y problem: Given a set of n points on the d-dimensional integer1 latti
e ZZd,do any d+1 of the points lie on a 
ommon hyperplane? This problem 
an be solved by 
on-stru
ting the dual hyperplane arrangement in O(nd) time, and this time bound is believed tobe optimal. Eri
kson and Seidel [ES95, Eri99b℄ proved a mat
hing 
(nd) lower bound on thenumber of sidedness queries required to solve this problem; however, the model of 
omputa-tion in whi
h their lower bound holds is not strong enough to solve the LMS problem, sin
eit does not allow us to 
ompare widths of di�erent slabs. The strongest lower bound knownin any general model of 
omputation is 
(n logn), for any �xed dimension, in the algebrai
de
ision and 
omputation tree models [Ben83, Yao91℄, although the problem is known to beNP-
omplete when d is not �xed [Kha95, Eri99b℄. The two-dimensional aÆne degenera
yproblem is one of Gajentaan and Overmars 
anoni
al 3sum-hard problems [GO95℄. (The d-dimensional aÆne degenera
y problem is a
tually (d+1)-sum-hard; however, the best lowerbound that this 
ould imply is only 
(nbd=2
+1) [Eri99a℄.) In parti
ular, our lower boundshold if the following 
onje
ture, whi
h is widely believed to be 
orre
t, holds.Conje
ture 1.1 Determining whether a set of n points on the integer latti
e ZZd 
ontainsd+ 1 points on a 
ommon hyperplane requires 
(nd) time in the worst 
ase.The remainder of the paper is organized as follows. In the next se
tion we provide basi
de�nitions and notation. In Se
tion 3 we present our exa
t algorithms for LMS. In Se
tion 4we present the approximation algorithms. Finally, in Se
tion 5 we present the lower bounds.2 Nomen
lature and NotationWhenever we work in the spa
e IRd, we will refer to the xd-
oordinate dire
tion as verti
aland ea
h of the other 
oordinate dire
tions as horizontal. A hyperplane is verti
al if it
ontains a verti
al line, and horizontal if its normal dire
tion is verti
al.A slab is the non-empty interse
tion of two 
losed halfspa
es whose bounding hyperplanesare parallel. We will distinguish between two di�erent natural notions of the \size" of a slab.The height of a slab �, denoted h(�), is the length of a verti
al line segment with one1In the algebrai
 de
ision tree model of 
omputation, the restri
tion to integers 
an be removed by usingformal in�nitesimals in our redu
tions [Eri95, Eri99a℄.
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h bounding hyperplane. If one slab has smaller height than another, wesay that the �rst slab is shorter and the se
ond is taller. On the other hand, the width ofa slab �, denoted w(�), is the distan
e between the two bounding hyperplanes, measuredalong their 
ommon normal dire
tion. If one slab has smaller width than another, we saythat the �rst slab is narrower and the se
ond is wider. A slab whose height or width is zerois just a hyperplane. Verti
al slabs, even those with zero width, have in�nite height.For a set H of n hyperplanes in IRd, let sH(k) denote the shortest verti
al segment thatinterse
ts k hyperplanes of H, and let `H(k) denote its length. For a hyperplane h and a realnumber t, let h+t denote the hyperplane resulting from translating h verti
ally by distan
e t.Let B(h; t) denote the slab bounded by h and h+ t; this slab obviously has height t.3 Exa
t AlgorithmsTheorem 3.1 Let H be a set of n hyperplanes in IRd. We 
an 
ompute, in O�nd logn�time, the shortest verti
al segment that stabs at least k hyperplanes of H. The algorithm israndomized and running time bound holds with high probability.Proof: Let s = sH(k). Clearly, the endpoints of s lie on d + 1 hyperplanes of H, and assu
h let B(t) = fB(h; t) j h 2 Hg. The 
riti
al value t� = jsj 
orresponds to a vertex inthe arrangement of the hyperplanes of B(t�) whi
h has d + 1 hyperplanes passing throughit. Let C denote the set of values of t for whi
h B(t) 
ontains su
h a vertex that is de�nedby the boundaries of d+ 1 slabs. Thus, we have jCj = O(nd+1).In parti
ular, given a 
andidate value t, we 
an de
ide if t� > t by just 
omputing thearrangement of the hyperplanes of B(t), and 
omputing the depth of ea
h vertex. Thisresults in a de
ision pro
edure for this problem that runs in O(nd) time.Next, randomly pi
k O(nd logn) verti
al distan
es from C by pi
king d+1 hyperplanes ofH and 
omputing the shortest verti
al segment stabbing all of them. By using the de
isionpro
edure, we 
an now restri
t our sear
h to an interval [u�; u+℄ that 
ontains the length ofthe shortest segment.Note that the interval [u�; u+℄ 
ontains, with high probability, only O(n) values of C.Thus, to 
ompute t�, we keep tra
k of the verti
es of the arrangement A(B(t)), by sweepingfrom t = u� through t = u+. Clearly, only O(n) events are en
ountered during this sweep,and as su
h, we 
an 
ompute t� in O(nd logn) time. Note that we need only to keep tra
kof the 1-skeleton of the arrangement during this sweeping pro
ess, whi
h guarantees that weindeed 
an perform this eÆ
iently in the time spe
i�ed.Corollary 3.2 Given a set P of n points in IRd, we 
an 
ompute, the shortest slab 
ontainingat least k points of P in O�nd logn� time, with high probability.Theorem 3.3 Given a set P of n points in IRd, we 
an 
ompute, the narrowest slab 
on-taining at least k points of P in O�nd logn� time, with high probability.Proof: Let p be any point of P . We show how one 
an �nd the narrowest slab that 
ontainsk points in P and whose boundary passes through p. To 
ompute the narrowest slab overall,we simply run this �xed-point algorithm for every point p 2 P and return the thinnest result.



On the Least Median Square Problem 5We �rst solve the de
ision problem, where the width r of the slab is known. Any slab 
anbe de�ned by its normal dire
tion. Thus, we 
onsider the sphere of dire
tions S(d) 
enteredat p. For any point q 2 P , the family of slabs of width r having q inside them de�nes astrip on S(d), whi
h is the interse
tion of two parallel half-spa
es and S(d), where one of thehalf-spa
es' boundaries passes through p.Let U be this set of strips on S(d). De
iding whether there is a slab that 
ontains k pointsis now equivalent to de
iding whether there is a point in this arrangement 
overed by k � 1strips. This 
an be easily de
ided by 
omputing the arrangement, in O(nd�1) time.The exa
t solution 
an now be found easily by performing random sampling and sweeping,as was done in Theorem 3.1. We omit the remaining straightforward details.4 Approximation AlgorithmLemma 4.1 Let H be a set of n hyperplanes in IRd, and let h be a hyperplane. The shortestverti
al segment shH(k) interse
ting k hyperplanes of H and having its midpoint on h 
an be
omputed in O(nd�1 logn) time, with high probability.Proof: We assume h is the horizontal hyperplane xd = 0. Alternatively, we 
an linearlytransform spa
e, without 
hanging verti
al distan
es, su
h that h is this horizontal hyper-plane. Let r � 0 be a parameter, and we want to de
ide whether there is a verti
al segmentwith its midpoint on h of length r that interse
ts k hyperplanes of H.Let B be the slab of width r having h as its 
enter; namely, B is the lo
i of all points indistan
e at most r=2 from h. For every hyperplane g 2 H, let Proj(g) = fx j x 2 h; d(x; g) �r=2g be the feasible region for g on h, where d(x; g) is the distan
e between x and the planeg. Clearly, Proj(g) is just a (d� 1)-dimensional slab in h.Let Ur = fProj(g) j g 2 Hg. Clearly, the de
ision pro
edure requires us to de
ide if thereis any point in the arrangement of A(r) = A(Ur) that is 
overed by more than k slabs. Thisis done by 
omputing the arrangement A(r), and �nding the deepest 
overed point. Thistakes O(nd�1) time.Consider the arrangement A(r) as being a fun
tion of r. Clearly, we want to 
ompute theminimum value of r for whi
h A(r) 
ontains a point 
overed by k slabs. This 
learly happenswhen d hyperplanes in this arrangement pass through a 
ommon point. Let T denote theset of all those 
riti
al values of r. Sample O(nd�1 logn) values of T by randomly pi
king dslabs in this arrangement and 
omputing when their boundaries all pass through a 
ommonpoint. Using binary sear
h, we 
an perform O(logn) 
alls to the de
ision pro
edure and �ndan interval I = [r�; r+℄ where the required value lies, and furthermore, with high probabilityI 
ontains O(n) values of T .Next, we 
ompute the 1-skeleton of the arrangement A(u�), and maintain this skele-ton as we vary r from u� to u+. During this period, the 1-skeleton undergoes only O(n)
hanges, and every su
h 
hange 
an be performed in O(logn) time using standard sweepingte
hniques. Furthermore, one 
an easily maintain the depth of every vertex and edge in the1-skeleton during this sweeping. Thus, we will 
ompute during pro
ess the required segmentshH(k).
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kson, Sariel Har-Peled, and David MountTheorem 4.2 Let H be a set of n hyperplanes in IRd, and let " > 0 and k be pres
ribedparameters. One 
an 
ompute a verti
al segment of length at most (1+")`H(k) that interse
tsk hyperplanes of H in O�(nd=k") log2 n� time.Proof: Let R be a random sample of O((n=k) logn) hyperplanes of H. By �-net theory,one of the hyperplanes of R interse
ts the segment t = sH(k), with high probability. Next,for every hyperplane of R, apply the algorithm of Lemma 4.1. Clearly, the length of theshortest verti
al segment 
omputed is a 2-approximation to the length of t. The runningtime is O(jRjnd�1 logn) = O�(nd=k) log2 n�. Let u be the length of this segment, whi
h is a2-approximation to `H(k).Next, let R0 = fh + iu"=4 j h 2 R; i = �d4="e ; : : : ; d4="eg, where h + x is the hyper-plane resulting by translating h verti
ally by distan
e x. With high probability, one of thehyperplanes of R0 interse
ts t and is in distan
e at most " � `H(k) from the midpoint of t.As su
h, the shortest verti
al segment 
omputed by applying the algorithm of Lemma 4.1to ea
h hyperplane of R0 results in the required approximation.The algorithm of Theorem 4.2 
learly also solves the dual problem of �nding an approx-imately shortest slab 
ontaining k points.Corollary 4.3 Let H be a set of n hyperplanes in IRd, and let " > 0 and k be pres
ribedparameters. One 
an 
ompute a segment that interse
ts k hyperplanes of H of width at most(1 + ")`H(k) in O�(nd=k") log2 n� time.In the spe
ial 
ase k = 
(n), we 
an improve the running time of our algorithm by afa
tor of O(logn) using Chan's deterministi
 algorithm for 
onstru
ting �-nets [Cha00℄.Finding an approximately narrowest slab is only slightly di�erent. Using a similar algo-rithm to the one des
ribed above, together with the te
hniques of Theorem 3.3, we obtainthe following result. We omit the straightforward details.Theorem 4.4 Let P be a set of n points in IRd, and let " > 0 and k be pres
ribed param-eters. One 
an 
ompute a slab that 
overs k points of P of width at most (1 + ")Wk(P ) inO�(nd=k") log2 n� time, where Wk(P ) is the minimum width of any slab that 
overs k pointsof P .5 Lower BoundsIn this se
tion, we prove relative lower bounds for both the exa
t and approximate LMShyperplane-�tting problems. Our results suggest that the exa
t problem requires 
(nd) timeand that the approximate problem requires 
(nd�1) time, in the worst 
ase. Thus, it isunlikely that our LMS algorithms 
an be sped up by more than polylogarithmi
 fa
tors, atleast when k and n� k are both 
(n).Many of our redu
tions rely on the following observations, whose proofs we defer to theappendix. We say that a slab is minimal for a set of points if its boundary 
ontains at leastd+ 1 aÆnely independent points from the set. The shortest and narrowest slabs 
ontaininga set are always minimal.



On the Least Median Square Problem 7Lemma 5.1 Let S be a set of n points on the integer grid [�M ::M ℄d, and let � be anyminimal slab 
ontaining at least d+ 1 points in S.(a) h(�) 
an be written as a ratio of integers p=q, where p and q are both O(Md).(b) Either h(�) = 0 or h(�) = 
(1=Md).(
) Either w(�) = 0 or w(�) = 
(1=Md).(
) � has an integer normal ve
tor ~n(�) whose 
oeÆ
ients have absolute value O(Md).(d) w(Æ)2 
an be written as a ratio of integers p0=q0, where p0 and q0 are both O(M4d).(All asymptoti
 bounds hide 
onstant fa
tors exponential in d.)5.1 Exa
t HeightTheorem 5.2 Conje
ture 1.1 implies that 
omputing the shortest slab 
ontaining d+1 pointsfrom a given set of n points in ZZd requires 
(nd) time in the worst 
ase.Proof: The given points are aÆnely degenerate if and only if the shortest slab 
ontainingd+ 1 points has height zero.Theorem 5.3 Conje
ture 1.1 implies that 
omputing the shortest slab 
ontaining half of agiven set of n points in ZZd requires 
(nd) time in the worst 
ase.Proof: Suppose we are given a set S of m = n=2 � d � 1 points in ZZd. Let x+d and x�d bethe largest and smallest xd-
oordinates of any point in S, respe
tively. In O(n) time, we
an 
onstru
t a new set S 0 of 2m + 2(d + 1) = n points by taking the union of S, a 
opyof S shifted upwards by 2(x+d � x�d ), and a set of n � 2m = 2(d + 1) extra points at least5(x+d � z�d ) above everything else. The original set S 
ontains d + 1 points on a 
ommonhyperplane if and only if the shortest slab that 
ontains n=2 points in S 0 has height exa
tly2(x+d � x�d ).This redu
tion 
an be generalized easily to either larger or smaller numbers of points inthe target slab, as follows:Theorem 5.4 Conje
ture 1.1 implies that 
omputing the shortest slab 
ontaining k pointsfrom a given set of n points in ZZd requires 
(minfk; n� kgd) time in the worst 
ase.Proof: If k < n=2, we start with a set S of m = k� d� 1 points. We 
onstru
t a new set S 0
ontaining two 
opies of S, one dire
tly above the other, with n� 2m extra points far aboveboth 
opies.Similarly, if k > n=2, we start with a set S of m = n� k + d+ 1 points. We 
onstru
t anew set S 0 
ontains two 
opies of S, one dire
tly above the other, with n� 2m extra pointsdire
tly between the two 
opies.In both 
ases, the shortest slab 
ontaining k points of S 0 has height equal to the verti
aldistan
e between the two 
opies of S if and only if S is aÆnely degenerate. Thus, Conje
-ture 1.1 implies that 
omputing the shortest k-slab in S 0 requires 
(md) time. In the �rst
ase, the extra points lie above the shortest slab; in the se
ond 
ase, the extra points areinside the shortest slab.



8 Je� Eri
kson, Sariel Har-Peled, and David MountTheorem 5.5 Conje
ture 1.1 implies that 
omputing the shortest slab 
ontaining k pointsfrom a given set of n points in ZZd requires 
((n=k)d) time in the worst 
ase.Proof: Suppose we are given a set S of m = n(d+1)=k points in ZZd. In linear time, we 
an
ompute an upper bound M on the absolute value of any 
oordinate. Let " = O(1=M4d).We 
onstru
t a new set S� 
onsisting of k=(d+ 1) 
opies of S, where the ith 
opy is shiftedupwards a distan
e of i � ". Let �� be the shortest slab 
ontaining k points in S�. Lemma 5.1implies that S� \ �� 
onsists of all k=(d + 1) 
opies of the points in S \ �, where � is theshortest slab 
ontaining (d+1) points in S. Indeed, if not, then the set K of points of S thathave one of their 
opies in S� \ ��, must be of height larger than 
(1=Md), as jKj � d+ 1.In parti
ular, h(��) = (k=(d + 1) � 1)" if and only if d + 1 points in S lie on a 
ommonhyperplane.There is still a gap between the lower and upper bound, but we believe that the true
omplexity is 
(nd) for any k.5.2 Approximate HeightTheorem 5.6 Let Hk(S) be the height of the shortest slab 
ontaining k points in a set S.Conje
ture 1.1 implies that 
omputing a slab of height at most 2Hk(S) 
ontaining k pointsfrom a given set S of n points in ZZd requires 
((n� k)d�1) time in the worst 
ase.Proof: Suppose we are given a set S of m = n=2 � k=2 � d � 1 points on the integerlatti
e ZZd�1. Let M be an upper bound the maximum absolute value of any 
oordinatesin S, and let Æ = 1=(d� 2)!(2M)d�2; we 
an 
ompute these values in O(m) time.In O(n) time, we 
onstru
t a new set S 0 
omprised of three subsets: (1) a 
opy of S on theverti
al hyperplane x1 = 1, (2) a set of k� 2(d+1) points within distan
e Æ=5 of the origin,all on the hyperplane x1 = 0, and (3) a 
opy of �S (the re
e
tion of S through the origin)on the hyperplane x2 = �1. For any non-verti
al slab �, let �x denote the interse
tion of �with the hyperplane x1 = x; this is a (d� 1)-dimensional slab with the same height as �.If any d points of S lie on a 
ommon (d�2)-
at, then there is a slab of height at most Æ=5
ontaining k points of S 0. Otherwise, let � be any slab 
ontaining k points of S 0. Withoutloss of generality, �1 
ontains at least d + 1 points of S, so by Lemma 5.1(1), we haveh(�) = h(�1) � Æ. Thus, by approximating Hk(S 0) within a fa
tor of 2, we 
an determinewhether the original set S 
ontains a degenera
y. Conje
ture 1.1 implies that this requires
(md�1) = 
((n� k)d�1) time in the worst 
ase.5.3 Redu
ing Height to WidthFinally, we des
ribe a general redu
tion from 
omputing slabs with minimum height to
omputing slabs of minimum width. This redu
tion implies that all our lower bounds forminimizing height apply verbatim to the 
orresponding width problem. The key observationis that horizontally s
aling ZZd does not 
hange the height of any slab, although it does
hange the width. If we s
ale any point set S far enough, then sorting the non-verti
alminimal slabs by width would be the same as sorting them by height; in parti
ular, the
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al slab 
ontaining k points of S will also be the shortest slab 
ontainingk points of S. There are two main te
hni
al diÆ
ulties: quantifying the amount of s
alingrequired and eliminating verti
al slabs from 
onsideration.Suppose we want to �nd the shortest slab 
ontaining k � d+1 points from a given set Sof n points on the integer latti
e [�M ::M ℄d. If M is not given, we 
an easily 
ompute it inO(n) time. Let S 0 be the set obtained by s
aling S horizontally (that is, in every dire
tionex
ept verti
ally) by a large integer fa
tor � := 
(M6d) . S
aling any slab � horizontallyby � gives us a slab �0 with the same height, 
ontaining the 
orresponding subset of points.Fix a minimal non-verti
al slab � 
ontaining at least d + 1 points of S. Let ~n be theinteger normal ve
tor of � des
ribed by Lemma 5.1(
). To obtain a normal ve
tor ~n0 forthe s
aled slab �0, we 
an simply s
ale ~n in the verti
al dire
tion by a fa
tor of �. We 
ande
ompose ~n0 into a verti
al 
omponent ~n0v and a horizontal 
omponent ~n0h. Lemma 5.1(
)implies that k~n0hk = O(Md), and sin
e � is not verti
al, k~n0vk � � = 
(M6d). We have thefollowing bound on the width of �0 in terms of its height:h(�0) = w(�0)pk~n0vk2 + k~n0hk2k~n0vk � w(�0)s1 + 1
(M5d)= w(�0)�1 + 1
(M5d)� = w(�0) + 1
(M3d)Lemma 5.1(a) implies that the heights of any two minimal slabs �1 and �2 either areequal or di�er by at least 
(1=M2d). It follows that h(�1) < h(�2) implies w(�01) < w(�02);the height order and width order of the non-verti
al minimal slabs is the same, ex
ept thatsome equal-height pairs may not have equal width. In parti
ular, the narrowest non-verti
alslab 
ontaining k points in S 0 is also the shortest su
h slab. The entire redu
tion requiresonly linear time, and in
reases the bit length of the input by at most a fa
tor of O(d).Theorem 5.7 Conje
ture 1.1 implies that 
omputing the narrowest non-verti
al slab 
on-taining k points from a given set of n points in ZZd requires 
(minfk; n � kgd) time in theworst 
ase.Theorem 5.8 Let Wk(S) be the width of the narrowest non-verti
al slab 
ontaining k pointsin a set S. Conje
ture 1.1 implies that 
omputing a non-verti
al slab of width at most 2Wk(S)
ontaining k points from a given set S of n points in ZZd requires 
((n� k)d�1) time in theworst 
ase.What about verti
al slabs? If no verti
al hyperplane 
ontains k points of S, the redu
-tion goes through immediately. Lemma 5.1(
) implies that the narrowest verti
al slab �v
ontaining k points of S 0 is either a single hyperplane or it has width 
(�=Md�1) = 
(M5d).In the latter 
ase, �v 
annot be the narrowest k-slab for S 0, sin
e the entire point set �tsin a slab of width 2M . However, if some verti
al hyperplane passes through k points, theshortest and narrowest k-slabs no longer 
oin
ide.To avoid this problem, we �rst perturb the initial set S, essentially following the in�nites-imal perturbation method of Emiris and Canny [EC95, ECS97℄. Let " = 1=M4d . For any
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kson, Sariel Har-Peled, and David Mountpoint p 2 S, let ~p denote a point at distan
e at most " from S, and let eS = f~p j p 2 Sg.For any slab � that is minimal for S, we de�ne a 
orresponding slab ~� that is minimal foreS. Lemma 5.1 implies that h(�) � O(Md)w(�), so h(~�) � h(�) + O(1=M3d), and that twominimal slabs for S di�er in height by at least 1=M2d. It follows that if �1 is shorter than�2, then ~�1 is shorter than ~�2. In other words, perturbing the points by " does not 
hangewhi
h points are inside the shortest k-slab.Arbitrarily index the points in S as p1; p2; : : : ; pn, and let q be the smallest prime numberlarger than n (and therefore less than 2n). We 
hoose the following spe
i�
 perturbation:~pi = pi + "q (i; i2 mod q; i3 mod q; : : : ; id mod q):We 
an express the volume of any simplex in eS as a polynomial in ". Lemma 5.1 impliesthat the sign of this polynomial is determined by the sign of the largest term. Moreover, the
oeÆ
ient "d term is the volume of a simplex with verti
es on the modular moment 
urve1q (t; t2 mod q; t3 mod q; : : : ; td mod q), and is therefore not equal to zero. We 
on
lude thatno d+ 1 points in eS lie on a 
ommon hyperplane; in parti
ular, to k points lie on a verti
alhyperplane.S
aling the set eS by a fa
tor of q=" gives us an integer point set, where every 
oordinatehas absolute value at most O(M5d). Thus, to �nd the shortest k-slab in S, we 
an apply ourearlier redu
tion to eS. The entire redu
tion requires only linear time, and in
reases the bitlength of the input by at most a fa
tor of O(d2).Theorem 5.9 Conje
ture 1.1 implies that 
omputing the narrowest slab 
ontaining k pointsfrom a given set of n points in ZZd requires 
(minfk; n� kgd) time in the worst 
ase.Theorem 5.10 Let Wk(S) be the width of the shortest slab 
ontaining k points in a set S.Conje
ture 1.1 implies that 
omputing a slab of width at most 2Wk(S) 
ontaining k pointsfrom a given set S of n points in ZZd requires 
((n� k)d�1) time in the worst 
ase.Referen
es[Ben83℄ M. Ben-Or. Lower bounds for algebrai
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omputation trees with integer inputs.SIAM J. Comput., 20(4):655{668, 1991.[Yoh87℄ V. J. Yohai. High breakdown-point and high eÆ
ien
y robust estimates forregression. The Annals of Statisti
s, 15:642{656, 1987.A Proof of Limited ResolutionProof of Lemma 5.1: Let 4 be the 
onvex hull of d + 1 arbitrary points in S, and let � beany minimal slab 
ontaining 4. Without loss of generality, assume that � is not verti
al.To simplify our dis
ussion, we refer to d-dimensional Lebesgue measure as volume, and(d� 1)-dimensional Lebesgue measure as area.(a) The volume V of 4 is equal to h(�)B=d, where A is the sum of the signed areas of theverti
al proje
tions of 
ertain fa
ets of 4 onto ZZd�1. Spe
i�
ally, a fa
et 
ontributesits area to B if it tou
hes the lower bounding hyperplane of �, positively if 4 is lo
allyabove the fa
et and negatively otherwise. Sin
e every point 
oordinate is an integer, thevolume of4 is an integer multiple of 1=d!, and the verti
ally proje
ted area of ea
h fa
etis an integer multiple of 1=(d�1)!. Moreover, 4 has volume O(Md), and ea
h proje
tedfa
et has area O(Md�1). Finally, we obtain h(�) = d V=B = (d!V )=((d� 1)!A), whered!V and (d� 1)!A are integers in the desired range.(b) This follows dire
tly from part (a).(
) Consider a line through the origin normal to the hyperplanes bounding �. This lineforms an angle of at most 45Æ with at least one 
oordinate axis. Without loss ofgenerality, that axis is verti
al, in whi
h 
ase we have w(�) � h(�)=p2.(d) Let p0; p1; : : : ; pk; qk+1; : : : ; qd be aÆnely independent points in S on the boundary of �,where ea
h point pi lies on the lower bounding hyperplane, and ea
h point qi lies on theupper bounding hyperplane. We de�ne a set of d�1 integer ve
tors ~v1; : : : ; ~vd�1 parallelto � as follows: if i � k, we take ~vi = pi�pi�1, and if i > k, we take ~vi = qi�qi+1. Theseve
tors are linearly independent, sin
e otherwise the points pi and qj would lie on a
ommon hyperplane, so � would not be minimal. The exterior produ
t ~v1^~v2^� � �^~vdis a ve
tor normal to �. Ea
h 
omponent of this exterior produ
t is the determinantof a (d � 1) � (d � 1) minor of the (d � 1) � d matrix of 
oordinates ~vij. Sin
e ea
hof these 
oordinates is an integer with absolute value O(M), ea
h 
omponent of thenormal ve
tors is an integer with absolute value O(Md�1).(e) This follows immediately from the identity w(�) = h(�)nd(�)=k~n(�)k, where nd(�) isthe verti
al 
omponent of the normal ve
tor ~n(�).


