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Motion analysis of a rotor supported
by self-acting axial groove gas bearing
system with double time delays

YF Zhang1,2, S Zhang3, FX Liu3, C Zhou3, YJ Lu2,3,4 and
N Müller4

Abstract

A rotor system with double time delays supported by the high-speed self-acting gas-lubricated bearings with three-axial

grooves is modeled to implement active delay control of the system. The differential transformation method is employed

to solve the time-dependent compressible gas Reynolds equation due to its rapid convergence rate and minimal calcu-

lation error. Based on the precise integration method, a calculation method is proposed to analyze the dynamic

responses of a gas bearing-rotor nonlinear system with time delays. The motion analysis of the self-acting gas-lubricated

bearing-rotor system with double time delays is implemented by the orbit diagrams, the time series, and the phase

diagrams. The influence of time delays and feedback control gains on the dynamic responses of the bearing-rotor

nonlinear system is analyzed. The numerical results show that the amplitude of the responses of the system with

time delays control is reduced, the motion is more stable and good control effect is achieved when the chosen feedback

control gains match the time delays of the bearing-rotor system.
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Introduction

Gas lubrication between the rotor and the bearing has
been widely applied to rotating machinery that oper-
ates at high speed and efficiency but is of light-
weight.1–5 The performances of the hydrostatic gas
journal bearings and the flexure pivot hydrostatic
gas tilting-pad bearings were investigated theoretically
and experimentally by Liu et al.6 and Zhu and
Andres.7 Their works provided better support in the
application of the hydrostatic gas bearings for oil-free
turbomachinery. Yang et al.8,9 analyzed the dynamic
coefficients and stability of the aerodynamic tilting-
pad journal bearings using the linear theory. Due to
the nonlinear characteristics of the gas bearings, the
nonlinear theory has to be employed in nonlinear ana-
lysis of the gas bearings. Bou-Saı̈d et al.10 utilized the
linear and nonlinear methods to study aerodynamic
foil bearings with simple flexible rotors. Their work
indicated that the nonlinear method must be
employed to reveal the dynamic performance of the
bearings with the big eccentricities as the linear
methods fail. Wang et al.11 and Wang12 studied the
nonlinear dynamic behaviors of the cylindrical gas
bearings and the herringbone-grooved gas journal

bearings with a flexible rotor using the nonlinear
theory. They solved the cylindrical and herringbone-
grooved gas-lubricated Reynolds equations by taking
the short bearing model assumption (i.e., the circum-
ferential pressure flow of the bearing is neglected).
More recently, Wang and Yau13 and Wang14 investi-
gated the nonlinear behaviors of a spherical gas-
lubricated bearing with a rigid and a flexible rotor,
respectively, by the hybrid method of the finite differ-
ence and the differential transformation methods
(DTMs). The evolution of the nonlinear responses
was studied systematically by using the unbalanced
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mass of the rotor and the bearing number as the
system parameters. Yang et al.15 investigated the peri-
odic solutions and their stability of the cylindrical gas
journal bearing-rotor system. They obtained two
threshold values of the system parameters by taking
the mass of the rotor, periodic external excitation, and
width-to-diameter ratio as the system parameters.
Zhang et al.16 studied the nonlinear responses of the
rotor system with cylindrical gas journal bearing sup-
ports by the local iteration method and analyzed the
bifurcation scenario of the responses. The preceding
studies focused on the aerodynamic cylindrical gas
bearing-rotor system. The load-carrying capacity of
aerodynamic cylindrical gas bearings is higher but
less stable. The way to overcome this shortcoming is
that the axial groove is designed in the inner surface of
the bearing along the axial direction. Therefore, the
axial-grooved gas bearing can prevent the pressure
perturbation from spreading along the axial direction.
Wang et al.17 studied the nonlinear responses and
bifurcation of a two-axial grooves gas bearing-flexible
rotor system by the finite difference method and Euler
integration method. Rashidi Maibodi et al.18–20 inves-
tigated the nonlinear behaviors and bifurcation of a
symmetrical rigid rotor supported in non-circular gas
bearings using the trajectory diagrams, the power
spectra, and the Poincaré maps. In their works, the
nonlinear gas film forces of two-lobe, three-lobe, and
four-lobe noncircular gas-lubricated journal bearings
were solved by the finite element method. The effects
of pre-load and mass unbalance on nonlinear dynamic
behaviors were analyzed. By using the DTM, Lu
et al.21 investigated the nonlinear behavior and bifur-
cation of the rigid rotor system with fixed-tilting-pad
combination gas bearings support and analyzed the
effects of the pre-load coefficient and the pivot ratio
on the system responses.

Time delays usually deteriorate the stability of the
system, cause the complex dynamic behaviors, and
increase the difficulty of system control. In practice,
although various measures were used to improve the
actuation speed of the actuators and the sensors in the
precision high/super high-speed rotor systems, the
time delays phenomenon still cannot be eliminated
in the active control. Because it takes time that the
sensors process the signal, the actuators receive signal
and exert the control force to the system in active
control for the system, and the effects of inevitable
time delays on nonlinear dynamic characteristics of
precision high/ super high-speed gas bearing-rotor
system must be considered in the studies. Alims
et al.22 proposed a method to obtain time delay
values of the stable region for the feedback control
systems with time delays. Meanwhile, they pointed
out that the stability region of the system still exists
when the double time delay values exceed the max-
imum allowable value for determining stability. By
analyzing the transcendental characteristic equations
of the responses of the magnetic bearing system, Ji23

studied the effects of time delays on the linear stability
of the system in the feedback control, and pointed out
that Hopf bifurcation of the system will be exhibited
when the time delay values exceed certain thresholds.
More recently, Ji and Hansen24 investigated the sta-
bility and dynamic performance of the Van der Pol-
Duffing oscillator in the linear and nonlinear feedback
control. When the time delays were taken as the bifur-
cation parameters, equilibrium point solutions exhib-
ited the Hopf bifurcation and the inverted Hopf
bifurcation with the change of time delays. By adopt-
ing the precise integration method, dynamic responses
of the system with time delays were solved by Sun
et al.25 They obtained the distribution of stable
regions of the system and discussed the influence of
time delays and feedback control gains on distribution
of stable regions of the system.

In order to reduce the calculation cost of solving
the gas film forces of the self-acting gas-lubricated
bearing with three-axial grooves by an iterative
method and to improve the calculation accuracy, the
DTM26–29 is employed to solve pressure distribution
of the nonlinear gas film. An algorithm is proposed to
calculate the nonlinear dynamic behaviors of the rotor
system supported on the self-acting gas-lubricated
bearings with three-axial grooves based on the precise
integration method30 because the common algorithms
cannot be used to calculate the nonlinear dynamic
behavior of the gas bearing-rotor system with the
time delay properties and the time delays control.

Equation of system

A symmetrical flexible rotor system supported on the
self-acting gas bearings with three-axial grooves is
shown in Figure 1. O1 and O3 are the geometric cen-
ters of the gas bearing, O2 is the geometric center of
the disk.

The dynamic equation of the self-acting gas bear-
ing-symmetrical flexible rotor system can be written as

m €xþ c _xþ kx ¼ fþ wþ q ð1Þ

Figure 1. Schematic diagram of a symmetrical flexible rotor

system supported on the self-acting gas bearings with three-

axial grooves.
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where m is the mass matrix, c is the damping matrix, k
is the stiffness matrix, x is the displacement vector, f
is the nonlinear gas film forces vector, w is the weight
load vector, and q is the unbalanced force vector
where

m ¼

m1 0 0 0

0 m1 0 0

0 0 m2 0

0 0 0 m2

2
6664

3
7775

c ¼

d 0 �d 0

0 d 0 �d

�2d 0 2d 0

0 �2d 0 2d

2
6664

3
7775

k ¼

k 0 �k 0

0 k 0 �k

�2k 0 2k 0

0 �2k 0 2k

2
6664

3
7775

x ¼ ½ x1 y1 x2 y2 �
T

f ¼ ½�fx1 �fy1 0 0 �T

w ¼ ½ 0 m1g 0 m2g �
T

q ¼

m1ex1!
2cosð!tÞ þm1ey1!

2sinð!tÞ

m1ey1!
2cosð!tÞ �m1ex1!

2sinð!tÞ

m2ex2!
2cosð!tÞ þm2ey2!

2sinð!tÞ

m2ey2!
2cosð!tÞ �m2ex2!

2sinð!tÞ

2
6664

3
7775

where x1 and y1 are the displacements of the journal
center in the x and y directions, x2 and y2 are the
displacements of the rotor center at disk station in
the x and y directions, m1 and m2 are the masses
lumped to the journal and the disk, respectively,
d¼ 24�EI/l3 (�¼ 0.00193 is the material coefficient)
is the damping coefficient of the shaft, E is the elastic
modulus, I is the equatorial moment of the inertial of
the rotor, l is the distance between the centers of the
two bearings, k¼ 24EI/l3 is the stiffness coefficient of
the shaft, fx1 and fy1 are the nonlinear gas film forces
acting on the rotor in the x and y directions at left
bearing station, g is the acceleration of gravity, and
ex1, ey1, ex2, and ey2 are the unbalanced mass eccen-
tricities of the rotor in the x and y directions at the
bearing and the disk stations. The dynamic equation
of the system with time delays of speed and displace-
ment is written in the following

m €xðtÞ þ c _xðtÞ þ kxðtÞ ¼ eðtÞ þ gpxðt� t1Þ þ gd _xðt� t2Þ

ð2Þ

where eðtÞ ¼ fþ wþ q is the excitation force vector,
gpxðt� t1Þ is the control force vector corresponding to
the displacement, gd _xðt� t2Þ is the control force
vector corresponding to the speed, t1 and t2 are
the values of time delays corresponding to the

displacement control and the speed control, xðt� t1Þ
is 0 as t is less than t1, and _xðt� t2Þ is 0 as t is less
than t2.

In order to simplify calculation, the rotating speed
of the rotor !, the radial clearance of the bearing c,
ambient pressure pa, and the radius of bearing journal
R are used to obtain the dimensionless dynamic equa-
tion. The dimensionless parameters are listed as
follows

X ¼
x

c
, Y ¼

y

c
, X0 ¼

_x

!c
, Y0 ¼

_y

!c
,

X00 ¼
€x

!2c
, Y00 ¼

€y

!2c
, � ¼ !t, T1 ¼ !t1,

T2 ¼ !t2, G ¼
g

!2c
, D ¼ d!c=paR

2,

K ¼ kc=paR
2, Ex1 ¼

ex1
c
, Ey1 ¼

ey1

c
,

Ex2 ¼
ex2
c
, Ey2 ¼

ey2

c
, Fx1 ¼ fx1=paR

2,

Fy1 ¼ fy1=paR
2, M1 ¼ m1c!

2=paR
2,

M2 ¼ m2c!
2=paR

2,

Gp ¼ gpc=paR
2, Gd ¼ gd!c=paR

2

ð3Þ

Substitution of equation (3) into equation (2) gives
the dimensionless dynamic equation of the flexible
rotor system with double time delays supported on
the gas bearings with three grooves as follows

MX00ð�Þ þ CX0ð�Þ þ KXð�Þ

¼ Eð�Þ þ GpXð� � T1Þ þ GdX
0ð� � T2Þ ð4Þ

Equation (4) can be rewritten as follows

M1 0 0 0

0 M1 0 0

0 0 M2 0

0 0 0 M2

2
66664

3
77775

X001

Y001

X002

Y002

2
66664

3
77775

þ

D 0 �D 0

0 D 0 �D

�2D 0 2D 0

0 �2D 0 2D

2
66664

3
77775

X01

Y01

X02

Y02

2
66664

3
77775

þ

K 0 �K 0

0 K 0 �K

�2K 0 2K 0

0 �2K 0 2K

2
66664

3
77775

¼

�Fx1

�Fy1

0

0

2
66664

3
77775þ

0

M1G

0

M2G

2
66664

3
77775þ

M1Ex1 cos �þM1Ey1 sin �

M1Ey1 cos ��M1Ex1 sin �

M2Ex2 cos �þM2Ey2 sin �

M2Ey2 cos ��M2Ex2 sin �

2
66664

3
77775

þGp

X1ð��T1Þ

Y1ð��T1Þ

X2ð��T1Þ

Y2ð��T1Þ

2
66664

3
77775þGd

X01ð��T2Þ

Y01ð��T2Þ

X02ð��T2Þ

Y02ð��T2Þ

2
66664

3
77775
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The solution of the nonlinear
gas film forces

The DTM is for solving the differential equations
based on Taylor expansion.26 Due to its rapid conver-
gence rate and minimal calculation error, many scho-
lars have studied DTM and applied it to
engineering.27–29 In order to reduce the calculation
cost of solving the gas film forces of the self-acting
gas bearing with three-axial grooves by the iterative
method and improve the calculation accuracy, the
DTM is employed to solve nonlinear pressure distri-
bution of the gas film of the bearing.

The calculation coordinate for a gas journal bear-
ing with three-axial grooves is shown in Figure 2. Ob

is the center of the bearing, Oj is the center of the
journal, � is the groove width angle, � is the arc bush-
ing angle of each bearing bush, � is the location angle
of the pad which is calculated from negative y axis to
the leading edge of the first pad, ’ is the dimensionless
circumferential coordinate of the bearing which starts
from deviation line, f is the dimensionless angle
which is calculated from negative y axis to gas film
location, � is the dimensionless deviation angle, R is
the radius of bearing journal, h is the thickness of gas
film, fx and fy are the nonlinear gas film forces in the
negative directions of x and y axes, respectively, ! is
rotational speed, and B is the width of the bearing.

The dimensionless compressible gas Reynolds
equation is written as

@

@’
PH3 @P

@’

� �
þ
@

@�
PH3 @P

@�

� �

¼ �
@ðPHÞ

@’
þ 2�

@ðPHÞ

@�
ð5Þ

where � is the dimensionless axial coordinate of the
bearing, P ¼ p=pa is the dimensionless gas film

pressure, pa is the ambient pressure,

H ¼ 1þ " cosð	� �Þ is the dimensionless thickness

of gas film, " ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e2x þ e2y

q
=c is the dimensionless eccen-

tricity (eccentric ratio), ex and ey are the mass eccen-

tricities in the x and y directions, respectively, c is the

radial clearance of the bearing, � ¼ 6
!
pa

R
c

� �2
is the

bearing number, 
 is the gas dynamic viscosity, and
� ¼ !t is the dimensionless time.

The boundary conditions of the pressure distribu-
tion of the self-acting gas bearing with three-axial
grooves are

1. P~i ’¼�þð~i�1Þð�þ�Þ�� ¼ P~i ’¼�þ~i�þð~i�1Þ��� ¼ 1
������ ,

P~i ’, �
B
2R

� �
¼ 1(~i ¼ 1, 2, 3), where P~i is the dimen-

sionless pressure distribution of the ~ith pad, and B
2R

is the width-to-diameter ratio.

2. P~ið’, �Þ ¼ P~ið’, � �Þ,
@P~i

@�

���
�¼0
¼ 0.

By using the DTM, equation (5) can be trans-
formed as

3S�
@ �H

@’
�
@U

@’
þ T�

@2U

@’2

þ 3S�
@ �H

@�
�
@U

@�
þ T�

@2U

@�2

¼ 2�
@ �H

@’
� �Pþ 2�

@ �P

@’
� �H

þ 4�
@ �H

@�
� �Pþ 4�

@ �P

@�
� �H ð6Þ

bO

jOxf

yf

θ

x

ω

A

R

h

A

α

ξ

φ

y

β

12

3Bearing
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Journal
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2
=

2/B

z
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Figure 2. Calculation coordinate for the gas journal bearing with three-axial grooves.
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where operator � represents convolution

UðkÞ ¼ �P� �P ¼
Xk
j¼0

�Pðk� j Þ �Pð j Þ ð7Þ

where �P is the image function of P

SðkÞ ¼ �H� �H ¼
Xk
j¼0

�Hðk� j Þ �Hð j Þ ð8Þ

where �H is the image function of H

TðkÞ ¼ �H� �H� �H

¼
Xk
j¼0

�Hðk� j Þ
Xj
i¼0

�Hð j� iÞ �HðiÞ ð9Þ

By using the finite difference method to discretize
equation (6) with respect to 	 and �, and substituting
equations (7) to (9) into equation (6), the following
equation (10) can be obtained

3
Xk
j¼0

Sn,mðk� jÞ
Xj

i¼0

�Hnþ1,mðj�iÞ� �Hn�1,mðj�iÞ

2’

� 	

�
Unþ1,mðiÞ�Un�1,mðiÞ

2’

� 	
2
664

3
775

þ
Xk
j¼0

Tn,mðk� j Þ�

Unþ1,mð j Þ�2Un,mð j ÞþUn�1,mð j Þ

ð�’Þ2

� 	
2
4

3
5

þ 3
Xk
j¼0

Sn,mðk� j Þ
Xj

i¼0

�Hn,mþ1ðj�iÞ� �Hn,m�1ðj�iÞ

2�

� 	

�
Un,mþ1ðiÞ�Un,m�1ðiÞ

2�

� 	
2
664

3
775

þ
Xk
j¼0

Tn,mðk� j Þ

Un,mþ1ð j Þ�2Un,mð j ÞþUn,m�1ð j Þ

ð��Þ2

� 	
2
4

3
5

¼ 2�
Xk
j¼0

�Hnþ1,mðk� j Þ � �Hn�1,mðk� j Þ

2’

 !
�Pn,mð j Þ

" #

þ 2�
Xk
j¼0

�Pnþ1,mðk� jÞ � �Pn�1,mðk� jÞ

2’

 !
�Hn,mðjÞ

" #

þ 4�
Xk
j¼0

jþ 1

�

� �
�Hn,mðk� jÞ �Pn,mðjþ 1Þ


 �

þ 4�
Xk
j¼0

jþ 1

�

� �
�Pn,mðk� jÞ �Hn,mðjþ 1Þ


 �

ð10Þ

where �’ is the circumferential step, �� is the axial
step, i, j, and k are the respective transformation
orders k5j5ið Þ, and n and m represent the nodal
numbers of the element meshes, respectively.

The dimensionless nonlinear gas film forces of the
each pad can be obtained by integrating pressure dis-
tribution in the gas field of each pad. The gas film
force components of the ith pad can be expressed as
follows

F~ix¼�

Z B
2R

� B
2R

Z �þ~i�þð~i�1Þ���

�þð~i�1Þð�þ�Þ��

ðP~i�1:0Þsinð’þ�Þ
� 


d’d�

F~iy¼�

Z B
2R

� B
2R

Z �þ~i�þð~i�1Þ���

�þð~i�1Þð�þ�Þ��

ðP~i�1:0Þcosð’þ�Þ
� 


d’d�

8>>>>><
>>>>>:

ð11Þ

where Fix and Fiy are the dimensionless nonlinear gas
film force components of the ith pad acting on the
journal in the x and y directions.

The dimensionless nonlinear gas film force compo-
nents of the self-acting gas bearing with three-axial
grooves can be expressed as follows

Fx ¼ F1x þ F2x þ F3x

Fy ¼ F1y þ F2y þ F3y

�

A method to solve equation of system
based on the precise integration method

Since the precise integration method is only suitable
for solving the first-order differential equation, equa-
tion (4) is expressed in the following form

v0ð�Þ ¼ Hvð�Þ þ Rð�Þ ð12Þ

The following equations will be used in
transformation

vð�Þ ¼ ½XTð�Þ, pTð�Þ�T

pð�Þ ¼MX00ð�Þ þ CXð�Þ=2

H ¼
�M�1C=2 M�1

CM�1C=4� K �CM�1=2

" #

Rð�Þ ¼ ½0,ETð�Þ þGpX
Tð��T1Þ þGdðM

�1pð��T2Þ

�M�1CXð��T2Þ=2Þ
T
�
T

ð13Þ

If the system state is expressed as vð�kÞ at the kth
time step, then the system state vð�kþ1Þ at the (kþ 1)th
time step can be expressed as follows

vð�kþ1Þ ¼ T½vð�kÞ þH�1ðR0 þH�1R1Þ�

�H�1½R0 þH�1R1 þ R1��
ð14Þ

where � is the time step, �k ¼ k�, R0 ¼ Rð�kÞ,
T ¼ expðH�Þ, and R1 ¼ ½Rð�kþ1Þ � Rð�kÞ�=�.
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Because the control vectors GpXð� � T1Þ and
GdX

0ð� � T2Þ are related to the displacements prior
to T1 and the velocities prior to T2, respectively, the
vectors must be assigned continuously in the calcula-
tion procedure. The load vector Rð�kÞ therefore
becomes the key to solve the dynamical equation of
the system. The detailed calculation steps are listed as
follows

Selecting the appropriate time step �, and letting �,
T1, and T2 satisfy the following relations

� ¼ T1=l, � ¼ T2=p ð15Þ

where l and p are both positive integers. If l5 p,
the load vector of the system at the kth time step
is calculated and ½XTð�kÞ, p

Tð�kÞ�
T
¼ ½XT

k , p
T
k �

T is
assumed.

When k5 l� 1 and �ðkþ 1Þ5 �l ¼ T1,
Xð� � T1Þ ¼ 0 and Xð� � T2Þ ¼ 0 can be obtained.
The load vector is expressed as follows

Rð�kÞ ¼ 0,Eð�kÞ½ �
T

Rð�kþ1Þ ¼ ½0,Eð�kþ1Þ�
T

8<
: ð16Þ

When k ¼ l� 1 and �ðkþ 1Þ ¼ �l ¼ T1,
Xð� � T1Þ ¼ 0 and Xð� � T2Þ ¼ 0 can be obtained.
Assuming Xð�kþ1 � T1Þ ¼ X0, the load vector can be
expressed as follows

Rð�kÞ ¼ ½0,E
Tð�kÞ�

T

Rð�kþ1Þ ¼ ½0,E
Tð�kþ1Þ þ GpX

T
0 �

T

8<
: ð17Þ

When l4k5 p� 1 and T1 5 �ðkþ 1Þ5T2,
pð�kþ1 � T2Þ ¼ 0 and Xð�kþ1 � T2Þ ¼ 0 can be
obtained. The load vector is expressed as follows

Rð�kÞ ¼ ½0,E
T �kð Þ þ GpX

T
k�l�

T

Rð�kþ1Þ ¼ ½0,E
Tð�kþ1Þ þ GpX

T
k�lþ1�

T

8<
: ð18Þ

When k ¼ p� 1 and �ðkþ 1Þ ¼ T2,
pð�kþ1 � T2Þ ¼ p0 and Xð�kþ1 � T2Þ ¼ X0 can be
obtained. The load vector is expressed as follows

Rð�kÞ ¼ ½0,E
Tð�kÞ þ GpX

T
k�l�

T

Rð�kþ1Þ ¼ ½0,E
Tð�kþ1Þ þ GpX

T
k�lþ1

þGdðM
�1p0 �M�1X0C=2Þ

T
�
T

8>>>>><
>>>>>:

ð19Þ

When k5p and �ðkþ 1Þ5hp ¼ T2, pð�k � T2Þ ¼ p0
and Xð� � T2Þ ¼ X0 can be obtained. The load vector
is expressed as follows

Rð�kÞ ¼ ½0,E
Tð�kÞ þ GpX

T
k�l

þGdðM
�1pk�p �M�1Xk�pC=2Þ

T
�
T

Rð�kþ1Þ ¼ ½0,E
Tð�kþ1Þ þ GpX

T
k�lþ1

þGdðM
�1pk�pþ1 �M�1Xk�pþ1C=2Þ

T
�
T

8>>>>>>><
>>>>>>>:

ð20Þ

where the vectors such as Xk-l, Xk-p, and pk-p are
known at the kth step in calculation procedure. So,
Rð�kÞ can be assigned continuously and the responses
of the system can be obtained for each step. Similarly,
when l5 p, the calculation of the load vectors is simi-
lar to the preceding procedure. After the state vector
of the system at the (kþ 1)th time step is calculated,
the vectors of the system such as displacement and
velocity can be obtained.

In order to improve the accuracy and describe the
state of the system such as displacement and velocity
accurately at a given time, R1 is modified by
R1 ¼ ½Rð�kþ1Þ � Rð�kÞ�=�, after vð�kþ1Þ is calculated.

The modified vð�kþ1Þ is substituted back to vð�kþ1Þ,
iteration has to be implemented until max vjð�kþ1Þ

��
�vj�1ð�kþ1Þj4" is met (usually "¼ 10�8, j represents
iteration number), and the vjð�kþ1Þ of iterative calcu-
lation is assigned to the initial calculated vð�kþ1Þ, i.e.,
vjð�kþ1Þ ) vð�kþ1Þ.

Numerical examples and results

The parameters of the rotor and the gas bearing with
three-axial grooves are listed as follows: the diameter
of the shaft is 0.02m, the length of the shaft is 0.12m,
the mass eccentricities ex¼ey¼1.0�10

�5m, the width
of the bearing is 0.02m, the width-to-diameter ratio is
1.0, the bushing arc angle of the bearing is 115�, the
groove width angle of the bearing is 5�, the clearance
of the bearing is 3.0�10�5m, and the gas viscosity is
1.8� 10�5Pa�s.

When the time delays T1¼ 3.14 and T2¼ 8.36, the
feedback control gains Gp¼�19.6 and Gd¼�1.2,
Figure 3 shows the contrast diagrams of the motion
orbits, the time series of X and Y, and the phase dia-
grams of Y of the centers of the journal and the disk
with time delays and without time delays for rota-
tional speed !¼1350 rad/s. It can be seen that the cen-
ters of the journal and the disk both behave as
periodic motions with time delay control and without
time delay control. The curves of the centers of the
journal and the disk without time delays control
envelop the curves of the centers of the journal and
the disk with time delays control completely. If time
delays control is exerted on the system, the vibration
amplitudes in X and Y directions are both reduced
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(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

Figure 3. When the time delays T1¼ 3.14 and T2¼ 8.36, the feedback control gains Gp¼�19.6 and Gd¼�1.2, the contrast dia-

grams of the motion orbits, the time series of X and Y, and the phase diagrams of Yof the centers of the journal and the disk with time

delays and without time delays for rotational speed !¼ 1350 rad/s. (a) The contrast diagram of the motion orbit of the journal center.

(b) The contrast diagram of the motion orbit of the disk center. (c) The contrast diagram of the time series of X1 of the journal center.

(d) The contrast diagram of the time series of Y1 of the journal center. (e) The contrast diagram of the time series of X2 of the disk

center. (f) The contrast diagram of the time series of Y2 of the disk center. (g) The contrast diagram of the phase diagram of Y1 of the

journal center. (h) The contrast diagram of the phase diagram of Y2 of the disk center.

Zhang et al. 7

 at PENNSYLVANIA STATE UNIV on September 15, 2016pic.sagepub.comDownloaded from 

http://pic.sagepub.com/


XML Template (2014) [7.2.2014–4:49pm] [1–12]
//blrnas3/cenpro/ApplicationFiles/Journals/SAGE/3B2/PICJ/Vol00000/140026/APPFile/SG-PICJ140026.3d (PIC) [PREPRINTER stage]

(a) (c)

(d)
(b)

Figure 4. When time delays are: (1) T1¼ 3.14 and T2¼ 8.36, (2) T1¼ 2.09 and T2¼ 8.36, and feedback control gains are Gp¼�19.6

and Gd¼�1.2, the contrast diagrams of the motion orbits and the phase diagrams of Y of the centers of the journal and the disk for

rotational speed !¼ 1350 rad/s. (a) The contrast diagram of the motion orbit of the journal center. (b) The contrast diagram of the

motion orbit of the disk center. (c) The contrast diagram of the phase diagram of Y1 of the journal center. (d) The contrast diagram of

the phase diagram of Y2 of the disk center.

(a)

(b) (d)

(c)

Figure 5. When feedback control gains are: (1) Gp¼�19.6 and Gd¼�1.2, (2) Gp¼�4 and Gd¼�1.2, (3) Gp¼�4 and Gd¼�0.5,

and time delays are T1¼ 3.14 and T2¼ 8.36, the contrast diagrams of the motion orbits and the phase diagrams of Y of the centers of

the journal and the disk for rotational speed !¼1350 rad/s. (a) The contrast diagram of the motion orbit of the journal center. (b) The

contrast diagram of the motion orbit of the disk center. (c) The contrast diagram of the phase diagram of Y1 of the journal center.

(d) The contrast diagram of the phase diagram of Y2 of the disk center.
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and the vibration is located close to the axis of the
centers of the journal and the disk.

When time delays are: (1) T1¼ 3.14 and T2¼ 8.36,
(2) T1¼ 2.09 and T2¼ 8.36, and feedback control
gains are Gp¼�19.6 and Gd¼�1.2, Figure 4 shows
the contrast diagrams of the motion orbits and the
phase diagrams of Y of the centers of the journal
and the disk for rotational speed !¼ 1350 rad/s. It
can be seen that the centers of the journal and the
disk both behave as periodic motions and time
delays have effects on the amplitude of the rotor.
When the appropriate actuators and sensors are
selected, the time delays system has appropriate time
delays, the rotor system becomes more stable and the
amplitude becomes smaller.

When feedback control gains are: (1) Gp¼�19.6
and Gd¼�1.2, (2) Gp¼�4 and Gd¼�1.2, (3)
Gp¼�4 and Gd¼�0.5, and time delays are
T1¼ 3.14 and T2¼ 8.36, Figure 5 shows the contrast
diagrams of the motion orbits and the phase diagrams
of Y of the centers of the journal and the disk for
rotational speed !¼ 1350 rad/s. It can be seen that
the amplitude of the centers of the rotor are small
and more stable when the time delays are the same
and the feedback control gains are Gp¼�19.6 and
Gd¼�1.2.

When the time delay T1¼ 2.09 and T2¼ 3.66, the
feedback control gain Gp¼�4 and Gd¼�1.2, Figure
6 shows the contrast diagrams of the motion orbits
and the phase diagrams of Y of the centers of the
journal and the disk with time delays and without
time delays for rotational speed !¼ 1350 rad/s. It
can be seen that the vibration amplitude of the
system with time delays is increased, and the feedback
control gains have important effects on the stability of
the system. When the chosen feedback control gains
match the time delays of the system, the amplitude of
the responses of the system with time delays control is
reduced and the motion is more stable. When
the chosen feedback control gains do not match
the time delays of the system, the amplitude of the
responses of the system with time delays control is
increased and the shaft may impact the inside of the
bearing.

Conclusions

The dynamic equation of a flexible rotor system sup-
ported on the gas-lubricated bearings with three-axial
grooves is modeled by taking the effect of the dis-
placement time delay and the velocity time delay
on the dynamic performance of the system

(a)

(b) (d)

(c)

Figure 6. When the time delay T1¼ 2.09 and T2¼ 3.66, the feedback control gains Gp¼�4 and Gd¼�1.2, the contrast diagrams of

the motion orbits and the phase diagrams of Y of the centers of the journal and the disk with time delays and without time delays for

rotational speed !¼ 1350 rad/s. (a) The contrast diagram of the motion orbit of the journal center. (b) The contrast diagram of the

motion orbit of the disk center. (c) The contrast diagram of the phase diagram of Y1 of the journal center. (d) The contrast diagram of

the phase diagram of Y2 of the disk center.
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into consideration. The pressure distribution of the
nonlinear gas film forces of the bearing with three-
axial grooves is solved by the DTM. The nonlinear
dynamic responses of the gas bearing-rotor system
with time delays are calculated by the proposed
method based on the precise integration method.
The vibration amplitudes of the system with time
delays and without time delays are compared and
the effect of the feedback control gains on the
system is analyzed.

1. To improve the calculation accuracy and reduce
the calculation cost of solving the nonlinear
dynamic responses of the gas bearing-rotor
system, the DTM is employed to solve pressure
distribution of the nonlinear gas film.

2. Based on the precise integration method, the non-
linear dynamic responses of a rotor system sup-
ported on the self-acting gas-lubricated bearings
with three-axial grooves are obtained. The orbit
diagrams, the time series, and the phase diagrams
are employed to investigate the nonlinear unba-
lanced responses of the system.

3. The feedback control gains have important effects
on the stability of the rotor system supported by
self-acting gas-lubricated bearing with three-axial
grooves. When the chosen feedback control gains
match the time delays of the system, the vibration
amplitude of the dynamic responses of the system
becomes small, the motion is more stable and the
good control effect can be achieved.
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Appendix 1

Notation

B width of the bearing
c radial clearance of the bearing
c damping matrix
d damping coefficient of the shaft
e(t) excitation force vector
ex1, ey1 unbalanced mass eccentricities of the

rotor in the x and y directions at

the bearing station
ex2, ey2 unbalanced mass eccentricities of

the rotor in the x and y directions at the

disk station
E elastic modulus
f nonlinear gas film force vector
fx1, fy1 nonlinear gas film forces acting on the

rotor in the x and y directions at left

bearing station
F~ix,F~iy dimensionless nonlinear gas film forces

components of the ith pad in the x and

y directions (~i¼ 1, 2, 3)

Fx, Fy dimensionless nonlinear gas film forces
components of the self-acting gas-
lubricated bearing with three-axial
grooves

g acceleration of gravity
gd _xðt� t2Þ control force vector corresponding to

the speed
gpxðt� t1Þ control force vector corresponding to

the displacement
Gd, Gp feedback control gains corresponding

to the speed and the displacement
H dimensionless thickness of gas film
�H image function of H
I equatorial moment of the inertial of the

rotor
k stiffness coefficient of the shaft
k stiffness matrix
l distance between the centers of the two

bearings
m mass matrix
m1, m2 masses lumped to the journal and the

disk respectively
Ob center of the bearing
Oj center of the journal
O1, O3 geometric centers of the gas bearing
O2 geometric centre of the disk
pa ambient pressure
P dimensionless gas film pressure
Pi pressure distribution of the ith pad
�P image function of P
q unbalance force vector
R radius of bearing journal
R(�k) load vector
S(k) convolution of �H and �H
T(k) convolution of I(n) and �H
t1, t2 values of time delays corresponding to

the displacement control and the speed
control

T1, T2 dimensionless values of time delays
corresponding to the displacement
control and the speed control

U(k) convolution of �P and �P
v(�k) system state vector at the kth time step
w weight vector
x displacement vector
x1, y1 displacements of the journal center in

the x and y directions
x2, y2 displacements of the rotor center at disk

station in the x and y directions

� arc bushing angle of each bearing bush
� location angle of the pad which is cal-

culated from negative y axis to the
leading edge of the 1th pad

� material coefficient (�¼ 0.00193)
� time step
�� axial step
�’ circumferential step
" dimensionless eccentricity ratio
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� deviation angle
� dimensionless axial coordinate of the

bearing
bearing number


 gas dynamic viscosity
� groove width angle
� dimensionless time
	 angle which is calculated from negative

y axis to gas film location
’ dimensionless circumferential coordi-

nate of the bearing which starts from
deviation line

! rotating speed of the rotor
� convolution
^ bearing number

Appendix 2

Dimensionless variables are as follows

D d!c=paR
2

Exi

exi
c

Eyi

eyi

c
Fx1 fx1=paR

2

Fy1 fy1=paR
2

G
g

!2c
Gd gd!c=paR

2

H 1þ " cosð	� �Þ

K kc=paR
2

P p=pa

Ti !ti (i¼ 1,2)

X
x

c
X00

€x

!2c

Y
y

c

X00
€y

!2c

"
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e2x þ e2y

q
=c

� !t
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