
ISIT 2003, Yokohama, Japan, June 29 { July 4, 2003Bit Error Rate Estimation for Turbo DecodingNick Letzepis1 and Alex GrantInstitute for Telecommunications ResearchUniversity of South Australia, Australiae-mail: fnickl, alexg@spri.levels.unisa.edu.auAbstract | We propose a method for on-line es-timation of the Bit Error Rate (BER) during turbodecoding. I. SummaryThe Gaussian assumption has been widely used in analyz-ing the convergence behavior of Turbo codes. In [1], thisassumption is used to characterize convergence behavior interms of the extrinsic Signal-to-Noise ratio. Density Evolu-tion [2] found that a symmetry assumption in addition to theGaussian assumption gave more accurate convergence results.Using EXIT charts [3], one can predict the BER at a giveniteration, by imposing a Gaussian assumption.Denote the log likelihood ratio (LLR) for bit kas �(k) = log (Pr (bk = 1) =Pr (bk = 0)). Let � =f�(0); : : : ; �(k); : : : �(N � 1)g be a sequence of N LLRs. Wemodel the LLRs unconditioned on the data bit as a mixtureof two Gaussian random variables, f�(k)(x) = 12 N ��; �2� +12 N ���; �2�. By estimating � and � the BER can be esti-mated by calculating the cross over area of the conditionaldensities of the LLRs (from the decoder output). We consid-ered two approaches, �rst assuming no relationship between� and �, then we impose a symmetry assumption �2 = 2�.The log likelihood function of the sequence � is,ln f�(�; �;�2) = �N ln �2p2��2�� N�22�2 � N�1Xk=0 �2(k)2�2 + N�1Xk=0 ln�2 cosh��(k)��2 �� (1)Partial di�erentiating(1) and using the large x approxima-tion x tanh(x) � jxj we derived estimates for � and �:�̂ = Ê [j�j] (2)�̂2 = Ê �j�j2�� �̂2 (3)where Ê �j�j2� = 1N PN�1k=0 j�(k)j2 and Ê [j�j] =1N PN�1k=0 j�(k)j. Note (2) has already been used (somewhatarbitrarily) for convergence analysis without the above moti-vation or derivations.Using the assumption �2 = 2� (also used in [2, 3]), from (1)the ML estimator can be determined:�̂ = �1 +q1 + Ê [j�j2] (4)We found that the assumption �2 = 2� gave a better ap-proximation for the error tails which is more important forBER estimation. Thus using (4) to estimate �, and � = p2�we �nd the following \Gaussian Assumption Model MaximumLikelihood" (GAMML) estimate,P̂b = 12 erfc�pj�̂j=2� (5)1This work was supported by DSpace Pty Ltd and theAustralian Government under ARC Grant LP0219304.

Since P̂b is a function of �̂ its Cramer-Rao bound (CRB) isvar[P̂b] � �1 + � exp(��=2)8�N (6)
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1.5 dB IterationBERFig. 1: Measured BER (solid) compared to GAMML (dashed) andHLS (dot-dashed) estimates for a turbo code (Gr ; G) = (7;5).We compared the GAMML estimator to that of MethodTwo of [4] (which we label HLS). The performance of GAMMLdepends on how well the LLRs �t the Gaussian model. ForLLRs that perfectly �t the Gaussian mixture model (withsymmetry) the GAMML estimator achieves the CRB (it isthe ML estimator in this case). When APP decoding of aconvolutional code, the LLRs become less Gaussian and theGAMML estimator becomes biased and strays away from theCRB but still out-performs HLS. For turbo decoding (Fig. 1),the Gaussianity of the LLRs varies between iterations and itbecomes di�cult to compare the performance of the two es-timators. The GAMML estimator tends to have estimatescloser to the average BER but su�ers from a larger bias at theerror 
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oor region.References[1] H. El Gamal and A. R. Hammons Jr., \Analyzing the turbo de-coder using the Gaussian approximation," IEEE Trans InformTheory, vol. 47, no. 2, Feb 2001, pp. 671 { 686.[2] D. Divsalar, S. Dolinar, and F. Pollara, \Iterativeturbo decoderanalysis based on density evolution," IEEE Select Areas InCommun, vol. 19, no. 5, May 2001, pp. 891 { 907.[3] S. ten Brink, \Convergence behavior of iteratively decoded par-allel concatenated codes," IEEE Trans Commun, vol. 49, no.10, Oct 2001, pp. 1717 { 1737,[4] P. Hoeher, I. Land, and U. Sorger, \Log-likelihood values andmonte carlo simulations - some fundamental results," 2nd IntSymp on Turbo Codes and Related Topics, 2000, pp. 43 { 46.


