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ABSTRACT

The present paper is a continuation of the paper by Holopairien and Nurmi (1979), in which an
example of a scale-interaction study employing a horizontal filtering technique was reported.
Here we apply the same technique to large material (upper wind observations at 300 mb from the
British Isles in 1961-65) to investigate some statistical properties of the horizontal “sub-grid” (L
< L, ~ 400 km) force A”. To illustrate the effect qualitatively the technique is also applied to
some schematic flow patterns.

The results show that A¥ cannot be parametrized in terms of the smoothed flow with
expressions (Fickian scheme, Smagorinsky’s (1963) scheme, Leith’s (1969) scheme) commonty
used in the numerical models for the lateral frictional force.

The mean effect of A¥ on the kinetic energy of the smoothed flow (“lateral dissipation™) turns
out to be practically zero, whereas all the three parametrization schemes indicate an energy
cascade from resolved to unresolved scales. The correlation between the 3464 instantaneous

values of observed and parametrized “dissipation” is almost zero.

1. Introduction

In a recent article, the present authors
(Holopainen and Nurmi, 1979; hereafter referred
to as A) investigated the effects of horizontal
unresolved processes in one particular synoptic
case. A horizontal filtering technique was used for
splitting the observed flow pattern, analyzed with
the aid of ordinary upper-air data from the data-
rich area of Northern Europe, into a large-scale
component and a small-scale component, the
dividing wavelength being about 400 km. It was
found that in this case the smoothed (large-scale)
flow was actually accelerated by the smaller-scale
motions, whereas the expressions normally used for
parametrization of these processes all gave a
decelerating effect.

As a logical continuation of A, we in this paper
make use of a large number of atmospheric situ-
ations and examine the statistics of the small-scale
force and its effect on the kinetic energy of the
large-scale flow. As in A we also here compare the
small-scale effects obtained from observations with
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the corresponding quantities obtained by the differ-
ent parametrization schemes.

In Section 2 we repeat from A the general
expression for the horizontal force due to unresol-
ved scales, and also the corresponding formulas
from the commonly used parametrization methods.
The filter used is described in Section 3. In Section
4 we apply these formulas and the filter to certain
simple, schematic flow patterns in order to have
some qualitative feeling about the forces under
study. The results from the real data analysis are
presented in Section 5.

2. General expressions for sub-grid forcing
and some parametrization formulae

The balance equation of an arbitrary quantity s
can, with pressure as a vertical coordinate, be
written in the form (for more detailed discussion,
see A):
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where S is the intensity of the source of s. For a
smoothed (filtered) field §, (1) can be written as
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where

A, =AY + 4 3

when
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Equation (2) for the smoothed flow is exactly the
same as (1) for the unsmoothed flow except that
every quantity in (1) is replaced by the corre-
sponding smoothed quantity and a new term A4,
appears representing the net effect of unresolved
(sub-grid) scales (L < L,) on the resolved scales (L
> L), the “grid scale” L, depending upon the filter
used (see Section 3).

When the above general expression is applied to
the horizontal momentum, we get from (4) for the
components of the force due to horizontal sub-grid
scale motions the expressions
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In the following, the right-hand side of (6) is
evaluated from observations. Therefore, A and
AX may be referred to as the components of the
“observed” horizontal frictional force A¥ = A%[
+ A% ).

The following three formulations are perhaps the
most common among those used in numerical
models to represent the force due to the sub-grid
scale horizontal processes:

(a) AH: Fickian formulation

A =a, Vi (72)
AR =a,V*§ (7b)
where a, = constant
(b) AY: Smagorinsky’s (1963) formulation
é d
A8 = q |\— (DD,) + — (DD (8a)
) s( g™ (DDy) P ( s))
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Ak =ag (—a;- (DDg) — 3}; (DD,)) (8b)
where
o4 o o6 ol
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ox oy ox Oy
D= (D% + Di)y?
and ag is a constant.
(c) AH: Leith’s (1969) formulation
AR =a, VIV 4 (9a)
AR =q,IV2IV3{ (9b)
where
o6 ol .
= — ——and g, is a constant.
ox oy

If the filtered velocity field is known, the
direction of A, A¥ and A can be determined
without specification of the numerical values a,,
agand a,.

Our purpose with this paper is to discuss, on the
basis of real data, the characteristics of the
“observed” A¥ and its relationship with AY, A¥
and A¥,

3. The filter

The filter used here is the same as employed in
A. Assuming that the original fields are given in a
regular two-dimensional grid, our filter is given by
the weights:

th % h ok ok
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The extent to which a function of the form
Celtkx+k?) is affected by the filter (in the case of
Ax = Ay = 67 km) is seen in Fig. 1. It is noticed
that the filter is essentially quasi-isotropic. The
response function is 0.5 at the wavelength of 370
km. We may thus say that the “grid scale”
determined by the filter is L, ~ 400 km (this filter
“grid scale” should not be mixed with Ax = Ay =
67 km mentioned above!). In the subsequent
analysis, the separation wavelength between resol-
ved (explicit) and unresolved (“sub-grid”) scales is
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Fig. 1. The wave number response of the filter used.

thus L, ~ 400 km, which roughly corresponds to
the resolution, with which the atmospheric large-
scale flow can be described from observations over
most parts of the globe now and in the future.

4. The force A¥ in some schematic flow
patterns

Before studying the horizontal “frictional” force
AHY on the basis of real data, it is illustrative to
examine its characteristics in some simple,
schematic flow patterns. Fig. 2 shows four hypo-
thetical streamline patterns and the fields of A{f and
A% the fields of A¥ and A¥ are almost identical to
those of A% and are therefore not shown.

The first flow pattern (case a) describes a strong
westerly jet stream with a confluent/diffluent
character in the western/eastern part of the area
and with a maximum speed of ca. 80 m s~!. In this
case A}l is determined mainly by the longitudinal
“stresses” it — 4. In the diffluence area the effect
of AY is clearly seen to be acceleration of the
smoothed flow (as already demonstrated in the
case study reported in A), whereas in the con-
fluence area the situation is quite the opposite. In
the diffluence area the “Fickian” force A acts in
an opposite direction to A (as was the case in A),
while in the confluence area their effects are quite
similar. The situation in the center of the area cor-
responds to a case of a straight zonal jet. We notice
that here Af = 0 while AY has a definite
decelerating effect on the jet.

1.2 1.4 Ky
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The second example (case b) in Fig. 2 represents
a westerly jet stream with a sharp trough of
meridional orientation in the center of the area. The
filtering effectively takes away this trough while
leaving the flow field elsewhere practically un-
touched. In the western and eastern parts of the
area A is, accordingly, practically zero. The main
contribution to the relatively large values of AY
(=A%J) in the center meridian comes from the
“stress” v — 00, which has its maximum at the
latitude of the jet core. The field of A¥ is again seen
to be completely different from that of A¥. A small
modification of this example is obtained by
specifying the zonal wind component as a constant
everywhere; in this case we would get zero value
for Af, but not for A, in the whole area.

The next example (case c) represents a broad
trough in a flow which has diffluence/confluence
features in the western/eastern part of the area. The
resulting field of A¥ can be qualitatively under-
stood as a combination of the features in cases (a)
and (b). The magnitude of A¥ is, however, much
smaller than in the previous situations. This results
from the fact that the total flow is already relatively
smooth.

The last schematic flow pattern (case d) in Fig. 2
represents a circular low. The “observed” force A¥
is in this case directed outwards from the centre.
The physical explanation of this is that the centri-
fugal force which can be described by the
smoothed flow is smaller than the smoothed
centrifugal force (P?/R < V*/R, where R = the
distance from the center of the low) and, accor-
dingly, the difference has to appear as an outward-
directed “sub-grid scale” force in the equations of
motion for the smoothed flow. The Fickian force
AH has a decelerating effect on the mean flow and
is completely uncorrelated with AZ.

In light of the above schematic examples, it can
be expected that also in real data study, reported in
the next section, correlation between A{ and the
different parametrizations A%, A¥ and AY may not
be very high.

5. Results obtained using real data

5.1. Data and the method of analysis

Calculations of A} should of course be prefer-
ably done from data of high horizontal resolution
but we do not have such data at our disposal. How-
ever, over the European area with a good network
of upper-air stations, the horizontal analyses made
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Fig. 2. The sub-grid scale force A¥ and the Fickian force AY in some schematic flow patterns. In each of the case
a—d, the figure to the left shows the stream function for the total flow (continuous line} and for the smoothed flow
(dashed line). The figure in the middle shows A¥ (scale given in 10~* m s~2) and that to the right A¥ (scale arbitrary).

The rectangular area is ca. 1000 km x 500 km.

from ordinary upper-wind observations certainly
contain (in contrast to areas with a sparse network
of stations) a lot of information about the scales
smaller than 400 km. It is therefore of interest to
see what kind of effect on the smoothed flow is
exerted by these features, which admittedly are
only a part of the total “sub-grid” scale phenomena
in the case of L, ~ 400 km.

The data used here are the twice-daily wind
observations at 300 mb for the period 1961-65
from the six upper-wind stations seen in Fig. 3. The
number of synoptic cases with complete obser-
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vations at all six stations during this period was
3464.

The analysis of the horizontal variation of the
wind components was done by fitting a second-
order polynomial to the observations at the
stations. The values of the polynomials, inter-
preted to represent the total flow, were read off at
the points seen in Fig. 3 and smoothed by the filter
discussed earlier, whereafter the “stresses” i —
4, iy — 40, Gv — 06, the “observed” force A} and
the direction of A, A¥ and AY could be deter-
mined.
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Fig. 3. The network of aerological stations and the grid
used in calculations.

5.2. Stresses itu — 6, uv — by v — 60

Primary quantities in the calculations of the
“observed” force A (see Eq. (6)) are the quantities
e — dd, 4v — 46 and v — 56 (which formally cor-
respond to the Reynolds’ stresses wLuwv, vt in
the classical discussions of turbulence). The
statistics of these “stresses”, as calculated from our
material, do not vary very much in the area of Fig.
3. Therefore, they are in Table 1 given only for one
grid point.

Considering first the mean values we notice a
kind of isotropy: those of it — i and 60 — OO are
of the same order of magnitude while that of &b —
4¥ is practically zero. The standard deviations of
all three “stresses” are rather similar, which means
that in most synoptic situations there is no iso-
tropy present. The large values of the standard
deviations further mean that in many cases also i
— 44 and o — 5 are negative, which of course is
never the case with the corresponding classical
Reynolds’ stresses.

A point of some interest in Table 1 is that both
the mean value and standard deviation of 60 — 07
are slightly larger than those of #u — #d. This
means that the smoothing has a larger effect on the
meridional than on the zonal wind component. In
other words there is more energy in the meridional
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Table 1. Mean values and standard deviations
(SD) of the horizontal “stresses” during 1961-65
Jor the central grid point in Fig. 3. Units: m? s~2

tu — d4d v — af oo — 60
Mean 1.0 -0.2 9.0
SD 8.4 7.2 11.6

than in the zonal component in the unfiltered fields
at high wave numbers.

5.3. Observed and simulated forces and their
correlations

In this section we will consider, componentwise,
the time-mean values, standard deviations and
mutual correlations of the forces Ay, A%, A¥ and
A%, In order to be able to compare A with AH, A¥
and AY (without entering the discussion of the
coefficients a,, ag and q, in egs. (7)-(9)) we have
scaled the latter quantities in such a way that their
RMS (root mean square) values, when combining
both components, is the same as that of AY. This
scaling affects the mean values and SD values but
not the correlation coefficients.

In order to see better the effect of calculated
forces we consider them in a “natural” coordinate
system, in which any vector is split into compo-
nents parallel and normal to V.

Considering first the characteristics of Af we
notice from Table 2 that its time-mean value is
practically zero. Its typical magnitude in instan-
taneous cases, judged from the SD values, corre-
sponds to a force caused, through the coriolis
effect, by a velocity of about 0.5 ms™!, and is thus
rather small. It is probably an underestimate of the
magnitude of the true force AX because our data
contain only a part of the features at scales smaller
than L,.

Considering now A¥, A¥ and A} we observe
from Table 2 that all of them have a large negative
mean parallel component (which means a
decelerating effect on the smoothed flow), whereas
the mean normal component is close to zero.

The most interesting question concerning Af, AY
and A¥ is, of course, how well they simulate the
day-to-day variation of AY. This can be partially
answered with the aid of the correlation matrix seen
in Table 3. It is apparent that these three
expressions correlate relatively well with each other
but have practically nothing to do (correlation coef-
ficients ~0.1) with the corresponding components
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Table 2. Mean values and standard deviations
(SD) of the “observed” force A¥ (in 107> m s7%)
and the corresponding values obtained by the three
parametrization schemes. The latter values are
scaled so as to give the same RMS value as
AN N=3464

AY Af Af AL
Mean, parallel 0.11 —2.52 —1.82 —-2.25
normal —0.14 0.12 0.10 0.07
SD, parallel 5.29 5.22 5.47 5.71
normal 4.39 3.67 3.73 3.08

Table 3. Correlation coefficients between the
“observed” force A and the corresponding values
obtained by the three parametrization schemes.
N = 3464

A A AY
Al paraliel 0.07 0.08 0.10
normal 0.11 0.06 0.17
AR parallel 0.82 0.88
normal 0.77 0.87
A¥ parallel 0.80
normal 0.74

of AY: this is true for both components of the
force.

5.4. The effect of A¥ on the kinetic energy of the
smoothed flow

Table 4 shows the mean values and standard
deviations of V-A¥, the work done (“lateral
dissipation”) by the forces AY, AZ, A¥ and AY on
the smoothed flow. Positive (negative) mean values
indicate a mean increase (decrease) of the kinetic
energy of V. The correlation matrix (corre-
sponding to that in Table 3) is given in Table 5.

According to Table 4 the “observed” force AY¥
gives, on average, a small increase of kinetic energy
of the smoothed flow. The large value of the
standard deviation shows that in individual synop-
tic situations V- A¥ is practically as often negative
as it is positive and that, statistically, the mean
value is not significantly different from zero. All
three parametrizations of A¥ give, in the mean, a
loss of the kinetic energy of the smoothed flow. The
large standard deviations indicate, however, that
their effect varies from case to case even by sign.
The correlation matrix in Table 5 shows, in con-
formity with the results presented in Section 5.3,
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Table 4. Mean values and standard deviations
(SD) of the work done by the ‘“observed” force
AH, and by the forces determined from the three
parametrization schemes. The latter values are
scaled so as to give the same RMS value as
V. A Unit for V- AY: 107 m?s7?

V.41 ©oAY V.oaH VoaF
Mean 045 —7.84 584 —6.12
SD 1874 1703 1782 1773

Table 5. Correlation coefficients between the work
done by the force A" as “observed” and as
determined from the three parametrization schemes

y.aH V.l y.a2
§.a4 0.03 0.03 0.07
V.l 0.85 0.92
v.an 0.85

that the effects of the three parametrization
schemes (particularly those of the Fickian and
Leith’s scheme) are very similar to each other. On
the other hand, they have very little to do with the
effect of the “observed” force: the best correlation,
0.07, is given by Leith’s scheme, which means
explanation of only 0.5% of the variance of V- A!
If we assume that the calculated time-mean value
of V- A¥ for the British Isles is representative for
other regions, too, we conclude that the mean
energy cascade due to horizontal “stresses”, from
scales smaller than L, (~400 km) to larger scales is
practically zero. Assuming that this value of L falls
into the enstrophy cascade subrange, this result is
in accordance with the theories of two-dimensional
turbulence. The three parametrization schemes, on
the other hand, all give on average a definite energy
cascade from resolved to unresolved scales.

6. Discussion

The main result of the present analysis is that the
parametrization formulae commonly used in the
numerical models of the atmospheric large-scale
flow for the representation of friction due to
unresolved horizontal eddies, seem to have nothing
to do with the corresponding observed force. This
result is at first sight amazing. It is, however, in
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accordance with the theoretical analysis by
Kraichnan (1976) who concluded that “... the
theoretical basis for the use of simpie eddy
viscosities to represent sub-grid scales is sub-
stantially insecure”.

A question naturally arises whether there is some
other simple parametrization of A, which could
explain the variation of Af better than A¥, AH and
A¥. We have made experiments with three additio-
nal expressions, one proportional to —V (Rayleigh
friction), the second proportional to — V[V and the
third proportional to (V- V)V. The result was that
none of these schemes (which in our case do not
have any physical justification) gave significantly
better correlations with AJf than those seen in Table
5.

A point to be emphasized is that we have here
considered the effect of sub-grid scales only some-
what smaller than 400 km. It may be that the
forcing effect of scales significantly smaller than
400 km can be parametrized in terms of simple
eddy viscosities. On the other hand, our approach
is at least partially motivated by the theoretical
finding (Kraichnan, 1976) that the main effect of
scale interaction on the resolved scales comes from
the wavelengths close to L,. In any case, to study
this question in more detail, the horizontal
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resolution of the data has to be higher than in our
sample. For this reason, no detailed statistical
analysis (e.g. structural properties in space and
time) of the sub-grid scale features has been done
here. Only a few general comments will be made in
this respect.

The space scale of sub-grid flow pattern V — V,
obtained by the filtering approach used here, is by
definition small (<400 km). In the case of jet
streams ¥ — V typically has a banded structure (as
in the example reported in A). The forcing effect V¥
is typically concentrated in relatively small areas,
whereas a major part of the flow is relatively
“frictionless”. In the Eulerian sense, the dominant
scale of time variation of A} is also likely to be
small. In the Lagrangian sense (i.e. following the
smoothed flow trajectories) the time scale of its
variation is, however, probably close to that of the
synoptic disturbances. For this reason this forcing,
which depends in a complicated way upon the
properties of the flow at resolved scales, cannot be
considered a random process.

Since a long series of data with high spatial
resolution are almost impossible to obtain,
probably the best bases for scale interaction studies
employing horizontal filtering techniques are the
“data” from high resolution numerical models.
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JAATHOCTHUYECKOE HCCJIENJOBAHUE B3AMMOJEVICTBMM MEXIY PA3JIMYHBIMU
MACIUTABAMH C UCITONB30OBAHUEM METOAWKHN T'OPU3OHTAJIBHON ®WUJIBTPALIMU

Hacrosmasn cTaTha ABIACTCA NPOOONIKEHHEM paboThI
Xosonaitnesa 1 Hypmu (1979), B kxotopo#i Onin
OIMHCAaH MpPHUMEpP HCCIEOOBAHHA B3aHMOIEHCTBHI
MeXAy pa3JHYHbIMH MamTabaMH, HCIONP3YIOLINM
METOAHKY TOPH3OHTanbHOM GunbTpanuu. 3aech
Mbl NpPUMEHAEM Ty X METOAMKY K OospHIOMY
MaTepHany (HaGlIONeHHA 32 BETPOM HA NOBEPXHOCTH
300 M0 napg BputanckuMu octposamu 3a 1961-65 rr.)
IUIA M3YYCHHS HEKOTOPHIX CTATHCTHYECKMX CBOKCTB
TOPM3OHTANBHON ‘‘noaceToyHol’” (L<L,~400 xm)
cunst A® lna kavecTBeHHOR mntocTpauny 3hdekTa
METOAMKA IPHMEHAETCH TaKXe K HEKOTOPBbIM CXemart-
HYECKHM THIIAM TEYEHUH.

Pe3ynbTaThl MOKa3biBalOT, 4YTO BeIHYMHA A Y He

MOXET ObITL TapaMeTPH30BaHA B TEPMHHAX CIJIaXeH-
HOrO MOTOKZ C MNOMOILLIO BHIpaXeHHH, OOBIYHO
HCMIONB3YEMBIX B YKCIEHHBIX MOIENAX IJIi TOPH3OH-
TanbHOH CHibl TpeHus (cxema dmxa, cxema Cmarop-
uHckoro (1963), cxema Jleiica (1969).

Cpennee Biusane A¥ Ha XKMHETHHECKYIO 3JHEPTHIO
CIJIAXEHHOTO TedYeHUA (‘‘TOpM3OHTalbHAas HAWMCCH-
nanua’’) Oxa3blBAETCHA IMPAKTHYECKM HYJEBLIM, B TO
BpeMs KaK BCE TPHU CXEMbl MAapaMETPHU3aLHMH AAKOT
KackaJ JHEPruM OT Pa3pellacMbIX K MOACETOUHBIM
macwtabam. Koppensums mexay 3464 MrHOBeH-
HbIMH BeJIHYHHAMM HabnmiofaeMoit W ‘‘mapaMeTpua-
OBaHHOM’’ AUCCHIALMM TTOUTH HY/b.
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