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Abstract

We investigate the ability of Serially-Concatenated Low Density Generator Matrix (SCLDGM)
codes to approach the capacity of ergodic Multiple-Input Multiple-Output (MIMO) channels. First, we
explain how to design good SCLDGM codes using EXtrinsic Information Transfer (EXIT) analysis and
optimum detection. However, optimum detection becomes unfeasible in many cases of practical interest
where the number of transmitting antennas and/or the number of bits per constellation symbol is large.
In this case, we resort to List Sphere Detection (LSD), considering two versions: Maximum Likelihood
(ML) and Maximum A Posteriori (MAP). Again, we use EXIT analysis to obtain good SCLDGM
codes for these specific LSD versions. We provide examples of optimized fat8 CLDGM codes
and show that they perform withih dB from the theoretical capacity limit for a large number of
antenna configurations and modulation formats. Finally, we discuss how to iteratively improve channel
estimation using the soft information computed during the decoding process. We also show how the

complexity of channel estimation is reduced by utilizing the candidate list calculated by the LSD.
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. INTRODUCTION

The development of channel codes able to approach the theoretical limits of wireless channels
has been an active area of research during the last decade. The basic premise of capacity-
achieving codes is to produce long, random-like codewords that resemble Shannon’s idea of
random coding. So far, Turbo [1] and Low Density Parity Check (LDPC) codes [2], [3] constitute
the most prominent examples of capacity-approaching codes. More specifically, it has been
shown [4] that LDPC codes are able to approach the capacity of the BIAWGN (Binary Input
Additive White Gaussian Noise) channel within a small fraction of a dB. LDPC codes also
exhibit an extraordinary good performance when transmitting over Single-Input Single-Output

(SISO) channels (either AWGN or Rayleigh) using non-binary modulations [5], [6].

The utilization of Turbo and LDPC codes for transmission over MIMO channels has been
studied in [7], [8], [9], [10], [11], among others. Unlike Turbo codes, the main problem of
using LDPC codes is their rather high encoding complexity. Several subclasses of LDPC codes
with reduced encoding complexity have been proposed, such as Block-LDPC [12], Low-Density
Generator Matrix (LDGM) [13] and Repeat-Accumulate (RA) [14]. Block-LDPC codes have
been recently adopted in the IEEE 802.16e [15] and IEEE 802.11n [16] standards but their aim
is not to approach the ergodic capacity limit: they are specifically designed for short lengths and
for minimizing hardware implementation requirements. Low-Density Generator Matrix (LDGM)
codes are a class of LDPC codes whose generator matrix is large and random but sparse.
Due to their poor minimum distance, LDGM codes are asymptotically bad [17]: they exhibit
error-floors independent of the block length. On the other hand, they present a very good
convergence threshold so, in practice, they are useful if we utilize techniques to reduce the
error floor to a certain level of Bit-Error-Rate (BER) [17], [18]. RA codes reduce the error floor
by serially concatenating an LDGM code with an accumulator. The performance of RA codes
is rather dependent on the code degree profile: Irregular RA (IRA) codes [19] exhibit a much
better performance than their regular counterparts. IRA codes are also attractive for practical
implementations and, as an example, they are being used in the second generation standard for
satellite digital video broadcasting (DVB-S2) [20]. The error-floor can also be lowered by using
an outer code that takes care of the residual errors from the LDGM code [17]. Due to the fact

that the number of errors per block to be corrected is very low, it suffices to use a high-rate
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code for this task. Since precisely the performance of high-rate LDGM codes is rather good, it
is natural to consider the serial concatenation of an outer high-rate LDGM code with an inner
LDGM code close to the desired rate. The overall scheme, denominated Serially-Concatenated
LDGM (SCLDGM), mantains a good convergence threshold with an error-floor low enough for
practical applications [17], [18], [21].

Similarly to LDPC codes, SCLDGM codes may be designed using EXtrinsic Information
Transfer (EXIT) charts [10] or Density Evolution (DE) [22]. EXIT charts are less computationally
demanding although they cannot be applied in so many cases as DE. As an example, EXIT charts
have been applied to find good systematic IRA codes for SISO systems and non-systematic IRA
codes for MIMO [23], whereas for the design of systematic IRA codes for MIMO it has been
necessary to resort to the DE method [24]. EXIT analysis in the form of EXIT charts cannot
be applied to the optimization of systematic SCLDGM codes for MIMO channels. However,
in this work we explain how to design these codes using EXIT functions in a novel way that
resembles DE in the sense that we test decoding convergence by tracking the evolution of
messages [25]. The difference is that, while DE tracks the whole density of messages, we only
track a single significant parameter, the mutual information. We have successfully applied this
method to obtain good rate/2 systematic SCLDGM codes for MIMO channels with a moderate
number of antennas and/or bits per constellation symbol, when optimum soft-output detection,
in the form of extrinsic MaximumA Posteriori (MAP) Log-Likelihood Ratios (LLRS) [26], is
computationally feasible. Similarly to the non-systematic IRA codes in [23], the performance of
our SCLDGM codes lies, in most cases, withinB from the theoretical ergodic capacity limit.

Our optimized SCLDGM codes present important differences with respect to RA codes. First,
the performance of regular and irregular SCLDGM codes is very similar. Second, the performance
of systematic SCLDGM codes is better than that of the systematic IRA codes presented in
[24] and comparable to that of the non-systematic IRA codes in [23]. Note, however, that the
implementation of non-systematic IRA codes requires code doping to guarantee the convergence
of the decoding algorithm. Third, unlike IRA codes, SCLDGM codes do not require an interleaver
to obtain a good performance over fading channels, since an implicit interleaver is already built
in the code structure.

Code design for MIMO channels is difficult for large numbers of transmitting antennas and/or

high order modulations, because the complexity of optimum detection increases exponentially.
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Several suboptimum detectors have been proposed, such as Soft Interference Cancellation with
MMSE filtering (SIC-MMSE) [27], [28] or List Sphere Detection (LSD), to enable practical
detection in these cases. Design of IRA codes employing SIC-MMSE detection is considered in
[24]. In contrast, here we explain how to design SCLDGM codes considering LSD because this
detector presents the best performance/complexity tradeoff in most cases. We consider the most
prominent versions of LSD: Hochwald and ten Brink [7], [29], which builds the list of candidates
according to the Maximum Likelihood (ML) criterion, and Vikakt al. [30], which is based

on the MAP criterion. EXIT analysis of MAP LSD presents an additional difficulty because the
positive feedback of tha priori information makes the resulting EXIT function useless for code
design. To overcome this limitation, we introduce an alternative detector, tdfxtadsic MAP

LSD, that constructs two independent list sphere detections for each bit, instead of only one for
each vector of symbols as in MAP LSD, and utilize its EXIT function for the analysis of MAP
LSD. We have designed rat¢2 SCLDGM codes for both ML and MAP LSD detectors, showing

their ability to approach the capacity limit. Interestingly, the code degree profiles obtained for
optimum detection, ML LSD and MAP LSD are different between them.

Finally, we also study the robustness of MIMO SCLDGM codes to channel estimation errors.
The impact of imperfect channel estimation on space-time decoding has been recently addressed
in [31], but only focusing onto the calculation of the ML detection metrics without taking into
consideration the soft information provided by the decoder. On the other hand, our approach
is inspired on the Turbo principle in the sense that an initial channel estimate, obtained using
a short training sequence, is subsequently refined using the soft information computed during
the iterative decoding procedure [32]. Its basic premise is to formulate the ML estimate of
the channel matrix taking into account both the deterministic pilot symbols and the probability
density function (pdf) of the unknown information symbols. Then, this ML optimization problem
is solved using the Expectation-Maximization (EM) algorithm [33]. We also explain how the
LSD can be exploited to considerably reduce the complexity of the Expectation step.

The remainder of the paper is organized as follows: Section Il describes Serially-Concatenated
LDGM codes and their use in MIMO transmission. Section IIl focuses on the different LSDs
considered. Code design is detailed in Section IV. Channel estimation is developed in Section
V. Section VI presents simulation results for the proposed scheme with different channels and

antenna configurations. Finally, Section VIl is devoted to the conclusions.
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[I. LDGM coDES FORMIMO CHANNELS

Systematic Low Density Generator Matrix (LDGM) codes are linear block codes with a sparse
generator matridG xx v = [Ix Pxxz], Wherelx denotes thél x K identity matrix. HereK /N
is the code rate[. = N — K is the number of parity bits in a codeword aRy ., is a sparse
matrix. These codes are a particular case of Low Density Parity Check (LDPC) codes, since their
parity check matrixH .y = [P], x I.], where(-)” denotes matrix transpose, is obviously also
sparse. The main advantage of LDGM codes is that they have a much lower encoding complexity
than general LDPC codes. However, except for high coding rates [13], LDGM codes present
an error floor mainly due to their poor minimum distance. This error floor can be practically
eliminated by means of a serially concatenated scheme, in which an outer LDGM code corrects
the few errors remaining after the decoding of the inner LDGM code [17], [18]. We will refer
to this scheme as Serially-Concatenated LDGM (SCLDGM) code.

Figure 1 plots the block diagram of a MIMO-SCLDGM coded transmitter. The input sequence
ulk] =[uq,us, ..., uk] is first encoded by a systematic LDGM outer code. Since the number of
errors that have to be corrected by this code is very small, itsRate K /Ny, Ny =(K+L,),
can be extremely high. The intermediate coded sequenigp=[uy, us, . .., uk,pi, P, - - -, DL,]
is then fed into the systematic inner LDGM code, which has a fate N;/N, N = N;+ Lo
very close to the desired global rate. The output sequence

C[k] = [617627 s 7CN] = [u17u27 s ,UK,p%,p;, s 7p}417p%7p§7 s 7]9%2] (l)

where N = K + L; + Lo, resulting from the coding stage is then directly mapped into the
constellation symbols, i.e.,

.Ti[k'] = map(c(k_l)MCH, C(k_l)]\/[c+27 ceey CkMC> k= 1, 2, ceey N/Mc (2)

As in [23], [24], we will restrict ourselves to Gray mapping. It must be noted that due to the
nature of LDGM codes, the use of an interleaver between the coding and modulation stages is
unnecessary. Finally, the resulting symbols are assigned to each antenna using a simple serial to

parallel converter, that is,
x[k] = [z[(k — Dny + 1], 2[(k — Dng + 2], ..., z[kn]]" k=1,2,...,L 3)
where L = N/(n;M.).
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After transmission through the wireless channel, signals at reception can be written as
ylk] = H[k|x[k] + n[k] k=1,2,...,L 4)

whereH[k| is ann, x n, matrix that models the MIMO channel. We assume an spatially-white
fast fading Rayleigh MIMO channel where the entriedjk| are modeled as temporally uncor-
related, circularly-symmetric, complex-valued Gaussian random variabledy i.ev,CN (0, 1).

The components of the noise veciglit] are also both spatial and temporally uncorrelated, and
distributed a< V' (0, N,). Denoting byE, the total energy in each transmitted vectdk| and

taking into account that it carrieBn, M, information bits, theFE, /N, at reception is given by
Eb ny, ES

Ny R, M, Ny
SCLDGM codes can be conveniently described by a factor graph [34] as shown in Fig. 2.

where E; /N, is the signal-to-noise ratio (SNR) per receiving antenna.

For an SCLDGM code, each source, outer parity or inner parity bit is represented by a variable
node. All variable nodes in the associated graph represent bits that are transmitted through the
channnel, so they will have a message which carries the information contained in the channel
observation. Check nodes represent parity constraints among the variable nodes connected to
them. Outer check nodes will be denoted flywhile inner check nodes by?.

Thedegreeof a node is the number of edges incident to it. A single (non-concatenated) LDGM
code isregular if all variable nodes have the same degrée,In contrast, variable nodes of an
irregular LDGM code have different degrees, soiaagular LDGM code is characterized by
its degree profilethe different degrees a node may hawg;, i=1,2, ..., D,, and the fraction
of variable nodes having each degreg,. We consider the simplest way of assigning edges to
check nodes: each check node is assigned the number of efjgessulting from dividing the
total number of edges by the total number of checks. This way, check nodes have either degree
dg ordg+1.

When specifying an SCLDGM code we have to take into account the presence of different
types of variable and check nodes: variable nodes cam.bg} or p?, while check nodes can
be eitherf! or f2. Degrees have now to be defined for each pair of node types. Let us denote
by d{ii, i = 1,2,..., D/, the degrees of variable nodes of typewith respect to check nodes
of type f. Since there is a one-to-one correspondence between check nodes and their related
parity bit nodes, we therefore have only degregs, !, and dﬁl The number of different

degrees is, respectivel;@f, D{f and D;:f. The number of edges from variable nodes of type
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v to check nodes of typé is thus given by/ = ZZ ”1 dij 51 These edges are assigned to the
corresponding check nodes uniformly, as in simple LDGM codes, so the degree of check nodes
[ with respect to variable nodesis eitherd; or d} + 1. Finally, as another code parameter, let

us denote by=L,/(L,+ L») the fraction of outer parity bits with respect to the total number

of parity bits. We will say that an SCLDGM code isgular when all Df' = D/* = D]J;f = 1.

In the sequel we will drop the subindéxvhenever the number of different degrees is one.
Decoding can be efficiently carried out by applying the Sum-Product Algorithm (SPA) [34]
over the factor graph of the SCLDGM code. The SPA is a message-passing algorithm where
messages carry statistical knowledge in the form of Log-Likelihood Ratios (LLRs) about variable

nodes (bits). The SPA takes as input the channel LLR of each variable node given by

P(y|ex =1) P(c, = 1ly) P(cp, =1)
Ly=log———— - =log——"F"%- —log ———+= 5
n =108 e =0) ~ 8 Bl = Oly) B Plex = 0) ®)
—_—
Ly,

There are two types of messages in the SPA: variable-to-check, given byuthef all

incoming messages except that coming from the target check node

v—>c Z Lc —v + Lch (6)
oy

and check-to-variable, given by tipeoduct(in the tanh(-/2) domain) of all incoming messages

except that coming from the target variable node

tanh Lo Htanh
/#U
After an enough number of iterations has been performed, a decision is made usiag the

(7)

posteriori LLR of source bits
Lu == Z Lc—»v + Lch (8)

The channel LLR given by Eq. 5 can be exactly computed by the optirAuRosteriori
Probability (APP) MIMO detector as (to simplify notation, we eliminate indiel)

neMe
Zm%—waW+Z%>

XEXJr

Lch = 10g M. —Lk (9)
> e (-l m s 3
x€X,
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where X;" and X, represent the set of all transmitted symbol vectorahen bitc, = 1 and

¢, = 0, respectively. Alsog; is +1 if bit ¢; = 1 and—1 if bit ¢; = 0. However, the complexity of

APP detection grows exponentially in both the number of transmitting antennas and constellation
size, being infeasible in many cases of practical interest. To overcome this limitation, the sum
in Eq. 9 overx € X;" (resp.x € X, ) can be computed using only the most relevant terms. In

the next Section, we detail how such a list of terms can be efficiently constructed.

[Il. L1ST SPHERE DETECTION

The idea of List Sphere Detection (LSD) is to approximately calculate Eq. (9), whose terms
in the summations are in fact, except for an additive constaribhe logarithm of the APP of a

transmitted vectox
ntMc

1 L;
log P(x]y) = —FOHy — Hx||* + Z Tity + a, (10)
i=1

using a list of justV...q candidate vectors.

The Maximum Likelihood List Sphere Detector (ML LSD) proposed by Hochwald and ten
Brink [7] constructs the list using th¥..,q4 most likely (ML) vectors. That is, those that maximize
just the first term in Eq. (10)

1
log P(y|x) = —EIIY—HXH”@’ (11)

The list is constructed using a modified version of the Sphere Detector (SD) [35], [36], which
efficiently finds the constellation points inside a hypersphere centered on the unconstrained ML
estimate of the transmitted vector.

As we will see in Section VI, the performance of the decoding process depends on the size of
the candidate list Neana). When N...q is high we will have to compute more likelihoods, and
more processing will be needed in detector, but the performance will be better. However, the
performance degrades when using low value$/qfq due to the smaller amount of information
processed by the algorithm. Therefore, there is a tradeoff between efficiency and performance
in the choice ofN..,q. Keeping the number of candidates of the sphere detector constant while
increasing the number of antennas leads to a linear increase in complexity.

An alternative approach, termed as MAP LSD and proposed by Vidadd. [30], consists in
building the list of theN...q vectors with highest APP, according to Eq. 10. This way we are
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actually finding the most significant terms for the summations involved in the computation of
the channel LLR. However, when used in an iterative receiver this method has to perform the
complete tree search each time nawpriori bit probabilities are available from other receiver
stages. On the other hand, the complexity of ML LSD is smaller, since in this case the search
for the most likely vectors is performed only once and the corresponding likelihoods stored for

their use in successive iterations.

Notice, however, that in both approaches a candidate in the list is a vector of symbols and
no consideration is made about the value of each bit in the candidate, as required in Eq. (9).
Considering only one candidate list results in the chance of having no candidates for computing
one of the sums in Eg. (9). As suggested in [7], this can be solved by assigning a minimum
value (instead of zero) to the sum and by applying a threshold lower than that used in the SPA
decoder to the obtained LLRs [7], which leads to additional information loss. Building only one
candidate list gives rise to another problem, positive feedback, in MAP LSD. Althougha the
priori LLR of the bit being processed,, is substracted in Eq. (9) to obtain the extrinsic channel
LLR, it is implicitly considered in the construction of the candidate list. Note that a &ighori
LLR of the bit being considered leads to the inclusion in the list of those candidates for which
that bit has the value suggested by #heriori bit LLR. This effect is more pronounced as the
size of the candidate list gets smaller and, clearly, is not compensated by just substracéing the
priori LLR. This positive feedback is clearly shown by the fact that the mutual information of
the output LLRs produced by the MAP LSD (see Fig. 3) is higher than that of the optimum APP
detector, which indicates that additional information is contained in these output LLRs. Indeed,
this mutual information does not constitutdrae EXIT chart because it does not only measure
extrinsic information but als@ priori information. Since it is only the extrinsic information
transfer what determines decoding convergence, it would be necessary to cancel the contribution
of the a priori information from the output LLRs when computing the actual EXIT chart of this
detector. However, this cannot be done becaupdori information is implicitely introduced by

the particular way the candidate list is built. To overcome this limitation, we consider what we
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call Extrinsic LSD, which consists in rewriting Eq. (9) as

1 e
5 o (- st 32 o)

xEX;" i=1,i#k
Ly = log T ) T (12)
2 i
3 o (-l -t 3 %)
xeX, i=1,i#k

Then, separate lists for the numerator and the denominator and for each bit in a symbol vector
are constructed. This meanis, M. candidate lists for computing the bit channel LLRs in a
symbol vector, instead of only one as in MAP LSD. The complexity of this approagh, ¥,

times higher that that of MAP LSD, but its expected performance is better, especially when the
number of candidates is low. In addition, since it does not suffer from positive feedbatkeits

EXIT function can be computed, enabling code design. However, note that if MAP LSD is used
with a high number of candidates, the effect of ghpriori LLR of the bit under consideration in

the obtained list is less severe. This motivates us to use MAP LSD in the final implementation
shown in Section VI, even though code design is performed using the EXIT function of the
Extrinsic LSD.

IV. CODE DESIGN

Predicting the convergence of the coding scheme can be carried out by tracking the densities
of the different types of messages involved in the SPA. This constitutes the Density Evolution
(DE) approach [22]. If no particular density is assumed for the messages, densities have to be
described by quantizing the probability space and performing complex operations to obtain the
density of an output message from the densities of the incoming messages. In order to reduce
computational complexity, message densities can be assumed to be symmetric Gaussian, and
thus only the mean has to be tracked [37]. An alternative approach is to track a significant
parameter associated to the message density, where significance has to be understood in terms
of predicting convergence threshold. In this sense, mutual information between the message
density and the priori bit density has been revealed to be significant. Since messages represent
extrinsic information about bits, their related mutual information has been termed as EXtrinsic
Information Transfer functions [38]. Let us denote by = I(M;V) = 1— H(V|M) the mutual
information between the variable-to-check message= V' — C and thea priori density of

bit V. Mutual information for a check-to-variable message is defined in the same way. As a
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messagel/ =V — (' is characterized by),,, the incoming message¥, = C; — V are also
characterized by their mutual informatiah,,. The task is then to express the mutual information
of an output message as a function of the mutual informations of incoming messages.

Mutual information for a message produced by a variable node can be computed just taking into
account that incoming messages play the same role as the channel LLR in Eq. 6. A reasonable
assumption is to consider each incoming messafeas the output LLR of an independent
BIAWGN channel with noise variance?. Note that for a BIAWGN channel the output LLR
La, conditioned on the transmitted hif, = &1 is (symmetric) Gaussian with meafr2/o* and
variance4/o?. This is what DE does when the symmetric Gaussian assumption is used, but now
the density parameter which is tracked, mutual information instead of the mean, is more related
with code convergence. The mutual information of the output LLR of a BIAWGN channel with
respect to the priori bit density is given by [10]

f(v,m)
fw)f(m)

whereE, denotes the expectation operator with respect to the random vadalmtice that

J(0®) = I(M;V) =Epy {log2 ] =1—Ey [logy(1+e™™)] (13)

this mutual information depends only on the channel varianée Therefore, /(1) gives the
channel variance corresponding to an incoming message with mutual informiafAsrshown in

[39], there is a one-to-one correspondence between mutual informatiand channel variance,

o%. As a consequence, tracking mutual information is equivalent to tracking the mean. However,
the difference between our approach and DE with Gaussian approximation resides in the way
the value for the tracked parameter is related to its value in the previous iteration.

The mutual information of SPA variable-to-check messages is thus given by

I,=J (Z J—l(fm)> (14)

where,, is the mutual information of the incoming message
In order to compute the mutual information of a check-to-variable message, it is convenient to
resort to a duality property of the Binary Erasure Channel (BEC) that is very accurate (although

not exact) for the BIAWGN channel [10]. This property relates the mutual information of the

In [10] the argument of the/ function is the channel standard deviation,We prefer to uses> because it leads to more

compact expressions.
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length+; single-parity check (SPC) code to that of the lendthrepetition (REP) code by
]Spc<Im,df) ~ 1_IREP(1_Im; df) = 1—J((df—1)J_1(1—]m)) (15)

Using Egs. (14)-(15) for the factor graph of a regular SCLDGM code we have

1" = (@l —1)J*1(1;a)+d52 T IR+ (T) (16)
1= (af g df—1>J-1<1;2>+J—1<f;et>) (17)
1 =7 (A7 )+ (1)) (18)
Jff_J(df (1) +7 IR+ T (I8 ) (19)
il = (k) ) = I (20)
“1:1—J< dp—1)J" (1—151)+J—1(1—1;”f)) 1)
=1~ J(df1 1f1)> (22)

For messages from inner checks to outer variable nodes, we have to distinguish between two
types of inner check nodes: those that are connected to outer parity bits (for simplicity, we
assume in our designs that an inner check may receive at most one edge from the outer parity

bits) and those which are not. We denote them, respectiyély, and /2, b
v =1—J (J—1(1—1;‘1 J+(dp—2)J (11 )+ T (11 )) (23)
Ifay=1-J ((dfz—l)J’l(l—[1{2)+J’1(1—[£)> (24)

Messageg™? — u will then have an associated mutual information given by the sui.ofand
I, ,, weighted by the fraction of edges carrying each type of messages. Denoting liy[d]f 12
the number of inner checks that are connected to outer parity bits, this results in
a(df2 — 1)[;:2 a + (LQ — a)dlef2 b
f = ’ (25)
a(dfz — 1) + (L2 — a)df2

Extension of the previous equations to irregular SCLDGM codes is quite straighforward,

just by considering that the mutual information associated to a given type of messages is the
mean, weighted by the correspondig fraction of edges, of the mutual information of messages
originating at nodes having a certain degree. However, as we will show in Section VI irregular

codes do not present a substantial improvement in performance.

May 8, 2006 DRAFT



12

Code convergence is tested by simulating the evolution of the SPA. For afixed, we
start with all I's equal to zero and then we iteratively compute their values. This is exactly what
the SPA does but we now use representatives of messages (their assOsjaitestead of their
actual values. We say that the code converges when we find a sequefisehatt finally leads
to I, = 1, wherel, is the mutual information associated to #hgosterioriLLRs of bitsu (see
Eq. 8). Whenl, is almost equal to, but strictly less thanconvergence is achieved but with a
significant error-floor.

Let us first focus on the messages produced by the MIMO detector. Since output LLRs (see Eg.
9) are the result of a complex operation, it is convenient to obtain the actual mutual information
of output messages via Monte Carlo simulation. For a fikedV,, we simulate the transmission
through a MIMO channel and then we fix the mutual informatioa pfiori messages to a certain
value, I,. Afterwards, we generata priori messages considering them as the output LLR of
a BIAWGN channel with variance/~'(I,), and feed them to the MIMO detector. Then, the
mutual information of messages produced by the MIMO detector is measured. As an example,
Figure 3 plots the EXIT chart for the ML LSD and the Extrinsic LSD MIMO detectors, as well
as the mutual information of the output LLRs produced by the MAP LSD (which is riniea
EXIT chart due to positive feedback), fdrx 4 QPSK atE,/N,=2 dB and different sizes of
the candidate list. Fig. 3 also depicts the EXIT chart of the optimum detector, in which case the
number of processed vectorsas6. It is apparent from Fig. 3 that EXIT functions of a MIMO
detector,/,(I,, Es/Ny), are well approximated just by third-order polynomials. This provides us
with a quick means of evaluating the EXIT function of the MIMO detector for a gikgnV,
andI,. We have also observed that better performance is achieved when the three types of bits
(source, outer parity and inner parity) are not mixed to form a symbol vector, i.e., bits forming
a vector of symbols are of the same type. When tracing the SPA with mutual information of
messages, the detector is independently applied to each type of bits, so we have to separately
consider messages from the detector to each of the variable node type%‘eti,.e‘g,;, Ig’;.

The previous discussion suggests a straightforward way to search for the best codes. We start
considering an initial channek,/N,. For this value, we simulate the SPA evolution for all
possible code degree profiles and we discard those for which the SPA does not converge. Next,
if we lower the E,/ N, value and repeat the same simulation we will find out that some of the

remaining codes still converge while the others that do not converge are now discarded. We
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proceed in the same way, lowering tl& /N, value until only one convergent code remains.
This code is the optimum and th&,/N, value is its convergence threshold. As an example,
Fig 4 (left) shows the messages’ mutual information evolution through decoding iterations for
a good SCLDGM code in & x 4 QPSK channel wher&,/N, = 1.75 dB. Note that mutual
information of outer variable-to-outer check messages;“f'”, which is roughly the same of

that corresponding to the, messages used for making the final decision (see Eq. (8)), does not
reach]gf1 =1, so we are still in the non-convergence region. The outer code gives no help to the
convergence because mutual information of outer check-to-outer variable messgigesul)
remains always equal to zero until tBéth iteration. On the other hand, Fig. 4 (right) shows
the decoding behaviour whe,/ N, = 1.8 dB. Now the outer code starts to help from iteration
65, leading to overall convergence from iteratieft mutual information of % — f1” messages

is there very close to one. From this EXIT trajectories, we can conclude that the convergence
threshold isk,/No=1.8 dB. An error-floor still is present, but it is low enough (as we will see

in the following section) and cannot be observed by inspection of the EXIT function.

We applied the previous procedure for the design of goodlréteegular SCLDGM codes for
different antenna configurations, modulation formats and detectors. We carried out an exhaustive
search, varying the code parameters between the following lifitd: < p < 0.05, with
increments 0f0.005; 3 < d/' <5, 2 <df* <30; and2 < dﬁ < 30, fixing also the maximum
value fordy to 10. The obtained codes are presented in Table |, together with their convergence
threshold predicted by EXIT analysis. Note the extraordinary performance of the resulting codes,
since the gap to the constrained-input ergodic capacity limit is lessltki@in almost all cases.

This performance is similar to that of the non-systematic IRA codes in [23] and better than that

of the systematic IRA codes in [24].

V. CHANNEL ESTIMATION

Soft information calculated during the decoding procedure can be efficiently exploited to
improve channel estimation by combining LSD with the Expectation Maximization (EM)
algorithm [33]. We consider ML estimation of the channel matrix assuming that data streams
contain deterministic pilot symbols and random information symbols whose pdf is known.
The resulting optimization problem can be numerically solved with the EM algorithm, whose

complexity will be substantially reduced by taking advantage of the LSD.
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Let us start by considering the ML estimation of a MIMO channel given by
H = argmax fyu (), (26)

where f;u(y) is the pdf of all the observationg=[y”[0] y”[1] --- y”[B]]*, which depends
on the channel matriH to be estimated. We will assume that the channel remains constant
during B time slots (i.e., block fading). In generdB will be different from L.

Next, let us define the set of “complete data”, necessary when stating the EM algorithm, as
ye=[yI[1] yX[2] --- yI[B]]* wherey.[k] = [x[k]" y[k]*]*. The EM algorithm relies on the
computation of the channel estimation in each step as

A

Hiy = argmaxEg o log(fy.u(¥e)), (27)

Elaborating (27) we have

Hip = argmaxByg g log(fyx(¥) - fx(X)) = argmax Eg g g log(f51x(5))

B
= argmaxBg; g Z ly[k] — Hx[K]||> = arg mI%XZE y[k] — Hx[k]||?
k=1 k=1
B
= argmax > By ly k] — Hx[E)|)? (28)
k=1

which is a quadratic expresion with respectHowith the following closed-form solution

B 1
Hin = <Z By vy 1, Rove ]> X (Z Ex[k]y[k},ﬂin[k]> (29)
k=1

whereR,.[k] = y[k]x” [k] and R, [k] = x[k|x"[k].
If we consider that the firsP transmitted symbols correspond to a known pilot sequence, the

channel estimator simplifies to

B -1
Hip, = (ZRW + ZEx{k]Iy > (ZR + ZEx[kHy[k],ﬂiR?ﬁ[k]) (30)

It is interesting to note that (30) can be viewed as a generalized Least-Squares (LS) channel

estimator where for the unknown symbols the correlati®ys[k] and R,[k| are obtained by
averaging with respect to tha posteriori pdf P(x|y, H,) of those symbols. The lower the

variance associated to this pdf, the more information we have about the unknown symbols and,
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thus, the much more they look like pilot symbols regarding estimation. In this way, the length
of the pilot sequence?, can be reduced with respect to pure LS channel estimation.

The main problem when estimating the channel via the EM algorithm is similar to that in the
APP detector. complexity of the expectation calculation in (30) is exponential in the number
of antennas and constellation size. The LSD alleviates this problem: by combining the sphere
detection and the EM algorithms, the average in (30) is not calculated over all possible transmitted
vectors, but only over the candidate list obtained by the LSD, i.e.,

B gy 7 R k] = Z R, [k] P(x[k][y[k], H;) ~ Z R, [k]P(x[K]|y[k], H;) (31)
x[k]ex x[k]eL
where X is the set of all possible transmitted symbols, wjthi| = 2™ whereasl =
{x1,%2,...,xn,,,,} denotes the candidate list obtained by the LSD. The same approximation
can be made for computin@x[k]‘y[kmiRyx[lc]. Moreover, the MAP LSD already computes the
APPs P(x[k||y[k]) needed for the expectation.

VI. SIMULATION RESULTS

Computer simulations were carried out to evaluate the performance of the obtained SCLDGM
codes in practical cases where blocks of finite length are transmitted. In the first simulation
experiments we assumed that the MIMO channel changes randomly and independently from
one symbol vector to another (fast fading ergodic channel) and is known at the receiver.

Fig. 5 compares the performance of regular and irregular SCLDGM codes>at, QPSK

and optimum detection. The optimized irregular SCLDGM code is given by
p=3% df' =3 df’ ={4,5,21} af ={0.5,04,01} d/ =10 (32)

whereas the regular code is that of Table I. Their theoretical thresholds7@relB and1.80

dB, respectively. Two block sizes are consider&d:=20000 and N =100000 coded bits. Notice

that practical convergence thresholds are higher than those predicted by EXIT function analysis.
This is because EXIT analysis assumes infinite-length data blocks. Indeed, notice that the higher
the block length is, the closer the convergence threshold is to the theoretical value calculated
with the EXIT functions. Fig. 5 also shows that the difference in performance between regular
and irregular codes is very small (around5 dB). For this reason only regular SCLDGM codes

are considered in the paper, since this greatly reduces the search space and the code regularity

usually allows easier hardware implementation.
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Code performance for asymmetric antenna configuratidns  and4 x 2 QPSK) andN =
100000 coded bits is shown in Fig. 6. In this case, the detector EXIT function has a positive slope,
and it is very different from that of a SISO channel (which is an almost horizontal straight line).
This means that code design is important to properly match the detector EXIT function. Indeed,
notice the difference in performance between an SCLDGM code optimized for the SISO case
(see Table 1) but applied over the MIMO channel and an SCLDGM code specifically designed
for the antenna configuration and modulation format under consideration. For instante, for
QPSK and a BER 107%, the performance difference is arouhgd dB. This gap is much larger
(around5 dB) for the4 x 1 system. This is explained by the fact that, for the same number of
transmitting antennas, using less receiving antennas makes the detector EXIT function steeper
[10] and, thus, it is critical that the code matches it (and not the horizontal like characteristic of
SISO channels). Notice that the convergence thresholds obtained through simulation practically
overlap with the theoretical ones presented in Table I, and they are very close to the constrained
capacities (gap of.8 dB and1.8 dB for the4 x 2 and4 x 1 systems, respectively).

The effect of code and detector mismatch is shown in Fig. 7 foxal 16-QAM system and
a block of N =20000 coded bits (which will be the length used in the sequel). First notice the
performance difference between a code optimized for the used detector and a code optimized
for a different detector: for a target BER 06—, employing MAP LSD with32 candidates and
its optimized code requires al,/N,=5.9 dB, while using the same detector but with a code
optimized for ML LSD with 128 candidates needs at,/ Ny, =6.45 dB. If ML LSD with 128
candidates is considered, using its optimized code requirds, ANy, = 6.25 dB, while using a
code optimized for MAP LSD witl82 candidates needs &i,/Ny=6.5 dB. In this latter case,
the effect of code and detector mismatch is less severe than in the former.

We next focus on comparing the performance of LSD with respect to that of optimum MAP
detection when the optimized codes for each respective detector are utilized. Fig. 8 shows the
performance curves fo2 x 2 antennas using 16-QAM. Optimum detection needs to process
omtMe — 98 — 256 possible symbol vectors. See how using ML LSD with half of the total
number of candidated £8) renders near optimum performance, while decreasing the number of
candidates to one quarter of the totédl) results in little performance degradation. Also note
that MAP LSD needs only /8 of the total number of candidate32] to provide near optimum

optimum performance (instead of thé8 candidates required by ML LSD). The convergence
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threshold obtained through simulations is very close to the theoretical one in Table I, and only
1.0 dB away from the constrained capacity.

Optimum MAP detection is not feasible when considerihg 2 64-QAM, since the total
number of possible vector symbols 2§:M = 212 — 4096. However, very good performance
is obtained with suboptimum LSD, as shown in Fig. 9. For a target BEROof, the best
performance is achieved by MAP LSD witl28 candidates, which requires &) /N,=7.9 dB,
only 0.3 dB from the theoretical threshold of Table | ah@®5 dB away from the constrained-
input ergodic capacity. Halving the number of candidat&y ¢esults in0.4 dB degradation.

Note how eight times the number of candidat2s6] is needed to obtain similar performance
if ML LSD is used.

Similar conclusions can be drawn from Fig. 10 forx 4 16-QAM. The total number of
candidates in this case #5536. The best performance is obtained by MAP LSD with6
candidates (/256 of the total), requiring arnk;,/Ny=5.15 dB for a target BER ofl0—°, which
is 0.35 dB away from the theoretical threshold in Table | and onlg5 dB away from the
constrained-input ergodic capacity. Very little performance degradatidndB) results from
considering half 128) of such number of candidates. However, further reducing the size of the
candidate list t&54 and 32 increases the requiref,/ N, up to 5.7 dB and6.1 dB, respectively.

See how512 candidates are needed by ML LSD to obtain a performance similar to that of
MAP LSD with 64 candidates. Using ML LSD with less candidates results in more performance
degradation.

Notice that for small numbers of candidates (with respect to the total number of possible
vectors), the gaps between the theoretical thresholds and those observed in the simulations
increase. This can be explained realizing that in this case the pdf of the output LLRs of ML/MAP
LSD is far different from the Gaussian one assumed in our optimization procedure. Using a low
number of candidates results in many LLRs taking extreme values because the list contains much
more candidates for the numerator than for the denominatori¢erversa. LLR values greater
than8 (less than—8) are truncated te-8 (—8), producing a pdf with high peaks in these two
values.

Finally, we carried out a simulation experiment to illustrate the performance when the channel
is estimated according to the procedure explained in Section V. We considered a sequence of
N =20000 coded bits transmitted overdax 4 MIMO channel using 16-QAM. This corresponds
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to the transmission of. = 1250 vectors of symbols. The transmitted bits are splitted ifo
blocks of B—P =125 information vector symbols, and thénpilot vector symbols are appended

to each block. Block fading is assumed: the channel remains constant during the transmission of
each block ofB symbols and randomly changes from one block to another. In the training period
we transmit the 16-QAM symbols with highest energy using only one antenna at each time slot,
switching the selected transmit antenna between consecutive time slots to guarantee orthogonality
of the training sequence. In Fig. 11, tl& /N, has been properly normalized to account for

the energy “wasted” in pilot symbols. We have also assumed that only one iteration in the EM
algorithm is performed for each detection iteration. Fig. 11 shows the BER curvés=fdr, 8

and12. It can be seen that with a small number of pilot symbols suck @&01% of the frame

size) and12 (8.75%) and with the MAP LSD with64 candidates, the performance degradation
due to imperfect channel estimation is less thaB. Larger degradation is obtained if a lower
number of pilot symbols are used and/or ML LSD (even Wil candidates) is employed. Notice

from Fig. 11 that when the channel is perfectly known, there is a diffrerence in performance
with respect to the pure ergodic case of abbdB. This is because in this computer experiment

the channel is not purely ergodic but block fading. Obviously, the performance tends to the case

of fast fading if the codeword length is increased dnds kept fixed.

VII. CONCLUSIONS

We have shown the ability of Serially-Concatenated LDGM (SCLDGM) codes to approach
the ergodic capacity of MIMO channels. Using List Sphere Detection (LSD) we show how
complexity can be kept at a low level when the number of antennas and modulation levels
increase. Both Maximum Likelihood (ML) and Maximu#A Posteriori(MAP) LSDs have been
considered. We have explained how to use EXIT functions to design SCLDGM codes for MIMO
channels. Our design procedure takes into account not only the number of antennas and the
modulation format but also the particular detector employed: optimum MAP, ML LSD or MAP
LSD. Computer simulations illustrate how the proposed design procedure accurately predicts the
code convergence threshold. The optimized codes show a remarkable ability to approach the
channel capacity limits and clearly outperform existing IRA codes and LDPC codes with low
encoding complexity. Finally, we have also shown how the performance is not severely degraded

when the channel is imperfectly estimated.
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’ Antennas‘ Modul. ‘ Detector ‘ (%) ‘ df’ ‘ af’ dsz ‘ Thresh (dB) ‘ uCL ‘ cCL ‘
1x1 QPSK Optimum 2% 3 6 6 2.3 1.05 1.8
2x1 QPSK Optimum 4.5% 3 4 20 3.89 255 | 3.3
2x2 QPSK Optimum 3% 3 5 28 1.97 1.2 1.55
2x2 16QAM | Optimum / ML 128 / EXT 32| 4.5% 3 4 20 4.8 3.7 4.1

ML 64 / EXT 16 4.9
2% 2 64QAM ML 512/256 2% 4 5 23 7.6 6.1 6.65

ML 128/64 2.5% 3 5 20 7.8/8.1

EXT 128/64/32 4% 3 4 22 7.6
4x1 QPSK Optimum 4.6% 3 2 18 8.5 6.25 6.7
4 x2 QPSK Optimum 2% 3 4 20 3.8 265 | 3.0
4x4 QPSK Optimum 2% 3 5 15 1.8 1.2 15
4x4 16QAM ML 512/256/128/64 2.5% 3 5 20 | 5.1/5.1/5.3/5.5| 3.8 4.1

EXT 256/128/64/32 3.5% 3 4 16 | 4.8/4.9/4.9/5.0

4x4 64QAM ML 256/128/64 2.5% 3 5 20 8.9/9.2/9.7 6.3 -

EXT 128/64/32 2.5% 3 4 24 7.8/7.9/8.1

TABLE |

DEGREE PROFILES OF RATH /2 OPTIMIZED SCLDGM CODES FOR DIFFERENTIMO CHANNELS AND DETECTORS

“THRESH’ STANDS FOR THEEXIT ANALYSIS CONVERGENCE THRESHOLD “UCL" AND “CCL” ARE, RESPECTIVELY, THE

UNCONSTRAINED-INPUT AND CONSTRAINED-INPUT ERGODIC CAPACITY LIMITS.
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Fig. 1. Transmitter block diagram of an SCLDGM-coded MIMO system.
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Fig. 3. EXIT characteristic of different detectors fora< 4 QPSK MIMO channel and?; /Ny = 2.0 dB.
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Fig. 4. Mutual information trajectories for4x 4 QPSK optimized SCLDGM codédz, /Ny = 1.75 (left) and E, /Ny = 1.80

dB (right).
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Irregular SCLDGM N=20000 ——
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Fig. 5. Performance of raté/2 regular and irregular SCLDGM codes optimized fortax 4 QPSK MIMO channel and
optimum detection. The constrained-input capacity limit igZgf No =1.5 dB whereas the convergence thresholds predicted by
EXIT analysis are afs, /No=1.75 (irregular) andE;, /Ny =1.80 dB (regular).
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Fig. 6. Performance comparison between SISO-optimized and MIMO-optimized fateegular SCLDGM codes fot x 2

and4 x 1 QPSK MIMO channels and optimum detection. The constrained-input capacity limit &% &v¥, = 3.0 dB and
E,/No=6.7 dB, respectively.
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Fig. 7.
32 candidates.

6.8

Performance degradation due to mismatch between the SCLDGM code and the detector. SCLDGM codes are regular,
rate 1/2 and optimized for al x 4 16-QAM MIMO channel and two types of LSD: ML witfi28 candidates and MAP with
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Fig. 8. Performance of rate/2 regular SCLDGM codes optimized for2ax 2 16-QAM MIMO channel with different types
of detectors and number of candidates. The constrained-input capacity limifis/ab =4.1 dB.
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Fig. 9. Performance of rate/2 regular SCLDGM codes optimized f@rx 2 64-QAM MIMO channel with different types of
detectors and number of candidates. The constrained-input capacity limifis/ A =6.65 dB.
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Fig. 10. Performance of rate/2 regular SCLDGM codes optimized fordax 4 16-QAM MIMO channel with different types
of detectors and number of candidates. The constrained-input capacity limifis/ah =4.1 dB.
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Fig. 11. Performance of the rate/2 regular SCLDGM code optimized for 4 x 4 16-QAM MIMO system and a MAP
LSD with 64 candidates when the channel is imperfectly estimated. Two types of channel estimates are considered, Expectation
Maximization (EM) and Least-Squares (LS), with different numbers of pilot symbol vecides {2, P = 8 and P = 4).
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