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Abstract

We investigate the ability of Serially-Concatenated Low Density Generator Matrix (SCLDGM)

codes to approach the capacity of ergodic Multiple-Input Multiple-Output (MIMO) channels. First, we

explain how to design good SCLDGM codes using EXtrinsic Information Transfer (EXIT) analysis and

optimum detection. However, optimum detection becomes unfeasible in many cases of practical interest

where the number of transmitting antennas and/or the number of bits per constellation symbol is large.

In this case, we resort to List Sphere Detection (LSD), considering two versions: Maximum Likelihood

(ML) and Maximum A Posteriori (MAP). Again, we use EXIT analysis to obtain good SCLDGM

codes for these specific LSD versions. We provide examples of optimized rate1/2 SCLDGM codes

and show that they perform within1 dB from the theoretical capacity limit for a large number of

antenna configurations and modulation formats. Finally, we discuss how to iteratively improve channel

estimation using the soft information computed during the decoding process. We also show how the

complexity of channel estimation is reduced by utilizing the candidate list calculated by the LSD.
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Francisco J. V́azquez-Aráujo, Miguel Gonźalez-Ĺopez and Luis Castedo are with the Departamento de Electrónica y Sistemas,
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I. I NTRODUCTION

The development of channel codes able to approach the theoretical limits of wireless channels

has been an active area of research during the last decade. The basic premise of capacity-

achieving codes is to produce long, random-like codewords that resemble Shannon’s idea of

random coding. So far, Turbo [1] and Low Density Parity Check (LDPC) codes [2], [3] constitute

the most prominent examples of capacity-approaching codes. More specifically, it has been

shown [4] that LDPC codes are able to approach the capacity of the BIAWGN (Binary Input

Additive White Gaussian Noise) channel within a small fraction of a dB. LDPC codes also

exhibit an extraordinary good performance when transmitting over Single-Input Single-Output

(SISO) channels (either AWGN or Rayleigh) using non-binary modulations [5], [6].

The utilization of Turbo and LDPC codes for transmission over MIMO channels has been

studied in [7], [8], [9], [10], [11], among others. Unlike Turbo codes, the main problem of

using LDPC codes is their rather high encoding complexity. Several subclasses of LDPC codes

with reduced encoding complexity have been proposed, such as Block-LDPC [12], Low-Density

Generator Matrix (LDGM) [13] and Repeat-Accumulate (RA) [14]. Block-LDPC codes have

been recently adopted in the IEEE 802.16e [15] and IEEE 802.11n [16] standards but their aim

is not to approach the ergodic capacity limit: they are specifically designed for short lengths and

for minimizing hardware implementation requirements. Low-Density Generator Matrix (LDGM)

codes are a class of LDPC codes whose generator matrix is large and random but sparse.

Due to their poor minimum distance, LDGM codes are asymptotically bad [17]: they exhibit

error-floors independent of the block length. On the other hand, they present a very good

convergence threshold so, in practice, they are useful if we utilize techniques to reduce the

error floor to a certain level of Bit-Error-Rate (BER) [17], [18]. RA codes reduce the error floor

by serially concatenating an LDGM code with an accumulator. The performance of RA codes

is rather dependent on the code degree profile: Irregular RA (IRA) codes [19] exhibit a much

better performance than their regular counterparts. IRA codes are also attractive for practical

implementations and, as an example, they are being used in the second generation standard for

satellite digital video broadcasting (DVB-S2) [20]. The error-floor can also be lowered by using

an outer code that takes care of the residual errors from the LDGM code [17]. Due to the fact

that the number of errors per block to be corrected is very low, it suffices to use a high-rate
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code for this task. Since precisely the performance of high-rate LDGM codes is rather good, it

is natural to consider the serial concatenation of an outer high-rate LDGM code with an inner

LDGM code close to the desired rate. The overall scheme, denominated Serially-Concatenated

LDGM (SCLDGM), mantains a good convergence threshold with an error-floor low enough for

practical applications [17], [18], [21].

Similarly to LDPC codes, SCLDGM codes may be designed using EXtrinsic Information

Transfer (EXIT) charts [10] or Density Evolution (DE) [22]. EXIT charts are less computationally

demanding although they cannot be applied in so many cases as DE. As an example, EXIT charts

have been applied to find good systematic IRA codes for SISO systems and non-systematic IRA

codes for MIMO [23], whereas for the design of systematic IRA codes for MIMO it has been

necessary to resort to the DE method [24]. EXIT analysis in the form of EXIT charts cannot

be applied to the optimization of systematic SCLDGM codes for MIMO channels. However,

in this work we explain how to design these codes using EXIT functions in a novel way that

resembles DE in the sense that we test decoding convergence by tracking the evolution of

messages [25]. The difference is that, while DE tracks the whole density of messages, we only

track a single significant parameter, the mutual information. We have successfully applied this

method to obtain good rate1/2 systematic SCLDGM codes for MIMO channels with a moderate

number of antennas and/or bits per constellation symbol, when optimum soft-output detection,

in the form of extrinsic MaximumA Posteriori (MAP) Log-Likelihood Ratios (LLRs) [26], is

computationally feasible. Similarly to the non-systematic IRA codes in [23], the performance of

our SCLDGM codes lies, in most cases, within1 dB from the theoretical ergodic capacity limit.

Our optimized SCLDGM codes present important differences with respect to RA codes. First,

the performance of regular and irregular SCLDGM codes is very similar. Second, the performance

of systematic SCLDGM codes is better than that of the systematic IRA codes presented in

[24] and comparable to that of the non-systematic IRA codes in [23]. Note, however, that the

implementation of non-systematic IRA codes requires code doping to guarantee the convergence

of the decoding algorithm. Third, unlike IRA codes, SCLDGM codes do not require an interleaver

to obtain a good performance over fading channels, since an implicit interleaver is already built

in the code structure.

Code design for MIMO channels is difficult for large numbers of transmitting antennas and/or

high order modulations, because the complexity of optimum detection increases exponentially.
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Several suboptimum detectors have been proposed, such as Soft Interference Cancellation with

MMSE filtering (SIC-MMSE) [27], [28] or List Sphere Detection (LSD), to enable practical

detection in these cases. Design of IRA codes employing SIC-MMSE detection is considered in

[24]. In contrast, here we explain how to design SCLDGM codes considering LSD because this

detector presents the best performance/complexity tradeoff in most cases. We consider the most

prominent versions of LSD: Hochwald and ten Brink [7], [29], which builds the list of candidates

according to the Maximum Likelihood (ML) criterion, and Vikaloet al. [30], which is based

on the MAP criterion. EXIT analysis of MAP LSD presents an additional difficulty because the

positive feedback of thea priori information makes the resulting EXIT function useless for code

design. To overcome this limitation, we introduce an alternative detector, termedExtrinsic MAP

LSD, that constructs two independent list sphere detections for each bit, instead of only one for

each vector of symbols as in MAP LSD, and utilize its EXIT function for the analysis of MAP

LSD. We have designed rate1/2 SCLDGM codes for both ML and MAP LSD detectors, showing

their ability to approach the capacity limit. Interestingly, the code degree profiles obtained for

optimum detection, ML LSD and MAP LSD are different between them.

Finally, we also study the robustness of MIMO SCLDGM codes to channel estimation errors.

The impact of imperfect channel estimation on space-time decoding has been recently addressed

in [31], but only focusing onto the calculation of the ML detection metrics without taking into

consideration the soft information provided by the decoder. On the other hand, our approach

is inspired on the Turbo principle in the sense that an initial channel estimate, obtained using

a short training sequence, is subsequently refined using the soft information computed during

the iterative decoding procedure [32]. Its basic premise is to formulate the ML estimate of

the channel matrix taking into account both the deterministic pilot symbols and the probability

density function (pdf) of the unknown information symbols. Then, this ML optimization problem

is solved using the Expectation-Maximization (EM) algorithm [33]. We also explain how the

LSD can be exploited to considerably reduce the complexity of the Expectation step.

The remainder of the paper is organized as follows: Section II describes Serially-Concatenated

LDGM codes and their use in MIMO transmission. Section III focuses on the different LSDs

considered. Code design is detailed in Section IV. Channel estimation is developed in Section

V. Section VI presents simulation results for the proposed scheme with different channels and

antenna configurations. Finally, Section VII is devoted to the conclusions.
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II. LDGM CODES FORMIMO CHANNELS

Systematic Low Density Generator Matrix (LDGM) codes are linear block codes with a sparse

generator matrixGK×N = [IK PK×L], whereIK denotes theK×K identity matrix. HereK/N

is the code rate,L = N−K is the number of parity bits in a codeword andPK×L is a sparse

matrix. These codes are a particular case of Low Density Parity Check (LDPC) codes, since their

parity check matrixHL×N =
[
PT

L×K IL

]
, where(·)T denotes matrix transpose, is obviously also

sparse. The main advantage of LDGM codes is that they have a much lower encoding complexity

than general LDPC codes. However, except for high coding rates [13], LDGM codes present

an error floor mainly due to their poor minimum distance. This error floor can be practically

eliminated by means of a serially concatenated scheme, in which an outer LDGM code corrects

the few errors remaining after the decoding of the inner LDGM code [17], [18]. We will refer

to this scheme as Serially-Concatenated LDGM (SCLDGM) code.

Figure 1 plots the block diagram of a MIMO-SCLDGM coded transmitter. The input sequence

u[k]=[u1, u2, . . . , uK ] is first encoded by a systematic LDGM outer code. Since the number of

errors that have to be corrected by this code is very small, its rateRo =K/N1, N1 =(K+L1),

can be extremely high. The intermediate coded sequencec1[k]=[u1, u2, . . . , uK , p1
1, p

1
2, . . . , p

1
L1

]

is then fed into the systematic inner LDGM code, which has a rateRi = N1/N , N = N1+L2

very close to the desired global rate. The output sequence

c[k] = [c1, c2, . . . , cN ] = [u1, u2, . . . , uK , p1
1, p

1
2, . . . , p

1
L1

, p2
1, p

2
2, . . . , p

2
L2

] (1)

where N = K + L1 + L2, resulting from the coding stage is then directly mapped into the

constellation symbols, i.e.,

x[k] = map(c(k−1)Mc+1, c(k−1)Mc+2, ..., ckMc) k = 1, 2, ..., N/Mc (2)

As in [23], [24], we will restrict ourselves to Gray mapping. It must be noted that due to the

nature of LDGM codes, the use of an interleaver between the coding and modulation stages is

unnecessary. Finally, the resulting symbols are assigned to each antenna using a simple serial to

parallel converter, that is,

x[k] = [x[(k − 1)nt + 1], x[(k − 1)nt + 2], ..., x[knt]]
T k = 1, 2, ..., L (3)

whereL = N/(ntMc).
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After transmission through the wireless channel, signals at reception can be written as

y[k] = H[k]x[k] + n[k] k = 1, 2, . . . , L (4)

whereH[k] is annt × nr matrix that models the MIMO channel. We assume an spatially-white

fast fading Rayleigh MIMO channel where the entries ofH[k] are modeled as temporally uncor-

related, circularly-symmetric, complex-valued Gaussian random variables, i.e.,hji ∼ CN (0, 1).

The components of the noise vectorn[k] are also both spatial and temporally uncorrelated, and

distributed asCN (0, No). Denoting byEs the total energy in each transmitted vectorx[k] and

taking into account that it carriesRntMc information bits, theEb/N0 at reception is given by
Eb

N0

=
nr

RntMc

Es

N0

whereEs/N0 is the signal-to-noise ratio (SNR) per receiving antenna.

SCLDGM codes can be conveniently described by a factor graph [34] as shown in Fig. 2.

For an SCLDGM code, each source, outer parity or inner parity bit is represented by a variable

node. All variable nodes in the associated graph represent bits that are transmitted through the

channnel, so they will have a message which carries the information contained in the channel

observation. Check nodes represent parity constraints among the variable nodes connected to

them. Outer check nodes will be denoted byf 1 while inner check nodes byf 2.

Thedegreeof a node is the number of edges incident to it. A single (non-concatenated) LDGM

code isregular if all variable nodes have the same degree,dv. In contrast, variable nodes of an

irregular LDGM code have different degrees, so anirregular LDGM code is characterized by

its degree profile: the different degrees a node may have,dv,i, i = 1, 2, ..., Dv, and the fraction

of variable nodes having each degree,av,i. We consider the simplest way of assigning edges to

check nodes: each check node is assigned the number of edges,df , resulting from dividing the

total number of edges by the total number of checks. This way, check nodes have either degree

df or df +1.

When specifying an SCLDGM code we have to take into account the presence of different

types of variable and check nodes: variable nodes can beuk, p1
k or p2

k, while check nodes can

be eitherf 1
k or f 2

k . Degrees have now to be defined for each pair of node types. Let us denote

by df
v,i, i = 1, 2, ..., Df

v , the degrees of variable nodes of typev with respect to check nodes

of type f . Since there is a one-to-one correspondence between check nodes and their related

parity bit nodes, we therefore have only degreesdf1

u,i, df2

u,i and df2

p1,i. The number of different

degrees is, respectively,Df1

u , Df2

u andDf2

p1 . The number of edges from variable nodes of type
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v to check nodes of typef is thus given byef
v =

∑Df
v

i=1 df
v,ia

f
v,i. These edges are assigned to the

corresponding check nodes uniformly, as in simple LDGM codes, so the degree of check nodes

f with respect to variable nodesv is eitherdv
f or dv

f + 1. Finally, as another code parameter, let

us denote byp=L1/(L1+L2) the fraction of outer parity bits with respect to the total number

of parity bits. We will say that an SCLDGM code isregular when allDf1

u =Df2

u = Df2

p1 = 1.

In the sequel we will drop the subindexi whenever the number of different degrees is one.

Decoding can be efficiently carried out by applying the Sum-Product Algorithm (SPA) [34]

over the factor graph of the SCLDGM code. The SPA is a message-passing algorithm where

messages carry statistical knowledge in the form of Log-Likelihood Ratios (LLRs) about variable

nodes (bits). The SPA takes as input the channel LLR of each variable node given by

Lch = log
P (y|ck = 1)

P (y|ck = 0)
= log

P (ck = 1|y)

P (ck = 0|y)
− log

P (ck = 1)

P (ck = 0)︸ ︷︷ ︸
Lk

(5)

There are two types of messages in the SPA: variable-to-check, given by thesum of all

incoming messages except that coming from the target check node

Lv→c =
∑
c′ 6=c

Lc′→v + Lch (6)

and check-to-variable, given by theproduct(in the tanh(·/2) domain) of all incoming messages

except that coming from the target variable node

tanh
Lc→v

2
=
∏
v′ 6=v

tanh
Lv′→c

2
(7)

After an enough number of iterations has been performed, a decision is made using thea

posteriori LLR of source bits

Lu =
∑

c

Lc→v + Lch (8)

The channel LLR given by Eq. 5 can be exactly computed by the optimumA Posteriori

Probability (APP) MIMO detector as (to simplify notation, we eliminate index[k])

Lch = log

∑
x∈X+

k

exp

(
− 1

N0

‖y −Hx‖2 +
ntMc∑
i=1

xi
Li

2

)
∑

x∈X−
k

exp

(
− 1

N0

‖y −Hx‖2 +
ntMc∑
i=1

xi
Li

2

) − Lk (9)
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whereX+
k and X−

k represent the set of all transmitted symbol vectorsx when bit ck = 1 and

ck = 0, respectively. Also,xi is +1 if bit ci = 1 and−1 if bit ci = 0. However, the complexity of

APP detection grows exponentially in both the number of transmitting antennas and constellation

size, being infeasible in many cases of practical interest. To overcome this limitation, the sum

in Eq. 9 overx ∈ X+
k (resp.x ∈ X−

k ) can be computed using only the most relevant terms. In

the next Section, we detail how such a list of terms can be efficiently constructed.

III. L IST SPHERE DETECTION

The idea of List Sphere Detection (LSD) is to approximately calculate Eq. (9), whose terms

in the summations are in fact, except for an additive constantα, the logarithm of the APP of a

transmitted vectorx

log P (x|y) = − 1

N0

‖y −Hx‖2 +
ntMc∑
i=1

xi
Li

2
+ α, (10)

using a list of justNcand candidate vectorsx.

The Maximum Likelihood List Sphere Detector (ML LSD) proposed by Hochwald and ten

Brink [7] constructs the list using theNcand most likely (ML) vectors. That is, those that maximize

just the first term in Eq. (10)

log P (y|x) = − 1

N0

‖y −Hx‖2 + α′ (11)

The list is constructed using a modified version of the Sphere Detector (SD) [35], [36], which

efficiently finds the constellation points inside a hypersphere centered on the unconstrained ML

estimate of the transmitted vector.

As we will see in Section VI, the performance of the decoding process depends on the size of

the candidate list (Ncand). WhenNcand is high we will have to compute more likelihoods, and

more processing will be needed in detector, but the performance will be better. However, the

performance degrades when using low values ofNcand due to the smaller amount of information

processed by the algorithm. Therefore, there is a tradeoff between efficiency and performance

in the choice ofNcand. Keeping the number of candidates of the sphere detector constant while

increasing the number of antennas leads to a linear increase in complexity.

An alternative approach, termed as MAP LSD and proposed by Vikaloet al. [30], consists in

building the list of theNcand vectors with highest APP, according to Eq. 10. This way we are
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actually finding the most significant terms for the summations involved in the computation of

the channel LLR. However, when used in an iterative receiver this method has to perform the

complete tree search each time newa priori bit probabilities are available from other receiver

stages. On the other hand, the complexity of ML LSD is smaller, since in this case the search

for the most likely vectors is performed only once and the corresponding likelihoods stored for

their use in successive iterations.

Notice, however, that in both approaches a candidate in the list is a vector of symbols and

no consideration is made about the value of each bit in the candidate, as required in Eq. (9).

Considering only one candidate list results in the chance of having no candidates for computing

one of the sums in Eq. (9). As suggested in [7], this can be solved by assigning a minimum

value (instead of zero) to the sum and by applying a threshold lower than that used in the SPA

decoder to the obtained LLRs [7], which leads to additional information loss. Building only one

candidate list gives rise to another problem, positive feedback, in MAP LSD. Although thea

priori LLR of the bit being processed,Lk, is substracted in Eq. (9) to obtain the extrinsic channel

LLR, it is implicitly considered in the construction of the candidate list. Note that a higha priori

LLR of the bit being considered leads to the inclusion in the list of those candidates for which

that bit has the value suggested by thea priori bit LLR. This effect is more pronounced as the

size of the candidate list gets smaller and, clearly, is not compensated by just substracting thea

priori LLR. This positive feedback is clearly shown by the fact that the mutual information of

the output LLRs produced by the MAP LSD (see Fig. 3) is higher than that of the optimum APP

detector, which indicates that additional information is contained in these output LLRs. Indeed,

this mutual information does not constitute atrue EXIT chart because it does not only measure

extrinsic information but alsoa priori information. Since it is only the extrinsic information

transfer what determines decoding convergence, it would be necessary to cancel the contribution

of thea priori information from the output LLRs when computing the actual EXIT chart of this

detector. However, this cannot be done becausea priori information is implicitely introduced by

the particular way the candidate list is built. To overcome this limitation, we consider what we
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call Extrinsic LSD, which consists in rewriting Eq. (9) as

Lch = log

∑
x∈X+

k

exp

(
− 1

N0

‖y −Hx‖2 +
ntMc∑

i=1,i6=k

xi
Li

2

)
∑

x∈X−
k

exp

(
− 1

N0

‖y −Hx‖2 +
ntMc∑

i=1,i6=k

xi
Li

2

) (12)

Then, separate lists for the numerator and the denominator and for each bit in a symbol vector

are constructed. This means2ntMc candidate lists for computing the bit channel LLRs in a

symbol vector, instead of only one as in MAP LSD. The complexity of this approach is2ntMc

times higher that that of MAP LSD, but its expected performance is better, especially when the

number of candidates is low. In addition, since it does not suffer from positive feedback, itstrue

EXIT function can be computed, enabling code design. However, note that if MAP LSD is used

with a high number of candidates, the effect of thea priori LLR of the bit under consideration in

the obtained list is less severe. This motivates us to use MAP LSD in the final implementation

shown in Section VI, even though code design is performed using the EXIT function of the

Extrinsic LSD.

IV. CODE DESIGN

Predicting the convergence of the coding scheme can be carried out by tracking the densities

of the different types of messages involved in the SPA. This constitutes the Density Evolution

(DE) approach [22]. If no particular density is assumed for the messages, densities have to be

described by quantizing the probability space and performing complex operations to obtain the

density of an output message from the densities of the incoming messages. In order to reduce

computational complexity, message densities can be assumed to be symmetric Gaussian, and

thus only the mean has to be tracked [37]. An alternative approach is to track a significant

parameter associated to the message density, where significance has to be understood in terms

of predicting convergence threshold. In this sense, mutual information between the message

density and thea priori bit density has been revealed to be significant. Since messages represent

extrinsic information about bits, their related mutual information has been termed as EXtrinsic

Information Transfer functions [38]. Let us denote byIM ≡ I(M ; V ) = 1−H(V |M) the mutual

information between the variable-to-check messageM ≡ V → C and thea priori density of

bit V . Mutual information for a check-to-variable message is defined in the same way. As a
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messageM ≡ V → C is characterized byIM , the incoming messagesM ′
l ≡ Cl → V are also

characterized by their mutual information,IM ′
l
. The task is then to express the mutual information

of an output message as a function of the mutual informations of incoming messages.

Mutual information for a message produced by a variable node can be computed just taking into

account that incoming messages play the same role as the channel LLR in Eq. 6. A reasonable

assumption is to consider each incoming messageM as the output LLR of an independent

BIAWGN channel with noise varianceσ2. Note that for a BIAWGN channel the output LLR

Lch conditioned on the transmitted bitxk = ±1 is (symmetric) Gaussian with mean±2/σ2 and

variance4/σ2. This is what DE does when the symmetric Gaussian assumption is used, but now

the density parameter which is tracked, mutual information instead of the mean, is more related

with code convergence. The mutual information of the output LLR of a BIAWGN channel with

respect to thea priori bit density is given by [10]

J(σ2) ≡ I(M ; V ) = EM,V

[
log2

f(v, m)

f(v)f(m)

]
= 1− EM

[
log2(1 + e−m)

]
(13)

whereEZ denotes the expectation operator with respect to the random variableZ. Notice that

this mutual information depends only on the channel variance1 σ2. Therefore,J−1(I) gives the

channel variance corresponding to an incoming message with mutual informationI. As shown in

[39], there is a one-to-one correspondence between mutual information,I, and channel variance,

σ2. As a consequence, tracking mutual information is equivalent to tracking the mean. However,

the difference between our approach and DE with Gaussian approximation resides in the way

the value for the tracked parameter is related to its value in the previous iteration.

The mutual information of SPA variable-to-check messages is thus given by

Iv = J

(∑
m

J−1(Im)

)
(14)

whereIm is the mutual information of the incoming messagem.

In order to compute the mutual information of a check-to-variable message, it is convenient to

resort to a duality property of the Binary Erasure Channel (BEC) that is very accurate (although

not exact) for the BIAWGN channel [10]. This property relates the mutual information of the

1In [10] the argument of theJ function is the channel standard deviation,σ. We prefer to useσ2 because it leads to more

compact expressions.
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length-df single-parity check (SPC) code to that of the length-df repetition (REP) code by

ISPC(Im, df ) ≈ 1−IREP(1−Im, df ) = 1−J
(
(df−1)J−1(1−Im)

)
(15)

Using Eqs. (14)-(15) for the factor graph of a regular SCLDGM code we have

If1

u =J
(
(df1

u −1)J−1(Iu
f1)+df2

u J−1(Iu
f2)+J−1(Iu

det)
)

(16)

If2

u =J
(
df1

u J−1(Iu
f1)+(df2

u −1)J−1(Iu
f2)+J−1(Iu

det)
)

(17)

If1

p1 =J
(
df2

p1 J
−1(Ip1

f2)+J−1(Ip1

det)
)

(18)

If2

p1 =J
(
(df2

p1−1)J−1(Ip1

f2)+J−1(Ip1

f1)+J−1(Ip1

det)
)

(19)

If2

p2 =J
(
J−1(Ip2

det)
)

= Ip2

det (20)

Iu
f1 =1−J

(
(df1−1)J−1(1−If1

u )+J−1(1−If1

p1 )
)

(21)

Ip1

f1 =1−J
(
df1J−1(1−If1

u )
)

(22)

For messages from inner checks to outer variable nodes, we have to distinguish between two

types of inner check nodes: those that are connected to outer parity bits (for simplicity, we

assume in our designs that an inner check may receive at most one edge from the outer parity

bits) and those which are not. We denote them, respectively,f 2, a andf 2, b.

Iu
f2,a =1−J

(
J−1(1−If2

p1 )+(df2−2)J−1(1−If2

u )+J−1(1−If2

p2 )
)

(23)

Iu
f2,b =1−J

(
(df2−1)J−1(1−If2

u )+J−1(1−If2

p2 )
)

(24)

Messagesf 2 → u will then have an associated mutual information given by the sum ofIu
f2,a and

Iu
f2,b, weighted by the fraction of edges carrying each type of messages. Denoting bya = L1d

f2

p1

the number of inner checks that are connected to outer parity bits, this results in

Iu
f2 =

a(df2 − 1)Iu
f2,a + (L2 − a)df2Iu

f2,b

a(df2 − 1) + (L2 − a)df2

(25)

Extension of the previous equations to irregular SCLDGM codes is quite straighforward,

just by considering that the mutual information associated to a given type of messages is the

mean, weighted by the correspondig fraction of edges, of the mutual information of messages

originating at nodes having a certain degree. However, as we will show in Section VI irregular

codes do not present a substantial improvement in performance.
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Code convergence is tested by simulating the evolution of the SPA. For a fixedEb/N0 we

start with allI ’s equal to zero and then we iteratively compute their values. This is exactly what

the SPA does but we now use representatives of messages (their associatedI ’s) instead of their

actual values. We say that the code converges when we find a sequence ofI ’s that finally leads

to Iu = 1, whereIu is the mutual information associated to thea posterioriLLRs of bitsu (see

Eq. 8). WhenIu is almost equal to, but strictly less than1, convergence is achieved but with a

significant error-floor.

Let us first focus on the messages produced by the MIMO detector. Since output LLRs (see Eq.

9) are the result of a complex operation, it is convenient to obtain the actual mutual information

of output messages via Monte Carlo simulation. For a fixedEs/N0, we simulate the transmission

through a MIMO channel and then we fix the mutual information ofa priori messages to a certain

value, Iv. Afterwards, we generatea priori messages considering them as the output LLR of

a BIAWGN channel with varianceJ−1(Iv), and feed them to the MIMO detector. Then, the

mutual information of messages produced by the MIMO detector is measured. As an example,

Figure 3 plots the EXIT chart for the ML LSD and the Extrinsic LSD MIMO detectors, as well

as the mutual information of the output LLRs produced by the MAP LSD (which is not atrue

EXIT chart due to positive feedback), for4 × 4 QPSK atEs/N0 =2 dB and different sizes of

the candidate list. Fig. 3 also depicts the EXIT chart of the optimum detector, in which case the

number of processed vectors is256. It is apparent from Fig. 3 that EXIT functions of a MIMO

detector,Id(Iv, Es/N0), are well approximated just by third-order polynomials. This provides us

with a quick means of evaluating the EXIT function of the MIMO detector for a givenEs/N0

andIv. We have also observed that better performance is achieved when the three types of bits

(source, outer parity and inner parity) are not mixed to form a symbol vector, i.e., bits forming

a vector of symbols are of the same type. When tracing the SPA with mutual information of

messages, the detector is independently applied to each type of bits, so we have to separately

consider messages from the detector to each of the variable node types, i.e.,Iu
det, Ip1

det, Ip2

det.

The previous discussion suggests a straightforward way to search for the best codes. We start

considering an initial channelEb/N0. For this value, we simulate the SPA evolution for all

possible code degree profiles and we discard those for which the SPA does not converge. Next,

if we lower theEb/N0 value and repeat the same simulation we will find out that some of the

remaining codes still converge while the others that do not converge are now discarded. We
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proceed in the same way, lowering theEb/N0 value until only one convergent code remains.

This code is the optimum and theEb/N0 value is its convergence threshold. As an example,

Fig 4 (left) shows the messages’ mutual information evolution through decoding iterations for

a good SCLDGM code in a4 × 4 QPSK channel whenEb/N0 = 1.75 dB. Note that mutual

information of outer variable-to-outer check messages, “u− f 1”, which is roughly the same of

that corresponding to theLu messages used for making the final decision (see Eq. (8)), does not

reachIf1

u = 1, so we are still in the non-convergence region. The outer code gives no help to the

convergence because mutual information of outer check-to-outer variable messages (“f 1 − u”)

remains always equal to zero until the85th iteration. On the other hand, Fig. 4 (right) shows

the decoding behaviour whenEb/N0 = 1.8 dB. Now the outer code starts to help from iteration

65, leading to overall convergence from iteration85: mutual information of “u− f 1” messages

is there very close to one. From this EXIT trajectories, we can conclude that the convergence

threshold isEb/N0 =1.8 dB. An error-floor still is present, but it is low enough (as we will see

in the following section) and cannot be observed by inspection of the EXIT function.

We applied the previous procedure for the design of good rate1/2 regular SCLDGM codes for

different antenna configurations, modulation formats and detectors. We carried out an exhaustive

search, varying the code parameters between the following limits:0.01 ≤ p ≤ 0.05, with

increments of0.005; 3 ≤ df1

u ≤ 5; 2 ≤ df2

u ≤ 30; and2 ≤ df2

p1 ≤ 30, fixing also the maximum

value fordf2 to 10. The obtained codes are presented in Table I, together with their convergence

threshold predicted by EXIT analysis. Note the extraordinary performance of the resulting codes,

since the gap to the constrained-input ergodic capacity limit is less than1 dB in almost all cases.

This performance is similar to that of the non-systematic IRA codes in [23] and better than that

of the systematic IRA codes in [24].

V. CHANNEL ESTIMATION

Soft information calculated during the decoding procedure can be efficiently exploited to

improve channel estimation by combining LSD with the Expectation Maximization (EM)

algorithm [33]. We consider ML estimation of the channel matrix assuming that data streams

contain deterministic pilot symbols and random information symbols whose pdf is known.

The resulting optimization problem can be numerically solved with the EM algorithm, whose

complexity will be substantially reduced by taking advantage of the LSD.

May 8, 2006 DRAFT



14

Let us start by considering the ML estimation of a MIMO channel given by

Ĥ = arg max
H

fỹ|H(ỹ), (26)

wherefỹ|H(ỹ) is the pdf of all the observations̃y=[yT [0] yT [1] · · · yT [B]]T , which depends

on the channel matrixH to be estimated. We will assume that the channel remains constant

during B time slots (i.e., block fading). In general,B will be different fromL.

Next, let us define the set of “complete data”, necessary when stating the EM algorithm, as

ỹc = [yT
c [1] yT

c [2] · · · yT
c [B]]T whereyc[k] = [x[k]T y[k]T ]T . The EM algorithm relies on the

computation of the channel estimation in each step as

Ĥi+1 = arg max
H

Eỹc|ỹ,Ĥi
log(fỹc|H(ỹc)), (27)

Elaborating (27) we have

Ĥi+1 = arg max
H

Ex̃|ỹ,Ĥi
log(fỹ|x̃(ỹ) · fx̃(x̃)) = arg max

H
Ex̃|ỹ,Ĥi

log(fỹ|x̃(ỹ))

= arg max
H

Ex̃|ỹ,Ĥi

B∑
k=1

‖y[k]−Hx[k]‖2 = arg max
H

B∑
k=1

Ex[k]|ỹ,Ĥi
‖y[k]−Hx[k]‖2

= arg max
H

B∑
k=1

Ex[k]|y[k],Ĥi
‖y[k]−Hx[k]‖2 (28)

which is a quadratic expresion with respect toH with the following closed-form solution

Ĥi+1 =

(
B∑

k=1

Ex[k]|y[k],Ĥi
Ryx[k]

)
×

(
B∑

k=1

Ex[k]|y[k],Ĥi
Rx[k]

)−1

(29)

whereRyx[k] = y[k]xH [k] andRx[k] = x[k]xH [k].

If we consider that the firstP transmitted symbols correspond to a known pilot sequence, the

channel estimator simplifies to

Ĥi+1 =

(
P∑

k=1

Ryx[k]+
B∑

k=P+1

Ex[k]|y[k],Ĥi
Ryx[k]

)
×

(
P∑

k=1

Rx[k] +
B∑

k=P+1

Ex[k]|y[k],Ĥi
Rx[k]

)−1

(30)

It is interesting to note that (30) can be viewed as a generalized Least-Squares (LS) channel

estimator where for the unknown symbols the correlationsRyx[k] and Rx[k] are obtained by

averaging with respect to thea posteriori pdf P (x|y, Ĥi) of those symbols. The lower the

variance associated to this pdf, the more information we have about the unknown symbols and,
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thus, the much more they look like pilot symbols regarding estimation. In this way, the length

of the pilot sequence,P , can be reduced with respect to pure LS channel estimation.

The main problem when estimating the channel via the EM algorithm is similar to that in the

APP detector: complexity of the expectation calculation in (30) is exponential in the number

of antennas and constellation size. The LSD alleviates this problem: by combining the sphere

detection and the EM algorithms, the average in (30) is not calculated over all possible transmitted

vectors, but only over the candidate list obtained by the LSD, i.e.,

Ex[k]|y[k],Ĥi
Rx[k] =

∑
x[k]∈X

Rx[k]P (x[k]|y[k], Ĥi) ≈
∑

x[k]∈L

Rx[k]P (x[k]|y[k], Ĥi) (31)

where X is the set of all possible transmitted symbols, with|X | = 2ntMc, whereasL =

{x1,x2, ...,xNcand
} denotes the candidate list obtained by the LSD. The same approximation

can be made for computingEx[k]|y[k],Ĥi
Ryx[k]. Moreover, the MAP LSD already computes the

APPsP (x[k]|y[k]) needed for the expectation.

VI. SIMULATION RESULTS

Computer simulations were carried out to evaluate the performance of the obtained SCLDGM

codes in practical cases where blocks of finite length are transmitted. In the first simulation

experiments we assumed that the MIMO channel changes randomly and independently from

one symbol vector to another (fast fading ergodic channel) and is known at the receiver.

Fig. 5 compares the performance of regular and irregular SCLDGM codes for4 × 4, QPSK

and optimum detection. The optimized irregular SCLDGM code is given by

p = 3% df1

u = 3 df2

u = {4, 5, 21} af2

u = {0.5, 0.4, 0.1} df2

p1 = 10 (32)

whereas the regular code is that of Table I. Their theoretical thresholds are1.75 dB and1.80

dB, respectively. Two block sizes are considered:N =20000 andN =100000 coded bits. Notice

that practical convergence thresholds are higher than those predicted by EXIT function analysis.

This is because EXIT analysis assumes infinite-length data blocks. Indeed, notice that the higher

the block length is, the closer the convergence threshold is to the theoretical value calculated

with the EXIT functions. Fig. 5 also shows that the difference in performance between regular

and irregular codes is very small (around0.05 dB). For this reason only regular SCLDGM codes

are considered in the paper, since this greatly reduces the search space and the code regularity

usually allows easier hardware implementation.
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Code performance for asymmetric antenna configurations (4× 1 and4× 2 QPSK) andN =

100000 coded bits is shown in Fig. 6. In this case, the detector EXIT function has a positive slope,

and it is very different from that of a SISO channel (which is an almost horizontal straight line).

This means that code design is important to properly match the detector EXIT function. Indeed,

notice the difference in performance between an SCLDGM code optimized for the SISO case

(see Table I) but applied over the MIMO channel and an SCLDGM code specifically designed

for the antenna configuration and modulation format under consideration. For instance, for4×2

QPSK and a BER= 10−4, the performance difference is around1.3 dB. This gap is much larger

(around5 dB) for the4× 1 system. This is explained by the fact that, for the same number of

transmitting antennas, using less receiving antennas makes the detector EXIT function steeper

[10] and, thus, it is critical that the code matches it (and not the horizontal like characteristic of

SISO channels). Notice that the convergence thresholds obtained through simulation practically

overlap with the theoretical ones presented in Table I, and they are very close to the constrained

capacities (gap of0.8 dB and1.8 dB for the4× 2 and4× 1 systems, respectively).

The effect of code and detector mismatch is shown in Fig. 7 for a4× 4 16-QAM system and

a block ofN =20000 coded bits (which will be the length used in the sequel). First notice the

performance difference between a code optimized for the used detector and a code optimized

for a different detector: for a target BER of10−4, employing MAP LSD with32 candidates and

its optimized code requires anEb/N0 =5.9 dB, while using the same detector but with a code

optimized for ML LSD with 128 candidates needs anEb/N0 =6.45 dB. If ML LSD with 128

candidates is considered, using its optimized code requires anEb/N0 =6.25 dB, while using a

code optimized for MAP LSD with32 candidates needs anEb/N0 =6.5 dB. In this latter case,

the effect of code and detector mismatch is less severe than in the former.

We next focus on comparing the performance of LSD with respect to that of optimum MAP

detection when the optimized codes for each respective detector are utilized. Fig. 8 shows the

performance curves for2 × 2 antennas using 16-QAM. Optimum detection needs to process

2ntMc = 28 = 256 possible symbol vectors. See how using ML LSD with half of the total

number of candidates (128) renders near optimum performance, while decreasing the number of

candidates to one quarter of the total (64) results in little performance degradation. Also note

that MAP LSD needs only1/8 of the total number of candidates (32) to provide near optimum

optimum performance (instead of the128 candidates required by ML LSD). The convergence
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threshold obtained through simulations is very close to the theoretical one in Table I, and only

1.0 dB away from the constrained capacity.

Optimum MAP detection is not feasible when considering2 × 2 64-QAM, since the total

number of possible vector symbols is2ntMc = 212 = 4096. However, very good performance

is obtained with suboptimum LSD, as shown in Fig. 9. For a target BER of10−5, the best

performance is achieved by MAP LSD with128 candidates, which requires anEb/N0 =7.9 dB,

only 0.3 dB from the theoretical threshold of Table I and1.25 dB away from the constrained-

input ergodic capacity. Halving the number of candidates (32) results in0.4 dB degradation.

Note how eight times the number of candidates (256) is needed to obtain similar performance

if ML LSD is used.

Similar conclusions can be drawn from Fig. 10 for4 × 4 16-QAM. The total number of

candidates in this case is65536. The best performance is obtained by MAP LSD with256

candidates (1/256 of the total), requiring anEb/N0 =5.15 dB for a target BER of10−5, which

is 0.35 dB away from the theoretical threshold in Table I and only1.05 dB away from the

constrained-input ergodic capacity. Very little performance degradation (0.1 dB) results from

considering half (128) of such number of candidates. However, further reducing the size of the

candidate list to64 and32 increases the requiredEb/N0 up to 5.7 dB and6.1 dB, respectively.

See how512 candidates are needed by ML LSD to obtain a performance similar to that of

MAP LSD with 64 candidates. Using ML LSD with less candidates results in more performance

degradation.

Notice that for small numbers of candidates (with respect to the total number of possible

vectors), the gaps between the theoretical thresholds and those observed in the simulations

increase. This can be explained realizing that in this case the pdf of the output LLRs of ML/MAP

LSD is far different from the Gaussian one assumed in our optimization procedure. Using a low

number of candidates results in many LLRs taking extreme values because the list contains much

more candidates for the numerator than for the denominator (orvice versa). LLR values greater

than8 (less than−8) are truncated to+8 (−8), producing a pdf with high peaks in these two

values.

Finally, we carried out a simulation experiment to illustrate the performance when the channel

is estimated according to the procedure explained in Section V. We considered a sequence of

N =20000 coded bits transmitted over a4×4 MIMO channel using 16-QAM. This corresponds
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to the transmission ofL = 1250 vectors of symbols. The transmitted bits are splitted into10

blocks ofB−P =125 information vector symbols, and thenP pilot vector symbols are appended

to each block. Block fading is assumed: the channel remains constant during the transmission of

each block ofB symbols and randomly changes from one block to another. In the training period

we transmit the 16-QAM symbols with highest energy using only one antenna at each time slot,

switching the selected transmit antenna between consecutive time slots to guarantee orthogonality

of the training sequence. In Fig. 11, theEb/N0 has been properly normalized to account for

the energy “wasted” in pilot symbols. We have also assumed that only one iteration in the EM

algorithm is performed for each detection iteration. Fig. 11 shows the BER curves forP =4, 8

and12. It can be seen that with a small number of pilot symbols such as8 (6.01% of the frame

size) and12 (8.75%) and with the MAP LSD with64 candidates, the performance degradation

due to imperfect channel estimation is less than1 dB. Larger degradation is obtained if a lower

number of pilot symbols are used and/or ML LSD (even with256 candidates) is employed. Notice

from Fig. 11 that when the channel is perfectly known, there is a diffrerence in performance

with respect to the pure ergodic case of about1 dB. This is because in this computer experiment

the channel is not purely ergodic but block fading. Obviously, the performance tends to the case

of fast fading if the codeword length is increased andB is kept fixed.

VII. C ONCLUSIONS

We have shown the ability of Serially-Concatenated LDGM (SCLDGM) codes to approach

the ergodic capacity of MIMO channels. Using List Sphere Detection (LSD) we show how

complexity can be kept at a low level when the number of antennas and modulation levels

increase. Both Maximum Likelihood (ML) and MaximumA Posteriori (MAP) LSDs have been

considered. We have explained how to use EXIT functions to design SCLDGM codes for MIMO

channels. Our design procedure takes into account not only the number of antennas and the

modulation format but also the particular detector employed: optimum MAP, ML LSD or MAP

LSD. Computer simulations illustrate how the proposed design procedure accurately predicts the

code convergence threshold. The optimized codes show a remarkable ability to approach the

channel capacity limits and clearly outperform existing IRA codes and LDPC codes with low

encoding complexity. Finally, we have also shown how the performance is not severely degraded

when the channel is imperfectly estimated.
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Antennas Modul. Detector p(%) df1

u df2

u df2

p1 Thresh (dB) UCL CCL

1× 1 QPSK Optimum 2% 3 6 6 2.3 1.05 1.8

2× 1 QPSK Optimum 4.5% 3 4 20 3.89 2.55 3.3

2× 2 QPSK Optimum 3% 3 5 28 1.97 1.2 1.55

2× 2 16QAM Optimum / ML 128 / EXT 32 4.5% 3 4 20 4.8 3.7 4.1

ML 64 / EXT 16 4.9

2× 2 64QAM ML 512/256 2% 4 5 23 7.6 6.1 6.65

ML 128/64 2.5% 3 5 20 7.8/8.1

EXT 128/64/32 4% 3 4 22 7.6

4× 1 QPSK Optimum 4.6% 3 2 18 8.5 6.25 6.7

4× 2 QPSK Optimum 2% 3 4 20 3.8 2.65 3.0

4× 4 QPSK Optimum 2% 3 5 15 1.8 1.2 1.5

4× 4 16QAM ML 512/256/128/64 2.5% 3 5 20 5.1/5.1/5.3/5.5 3.8 4.1

EXT 256/128/64/32 3.5% 3 4 16 4.8/4.9/4.9/5.0

4× 4 64QAM ML 256/128/64 2.5% 3 5 20 8.9/9.2/9.7 6.3 -

EXT 128/64/32 2.5% 3 4 24 7.8/7.9/8.1

TABLE I

DEGREE PROFILES OF RATE1/2 OPTIMIZED SCLDGM CODES FOR DIFFERENTMIMO CHANNELS AND DETECTORS.

“T HRESH” STANDS FOR THEEXIT ANALYSIS CONVERGENCE THRESHOLD. “UCL” AND “CCL” ARE, RESPECTIVELY, THE

UNCONSTRAINED-INPUT AND CONSTRAINED-INPUT ERGODIC CAPACITY L IMITS .
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Fig. 1. Transmitter block diagram of an SCLDGM-coded MIMO system.
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Fig. 2. Factor graph of an SCLDGM code
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Fig. 3. EXIT characteristic of different detectors for a4× 4 QPSK MIMO channel andEs/N0 = 2.0 dB.
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Fig. 4. Mutual information trajectories for a4× 4 QPSK optimized SCLDGM code.Eb/N0 = 1.75 (left) andEb/N0 = 1.80

dB (right).
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Fig. 5. Performance of rate1/2 regular and irregular SCLDGM codes optimized for a4 × 4 QPSK MIMO channel and

optimum detection. The constrained-input capacity limit is atEb/N0 =1.5 dB whereas the convergence thresholds predicted by

EXIT analysis are atEb/N0 =1.75 (irregular) andEb/N0 =1.80 dB (regular).
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Fig. 6. Performance comparison between SISO-optimized and MIMO-optimized rate1/2 regular SCLDGM codes for4 × 2

and 4 × 1 QPSK MIMO channels and optimum detection. The constrained-input capacity limit is atEb/N0 = 3.0 dB and

Eb/N0 =6.7 dB, respectively.
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Fig. 7. Performance degradation due to mismatch between the SCLDGM code and the detector. SCLDGM codes are regular,

rate1/2 and optimized for a4 × 4 16-QAM MIMO channel and two types of LSD: ML with128 candidates and MAP with

32 candidates.
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Fig. 8. Performance of rate1/2 regular SCLDGM codes optimized for a2× 2 16-QAM MIMO channel with different types

of detectors and number of candidates. The constrained-input capacity limit is atEb/N0 =4.1 dB.
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Fig. 9. Performance of rate1/2 regular SCLDGM codes optimized for2× 2 64-QAM MIMO channel with different types of

detectors and number of candidates. The constrained-input capacity limit is atEb/N0 =6.65 dB.
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Fig. 10. Performance of rate1/2 regular SCLDGM codes optimized for a4× 4 16-QAM MIMO channel with different types

of detectors and number of candidates. The constrained-input capacity limit is atEb/N0 =4.1 dB.
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Fig. 11. Performance of the rate1/2 regular SCLDGM code optimized for a4 × 4 16-QAM MIMO system and a MAP

LSD with 64 candidates when the channel is imperfectly estimated. Two types of channel estimates are considered, Expectation

Maximization (EM) and Least-Squares (LS), with different numbers of pilot symbol vectors (P = 12, P = 8 andP = 4).
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