
ON THE MATRICES OF CENTRAL LINEAR MAPPINGSHans Havli
ek, Wien(Re
eived . . . . . . . . . . . . . . . . . . . . . )Summary. We show that a 
entral linear mapping of a proje
tively embedded Eu-
lidean n-spa
e onto a proje
tively embedded Eu
lidean m-spa
e is de
omposable into a
entral proje
tion followed by a similarity if, and only if, the least singular value of a
ertain matrix has multipli
ity � 2m� n+ 1. This matrix is arising, by a simple manip-ulation, from a matrix des
ribing the given mapping in terms of homogeneous Cartesian
oordinates.Keywords: linear mapping, axonometry, singular values.AMS 
lassi�
ation: 51N15, 51N05, 15A18, 68U05.1 Introdu
tionA linear mapping between proje
tively embedded Eu
lidean spa
es is 
alled 
entral,if its ex
eptional subspa
e is not at in�nity. Su
h a linear mapping is in generalnot de
omposable into a 
entral proje
tion followed by a similarity. Ne
essary andsuÆ
ient 
onditions for the existen
e of su
h a de
omposition have been given in[4℄ for arbitrary �nite dimensions; 
f. also [1℄, [2℄, [3℄. However, those resultsdo not seem to be immediately appli
able on a 
entral axonometry, i.e., a 
entrallinear mapping given via an axonometri
 �gure. On the other hand, in a seriesof re
ent papers [5℄, [6℄, [7℄ this problem of de
omposition has been dis
ussed for
entral axonometries of the Eu
lidean 3-spa
e onto the Eu
lidean plane from anelementary point of view1.Loosely speaking, the 
on
ept of 
entral axonometry is a geometri
 equivalentto the algebrai
 
on
ept of a 
oordinate matrix for a linear mapping of the underly-ing ve
tor spa
es. However, from the results in [2℄ and [4℄ it is also not immediatewhether or not a given matrix des
ribes (in terms of homogeneous Cartesian 
o-ordinates) a mapping that permits the above-mentioned fa
torization. The aim ofthis 
ommuni
ation is to give a 
riterion for this.Let I, J be �nite-dimensional Eu
lidean ve
tor spa
es. Given a linear mappingf : I ! J denote by fad : J ! I its adjoint mapping. Then fad Æ f is self-adjointwith eigenvalues v1 � � � � � vr > vr+1 = � � � = vn = 0:Here r equals the rank of f and n = dim I. Moreover, ea
h eigenvalue is writ-ten down repeatedly a

ording to its multipli
ity2. The positive real numberspv1; : : : ;pvr are frequently 
alled the singular values of f . The multipli
ity ofa singular value of f is de�ned via the multipli
ity of the 
orresponding eigenvalueof fad Æ f . It is immediate from the singular value de
omposition that f and fadshare the same singular values (
ounted with their multipli
ities). See, e.g., [8℄.These results hold true, mutatis mutandis, when repla
ing f by any real matrix,say A, and fad by the transpose matrix AT.1A lot of further referen
es 
an be found in the quoted papers.2For a self-adjoint mapping the algebrai
 and geometri
 multipli
ities of an eigenvalue areidenti
al. Hen
e we may unambiguously use the term `multipli
ity'.1



2 De
ompositionsWhen dis
ussing 
entral linear mappings it will be 
onvenient to 
onsider Eu
lideanspa
es embedded in proje
tive spa
es. Thus let V be an (n + 1)-dimensional realve
tor spa
e (3 � n <1) and I one of its hyperplanes. Assume, furthermore, that Iis equipped with a positive de�nite inner produ
t (�) so that I is a Eu
lidean ve
torspa
e. In the proje
tive spa
e on V, denoted by P(V), we 
onsider the proje
tivehyperplane P(I) as the hyperplane at in�nity. The absolute polarity in P(I) isdetermined by the inner produ
t on I. Hen
e P(V)nP(I) is a proje
tively embeddedEu
lidean spa
e3. Similarly, let P(W) n P(J) be an m-dimensional proje
tivelyembedded Eu
lidean spa
e (2 � m < n <1). Given a linear mappingf : V !W (1)of ve
tor spa
es then the asso
iate (proje
tive) linear mapping� : P(V) n P(ker f)! P(W), IRx 7! IR(f(x)) (2)has P(ker f) as its ex
eptional subspa
e. In the sequel we shall assume thatker f 6� I and f(V) =W; (3)or, in other words, that � is 
entral and surje
tive4. Obviously, (3) is equivalent tof(I) =W: (4)We re
all some results [2℄, [4℄: If T is any 
omplementary subspa
e of ker f inV, then denote by  T : P(V) n P(ker f)! P(T) (5)the proje
tion with the ex
eptional subspa
e P(ker f) onto P(T). The restri
tedmapping �T := � j P(T) : P(T)! P(W) (6)is a 
ollineation and � = �T Æ  T; (7)every de
omposition of � into a proje
tion and a 
ollineation is of this form. In theEu
lidean ve
tor spa
e I we have the distinguished subspa
eE := f�1(J) \ I: (8)Write fE : E! J, x 7! f(x); (9)this fE is well-de�ned and surje
tive, sin
e E � f�1(J) and kerf 6� E. Thesubspa
e T 
an be 
hosen with �T being a similarity if, and only if, the leastsingular value of fE has multipli
ity5 � 2m� n+ 1.Next, we assume that P(T) 6� P(I) is orthogonal to P(ker f). This meansthat (T \ I)? � ker f \ I or (T \ I)? � kerf \ I. Hen
e  T is an orthogonal
entral proje
tion6. It is easily seen from [2℄ that � permits a de
omposition intoan orthogonal 
entral proje
tion followed by a similarity if, and only if, all singularvalues of fE are equal.3We do not endow this spa
e with a unit segment.4This assumption of surje
tivity is made `without loss of generality' in most papers on thissubje
t. It will, however, be essential several times in this paper.5In [2, Satz 10℄ this multipli
ity is printed in
orre
tly as 2m � n� 1.6The 
entral proje
tions used in elementary des
riptive geometry are trivial examples of or-thogonal 
entral proje
tions. 2



Finally, we are going to show that the 
ru
ial properties of fE 
an be read o�from another mapping: Denote by p : I! E (10)the orthogonal proje
tion with the kernel E? � I. Then(fE Æ p) Æ (fE Æ p)ad = fE Æ p Æ pad Æ (fE)ad = fE Æ (fE)ad; (11)sin
e pad is the natural embedding E ! I. Thus, by (11) and the results statedin Se
tion 1, fE and (fE Æ p)ad have the same singular values (
ounted with theirmultipli
ities). Hen
e, by the surje
tivity of fE and (11), all singular values of fEare equal if, and only if, there exists a real number v > 0 su
h that(fE Æ p) Æ (fE Æ p)ad = v idJ: (12)We shall use this in the next se
tion.3 A matrix 
hara
terizationIntrodu
ing homogeneous Cartesian 
oordinates in P(V) is equivalent to 
hoosinga basis fb0; : : : ;bng of V su
h that fb1; : : : ;bng � I is an orthonormal system.The origin is given by IRb0 and the unit points are IR(b0+b1); : : : ; IR(b0+bn). Inthe same manner we are introdu
ing homogeneous Cartesian 
oordinates in P(W)via a basis f
0; : : : ; 
mg.Theorem 1 Suppose that f : V !W is indu
ing a surje
tive 
entral linear map-ping � a

ording to formula (2). LetA = 0B� a00 � � � a0n... ...am0 � � � amn 1CA (13)be the 
oordinate matrix of f with respe
t to bases of V and W that are yieldinghomogeneous Cartesian 
oordinates. Writeai := (ai1; : : : ; ain) 2 IRn for all i = 0; : : : ;m (14)and eA := 0B� a1 � a0�a1a0�a0 a0...am � a0�ama0�a0 a0 1CA : (15)Then the following assertions hold true:1. � is de
omposable into a 
entral proje
tion followed by a similarity if, and onlyif, the least singular value of the matrix eA has multipli
ity � 2m� n+ 1.2. � is de
omposable into an orthogonal 
entral proje
tion followed by a similarityif, and only if, there exists a real number v > 0 su
h thateA eAT = diag (v; : : : ; v): (16)Proof. We read o� from the top row of A thata00x0 + � � �+ a0nxn = 03



is an equation of f�1(J) 6= I so that a0 � a0 6= 0. Write ef : I ! J for the linearmapping whose 
oordinate matrix with respe
t to fb1; : : : ;bng and f
1; : : : ; 
mgequals eA. A straightforward 
al
ulation shows thatef(x) = f(x) for all x 2 Eand ef(a01b1 + � � �+ a0nbn) = 0;i.e., E? � ker ef . Thus ef equals the mapping fE Æ p dis
ussed above. Now the proofis 
ompleted by translating formulae (11) and (12) into the language of matri
es.We remark that (3) and the linear independen
e of a1; : : : ; am are equivalent
onditions.In 
ontrast to the results in [5℄, [6℄, [7℄, the �-image of the origin IRb0 does notappear in our 
hara
terization. On the other hand, we havef(E?) = IR((a0 � a0)
0 + � � �+ (a0 � am)
m):In proje
tive terms this 1-dimensional subspa
e of W gives the prin
ipal point ofthe mapping �. Exa
tly if the prin
ipal point of � equals the origin IR
0, then eAarises from A merely by deleting the top row and the leading 
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