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Prefa
eThese notes present in an elementary way a set of notions, results and basi
models useful to work with sto
hasti
 pro
esses. The approa
h does not useMeasure Theory as it adopts a 
onstru
tive point of view inherent to thenotion of simulation and 
oupling of random variables or pro
esses.To 
ouple two random variables means to 
onstru
t them simultaneouslyusing the same random me
hanism. More informally: 
oupling is just tosimulate two random variables using the same random numbers. The �rst
oupling was introdu
ed by Doeblin (1938) to show the 
onvergen
e to equi-librium of a Markov 
hain. Doeblin 
onsidered two independent traje
toriesof the pro
ess, one of them starting with an arbitrary distribution and theother with the invariant measure and showed that the traje
tories meet in a�nite time.Perhaps due to the premature and tragi
al death of Doeblin and the ex-treme originality of his ideas, the notion of 
oupling only 
ome ba
k to theliterature with Harris (1955). Coupling be
ome a 
entral tool in Intera
tingparti
le systems, subje
t proposed by Spitzer (1970) and the sovieti
 s
hoolof Dobrushin, Toom, Piatvisky-Shapiro, Vaserstein and others. These namesgive rise to a new area in sto
hasti
 pro
esses, the so 
alled Intera
ting Parti-
le Systems, then developed extensively by Holley, Liggett, Durrett, Gri�eathand others. We refer the interested reader to the books by Liggett (1985),(1999) and Durrett (1988) and (1997) and Kipnis and Landim (1999) for re-
ent developments in the �eld. We learned and used 
oupling and 
onstru
-tive te
hniques from those authors when working in parti
le systems as theex
lusion and 
onta
t pro
esses. Our 
onstru
tive approa
h 
omes dire
tlyfrom the graphi
al 
onstru
tion of intera
ting parti
le systems introdu
ed byvii



viii PREFACEHarris (1972).Coupling te
hniques had a somehow independent development for \
lassi-
al" pro
esses. The books of Lindvall (1992) and the re
ent book of Thorisson(2000) are ex
ellent sour
es for these developments.The art of 
oupling 
onsists in looking for the best way to simultaneously
onstru
t two pro
esses or, more generally, two probability measures. Forinstan
e, to study the 
onvergen
e of a Markov 
hain, we 
onstru
t simulta-neously two traje
tories of the same pro
ess starting at di�erent states andestimate the time they need to meet. This time depends on the joint lawof the traje
tories. The issue is then to �nd the 
onstru
tion \minimizing"the meeting time. In the original Doeblin's 
oupling the traje
tories evolvedindependently. This 
oupling is a priori not the best one in the sense that itis not aimed to redu
e the meeting time. But on
e one realizes that 
ouplingis useful, many other 
onstru
tions are possible. We present some of themin these notes. A dis
ussion about the velo
ity of 
onvergen
e and of the so
alled Dobrushin ergodi
ity 
oeÆ
ient is presented in Chapter 3.The 
entral idea behind 
oupling 
an be presented through a very simpleexample. Suppose we toss two 
oins, and that the probability to obtain a\head" is p for the �rst 
oin and q for the se
ond 
oin with 0 < p < q < 1. Wewant to 
onstru
t a random me
hanism simulating the simultaneous tossingof the two 
oins in su
h a way that when the 
oin asso
iated to the probabilityp shows \head", so does the other (asso
iated to q). Let us 
all X and Ythe results of the �rst and se
ond 
oin, respe
tively; X; Y 2 f0; 1g, with the
onvention that \head" = 1. We want to 
onstru
t a random ve
tor (X; Y )in su
h a way that P(X = 1) = p = 1� P(X = 0)P(Y = 1) = q = 1� P(Y = 0)X � Y:The �rst two 
onditions just say that the marginal distribution of X and Yreally express the result of two 
oins having probabilities p and q of being\head". The third 
ondition is the property we want the 
oupling to have.This 
ondition implies in parti
ular that the eventfX = 1; Y = 0g;



ix
orresponding to a head for the �rst 
oin and a tail for the se
ond, hasprobability zero.To 
onstru
t su
h a random ve
tor, we use an auxiliary random variableU , uniformly distributed in the interval [0; 1℄ and de�neX := 1fU � pg and Y := 1fU � qg:where 1A is the indi
ator fun
tion of the set A. It is immediate that theve
tor (X; Y ) so de�ned satis�es the three 
onditions above. This 
ouplingis a prototype of the 
ouplings we use in this notes.With the same idea we 
onstru
t sto
hasti
 pro
esses (sequen
es of ran-dom variables) and 
ouple them. One important produ
t of this approa
h isthe regenerative 
onstru
tion of sto
hasti
 pro
esses. For instan
e, supposewe have a sequen
e (Un : n 2 Z) of independent, identi
ally distributed uni-form random variables in [0; 1℄. Then we 
onstru
t a pro
ess (Xn : n 2 Z)on f0; 1gZ, using the ruleXn := 1fUn > h(Xn�1)g (1)where h(0) < h(1) 2 (0; 1) are arbitrary. We say that there is a regenerationtime at n if Un 2 [0; h(0)℄[ [h(1); 1℄. Indeed, at those times the law of Xn isgiven by P(Xn = 1 j Un 2 [0; h(0)℄ [ [h(1); 1℄) = 1� h(1)h(0) + 1� h(1) (2)independently of the past. De�nition (1) is in
omplete in the sense that weneed to know Xn�1 in order to 
ompute Xn using Un. But, if we go ba
kin time up to �(n) := maxfk � n : Uk 2 [0; h(0)℄ [ [h(1); 1℄g, then we 
an
onstru
t the pro
ess from time �(n) on. Sin
e this 
an be done for all n 2 Z,we have 
onstru
ted a stationary pro
ess satisfying:P(Xn = y jXn�1 = x) = Q(x; y) (3)where Q(0; 0) = h(0), Q(0; 1) = 1 � h(0), Q(1; 0) = h(1) and Q(1; 1) =1� h(1).



x PREFACEPro
esses with this kind of property are 
alled Markov 
hains. The prin-
ipal 
onsequen
e of 
onstru
tion (1) is that the pie
es of the pro
ess betweentwo regeneration times are independent random ve
tors (of random length).We use this idea to 
onstru
t perfe
t simulation algorithms of the Markov
hain.Regenerative s
hemes have a long history, starting with Harris (1956)approa
h to re
urrent Markov 
hains in non 
ountable state-spa
es passingby the basi
 papers by Athreya and Ney (1978) and Nummelin (1978). Werefer the reader to Thorisson (2000) for a 
omplete review. Perfe
t simulationwas re
ently proposed by Propp and Wilson (1996) and be
ome very fast animportant issue of resear
h. See Wilson (1998).Markov 
hains are introdu
ed in Chapter 1, further properties are provenin Chapter 2. Coupling is dis
ussed in Chapter 3 and the regeneration s
hemein Chapter 4.A Markov 
hain is a pro
ess with short memory. It only \remembers"last state in the sense of (1). In pro
esses with \long memory" the valuethe pro
ess assumes at ea
h step depends on the entire past. These kindof pro
esses has been introdu
ed in the literature by Oni
es
u and Miho
(1935) with the name 
hains with 
omplete 
onne
tions (
hâ�nes �a liaisons
ompl�etes), then studied by Doeblin and Fortet (1937), Harris (1955) andthe Rumanian s
hool. We refer the reader to Iosifes
u and Grigores
u (1990)for a 
omplete survey. In Chapter 6 we show a regeneration s
heme and astationary 
onstru
tion of these pro
esses.In Chapter 8 we treat 
ontinuous time Markov pro
esses. Here the roleof the uniform random variables Un is played by a bi-dimensional Poissonpro
ess. The study of Poisson pro
esses is done in Chapter 7.We 
on
lude the des
ription of 
ontents of the book with an importantremark. In this text we tried to remain at an elementary level. We assumewithout further dis
ussion that there exists a double in�nite sequen
e ofindependent random variables uniformly distributed in [0; 1℄. This is all weneed to 
onstru
t all the pro
esses studied here.In these notes we adopt the graphi
 
onstru
tion philosophy introdu
edby Ted Harris to deal with intera
ting parti
le systems. He taught us how to
onstru
t parti
le systems using random graphs, 
utting and pasting pie
es



xiso that to put in eviden
e, in the most elementary way, the properties of thepro
ess. For all this in
uen
e and inspiration, we dedi
ate these notes tohim.These notes are originated in part from the 
ourses in Sto
hasti
 Pro
esseswe give in the Instituto de Matem�ati
a e Estat��sti
a da Universidade de S~aoPaulo. Part of these notes appeared as the booklet A
oplamento em pro
essosesto
�asti
os in Portuguese for a mini-
ourse we o�ered in the XXI ColoquioBrasileiro de Matem�ati
a, held in Rio de Janeiro in July of 1997 [Ferrariand Galves (1997)℄. Besides a revision of errors and misprints, these notes
ontain two new 
hapters: Chapter 4, Regeneration and perfe
t simulationand Chapter 6, Chains with 
omplete 
onne
tions. To keep the fo
us weomitted two 
hapters of the Portuguese version: one about Queueing Theoryand the other about Intera
ting Parti
le Systems.A
knowledgementsThese notes have been are written for the XIII Es
uela Venezolana de Mate-m�ati
a. We thank Stella Brasses
o and Carlos de Pris
o, for the invitationto present a 
ourse in this s
hool.We thank Lane Pereira Alen
ar, Herv�e Guiol, Ri
ardo Maronna andTomas Tetzla� for 
omment and pointing out errors in the Portuguese versionof this notes. We thank Xavier Bressaud, Fran
is Comets, Davide Gabriele,Nan
y Lopes Gar
ia, Alejandro Maass, Servet Martinez and Peter Ney withwhom we have learned together many of the issues of this book. A spe
ialthanks to Roberto Fern�andez for his permanent inquiring and 
ollaborationin the elaboration and presentation of the ideas 
ristalized in these notes.PAF thanks support from the Guggenheim Foundation. PAF and AGthank FINEP, FAPESP, CNPq for support during the writing of these notes.PAF thanks Joa
him Krug and DAAD for providing the 
omputer wherethese notes have being written.
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Chapter 1Constru
tion of Markov 
hains
1.1 Markov 
hains.A sto
hasti
 pro
ess is a family (Xt : t 2 T) of random variables. The labelt represents time. Informally speaking, a sto
hasti
 pro
ess des
ribes thehistory of some random variable whi
h evolves in time. In the �rst 
haptersof this book we 
on
entrate in dis
rete time, i.e. T = N or T = Z. Weassume that the pro
ess takes its values in the set X , 
alled state spa
e. Weassume X �nite or 
ountable.When T is dis
rete, the law of a sto
hasti
 pro
ess is 
hara
terized bythe �nite-dimensional distributionsP(Xt = xt : t 2 T ) (1.1)for arbitrary T � T and xt 2 X , t 2 T .Let U = (Un; n 2 Z) be a double in�nite sequen
e of independent randomvariables with uniform distribution in the interval [0; 1[. From now on werefer to P and E for the probability and the expe
tation with respe
t to thesequen
e (Un).De�nition 1.2 (Markov Chain) A pro
ess (Xan)n2N with state-spa
e Xis a Markov 
hain with initial state a 2 X if there exists a fun
tion F :1



2 CHAPTER 1. CONSTRUCTION OF MARKOV CHAINSX � [0; 1℄! X su
h that Xa0 = a and for all n � 1,Xan = F (Xan�1;Un) : (1.3)In the sequel we may drop the super label a when the initial state is notrelevant for the dis
ussion. The above de�nition refers to time homogeneousMarkov 
hains. In non homogeneous Markov 
hains the transitions dependon time: these 
hains would be 
hara
terized by a family (Fn)n2T and thede�nition would be Xan = Fn(Xan�1;Un). But in these notes we will treatonly the homogeneous 
ase.Example 1.4 Let X = f0; 1g andF (x; u) = 1fu > h(x)g ; (1.5)where h(0) and h(1) are arbitrary numbers in [0; 1℄. Informally speaking,at ea
h instant n the pro
ess updates its value to 0 or 1, a

ordingly to Unbeing less or bigger than h(Xn�1).Example 1.6 Let X = f0; 1g,F (x; u) = n 1� x; if u > g(x)x otherwise (1.7)where g(0) and g(1) are arbitrary numbers in [0; 1℄. Informally speaking,at ea
h instant n the pro
ess de
ides to 
hange or keep the 
urrent valuea

ording to Un being bigger or smaller than g(Xn�1).Basi
 properties. These examples will serve as a laboratory to presentsome of the 
entral results of the theory. We present now some of their basi
properties. Let Q(x; y) = P(Xn = y jXn�1 = x) ; (1.8)for n � 1 and x; y 2 f0; 1g.Let Qh and Qg be the 
onditional probabilities 
orresponding to the �rstand se
ond example respe
tively. If h(0) = h(1), thenQh(0; y) = Qh(1; y): (1.9)



1.1. MARKOV CHAINS. 3In this 
ase the Markov 
hain 
orresponding to the fun
tion h is just a se-quen
e of independent and identi
ally distributed (iid in the sequel) randomvariables.On the other hand, if h(0) = g(0) and 1� h(1) = g(1), thenQg(x; y) = Qh(x; y) (1.10)for all x and y. This identity means that if we 
hoose the same initial statefor the 
hains de�ned by (1.5) and (1.7), then the pro
esses have the samejoint law: 
alling Xat and Y bt the pro
esses 
onstru
ted with the fun
tions(1.5) and (1.9) and initial states a and b respe
tively,P(Xat = xt ; t 2 T ) = P(Y at = xt ; t 2 T ) (1.11)for any �nite set T � N and arbitrary values xt 2 X . From this point ofview, the 
onstru
tions are equivalent. Sometimes de�nition (1.5) is moreuseful be
ause it is related to the notion of 
oupling. We give the formalde�nition of 
oupling in Chapter 3, but to give the reader the taste of it, wepresent a simple example.Example of Coupling. Let (X0n)n2N and (X1n)n2N be two 
hains 
on-stru
ted with the fun
tion (1.3) using the same sequen
e U1; U2; : : : of uniformrandom variables with initial states 0 and 1 respe
tively. That is(X00 ; X10 ) = (0; 1)(X0n; X1n) = (F (X0n�1;Un); F (X1n�1;Un)) (1.12)Let � be the meeting time of the 
hains. That is,� := minfn � 1 : X0n = X1ng (1.13)Lemma 1.14 Assume the 
hains (X0n; X1n) are 
onstru
ted with the pro
e-dure des
ribed by (1.12) using the fun
tion F de�ned in (1.5) with 0 < h(0) <h(1) < 1 and denote � := h(1)� h(0). ThenP(� > n) = �n ; (1.15)that is, � has geometri
 distribution with parameter �. Furthermoren � � implies X0n = X1n (1.16)



4 CHAPTER 1. CONSTRUCTION OF MARKOV CHAINSIn other words, after a random time with geometri
 distribution the 
hains(X0n)n2N and (X1n)n2N are indistinguishable. This result is the prototype ofloss of memory.Proof. It is left as an exer
ise for the reader.We 
omputed above the 
onditional probability for the pro
ess to be atsome state at time n given it was at another state at the previous time. Weobtained a fun
tion Q : X � X ! [0; 1℄. This type of fun
tion is useful to
hara
terize Markov 
hains.De�nition 1.17 (Transition matrix) A fun
tion Q : X � X ! [0; 1℄ is
alled a transition matrix if for all element x 2 X , Py2X Q(x; y) = 1. Inother words, if the sum of the entries of ea
h row of the matrix equals one.In the examples (1.5) and (1.7) the property Py2X Q(x; y) = 1 for all�xed x is a 
onsequen
e of the fa
t that Q(x; �) was a 
onditional probability.We use the matrix representation of the fun
tion Q. For instan
e, ifX = f1; 2g and Q(1; 1) = p, Q(1; 2) = 1� p, Q(2; 1) = 1� q and Q(2; 2) = q,for some p and q in [0; 1℄, then it is natural the representationQ = � p 1� p1� q q � (1.18)Proposition 1.19 Ea
h transition matrix Q on X and a 2 X de�nes aMarkov 
hain (Xan)n2N with transition probabilities given by Q and initialstate a. That is, there exists a fun
tion F su
h that the Markov 
hain (1.3)satis�es (1.8).Proof. We need to exhibit the fun
tion F : X � [0; 1℄ ! X of de�nition(1.3) with the property P(F (x; u) = y) = Q(x; y) (1.20)We saw in the examples that there are various di�erent manners of 
onstru
t-ing su
h a F . We propose now a general 
onstru
tion.



1.1. MARKOV CHAINS. 5For ea
h x 2 X we 
onstru
t a partition of [0; 1℄: let (I(x; y) : y 2 X )be a family of Borel sets (in these notes I(x; y) will always be a �nite or
ountable union of intervals) satisfyingI(x; y) \ I(x; z) = ; if y 6= z ;[y2X I(x; y) = [0; 1℄ (1.21)Calling jIj the Lebesgue measure (length) of the set I, we askjI(x; y)j = Q(x; y) (1.22)For instan
e, in (1.5) the partition is I(x; 0) = [0; h(x)) and I(x; 1) =[h(x); 1℄.There are many ways of de�ning the partitions. The simplest is just toorder the states of X |we 
an identify X = f1; 2; : : :g| and 
on
atenateintervals of length Q(x; y).With the partition in hands we de�ne the fun
tion F as follows.F (x; u) =Xy2X y 1fu 2 I(x; y)g : (1.23)In other words, F (x; u) = y, if and only if u 2 I(x; y). We 
onstru
t the
hain (Xan)n2N using de�nition (1.3) with the fun
tion de�ned in (1.23). Tosee that this 
hain has transition probabilities Q, 
omputeP(Xn = y jXn�1 = x) = P(F (x;Un) = y) (1.24)By 
onstru
tion, this expression equalsP(Un 2 I(x; y)) = jI(x; y)j = Q(x; y): (1.25)Proposition 1.19 says that for any pro
ess (Yn)n2N satisfying (1.27) it ispossible to 
onstru
t another pro
ess ( �Yn)n2N with the same law using thealgorithm (1.3). Many of the results in the following 
hapters rely on a smart
onstru
tion of the partitions ((I(x; y) : y 2 X ) : x 2 X ). Proposition 1.19motivates the following theorem.



6 CHAPTER 1. CONSTRUCTION OF MARKOV CHAINSTheorem 1.26 (Markov Chain) A sto
hasti
 pro
ess (Yn)n2N withstate spa
e X is a Markov 
hain with transition matrix Q, if for all n � 1and every �nite sequen
e x0; x1; � � � ; xn 
ontained in X su
h that P(Y0 =x0; � � � ; Yn�1 = xn�1; Yn = xn) > 0, it holdsP(Yn = xn j Y0 = x0; � � � ; Yn�1 = xn�1) (1.27)= P(Yn = xn j Yn�1 = xn�1) (1.28)= Q(xn�1; xn): (1.29)Proof. Follows from Proposition 1.19.The theorem says that, in a Markov 
hain, the fore
ast of the next stepknowing all the past is as good as when one knows only the 
urrent valueof the pro
ess. The statement of the theorem is what most books take asde�nition of Markov 
hain.As a 
onsequen
e of Theorem 1.26, the joint law of a Markov 
hain isgiven by:P(Y0 = x0; � � � ; Yn�1 = xn�1; Yn = xn)= P(Y0 = x0)P(Y1 = x1; � � � ; Yn�1 = xn�1; Yn = xn jY0 = x0)= P(Y0 = x0)Q(x0; x1) : : :Q(xn�1; xn) (1.30)1.2 ExamplesWe �nish this 
hapter with some important examples.Example 1.31 (Random walk in the hyper
ube) Let N be a positiveinteger and X = f0; 1gN . If N = 2 we 
an think of X as being the set ofverti
es of a square. When N = 3 we 
an think of X as the set of verti
esof a 
ube. When N � 4 we think of X as the set of verti
es of a hyper
ube.Let � = (�(1); � � � ; �(N)) be an element of X . The neighbors of � are thoseelements of X having all but one 
oordinates equal to the 
oordinates of �.If j is an integer in [1; n℄, we 
all �j the element of X having all 
oordinates



1.2. EXAMPLES 7equal to � but the j-th: �j(i) = � �(i) if i 6= j,1� �(j) if i = j. (1.32)In that way the neighbors of � are the elements �1; : : : ; �N .This indu
es a natural notion of distan
e between elements of X :d(�; �) = NXi=1 j�(i)� �(i)jfor �; � 2 X . The distan
e between � and � is the number of 
oordinatesfor whi
h � and � are di�erent. This is know as Hamming's distan
e. Twoelements of X are neighbors when they are at distan
e one.Now we want to 
onstru
t a Markov 
hain on X with the following be-havior. At ea
h time the pro
ess de
ides to 
hange state (or not) a

ordingto the result of a fair 
oin. If it de
ides to 
hange, then it jumps to one ofits neighbors with equal probability. This pro
ess 
an be 
onstru
ted in thefollowing way:For a 2 f0; 1g let �j;a(i) = � �(i) if i 6= j,a if i = j, (1.33)be a 
on�guration with value a in the j-th 
oordinate and equal to � in theother 
oordinates. LetI(�; �) := 8>><>>:h j�1N ; j�1N + 12N� if � = �j;0, j = 1; : : : ; Nh j�1N + 12N ; jN� if � = �j;1, j = 1; : : : ; N; if d(�; �) > 1 (1.34)Then use the de�nitions (1.3) and (1.23). The probability of trial site j attime n is P�Un 2 hj � 1N ; jN �� = 1=Nand the probability to assign the value 0 to the 
hosen site isP�Un 2 hj � 1N ; j � 1N + 12N � ��� Un 2 hj � 1N ; jN �� = 1=2



8 CHAPTER 1. CONSTRUCTION OF MARKOV CHAINSAnalogously, the probability to assign the value 1 to the 
hosen site is 1=2.With these expressions in hand we 
an 
ompute Q(�; �). We know that thisis zero if � is not neighbor of �. Assume �(j) = 1 and 
omputeQ(�; �j) = P�U1 2 hj � 1N ; j � 1N + 12N �� = 12N (1.35)Analogously, assuming �(j) = 0,Q(�; �j) = P�U1 2 hj � 1N + 12N ; jN ;�� = 12N (1.36)Now we want to use this 
onstru
tion for two 
hains �t and �0t with di�er-ent initial 
on�gurations � and �0 and 
ompute the meeting time � as de�nedin (1.13). The point is that if Un belongs to the interval [ j�1N ; jN [, then the jth
oordinate of the two pro
esses 
oin
ide: Un 2 [ j�1N ; jN [ implies �t(j) = �0t(j)for all t � n. Hen
e de�ning�j := minfn � N : Un 2 [ j�1N ; jN )g (1.37)we have � � maxj �j : (1.38)It is ease to see that maxj �j is a sum of geometri
 random variables of varyingparameter: maxj �j = �1 + : : : ;+�N (1.39)where �1 = 1, and �i is a geometri
 random variable of parameter (N � i +1)=N : P(�i = k) = �N � i + 1N ��1� �N � i+ 1N ��k�1 ; i � 1 (1.40)The variables �i represent the number of new uniform random variables oneneeds to generate to visit one of the intervals [ j�1N ; jN [ not previously visited.In this wayE� � E (minj �j) = 1 + NN � i + 1 + : : :+N � N logN (1.41)



1.2. EXAMPLES 9Example 1.42 (Ehrenfest model) The random walk on the hyper
ube
an be seen as a 
ari
ature of the evolution of a gas between two 
ontainers.Initially all the mole
ules of the gas are 
on�ned in one of the 
ontainers whi
hare labeled 0 and 1. The experiment starts when a valve inter
ommuni
atingthe 
ontainers is open and the mole
ules start passing from one 
ontainer tothe other. We have N mole
ules of gas, ea
h one belonging to one of the
ontainers. The number of mole
ules is of the order of 1023. The randomwalk des
ribes the position of ea
h one of the N mole
ules at ea
h instant oftime: the number ��n(i) is the label of the 
ontainer the mole
ule i belongsto at time n. The initial 
on�guration � des
ribes the initial position of themole
ules, that is, �(i) = 0 for all i = 1; : : : ; N (all mole
ules belong to
ontainer 0).Sometimes one is interested only on the total number of mole
ules inea
h 
ontainer at ea
h time. This pro
ess has state-spa
e f0; 1; : : : ; Ng andis de�ned by Zn = NXi=1 ��n(i) : (1.43)Zn indi
ates the number of mole
ules in 
ontainer 1 at time n. We 
an saythat the Ehrenfest model is a ma
ros
opi
 des
ription of the mi
ros
opi
model 
orresponding to the random walk in the hyper
ube. This pro
ess 
anbe seen as a random walk in f0; : : : ; Ng.Example 1.44 (The-house-of 
ards pro
ess) For this pro
ess the statespa
e is X = N . Let (ak : k 2 N) be a sequen
e of numbers in [0; 1℄.Informally speaking when the pro
ess is at site k it jumps with probabilityak to site k + 1 and with probability 1 � ak to site 0. For this pro
ess thepartitions are given byI(k; k + 1) = [0; ak) ; I(k; 0) = [ak; 1℄ (1.45)for k � 0. The name house of 
ards re
e
ts the following interpretation:suppose we are 
onstru
ting a house of 
ards, additioning one by one a new
ard. The house has probability (1 � ak) of falling down after the additionof the kth 
ard.



10 CHAPTER 1. CONSTRUCTION OF MARKOV CHAINSExample 1.46 (Polya urn) The state-spa
e is N2 . The state (Wn; Bn) attime n indi
ates the number of white, respe
tively bla
k balls in an urn. Atea
h time a ball is 
hosen at random from the urn and it is repla
ed by twoballs of the same 
olor. The partition of state (k; `) has only two intervalsgiven by I((k; `); (k + 1; `)) = h0; kk + `hI((k; `); (k; `+ 1)) = h kk + `; 1i (1.47)The pro
ess that keeps tra
k of the number of balls of ea
h 
olor is a Markov
hain. In 
ontrast, the pro
esssn = WnBn +Wn (1.48)whi
h keeps tra
k of the proportion of white balls in the urn is not Markov.We ask the reader to prove this in the exer
ises.1.3 Exer
isesExer
ise 1.1 Consider a Markov 
hain in the state-spa
e X = f1; 2; 3g andtransition matrix Q = 0� 1=2 1=4 1=41=4 1=4 1=21=3 1=3 1=3 1A (1.49)(a) Constru
t a family of partitions of [0; 1℄ su
h that the fun
tion F de�nedas in (1.23) permits to 
onstru
t the Markov 
hain with transition matrix(1.49).(b) Compute P(X2 = 1 jX1 = 2)(
) Compute P(X3 = 2 jX1 = 1)(d) Using the fun
tion of item (a) and a sequen
e of random numbers in [0; 1℄simulate 10 steps of the above 
hain with initial state X0 = 1.



1.3. EXERCISES 11Exer
ise 1.2 Consider two 
hains (X0n)n2N and (Y 0n )n2N in X = f0; 1g.The 
hain Xn is de�ned by the fun
tion F (x; u) = 1fu > h(x)g (for �xedvalues h(0) and h(1)); the 
hain Yn is de�ned by the fun
tion F (x; u) =1 � x; if u > g(x) and F (x; u) = x otherwise (for �xed values g(0) andg(1)).(a) Compute Qh(x; y) = P(Xn = y jXn�1 = xgQg(x; y) = P(Yn = y j Yn�1 = xg (1.50)where n � 1, and x and y assume values in f0; 1g.(b) Show that if h(0) = h(1), then Qh(x; y) depends only on y and it is
onstant in x. In this 
ase the 
orresponding Markov 
hain is just a sequen
eof iid random variables.(
) Simulate 10 instants of the 
hain Xn with h(0) = 1=3, h(1) = 1=2.(d) Simulate 10 instants of the 
hain Yn with g(0) = 1=3, g(1) = 1=2.Exer
ise 1.3 (Coupling) Let (X0n; X1n)n2N be the joint 
onstru
tion of the
hains of Lemma 1.14. That is, the two 
hains are 
onstru
ted as the 
hain(Xn) of the previous exer
ise with the same sequen
e U1; U2; : : : of uniformrandom variables and initial states 0 and 1 respe
tively, that is, X00 = 0 andX10 = 1. Let � be the �rst time the 
hains meet. That is,� := inffn � 1 : X0n = X1ng (1.51)Assuming 0 < h(0) < h(1) < 1, show thatP(� > n) = �n ; (1.52)where � = h(1)� h(0).Exer
ise 1.4 Compute the transition matrix of the pro
ess (Zn)n2N de�nedin (1.43) (Ehrenfest model).Exer
ise 1.5 Compute the transition matrix of the Polya's urn pro
ess(Xn) = (Bn; Vn) de�ned with the partitions (1.47). Show that the pro
ess(Bn=(Bn + Vn)) is not Markov.



12 CHAPTER 1. CONSTRUCTION OF MARKOV CHAINS1.4 Comments and referen
esMarkov 
hains were introdu
ed by A. A. Markov at the beginning of theXX-th 
entury as a linguisti
 model. The 
onstru
tion of Proposition 1.19 isinspired in the graphi
 
onstru
tion of Harris (1972) for intera
ting parti
lesystems. The notion of 
oupling was introdu
ed by Doeblin (1938). TheEhrenfest model was introdu
ed by P. and T. Ehrenfest in a famous paperin defense of the ideas of Boltzmann in 1905. In parti
ular, this modelillustrates how it is possible to have irreversibility (at ma
ros
opi
 level) andreversibility (at mi
ros
opi
 level). The example of Polya urn shows thefa
t that the image of a Markov 
hain through some fun
tion is not alwaysMarkov.



Chapter 2Invariant measuresIn this 
hapter we present the notions of invariant measure and reversibilityof Markov 
hains. We also show K�a
's Lemma whi
h establishes a rapportbetween the invariant measure and the mean return time to a given arbitrarystate.2.1 Transition matri
esWe start with some linear algebra. As we saw in the previous 
hapter, theone-step transition probabilities 
an be thought of as a matrix. In the nextproposition we see that this is a 
onvenient way to represent them. The statespa
e X is always a 
ountable spa
e.Proposition 2.1 Let (Xan : n 2 N) be a Markov 
hain on X with transitionmatrix Q and initial state a. Then, for all time n � 1 and every state b 2 Xwe have P(Xan = b) = Qn(a; b): (2.2)where Qn(a; b) is the element of row a and 
olumn b of the matrix Qn.Proof. By re
urren
e. The identity (2.2) is immediate for n = 1, by de�ni-tion of Q. 13



14 CHAPTER 2. INVARIANT MEASURESAssume it is true for some n � 1, thenP(Xan+1 = b) =Xz2X P(Xan = z;Xan+1 = b) (2.3)be
ause the family of sets (fXan = zg : z 2 X ) is a partition of 
. We writethen the joint probability, 
onditioning to the position of the 
hain at timen, and get:Xz2X P(Xan = z;Xan+1 = b) =Xz2X P(Xan = z)P(Xan+1 = b jXan = z): (2.4)By indu
tion hypothesis P(Xan = z) = Qn(a; z): (2.5)On the other hand, by de�nition,P(Xan+1 = b jXan = z) = P(F (Xan;Un+1) = b jXan = z)= P(F (z;Un+1) = b): (2.6)Sin
e the random variables U1; U2; : : : are iid uniform in [0; 1℄,P(F (z;Un+1) = b) = P(F (z;U1) = b): (2.7)By de�nition P(F (z;U1) = b) = P(Xz1 = b) = Q(z; b): (2.8)Using (2.5) and (2.8) we 
an rewrite (2.3) asP(Xan+1 = b) =Xz2X Qn(a; z)Q(z; b) (2.9)but this is exa
tly the de�nition of Qn+1(a; b):Qn+1(a; b) =Xz2X Qn(a; z)Q(z; b); (2.10)and this �nishes the proof.



2.1. TRANSITION MATRICES 15Example 2.11 Let (Xn : n 2 N) be a Markov 
hain on X = f1; 2g andtransition matrix Q = � p 1� p1� q q � (2.12)To 
ompute P(X12 = 1) we need to sum the probabilities along the paths(X11 = 1; X12 = 1) and (X11 = 2; X12 = 1). That is,P(X12 = 1) = Q(1; 1)Q(1; 1) +Q(1; 2)Q(2; 1) = p2 + (1� p)(1� q); (2.13)whi
h is exa
tly the element in the �rst row and �rst 
olumn of the matrixQ2 = � p2 + (1� p)(1� q) p(1� p) + (1� p)q(1� q)p+ q(1� q) q2 + (1� q)(1� p) � (2.14)For larger values of n the dire
t 
omputation is messy. To simplify thenotation we write P (n) = P(X1n = 1). ThenP (n) = P (n� 1)Q(1; 1) + (1� P (n� 1))Q(2; 1)= P (n� 1)p+ (1� P (n� 1))(1� q): (2.15)This system of �nite-di�eren
es equations has a simple solution. Indeed,(2.15) 
an be written asP (n) = P (n� 1)(p+ q � 1) + (1� q): (2.16)Substituting P (n� 1) for the equivalent expression given by (2.16) for n� 1we get P (n) = [P (n� 2)(p+ q � 1) + (1� q)℄(p+ q � 1) + (1� q)= P (n� 2)(p+ q � 1)2 + (1� q)(p+ q � 1) + (1� q): (2.17)Iterating this pro
edure we obtainP (n) = P (0)(p+ q � 1)n + (1� q) n�1Xk=0(p+ q � 1)k: (2.18)



16 CHAPTER 2. INVARIANT MEASURESBy de�nition, P (0) = 1. The sum of a geometri
 series isn�1Xk=0 �k = 1� �n1� � : (2.19)Hen
e we 
an write (2.17) asP (n) = (p+ q � 1)n + (1� q)[1� (p+ q � 1)n℄(1� p) + (1� q)= 1� q(1� p) + (1� q) + (p+ q � 1)n 1� p(1� p) + (1� q) : (2.20)This �nishes the 
omputation. Observe that P (n) 
onverges exponentiallyfast to 1� q(1� p) + (1� q) : (2.21)Analogous 
omputations show that Qn 
onverges exponentially fast in ea
hentry to the matrix0BBB� 1� p(1� p) + (1� q) 1� q(1� p) + (1� q)1� p(1� p) + (1� q) 1� q(1� p) + (1� q)
1CCCA (2.22)The situation is in fa
t harder than it looks. The 
omputation above isone of the few examples for whi
h the transition probabilities at time n 
anbe expli
itly 
omputed. On the other hand, even in the most 
ompli
ated
ases, the matrix Qn 
onverges, as n ! 1, to a obje
t that in many 
ases
an be expli
itly 
hara
terized. We postpone for the next 
hapter the proofof 
onvergen
e. Next we de�ne the limiting obje
t.2.2 Invariant measuresLet X be a �nite or 
ountable set and Q a transition matrix on X . Aprobability measure on X is 
alled invariant with respe
t to Q if for ea
h



2.2. INVARIANT MEASURES 17element x 2 X , �(x) =Xa2X �(a)Q(a; x) (2.23)This is just an algebrai
 de�nition. In other words, it says that an invari-ant probability is a left eigenve
tor of Q with eigenvalue 1. However it has adeep statisti
al meaning, as we will see.The very �rst question about this de�nition is: are there invariant mea-sures for a given transition matrix Q? As we see in the next result, the answeris positive if the state spa
e X is �nite. This is a parti
ular 
ase of a generaltheorem for �nite positive matri
es 
alled Theorem of Perron-Frobenious.Theorem 2.24 (Perron-Frobenious) If Q is a transition matrix on a �-nite state spa
e X then there is at least one invariant distribution � for Q.Proof. Postponed. The traditional proof of this theorem uses the �xed pointtheorem whi
h is highly non 
onstru
tive. A probabilisti
 proof is proposed inExer
ise 2.7 below. We provide another proof after Theorem 4.45 of Chapter4; by expli
itly 
onstru
ting an invariant measure.Besides its natural algebrai
 meaning, the de�nition of invariant measurehas a important probabilisti
 signi�
an
e, as we see in the next propositionwhi
h says roughly the following. Assume that the initial state of a Markov
hain is 
hosen randomly using an invariant probability with respe
t to thetransition matrix of the 
hain. In this 
ase, the law of the 
hain at ea
hinstant will be the same as the law at time zero. In other words, the proba-bility to �nd the 
hain at time n in position a will be exa
tly �(a), for all nand a, where � is the invariant probability with respe
t to Q used to 
hoosethe initial position.We introdu
e now a notation to des
ribe a Markov 
hain with randominitial state. Let (Xan : n 2 N) be a Markov 
hain on X with initial statea 2 X . Let X�n be the pro
ess with lawP(X�n = bg =Xa2X �(a)P(Xan = bg: (2.25)



18 CHAPTER 2. INVARIANT MEASURESProposition 2.26 Let (X�n : n 2 N) be a Markov 
hain on X with transi-tion matrix Q and initial state randomly 
hosen a

ording to the probability�. If � is invariant with respe
t to Q, thenP(X�n = bg = �(b); (2.27)for any n and b.Proof. By re
urren
e. The identity holds for n = 1, by hypothesis. Assumeit holds for some n � 1. ThenP(X�n+1 = b) =Xz2XXa2X �(a)P(Xan = z)P(Xan+1 = b jXan = z) : (2.28)(In the 
ountable 
ase the inter
hange of sums is justi�ed by the Theorem ofFubini; all summands are positive) Identity (2.8) saysP(Xan+1 = b jXan = z) = Q(z; b): (2.29)By indu
tion hypothesis, for all z,Xa2X �(a)P(Xan = z) = �(z) : (2.30)Using (2.29) and (2.30) we 
an rewrite (2.28) asP(X�n+1 = b) =Xz2X �(z)Q(z; b) : (2.31)Sin
e, by hypothesis, � is invariant with respe
t to Q,Xz2X �(z)Q(z; b) = �(b) ; (2.32)whi
h �nishes the proof.



2.3. REVERSIBILITY 192.3 ReversibilityLet Q be a transition matrix on X . A probability measure � on X is 
alledreversible with respe
t to Q if for all elements x, y of X�(x)Q(x; y) = �(y)Q(y; x) : (2.33)Proposition 2.34 If � is reversible for Q then it is also invariant for Q.Proof. Just sum over x in (2.33) and use that PxQ(y; x) = 1 to obtain(2.23).One advantage of 
hains with reversible measures is that the system ofequations (2.33) is simpler than the one stated by (2.23). On the other hand,if one has a probability measure, it is easy to 
onstru
t a Markov 
hain havingthis measure as reversible. This se
ond property is largely exploited in the so
alled Markov Chain Monte Carlo (MCMC) method to simulate probabilitydistributions.Consider a Markov 
hain with transition matrix Q(x; y) and invariantmeasure �. De�ne the reverse matrix of Q with respe
t to � byQ�(x; y) = �(y)�(x)Q(y; x): (2.35)It is easy to see that Q� is also a transition matrix for a Markov 
hain. This
hain is 
alled reverse 
hain (with respe
t to �). An alternative de�nition ofreversibility is to say that � is reversible for Q if Q = Q�, where Q� is de�nedin (2.35).Lemma 2.36 If � is invariant for Q and Q� is the reverse matrix of Q withrespe
t to � if and only if for all x1; : : : ; xn 2 X�(x0)Q(x0; x1) : : : Q(xn�1; xn) = �(xn)Q�(xn; xn�1) : : : Q�(x1; x0): (2.37)Proof. Follows from de�nition (2.35).Lemma 2.36 says that under the invariant measure, if we look at thepro
ess ba
kwards in time, then we see a Markov 
hain with transition ma-trix Q�.



20 CHAPTER 2. INVARIANT MEASURESLemma 2.38 Let Q be a transition matrix on X with invariant measure �.Let Q� be the reverse matrix of Q with respe
t to � de�ned by (2.35). ThenQ(x0; x1) : : : Q(xn�1; xn) = Q�(xn; xn�1) : : : Q�(x1; x0): (2.39)for any 
y
le x0; : : : ; xn 2 X with xn = x0.Proof. If � is invariant for Q, then (2.37) implies immediately (2.39).This lemma says that the probability of seeing the 
hain going along a
losed 
y
le is the same as to see the reverse 
hain to make the 
y
le in theopposite sense.When looking for the invariant measure of a transition matrix Q some-times (but now always) it is easier to guess the measure and the reversepro
ess with respe
t to this measure than to dire
tly solve the set of equa-tions satis�ed by the invariant measure. This is be
ause ea
h equation in(2.35) involves only two states. The following lemma whose proof is imme-diate indi
ates when this is possible.Lemma 2.40 Let Q be a transition matrix on X . Let eQ be a matrix and �a probability measure on X su
h that for all x; y 2 X ,�(x)Q(x; y) = �(y) eQ(y; x) (2.41)Then � is invariant for Q if and only if eQ is a transition matrix, that isXy eQ(x; y) = 1 (2.42)for all x 2 X . In this 
ase � is also invariant for eQ and Q� = eQ, that is, eQis the reverse matrix of Q with respe
t to �.The message of the above lemma is: \do not forget to 
he
k that theguessed reverse matrix is a transition matrix".



2.4. IRREDUCIBLE CHAINS 21Example 2.43 (The asymmetri
 random walk in the 
ir
le)Consider an arbitrary natural number n and let the state spa
e be X =f1; : : : ; ng. Let a1; : : : ; an be arbitrary numbers in [0; 1℄ and de�ne the tran-sition matrix Q by de�neQ(x; y) = 8><>: a(x) if x = 1; : : : ; n� 1 and y = x+ 1a(n) if x = n and y = 11� a(x) if x = y0 ortherwise (2.44)2.4 Irredu
ible 
hainsWe study now two questions: When a 
hain admits an invariant measure?When a 
hain admits a unique invariant measure? The following exampleshows a 
hain with more than one invariant measure.Example 2.45 Let X = f1; 2g and the transition matrix Q be given byQ = � 1 00 1 �The 
hain 
orresponding to this matrix is the 
onstant 
hain: Xn � X0 forall n � 0. Any measure on X is invariant for this matrix. The point is thatthe states 1 and 2 do not 
ommuni
ate, that is Qn(1; 0) = Qn(0; 1) = 0 forall n � 0.Example 2.46 Let X = f1; 2; 3; 4g and Q be the transition matrix de�nedby: Q = 0BB� p 1� p 0 01� p p 0 00 0 q 1� q0 0 1� q q 1CCAwith p; q 2 (0; 1). In this 
ase states 1 and 2 
ommuni
ate but those statesdo not 
ommuni
ate with states 3 and 4. These also 
ommuni
ate, In fa
t



22 CHAPTER 2. INVARIANT MEASURESwe have two separate 
hains, one with state spa
e X1 = f1; 2g and transitionmatrix Q1 = � p 1� p1� p p �and the other with state spa
e X2 = f3; 4g and transition matrixQ2 = � q 1� q1� q q �The uniform distribution in Xi is invariant for the transition matrix Qi, i =1; 2. Any 
onvex 
ombination of those invariant measures, when 
onsideredas measures on X = f1; 2; 3; 4g, is an invariant measure forQ: 
alling �1(x) =1=2 for x = 1; 2, �1(x) = 0 otherwise, and �2(x) = 1=2 for x = 3; 4, �1(x) = 0otherwise, we have that any measure � de�ned by�(x) = ��1(x) + (1� �)�2(x) (2.47)with � 2 [0; 1℄ is invariant for Q.The above examples motivate the following de�nition.De�nition 2.48 A transition matrix Q de�ned on a �nite or 
ountable setX is 
alled irredu
ible if for any 
ouple x; y 2 X there exists a numbern = n(x; y), su
h that Qn(x; y) > 0:2.5 K�a
's LemmaThe question of existen
e of invariant measures is deli
ate. Perron FrobeniousTheorem 2.24 says that if X is �nite, then the system of equations (2.23)has at least one solution whi
h is a probability. However, if X is in�nite,then there are transition matri
es with no invariant probabilities. The nextproposition gives a probabilisti
 
hara
terization of this algebrai
 fa
t. Thisis a parti
ular 
ase of a general result proven by Mark K�a
 in the �fties.



2.5. K �AC'S LEMMA 23Given a Markov 
hain (Xn : n 2 N) on X let the hitting time of a statea 2 X for the 
hain starting at b 2 X be de�ned byT b!a := inffn � 1 : Xbn = ag: (2.49)Theorem 2.50 (K�a
's Lemma) Let (Xan : n 2 N) be a irredu
ible Markov
hain on a �nite or 
ountable set X with transition matrix Q and initial statea. Assume that � is an invariant probability for Q and that �(a) > 0. ThenE (T a!a) = 1�(a) : (2.51)K�a
's Lemma says that the mean return time to a given state is inverselyproportional to the invariant probability of this state. The proof of thetheorem is based in three lemmas.We need the following notationP(T �!a = n) := 8<:Pb2Xnfag �(b)P(T b!a = n); if n > 0�(a); if n = 0 (2.52)Lemma 2.53 Let a 2 X satisfying �(a) > 0. ThenP(T �!a = n) = �(a)P(T a!a > n): (2.54)Proof. For n = 0 the identity holds by de�nition. For n > 0 writeP(T �!a = n) = Xx02Xnfag�(x0)P(Xx01 6= a; � � � ; Xx0n�1 6= a;Xx0n = a)= Xx0 6=aXx1 6=a � � � Xxn�1 6=a�(x0)Q(x0; x1) : : : Q(xn�1; a):(2.55)Sin
e by hypothesis � is invariant forQ, we 
an use Lemma 2.36 to rewrite(2.55) as Xx0 6=aXx1 6=a � � � Xxn�1 6=a�(a)Q�(a; xn�1) : : : Q�(x1; x0); (2.56)



24 CHAPTER 2. INVARIANT MEASURESwhere Q� is the reverse matrix of Q. The expression (2.56) equals�(a)P((T �)a!a > n); (2.57)where (T �)b!a is the hitting time of a starting from b for the reverse 
hain.By (2.39), (T �)a!a and T a!a have the same law. This �nishes the proof ofthe lemma.Lemma 2.58 Let a 2 X satisfying �(a) > 0. Then P(T a!a > n) ! 0, asn!1. Consequently P(T a!a <1) = 1Proof. It is 
lear that1 � 1Xn=0 P(T �!a = n) = 1Xn=0 �(a)P(T a!a > n) ; (2.59)by Lemma 2.53. Sin
e by hypothesis, �(a) > 0, (2.59) implies1Xn=0 P(T a!a > n) <1: (2.60)Hen
e limn!1P(T a!a > n) = 0; (2.61)whi
h proves the �rst part of the Lemma. Now noti
e thatP(T a!a =1) � P(T a!a > n)! 0 ( as n!1) (2.62)whi
h �nishes the proof.Lemma 2.63 Assume �(a) > 0. Then the probability P(T �!a > n) goes tozero as n!1.Proof. Initially we verify that the measure � gives positive mass to anyelement of X . Indeed, as the matrix Q is irredu
ible, for any b 2 X , thereexists a k su
h that Qk(a; b) > 0. By invarian
e of � we have�(b) = Xx2X �(x)Qk(x; b) � �(a)Qk(a; b) > 0: (2.64)



2.5. K �AC'S LEMMA 25Sin
e �(b) > 0, Lemmas 2.53 and 2.58 also apply to b. Hen
e, by Lemma(2.58), P(T b!b <1) = 1 : (2.65)Sin
e the pro
ess starts afresh ea
h time it visits b, a simple appli
ation ofthe Borel-Cantelli lemma shows that the 
hain starting in b 
omes ba
k tob in�nitely often with probability one. Let T b!bn be the time of the n-threturn to b. Consider the traje
tories of the pro
ess between two 
onse
utivevisits to b. Ea
h of these traje
tories in
ludes or not the state a. Sin
eQ is irredu
ible for ea
h pair a; b 2 X , there exist a k � 1, a j � 1 and�nite sequen
es of states (x0; : : : ; xk), (y0; : : : ; yj) su
h that x0 = b = yj andxk = a = y0 su
h thatQ(b; x1) : : : Q(xk�1; a)Q(a; y1) : : : Q(yj�1; b) = Æ > 0; (2.66)for some Æ > 0. By the Markov property (1.27){(1.29), the events Ak :=fthe 
hain visits a in the k-th ex
ursion from b to bg are independent andP(Ak) � Æ. This impliesP(T b!a > T b!bk ) = P( A
1 \ : : : \ A
k) � (1� Æ)k (2.67)Sin
e Æ > 0, inequality (2.67) implieslimn!1P(T b!a > n) = 0: (2.68)To see that, for any k � 0, writeP(T b!a > n) = P(T b!a > n; T b!bk < n) + P(T b!a > n; T b!bk � n)� P(T b!a > T b!bk ) + P(T b!bk � n)� (1� Æ)k + P(T b!bk � n) (2.69)By the Markov property T b!bk is a sum of k independent random variablesea
h one with the same law as T b!b. By (2.65) P(T b!bk � n) goes to zero asn!1. Hen
e limn!1P(T b!a > n) � (1� Æ)k (2.70)for all k � 0. This shows (2.68).



26 CHAPTER 2. INVARIANT MEASURESTo 
on
lude the proof writelimn!1P(T �!a > n) = limn!1Xb2X �(b)P(T b!a > n): (2.71)Taking the limit inside the sum we getlimn!1P(T �!a > n) =Xb2X �(b) limn!1P(T b!a > n) = 0; (2.72)We need to justify the inter
hange of sum and limit in (2.71). For �nite Xthis is authorized by 
ontinuity of the sum. If the spa
e is 
ountable, we needto 
all the Monotone Convergen
e Theorem, a 
lassi
 theorem in IntegrationTheory.Proof of Theorem 2.50. Lemma 2.63 guaranteesP(T �!a <1) = 1: (2.73)Hen
e, by Lemma 2.53,1 = 1Xn=0 P(T �!a = n) = �(a) 1Xn=0 P(T a!a > n):This 
on
ludes the proof be
ause1Xn=0 P(T a!a > n) = E (T a!a) :
2.6 Exer
isesExer
ise 2.1 Show that if � is reversible for Q, then � is invariant for Q.



2.6. EXERCISES 27Exer
ise 2.2 Show that if � is invariant for Q, then the matrix Q� de�nedby Q�(x; y) = �(x)�(y)Q(y; x): (2.74)is the transition matrix of a Markov 
hain.Exer
ise 2.3 Show that the identity (2.39) implies that T a!a and (T �)a!ahave the same law.Exer
ise 2.4 Show that the events An de�ned after (2.66) are independent.Show that (2.67) implies (2.68).Exer
ise 2.5 Compute the invariant probability measures for the Markov
hains presented in Examples 1.4, 1.6 and in Exer
ise 2.2.Exer
ise 2.6 Give an example of a Markov 
hain with an invariant measurewhi
h is not reversible.Exer
ise 2.7 Let Q be an irredu
ible matrix on a �nite state spa
e X . Let�(y) := 1ET x!x Xn�0 P(Xxn = y; T x!x > n) (2.75)In other words, for the 
hain starting at x, the probability �(y) is proportionalto the expe
ted number of visits to y before the 
hain return to x. Show that� is invariant for Q. This is an alternative proof of Theorem 2.24.Exer
ise 2.8 (Random walk in Z) Let X = Z and U1; U2; : : : be a se-quen
e of iid random variables on f�1;+1g with lawP(Un = +1) = p = 1� P(Un = �1);where p 2 [0; 1℄. Let a be an arbitrary �xed point of Z. We de�ne the randomwalk (San)n2N, with initial state a as follows:Sa0 = a



28 CHAPTER 2. INVARIANT MEASURESand San = San�1 + Un�1; se n � 1:i) ShowP(S0n = x) = �� nx+n2 �pk(1� p)n�k; if x + n is even and jxj � n ;0 otherwise.ii) Assume p = 12 . Compute limn!1 P(S0n = 0). Hint: use Stirling's formula.iii) Assume p > 12 . Use the law of large numbers and the Borel-CantelliLemma to show thatP(S0n = 0; for in�nitely many n ) = 0:iv) Is there an invariant measure for the random walk? Establish a 
onne
tionamong items (iii) and (i){(ii).Exer
ise 2.9 (Birth and death pro
ess) The birth and death pro
ess isa Markov 
hain on N with transition matrix:Q(x; x + 1) = q(x) = 1�Q(x; x� 1); se x � 1;Q(0; 1) = q(0) = 1�Q(0; 0);where (q(x))x2N is a sequen
e of real numbers 
ontained in (0; 1). Underwhi
h 
ondition on (q(x))x2N the pro
ess a

epts an invariant measure? Spe-
ialize to the 
ase q(x) = p for all x 2 N .Exer
ise 2.10 (Monte Carlo method) One of the most popular MonteCarlo methods to obtain samples of a given probability measure 
onsists insimulate a Markov 
hain having the target measure as invariant measure.To obtain a sample of the target measure from the traje
tory of the Markov
hain, one needs to let the pro
ess evolve until it \attains equilibrium". Inthe next 
hapter we dis
uss the question of the ne
essary time for this too

ur. Here we propose a 
hain for the simulation.



2.6. EXERCISES 29i) Let X be a �nite set and � a probability measure on X . Consider thefollowing transition probabilities on X : for y 6= x,Q1(x; y) = 1N � 1 �(y)�(x) + �(y) (2.76)Q1(x; x) = 1�Xy 6=xQ1(x; y) (2.77)(Choose uniformly a state y di�erent of x and with probability �(y)=(�(x)+�(y)) jump to y; with the 
omplementary probability stay in x.)Q2(x; y) = 1N � 1 �1f�(x) � �(y)g+ �(y)�(x)1f�(x) > �(y)g� (2.78)Q2(x; x) = 1�Xy 6=xQ2(x; y): (2.79)(Choose uniformly a state y di�erent of x and if �(x) < �(y), then jumpto y; if �(x) � �(y), then jump to y with probability �(y)=�(x); with the
omplementary probability stay in x.)Che
k if � is reversible with respe
t to Q1 and/or Q2.ii) Let X = f0; 1gN and � be the uniform distribution on X (that is, �(�) =2�N , for all � 2 X . De�ne a transition matrix Q on E satisfying the following
onditions:a) Q(�; �) = 0, if d(�; �) > 2, where d is the Hamming's' distan
e, intro-du
ed in the previous 
hapter;b) � is reversible with respe
t to Q.iii) Simulate the Markov 
hain 
orresponding to the 
hosen matrix Q. Usethe algorithm used in De�nition 1.2. How would you determine empiri
allythe moment when the pro
ess attains equilibrium? Hint: plot the relativefrequen
y of visit to ea
h site against time and wait this to stabilize. Give anempiri
 estimate of the density of ones. Compare with the true value givenby �(1), where � is the invariant measure for the 
hain.iv) Use the Ehrenfest model to simulate the Binomial distribution with pa-rameters 12 and N .



30 CHAPTER 2. INVARIANT MEASURESExer
ise 2.11 (i) Verify dire
tly that the limit as n ! 1 of P (n), givenby (2.20) exists and 
ompute it expli
itly. Compute limn!1 P(X2n = 1) andidentify the limits.ii) For the same 
hain 
ompute E (T 1!1), whereT 1!1 = inffn � 1 : X1n = 1g:iii) Establish a relationship between items (i) and (ii).Exer
ise 2.12 Let X = N and Q be a transition matrix de�ned as follows.For all x 2 N Q(0; x) = p(x) andQ(x; x� 1) = 1 if x � 1;where p is a probability measure on N . Let (X0n)n2N be a Markov 
hain withtransition matrix Q and initial state 0.i) Give suÆ
ient 
onditions on p to guarantee thatQ has at least one invariantmeasure.ii) Compute E (T 1!1).iii) Establish a relationship between items (i) and (ii).Exer
ise 2.13 (Stirring pro
ess) The stirring pro
ess is a Markov 
hainon the hyper
ube X = f0; 1gN de�ned by the following algorithm. Let PNbe the set of all possible permutations of the sequen
e (1; 2; � � � ; N), that is,the set of bije
tions from f1; 2; � � � ; Ng into itself. Let � be an element ofPN . Let F�:X ! X be the fun
tion de�ned as follows. For all � 2 XF�(�)(i) = �(�(i)):In other words, F� permutates the values of ea
h 
on�guration � assigningto the 
oordinate i the former value of the 
oordinate �(i).Let (�1;�2; � � �) be a sequen
e of iid random variables on PN . The stirringpro
ess (��n)n2N) with initial state � is de�ned as follows:��n = � �; se n = 0;F�n(��n�1); se n � 1. (2.80)



2.7. COMMENTS AND REFERENCES 31i) Show that the stirring pro
ess is not irredu
ible (it is redu
ible!).ii) Assume that the random variables �n have uniform distribution on PN .Whi
h are all the invariant measures for the stirring pro
ess in this 
ase?iii) Let VN be the set of permutations that only 
hange the respe
tive posi-tions of two neighboring points of (1; 2; � � � ; N). A typi
al element of VN isthe permutation �k, for k 2 f1; 2; � � � ; Ng, de�ned by:�k(i) = ( i; if i 6= k, i 6= k + 1,k + 1; if i = k,k; if i = k + 1. (2.81)In the above representation, the sum is done \moduleN", that is, N+1 =1. Assume that the random variables �n are uniformly distributed in the setVN . Compute the invariant measures of the stirring pro
ess in this 
ase.iv) Compare the results of items (ii) and (iii).2.7 Comments and referen
esThe proof of Theorem 2.24 proposed in Exer
ise 2.7 
an be found in Thorisson(2000) and H�aggtr�om (2000), Theorem 5.1.
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Chapter 3Convergen
e and loss ofmemoryIn this 
hapter we dis
uss the notions of 
oupling between two Markov 
hainsand meeting time of 
oupled 
hains. The knowledge of asymptoti
 propertiesof the distribution of the meeting time permits to obtain bounds for the speedof 
onvergen
e of the 
hain to its invariant distribution.3.1 CouplingIn this Se
tion we �rst give a formal de�nition of 
oupling between Markov
hains. Then we use it as a tool to �nd 
onditions on the probability transi-tion matrix to guarantee 
onvergen
e to the invariant probability. We showtwo di�erent approa
hes.A 
oupling between two Markov 
hains is de�ned as follows.De�nition 3.1 LetQ andQ0 be probability transition matri
es for pro
essesXt and X 0t on state spa
es X and X 0 respe
tively. A 
oupling between (Xt :t � 0) and (X 0t : t � 0) is 
hara
terized by a fun
tion eF : X � X 0 � U !X � X 0 satisfyingXy2X P( eF (x; x0;U) = (y; y0)) = Q(x0; y0) for all x 2 X ; x0; y0 2 X 033



34 CHAPTER 3. CONVERGENCE AND LOSS OF MEMORYXy02X 0 P( eF (x; x0;U) = (y; y0)) = Q(x; y) for all x; y 2 X ; x0 2 X 0 (3.2)where U is a random variable or ve
tor on a set U . The 
oupled pro
esswith initial 
on�guration (a; a0) 2 X � X 0 is de�ned as follows. Let (Un)be a sequen
e of iid random variables with the same law as U , then de�ne(X0; X 00) = (a; a0) and for n � 1,(Xn; X 0n) := eF (Xn�1; X 0n�1;Un) (3.3)In other words, a 
oupling is the simultaneous 
onstru
tion of the twoMarkov 
hains in the same probability spa
e. In this 
ase the spa
e is theone indu
ed by the sequen
e (Un). Usually we take U as a random variableuniformly distributed in U = [0; 1℄ but in some 
ases we need ve
tors (this isnot really a 
onstraint, as one 
an always 
onstru
t a random ve
tor using aunique uniform random variable, but to use ve
tors may fa
ilitate notation).Conditions (3.2) just say that the marginal law of the �rst (respe
tivelyse
ond) 
oordinate is exa
tly the law of the pro
ess with transition matrix Q(respe
tively Q0).In these notes we will only 
ouple two (and later on, more) versions ofthe same pro
ess. That is, X = X 0 and Q = Q0 in De�nition 3.1.Example 3.4 (Free 
oupling) Let U = [0; 1℄, U be a uniform random vari-able in U and F be a fun
tion satisfying (1.20) (
orresponding to a Markov
hain). The free 
oupling is the one de�ned by (3.3) witheF (x; x0; u) := (F (x; u); F (x0; u)): (3.5)In words, the marginals use the same Un to 
ompute the value at ea
htime.The following is a 
oupling re
ently proposed to simulate the invariantmeasure of a Markov 
hain. It exploits the fa
t that if U is a random variableuniformly distributed in [0; 1℄, then so is 1� U .Example 3.6 (Antitheti
 
oupling) Let U , U and F be as in Example3.4. The antitheti
 
oupling is the one de�ned by (3.3) witheF (x; x0; u) := (F (x; u); F (x0; 1� u)): (3.7)



3.1. COUPLING 35In this 
oupling the marginals use the same uniform random variable butea
h marginal uses it in a di�erent way.Example 3.8 (Doeblin 
oupling) The Doeblin 
oupling is the �rst 
ou-pling appeared in the literature. It was introdu
ed by Doeblin. ConsiderU = [0; 1℄ � [0; 1℄, U = (V; V 0), a bi-dimensional ve
tor of independent ran-dom variables uniformly distributed in [0; 1℄. The 
oupling is de�ned by (3.3)with eF (x; x0; v; v0) := (F (x; v); F (x0; v0)) (3.9)This 
oupling 
onsists just on two independent 
hains.Example 3.10 (Independent 
oales
ing 
oupling) Consider U = [0; 1℄�[0; 1℄, U = (V; V 0), a bi-dimensional ve
tor of independent random variablesuniformly distributed in [0; 1℄. The 
oupling is de�ned by (3.3) witheF (x; x0; v; v0) := � (F (x; v); F (x0; v0)) if x 6= x0(F (x; v); F (x0; v)) if x = x0 (3.11)In this 
ase if the marginals are di�erent, then they evolve independently.If the marginals 
oin
ide, then they evolve together. The �rst time themarginals 
oin
ide is an important obje
t:De�nition 3.12 The meeting time �a;b of the 
oupling eF is de�ned by�a;b = �+1; if Xan 6= Xbn, for all n � 0;minfn � 1 : Xan = Xbng; otherwise. (3.13)where (Xan; Xbn) is the 
oupling (3.2) 
onstru
ted with the fun
tion eF andinitial states (Xa0 ; Xb0) = (a; b).The free and the independent-
oales
ing 
ouplings have an importantproperty: the marginal pro
esses 
oales
e after the meeting time. This is theresult of next lemma.



36 CHAPTER 3. CONVERGENCE AND LOSS OF MEMORYLemma 3.14 Let eF be the fun
tion 
orresponding either to the free 
ouplingor to the independent-
oales
ing 
oupling and (Xan; Xbn) be the 
orrespondingpro
ess with initial states a and b respe
tively. Let �a;b be the meeting timeof the 
oupling eF . Thenn � �a;b implies Xan = Xbn (3.15)for all a; b 2 X .Proof. Left to the reader.3.2 Loss of memoryIn this se
tion we propose a free 
oupling between two traje
tories of thesame 
hain, ea
h traje
tory having di�erent starting point. We 
hoose afun
tion F whi
h helps the traje
tories to meet as soon as possible. ByLemma 3.14 we know that after meeting the traje
tories 
oales
e into thesame traje
tory. When the meeting time is \small", we say that loss ofmemory o

urs. This terminology makes sense be
ause after the meetingtime one 
annot distinguish the initial states. A �rst simple version of thisis given by Theorem 3.19 below. Theorem 3.38 shows then how to use aloss-of-memory result to dedu
e the 
onvergen
e in law of the 
hain and theuniqueness of the invariant measure.Later on, in Theorem 3.54 we propose a more re�ned 
oupling to obtain animproved version of loss of memory. We introdu
e the Dobrushin ergodi
ity
oeÆ
ient of the 
hain. Then we present the Convergen
e result in Theorem3.63. Before it we introdu
e the notion of aperiodi
 
hain, needed to statethe hypotheses of the Theorem of Convergen
e in greater generality.The �rst version of the result 
ontrols the speed of loss of memory withthe ergodi
ity 
oeÆ
ient � de�ned byDe�nition 3.16 (CoeÆ
ient of ergodi
ity) The ergodi
ity 
oef�
ient ofa transition matrix Q on the state spa
e X is de�ned by�(Q) := Xx2X mina2X Q(a; x): (3.17)



3.2. LOSS OF MEMORY 37Theorem 3.18 Let Q be a transition matrix on a 
ountable state spa
e X .Then there exists a fun
tion F : X�[0; 1℄! X su
h that for the free 
ouplingde�ned by (3.3) with the fun
tion eF given by (3.5),P� supa;b2X �a;b > n� � (1� �(Q))n: (3.19)where �a;b is the meeting time of the 
oupling eF .Proof. We re
all the proof of Proposition 1.19. The 
onstru
tion of thefun
tion F only requires a family of partitions of [0; 1℄ ((I(x; y) : y 2 X ) :x 2 X ), su
h that jI(x; y)j = Q(x; y), where jAj is the length (Lebesguemeasure) of the set A � R. In these notes A will always be a union ofintervals and its length will be the sum of the lengths of those intervals.The key of the proof is a smart de�nition of the partitions. The (unionof) intervals I(x; y) must be 
hosen in su
h a way that for all x; x0; y the setsI(x; y)T I(x0; y) be as big as possible.Sin
e X is 
ountable, we 
an assume X = f1; 2; : : :g.For ea
h y 2 X let J(y) := [l(y � 1); l(y)) (3.20)where l(y) := � 0; if y = 0;l(y � 1) + mina2X Q(a; y); if y � 1. (3.21)Let l(1) := limy!1 l(y). Displays (3.20) and (3.21) de�ne a partition of theinterval [0; l(1)℄.We now de�ne a family of partitions of the 
omplementary interval (l(1); 1℄,indexed by the elements of X . For ea
h x 2 X leteJ(x; y) := [~l(x; y � 1); ~l(x; y)) (3.22)where ~l(x; y) := � l(N); if y = 0;~l(x; y) +Q(x; y)�minz2X Q(z; y) if y � 1. (3.23)



38 CHAPTER 3. CONVERGENCE AND LOSS OF MEMORYDe�ne I(x; y) := J(y) [ eJ(x; y): (3.24)It is easy to see that jI(x; y)j = Q(x; y): (3.25)Finally we de�ne the fun
tion F : X � [0; 1℄! X as in 3.1:F (x; u) := Xy2X y 1fu 2 I(x; y)g: (3.26)That is, F (x; u) = y, if and only if u 2 I(x; y). Noti
e that for all y 2 X ,\x2X I(x; y) = J(y): (3.27)Hen
e, if u < l(N), then F (x; u) = F (z; u); for all x; z 2 X : (3.28)This is the key property of F .Let eF be the free 
oupling fun
tion de�ned by (3.2) with the fun
tion Fde�ned in (3.26). Let ((Xan; Xbn) : n � 0) be the 
oupled pro
ess 
onstru
tedwith this eF a

ording to (3.3). De�nee� := inffn � 1 : Un < l(1)g ; (3.29)Property (3.28) implies �a;b � e� ; (3.30)for all a; b 2 X . Noti
e that e� has geometri
 distribution:P(e� > n) = P(U1 > l(1); � � � ; Un > l(1)) (3.31)= nYi=1 P(Ui > l(1)) = (1� l(1))n: (3.32)To 
on
lude observe that l(1) = �(Q):



3.2. LOSS OF MEMORY 39We now dedu
e 
onvergen
e theorems from the loss-of-memory result ofTheorem 3.18. The idea is the following. Choose randomly the starting pointof one of the 
hains of the 
oupling a

ordingly to the invariant measure. Themarginal distribution of this 
hain will be (always) in equilibrium. Then usethis information and the 
oupling to �nd an upper bound for the distan
ebetween the invariant measure and the law of the pro
ess at time t.Lemma 3.33 Let Q be a transition matrix on a 
ountable X . For ea
h pair(a; b) 2 X �X , let ((Xan; Xbn) : n � 1) be a 
oupling of the 
hains with initialstates a and b, respe
tively. Let �a;b be the meeting time for the 
oupling.Then for all x; z 2 X ,jP(Xxn = y)� P(Xzn = y)j � supa;b P(�a;b > n) (3.34)Proof. Rewriting the di�eren
e of probabilities in (3.34) as the expe
tationof the di�eren
e of indi
ator fun
tions we get:jP(Xan = y)� P(Xbn = y)j = ��E [1fXan = yg � 1fXbn = yg℄��� E ��1fXan = yg � 1fXbn = yg�� : (3.35)The identity in the above display is the 
ru
ial point. It is true be
ause the
hains are 
onstru
ted in the same probability spa
e. Now,��1fXan = yg � 1fXbn = yg�� � 1fXan 6= Xbng: (3.36)But Lemma 3.14 implies1fXan 6= Xbng = 1f�a;b > ng: (3.37)whi
h �nishes the proof.We now use the bounds on the tails of the distribution of the meetingtime to obtain bounds in the speed of 
onvergen
e to the invariant measure.Theorem 3.38 Let Q be the transition matrix of a Markov 
hain with 
ount-able state spa
e X . Assume �(Q) > 0. Then the 
hain has a unique invariantmeasure � and supa;y jP(Xan = y)� �(y)j � (1� �(Q))n: (3.39)



40 CHAPTER 3. CONVERGENCE AND LOSS OF MEMORYProof. We postpone the proof of existen
e until Theorem 4.45 of Chapter4. Sin
e � is invariant, we 
an write the modulus in the left hand side of(3.39) as ���P(Xan = y)�Xb2X �(b)P(Xbn = y)���: (3.40)Sin
e Pb �(b) = 1, this is bounded from above byXb2X �(b) ��P(Xan = y)� P(Xbn = y)�� : (3.41)By Lemma 3.33 this is bounded byXb2X �(b)P(�a;b > n) � supa;b P(�a;b > n) � (1� �(Q))n: (3.42)by Lemma 3.18. This �nishes the proof of (3.39).Let � and � be two invariant measures for Q. As we did in Lemma 3.33,we 
onstru
t two 
hains X�n and X�n with initial states randomly 
hosena

ording with � and �, respe
tively. Then,j�(y)� �(y)j = ���Xx �(x)P(Xxn = y)�Xz �(z)P(Xzn = y)���= ���Xx Xz �(x)�(z) (P(Xxn = y)� P(Xzn = y))���� Xx Xz �(x)�(z) supa;b P(�a;b > n)� (1� �(Q))n ; (3.43)using Lemma 3.33 in the �rst inequality and (3.19) in the se
ond. Sin
e thebound (3.43) holds for all n and �(Q) > 0 by hypothesis, � = �. This showsuniqueness.The assumption �(Q) > 0 is of 
ourse very restri
tive. The following
orollary allows us to get a result as Theorem 3.38 in a more general 
ase.



3.3. PERIODIC AND APERIODIC CHAINS 41Corollary 3.44 Let Q be an aperiodi
 transition matrix on a 
ountable statespa
e X satisfying �(Qk) > 0 for some k � 1. Then the 
hain has a uniqueinvariant measure � andsupa;y jP(Xan = y)� �(y)j � (1� �(Qk))n=k: (3.45)Proof. Left to the reader.A natural question arises: whi
h are the transition matri
es on a 
ount-able state spa
e X having �(Qj) stri
tly positive for some j � 1. Oneexample for the in�nite 
ountable 
ase is the house-of-
ards pro
ess of Ex-ample 1.44. If for this pro
ess there exists an " > 0 su
h that ak < 1� " forall k, then �(Q) > ". We do not dis
uss further the in�nite 
ountable 
ase.A related question in the �nite 
ase is the following: whi
h are the tran-sition matri
es on a �nite state spa
e X having all entries positive startingfrom some power? The examples of irredu
ible matri
es proposed in the pre-vious se
tion show that the irredu
ibility 
ondition is ne
essary. However, asit is shown in the next se
tion, it is not suÆ
ient.3.3 Periodi
 and aperiodi
 
hainsLet us start with an example.Example 3.46 Let X = f1; 2g and the transition matrix Q be given byQ = � 0 11 0 �It is 
lear that this matrix 
orresponds to an irredu
ible pro
ess. However,any power has null entries. Indeed, for all k � 0, we haveQ2k = � 1 00 1 �and Q2k+1 = � 0 11 0 �



42 CHAPTER 3. CONVERGENCE AND LOSS OF MEMORYThe problem of this matrix is that the transitions from 1 to 2 or from 2 to1 
an only o

ur in an odd number of steps, while the transitions from 1 to1, or from 2 to 2, are only possible in an even number of steps. Anyway thismatrix a

epts a unique invariant measure, the uniform measure in X . Thistype of situation motivates the the notion of periodi
ity whi
h we introdu
ein the next de�nition.De�nition 3.47 Assume Q to be the transition matrix of a Markov 
hainon X . An element x of X is 
alled periodi
 of period d, ifm
d fn � 1 : Qn(x; y) > 0g = d:The element will be 
alled aperiodi
 if d = 1.For example, in the matrix of the Example 3.46 both states 1 and 2 areperiodi
 of period 2.We omit the proof of next two propositions. They are elementary and ofpurely algebrai
 
hara
ter and 
an be found in introdu
tory books of Markov
hains. The �rst one says that for irredu
ible Markov 
hains the period is asolidarity property, that is, all states have the same period.Proposition 3.48 Let Q be a transition matrix on X . If Q is irredu
ible,then all states of X have the same period.The proposition allows us to 
all irredu
ible matri
es of 
hain of periodd or aperiodi
 
hainProposition 3.49 Let Q be an irredu
ible transition matrix on a �nite setX . If Q is irredu
ible and aperiodi
, then there exists an integer k su
h thatQj has all entries positive for all j � k.Proof. Omitted. It 
an be found in H�aggstr�om (2000), Theorem 4.1, forinstan
e.Irredu
ible periodi
 matri
es indu
e a partition of the state spa
e in
lasses of equivalen
e. Let Q be a matrix with period d on X . We say that x



3.4. DOBRUSHIN'S ERGODICITY COEFFICIENT 43is equivalent to y if there exists a positive integer k su
h that Qkd(x; y) > 0.Then X = X1; : : : ;Xd, where Xi 
ontains equivalent states and are 
alledequivalent 
lasses.Proposition 3.50 Let Q be a irredu
ible matrix with period d. Then Qd isaperiodi
 in ea
h one of the 
lasses of equivalen
e X1; : : : ;Xd. Let �1; : : : ; �dbe invariant measures for Qd on X1; : : : ;Xd, respe
tively. Then the measure� de�ned by �(x) := 1dXi �i(x) (3.51)is an invariant measure for Q.Proof. It is left as an exer
ise for the reader.The last result of this se
tion relates the positivity of all elements of apower of an irredu
ible matrix Q with the positivity of �(Q).Lemma 3.52 Let Q be a transition matrix on a �nite set X . If there existsan integer k su
h that Qj has all entries positive for all j � k then �(Qj) > 0.Proof. It is 
lear that Qj(x; y) > 0 for all x; y 2 X implies �(Q) > 0.3.4 Dobrushin's ergodi
ity 
oeÆ
ientWe present another 
oupling to obtain a better speed of loss of memory ofthe 
hain.De�nition 3.53 The Dobrushin's ergodi
ity 
oeÆ
ient of a transition ma-trix Q on X is de�ned by�(Q) = mina;b Xx2X minfQ(a; x); Q(b; x)g:



44 CHAPTER 3. CONVERGENCE AND LOSS OF MEMORYTheorem 3.54 If Q is a transition matrix on a �nite state spa
e X , thenthere exists a 
oupling (joint 
onstru
tion of the 
hains) (Xan; Xbn : n 2 N)
onstru
ted with a fun
tion eF su
h that the meeting time of the 
oupling eFsatis�es P(�a;b > n) � (1� �(Q))n: (3.55)To prove this theorem we use the Dobrushin 
oupling.De�nition 3.56 (Dobrushin 
oupling) Let Q be a transition probabilitymatrix on a 
ountable state spa
e X . We 
onstru
t a family of partitions of[0; 1℄ as in Theorem 3.18. But now we double label ea
h partition, in su
ha way that the 
ommon part of the families Ia(b; y) \ Ib(a; y) be as large aspossible.We assume again that X = f1; 2; : : :g. For ea
h �xed elements a and b ofX de�ne Ja;b(y) := [la;b(y � 1); la;b(y)) (3.57)where la;b(y) := � 0; if y = 0;la;b(y � 1) + minfQ(a; y); Q(b; y)g if y � 1. (3.58)Let la;b(1) := limy!1 la;b(y).Displays (3.57) and (3.58) de�ne a partition of the interval [0; la;b(1)℄. Weneed to partition the 
omplementary interval (la;b(1); 1℄. Sin
e the 
ommonparts have already been used, we need to �t the rests in su
h a way that thetotal lengths equal the transition probabilities. We give now an example ofthis 
onstru
tion. De�neeJb(a; y) = [~lb(a; y � 1); ~lb(a; y))where~lb(a; y) = � la;b(N); if y = 0;~lb(a; y � 1) + maxf0; (Q(a; y)�Q(b; y))g; if y � 1.Finally we de�ne Ib(a; y) = Ja;b(y) [ eJb(a; y):



3.4. DOBRUSHIN'S ERGODICITY COEFFICIENT 45It is easy to see that for all b the following identity holdsjIb(a; y)j = Q(a; y):De�ne the fun
tion eF : X � X � [0; 1℄! X �X as in De�nition 3.1:eF (a; b; u) = NXy=1 NXz=1(y; z)1fu 2 Ib(a; y) \ Ia(b; z)g: (3.59)In other words, eF (a; b; u) = (y; z), if and only if u 2 Ib(a; y)\Ia(b; z). Noti
ethat Ib(a; y) \ Ia(b; z) = �Ja;b(y); if y = z;; otherwiseHen
e, for any a and b,if u < la;b(N); then eF (a; b; u) = (x; x) for some x 2 X : (3.60)We 
onstru
t the 
oupling (Xan; Xbn)n�0 as follows:(Xan; Xbn) = � (a; b); if n = 0 ;eF (Xan�1; Xbn�1;Un); if n � 1, (3.61)where (U1; U2; � � �) is a sequen
e of iid uniformly distributed in [0; 1℄. Thepro
ess so de�ned will be 
alled Dobrushin 
oupling.Proof of Theorem 3.54. With Dobrushin 
oupling in hands, the rest ofthe proof follows those of Theorem 3.18 with the only di�eren
e that now the
oin
iden
e interval 
hanges from step to step, as a fun
tion of the 
urrentstate of the marginal 
hains. Lete�a;b = inffn � 1 : Un < lXan�1;Xbn�1(1)g :Property (3.60) implies �a;b � e�a;b:



46 CHAPTER 3. CONVERGENCE AND LOSS OF MEMORYThe law of e�a;b is sto
hasti
ally dominated by a geometri
 random variable:P(e�a;b > n) = P(U1 > lXa0 ;Xb0(1); � � � ; Un > lXan�1;Xbn�1(1))� P(U1 > minx;y lx;y(1); � � � ; Un > minx;y lx;y(1))= nYi=1 P(Ui > minx;y lx;y(1))= (1�minx;y lx;y(1))n:To 
on
lude observe that minx;y lx;y(1) = �(Q):Finally we 
an state the 
onvergen
e theorem.Theorem 3.62 If Q is an irredu
ible aperiodi
 transition matrix on a 
ount-able state spa
e X , thensup(a;b) jP(Xan = b)� �(b)j � (1� �(Qk))nk ; (3.63)where � is the unique invariant probability for the 
hain and k is the smallestinteger for whi
h all elements of Qk are stri
tly positive.Proof. Follows as in Theorem 3.38, substituting the bound (3.19) by thebound (3.55).3.5 Re
urren
e and transien
eWe �nish this 
hapter with some 
on
epts useful when dealing with 
ountablestate spa
es.De�nition 3.64 We say that a state x istransient, if P(T x!x =1) > 0; (3.65)null re
urrent, if P(T x!x =1) = 0 and ET x!x =1; (3.66)positive re
urrent, if ET x!x <1: (3.67)



3.6. EXERCISES 47If the state spa
e is �nite, there are no null re
urrent states. In words, astate is transient if the probability that the 
hain never visit it is positive. Astate is re
urrent if it is visited in�nitely many often with probability one. Astate is positive re
urrent if the expe
ted return time has �nite expe
tation.For irredu
ible 
hains re
urren
e and transien
e are solidarity properties.For this reason we 
an talk of (irredu
ible) re
urrent or transient 
hains.Example 3.68 (House-of-
ards pro
ess) This pro
ess was introdu
ed inExample 1.44. Let X = N and Q be the transition matrix on X de�ned byQ(x; y) = � ax if y = x + 11� ax if y = 0 (3.69)Lemma 3.70 Let (W an : n � 0) be a Markov 
hain on N with the transitionmatrix Q de�ned in (3.69) and initial state a. Then(a) The 
hain is non positive-re
urrent if and only ifXn�0 nYk=1 ak =1 (3.71)(b) The 
hain is transient if and only if1Yk=1 ak > 0 (3.72)Proof. Omitted in this notes. The reader 
an �nd it in Bressaud et al.(1999).Observe that the 
ondition (3.71) is weaker than the 
ondition �(Q) > 0(this last is equivalent to supx ax < 1).3.6 Exer
isesExer
ise 3.1 Prove Lemma 3.14.



48 CHAPTER 3. CONVERGENCE AND LOSS OF MEMORYExer
ise 3.2 Doeblin's 
oupling. Let Q be a transition matrix on the �niteor 
ountable set X . De�ne the matrix �Q on X � X as follows�Q((a; b); (x; y)) = 8<:Q(a; x)Q(b; y); if a 6= b;Q(a; x); if a = b and x = y;0; if a = b and x 6= y. (3.73)Verify that �Q is a transition matrix. In other words, verify that for all(a; b) 2 X � X , X(x:y)2X�X �Q((a; b); (x; y)) = 1:Observe that the 
hain 
orresponding to �Q des
ribes two Markov 
hains oftransition matrix Q whi
h evolve independently up to the �rst time bothvisit the same state. From this moment on, the two 
hains 
ontinue togetherfor ever.Exer
ise 3.3 Doeblin's 
oupling. Show that the pro
ess de�ned in Example3.4 has transition matrix Q de�ned by (3.73).Exer
ise 3.4 Prove Corollary 3.44.Exer
ise 3.5 Determine if the 
hains presented in Examples 1.42, 1.45, 1.31,1.44, 2.46 and in Exer
ises 1.1, 2.8 and 2.13 are periodi
 and determine theperiod. For those matri
es that are aperiodi
 and irredu
ible, determine thesmallest power k satisfying that all the entries of Qk are stri
tly positive.Exer
ise 3.6 Determine �(Q) and �(Q) for all aperiodi
 and irredu
ible
hains Q of Exer
ise 3.5. In 
ase the 
omputations be
ome 
ompli
ate, tryto �nd bounds for �(Q) and �(Q). When �(Q) gives a better 
onvergen
evelo
ity than �(Q)?Exer
ise 3.7 Let X = f1; 2g and Q be the following transition matrixQ = � 13 2323 13 �



3.7. COMMENTS AND REFERENCES 49(a) Show that there exists �n, su
h that, for all n � �n,0; 45 � Qn(1; 2) � 0; 55 and0; 45 � Qn(2; 2) � 0; 55:Find bounds for �n.(b) Obtain similar results for Qn(1; 1) and Qn(2; 1).3.7 Comments and referen
esThe 
oupling te
hnique was introdu
ed by Doeblin (1938a), who 
onstru
tedtwo 
hains whi
h evolved independently up to the �rst moment they meet,as in exer
ise 3.2. The 
oeÆ
ient �(Q) was introdu
ed by Dobrushin (1956)and then used by Dobrushin (1968a,b) to show the existen
e of a uniqueGibbs state.
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Chapter 4Regeneration and perfe
tsimulationIn this 
hapter we propose a somewhat di�erent way of 
onstru
ting thepro
ess. The 
onstru
tion permits to prove the existen
e of regenerationtimes, that is, random times su
h that the pro
ess starts afresh. It alsoindu
es a perfe
t simulation algorithm of stationary Markov 
hains. Thatis, an algorithm to obtain an exa
t sample of the invariant measure for thetransition matrix Q.4.1 Stopping timeWe start with the important de�nition of stopping time.De�nition 4.1 (Stopping time) Let (Un) be a sequen
e of random vari-ables on some set U . We say that T is a stopping time for (Un : n � 0) ifthe event fT � jg depends only on the values of U1; : : : ; Uj. That is, if thereexist events Aj � U j su
h thatfT � jg = f(U1; : : : ; Uj) 2 Ajg (4.2)51



52 CHAPTER 4. REGENERATION AND PERFECT SIMULATIONExample 4.3 Let 
 2 (0; 1), U = [0; 1℄, (Un) be a sequen
e of randomvariables uniformly distributed in U and T := �rst time a Un is less than 
:T := minfn � 1 : Un < 
g (4.4)Then T is a stopping time, the sets Aj are de�ned byAj = fU1 > 
; : : : ; Uj�1 > 
; Uj < 
g (4.5)and the law of T is geometri
 with parameter 
:P(T > n) = (1� 
)n (4.6)4.2 RegenerationIn this se
tion we show that if there is a 
onstant lower bound for the prob-ability of passing from any state to any other, then for any measure � on X ,there exists a random time su
h that the 
hain has law � at that time.Theorem 4.7 Let Q be the transition matrix of a Markov 
hain on a �nitestate spa
e X su
h that there exist 
 > 0 with Q(x; y) � 
 for all x; y 2X . Let � be an arbitrary probability measure on X . Let U1; U2; : : : be asequen
e of uniform random variables in [0; 1℄. Then there exists a fun
tionF : X � [0; 1℄! X and a random stopping time T for (Un) su
h that1. The 
hain de�ned by Xn = F (Xn�1;Un) has transition matrix Q.2. XT has law �3. T has geometri
 distribution with parameter 
: P(T > n) = (1� 
)n4. Given the event fT = t; Xi = xi; for i < tg, the 
hain (Xt+s : s � 0)has the same law as (Xn : n � 0) with initial distribution �.Remark 4.8 The last item in the theorem is the regeneration statement:at time T the 
hain starts afresh with initial distribution � independently ofthe past.



4.2. REGENERATION 53Proof. The point is to 
onstru
t a family of partitions of [0; 1℄ with suitableproperties.We �rst 
onstru
t a partition of the interval [0; 
℄: let l(0) = 0, l(y) =l(y � 1) + 
�(y) and J(y) := [l(y � 1); l(y)) (4.9)The length of J(y) is jJ(y)j = 
�(y) (4.10)for all y 2 X .Then 
onstru
t a partition of [
; 1℄ as follows. De�ne k(x; 0) := 
,k(x; y) := k(x; y � 1) +Q(x; y)� 
�(y);K(x; y) := [k(x; y � 1); k(x; y)) (4.11)and I(x; y) := J(y) [K(x; y) (4.12)Then we have jI(x; y)j = Q(x; y) : (4.13)We de�ne F (x; u) := Xy2X y 1fu 2 I(x; y)g (4.14)and Xn := F (Xn�1;Un) (4.15)With this fun
tion, the 
hain Xn has transition matrix Q. This implies thatXn satis�es the �rst item of the theorem.Let T := minfn � 1 : Un � 
g (4.16)We saw in Example 4.3 that T is a stopping time for (Un) and that T hasgeometri
 distribution with parameter 
. That is, T satis�es the third itemof the theorem.



54 CHAPTER 4. REGENERATION AND PERFECT SIMULATIONComputeP(XT = y) = Xn P(Xn = y; T = n)= Xn P(Xn = y; U1 > 
; : : : ; Un�1 > 
; Un � 
): (4.17)By De�nition 4.15 of Xn,fXn = yg = fUn 2 J(y) [K(Xn�1; y)g:Sin
e J(y) � [0; 
) for all y 2 X and K(x; y) � [
; 1℄ for all x; y 2 X , we havefXn = y; Un < 
g = fUn 2 J(y)g: (4.18)Hen
e, (4.17) equalsXn�1 P(U1 > 
; : : : ; Un�1 > 
; Un 2 J(y))= Xn�1 P(U1 > 
) : : :P(Un�1 > 
)P(Un 2 J(y))= Xn�1(1� 
)n�1 
 �(y); (4.19)by (4.10). Sin
e (4.19) equals �(y), this shows the se
ond item of the theorem.The last item is left to the reader.The following lemma shows that if the measure at the regeneration timeT is 
hosen to be the invariant measure for Q, then, after the regenerationtime the 
hain is always distributed a

ording to the invariant measure.Lemma 4.20 Assume the 
onditions of Theorem 4.7 and that � is the in-variant measure for Q. ThenP(Xat = b j t � T ) = �(b) (4.21)



4.2. REGENERATION 55Proof. Partitioning �rst on the possible values of T and then on the possiblevalues of Xn we getP(Xat = b; t � T ) = tXn=1 P(Xat = b; T = n)= tXn=1Xx2X P(Xan = x; Xat = b; T = n) (4.22)= tXn=1Xx2X P(Xxt�s = b)P(Xan = x; T = n) (4.23)The last step requires some 
are. We ask the reader to show it in the exer
ises.By item (2) of Theorem 4.7, the above equals= tXn=1Xx2X P(Xxt�s = b)�(x)P(T = n)= Xx2X P(Xxt�s = b)�(x) tXn=1 P(T = n)= �(b)P(t � T ) (4.24)be
ause � is invariant for Q.Proposition 4.25 Assume the 
onditions of Theorem 4.7 and that � is theinvariant measure for Q. Then for any initial state asupx jP(Xan = x)� �(x)j � (1� 
)n: (4.26)Proof. Partition a

ording to the values of T :P(Xan = x) = P(Xn = x; t � T ) + P(Xan = x; t < T )= P(t � T )�(x) + P(t < T )P(Xan = x j t < T )= (1� P(t < T ))�(x) + P(t < T )P(Xan = x j t < T )



56 CHAPTER 4. REGENERATION AND PERFECT SIMULATIONby Lemma 4.20. Hen
e,jP(Xan = x)� �(x)j = P(t < T ) j�(x) � P(Xan = x j t < T )j� P(t < T ) (4.27)be
ause the di�eren
e of two probabilities is always bounded above by 1.The proposition follows now from item (3) of Theorem 4.7.4.3 Coupling and regenerationWe 
ompare here regeneration and 
oupling. Then we extend Theorem 4.7to the 
ase of 
ountable state spa
e. Let us �rst de�ne the regeneration
oeÆ
ient of a 
hain with respe
t to a measure.De�nition 4.28 Let the regeneration 
oeÆ
ient of a transition matrix Qwith respe
t to a probability measure � beC(�;Q) := supf
 > 0 : miny [minx Q(x; y)� 
�(y)℄ � 0g (4.29)In the next theorem we show that the fun
tion F of Theorem 4.7 
anbe 
onstru
ted with the regeneration 
oeÆ
ient C(�;Q) instead of 
 and therate of geometri
 de
ay of T will be C(�;Q). The regeneration 
oeÆ
ientC(�;Q) is the maximal geometri
 rate we 
an get when the law of the pro
esswith transition matrix Q at regeneration times is �.Theorem 4.30 Let Q be the transition matrix of a Markov 
hain on a
ountable state spa
e X . Assume there exists a measure � on X satisfy-ing 
 := C(�;Q) > 0. Then the 
on
lusions of Theorem 4.7 hold with this �and this 
.Proof. We need to 
he
k that the 
onstru
tion of the intervals J(y) in(4.9) and I(x; y) of (4.12) be su
h that (4.13) hold. For that, it is suÆ
ientthat minxQ(x; y) � 
�(y) for all x. This is guaranteed by the de�nition ofC(�;Q).By 
onveniently de�ning the measure � at regeneration times we 
an getan alternative proof to Theorem 3.38.



4.3. COUPLING AND REGENERATION 57Theorem 4.31 Let Q be a transition matrix on a 
ountable state spa
e X .Assume �(Q) > 0, where �(Q) is de�ned in (3.17). De�ne�(y) := minx Q(x; y)Pxminx Q(x; y) (4.32)Then1. The regeneration 
oeÆ
ient of Q with respe
t to this � is the same asthe ergodi
ity 
oeÆ
ient �(Q):C(�;Q) = �(Q) ; (4.33)2. The time T 
onstru
ted in (4.16) with 
 = C(�;Q) has geometri
 lawwith parameter �(Q).3. The following bounds in the loss of memory hold:jP(Xan = x)� P(Xbn = x)j � (1� �(Q))n (4.34)for any a; b; x 2 X .Proof. Noti
e �rst that � is well de�ned be
ause the denominator in (4.32)is exa
tly �(Q) > 0 by hypothesis.Identity (4.33) follows from the de�nition of C(�;Q). T is geometri
 by
onstru
tion. Inequality (4.34) holds be
ause the left hand side is boundedabove by P(T > n) whi
h by item (2) is bounded by (1� �(Q))n.The measure � maximizing the regeneration 
oeÆ
ient of a matrix Q isthe one given by (4.32). In parti
ular we get that the 
oupling time is lessthan the regeneration time: �a;b � T (4.35)where �a;b is the meeting time of the free 
oupling with the fun
tion F de�nedin the proof of Theorem 3.18 and T is the regeneration time of the 
hain withrespe
t to the measure � de�ned by (4.32).If �(Q) < �(Q), then the meeting time of the Dobrushin 
oupling is lessthan the regeneration time of Theorem (4.31).



58 CHAPTER 4. REGENERATION AND PERFECT SIMULATION4.4 Constru
tion of the invariant measureIn this se
tion we show how to use the regeneration ideas to 
onstru
t dire
tlythe invariant measure. As a 
orollary we get a perfe
t simulation algorithmfor the invariant measure.Consider a double in�nite sequen
e of uniform random variables (Un :n 2 Z).De�nition 4.36 (Regeneration times) Let Q be an irredu
ible transi-tion matrix on a 
ountable state spa
e X . Let � be a measure on X satisfying
 := C(�;Q) > 0. De�ne the sequen
e of random variablesN(i) := 1fUi � 
g (4.37)Let the regeneration times (�(n)) with respe
t to the measure � be de�nedby �(n) := maxfi � n : Ui < 
g (4.38)The sequen
e N(i) is a sequen
e of iid Bernoulli random variables ofparameter 
. Observe that�(j) = �(n) for all j 2 [�(n); n℄: (4.39)Lemma 4.40 For all n 2 Z there exists an i � n su
h that N(i) = 1.Furthermore P(n � �(n) > k) � (1� 
)k (4.41)Proof. Immediate.De�nition 4.42 (The stationary pro
ess) Let Q, �, 
, (Ui) and N(�) beas in De�nition 4.37. For those i su
h that N(i) = 1 de�neXi = Xy y 1fUi 2 J(y)g (4.43)where (J(y)) are de�ned in (4.9) and satisfy (4.10). The values (4.43) arewell de�ned be
ause in this 
ase Ui < 
 and J(y) � [0; 
℄ for all y 2 X .



4.4. CONSTRUCTION OF THE INVARIANT MEASURE 59To de�ne Xi for those i su
h that N(i) = 0 we use the fun
tion F of theTheorem 4.7: indu
tively letXj = F (Xj�1;Uj) (4.44)for j 2 [�(n); n℄. Property (4.39) guarantees that this 
onstru
tion does notdepend on the starting point.Theorem 4.45 Let Q be a transition matrix on a 
ountable state spa
e X .Assume there exists a measure � on X su
h that C(�;Q) > 0. Then thepro
ess (Xn : n 2 Z) de�ned in De�nition 4.42 is a stationary Markovpro
ess with transition matrix Q. The marginal law � on X de�ned by�(x) := P(X0 = x) (4.46)is the unique invariant measure for Q.Proof of Theorem 2.24 Let eX be an irredu
ible 
lass of states of X .Assume �rst that eX is aperiodi
. Then, by Proposition 3.49, there exists apositive k su
h that eQ, the transition matrix restri
ted to eX satis�eseQk(x; y) > 0 for all x; y 2 eX (4.47)Hen
e �( eQk) > 0 and we 
an apply Theorem 4.45 to show that the law e� ofeX0, the value at time zero of the pro
ess restri
ted to eX given in De�nition4.42 is an invariant measure for eQ. Hen
e the measure � de�ned by�(x) := �e�(x) if x 2 eQ0 otherwise (4.48)is invariant for Q.If eX has period d, then by Proposition 3.50, Qd is aperiodi
 in ea
h ofthe equivalen
e 
lasses eX1; : : : ; eXd. Use the argument above to 
onstru
tinvariant measures �1; : : : ; �d for Qd on eX1; : : : ; eXd, respe
tively. Then, � :=(1=d)Pi �i is invariant for Q, by Proposition 3.50.Proof of the existen
e part of Theorem 3.38. If �(Q) > 0 it suÆ
esto 
hoose � as in (4.32) and apply Theorem 4.45.



60 CHAPTER 4. REGENERATION AND PERFECT SIMULATIONProof of Theorem 4.45. Let (Xn : n 2 Z) (Noti
e: n 2 Z) be the pro
ess
onstru
ted in (4.38){(4.44). The 
onstru
tion is translation invariant. Thatis P(Xt+1 = x1; : : : ; Xt+k = xk) = P(X1 = x1; : : : ; Xk = xk) (4.49)for all t 2 Z. This implies the pro
ess is stationary. The Markov propertyfollows from (4.44). Hen
eP(X1 = y) = Xx P(X1 = y jX0 = x)P(X0 = x) (4.50)That is, �(y) = Xx P(X1 = y jX0 = x)�(x) (4.51)whi
h implies � is invariant for Q.To show uniqueness let (X�k;�n : n � �k) be a pro
ess starting at time�k with the invariant measure �, also 
onstru
ted using the fun
tion (4.44).Thenj�(y)� �(y)j (4.52)= ���Xa P(X�n = a)P(X0 = y jX�n = a)�Xb �(b)P(X0 = y jX�n = b)���� Xa Xb P(X�n = a)�(b) jP(X0 = y jX�n = a)� P(X0 = y jX�n = b)j� Xa Xb P(X�n = a)�(b)P(�(0) < �n)= (1� 
)n+1 (4.53)Sin
e (4.52) is independent of n and (4.53) goes to zero as n ! 1, we
on
lude that (4.52) must vanish.Noti
e that Theorem 4.45 holds for any measure � in the regenerationtimes of Theorem 4.45. To optimize the bounds in (4.26) and (4.53) we 
an
hoose a measure � whi
h maximizes C(�;Q). This is�(y) := minxQ(x; y)PyminxQ(x; y) (4.54)



4.5. PERFECT SIMULATION 61and for this � C(�;Q) = �(Q) =Xy minx Q(x; y) (4.55)4.5 Perfe
t simulationThe above 
onstru
tion naturally gives us an algorithm to perfe
t simulatethe invariant measure in a minimal number of steps. Let Q be a transitionmatrix in a �nite probability state spa
e X su
h that �(Q) > 0.Algorithm 4.56 (Sample the invariant measure) Perform the follow-ing steps1. Choose � as in (4.54) (This 
an be done be
ause �(Q) > 0).2. Simulate uniform random variables U0; U�1; : : : up to �(0), the �rst timeU�n < �(Q). (Here we only need a random geometri
ally distributednumber of steps).3. Compute X�(0) using (4.43):X�(0)  Xy y 1fU�(0) 2 J(y)g (4.57)and X�(0)+1; : : : ; X0 using (4.44):Xj  F (Xj�1;Uj) (4.58)for j 2 [�(0)+1; 0℄. Important: in both (4.57) and (4.58) use the sameuniform random variables generated in (2).4. Output the value X0. End.Theorem 4.59 The law of X0 generated by Algorithm 4.56 is exa
tly thelaw of the unique invariant measure � for Q:P(X0 = x) = �(x) (4.60)for all x 2 X .



62 CHAPTER 4. REGENERATION AND PERFECT SIMULATIONProof. Immediate.If one wants to generate a pie
e (X0; : : : ; Xn) of the stationary pro
ess,the algorithm is as followsAlgorithm 4.61 (Sample the stationary pro
ess) Perform the follow-ing steps1. Use Algorithm 4.56 above to generate X0.2. Generate uniform random variables U1; : : : ; Un3. Set X1; : : : ; Xn using (4.58).4. Output the ve
tor (X0; : : : ; Xn). End.Theorem 4.62 The law of the random ve
tor (X0; : : : ; Xn) generated by Al-gorithm 4.61 is the followingP(Xi = xi ; i 2 f0; : : : ; ng) = �(x0)Q(x0; x1) : : : Q(xn�1; xn) (4.63)where � is the unique invariant measure for Q.Proof. Immediate.4.6 Coupling from the pastLet Q be an irredu
ible transition probability matrix on a �nite state spa
eX = f1; : : : ; Ng. We start with the de�nition of multi 
oupling. It is essen-tially the same as the de�nition of 
oupling given in De�nition 3.1, but nowwe allow as many marginals as elements are in X .De�nition 4.64 (Multi 
oupling) Let a fun
tion eF : XN � U ! XN besu
h that for all x1; : : : ; xN 2 X , all i = 1; : : : ; N and all yi 2 X :Xi P( eF (x1; : : : ; xN ;U) = (y1; : : : ; yN)) = Q(xi; yi) (4.65)



4.6. COUPLING FROM THE PAST 63wherePi is the sum over all (N�1)-tuples (y1; : : : ; yi�1; yi+1; : : : ; yN) and Uis a random variable in U . Su
h an eF will be 
alled a multi 
oupling fun
tion.A multi 
oupling pro
ess in XN is de�ned by(X1n; : : : ; XNn ) := � (1; : : : ; N) if n = 0eF (X1n�1; : : : ; XNn�1;Un) if n > 0 (4.66)where (Un) is a sequen
e of iid random variables de�ned on U .One naturally 
an extend De�nitions 3.4 and 3.8 to the notion of freemulti 
oupling and independent multi 
oupling. There is no simple way toextend the 
oupling (3.61) to a Dobrushin multi 
oupling. The reason is thatDobrushin 
oupling is a genuine two-
oordinates 
oupling in the sense thatthe way one 
oordinate uses the variable U to 
ompute its value depends onthe value of the other 
oordinate.De�nition 4.67 Let k 2 Z be an arbitrary time. Let (X1;kn ; : : : ; XN ;kn ) be amulti 
oupling of the Markov 
hain in X with transition matrix Q, startingat time k with states (1; : : : ; N), de�ned as follows:(X1;kn ; : : : ; XN ;kn ) := � (1; : : : ; N) if n = keF (X1;kn�1; : : : ; XN ;kn�1;Un) if n > k (4.68)De�ne�k := minf` � k : Xa;k` = Xb;k` for all a; b 2 f1; : : : ; Ngg (4.69)In words, �k is the �rst time all the marginals of the multi 
oupling startedat time k with all possible states meet. De�ne�(n) := maxfk � n : �k � ng (4.70)That is, �(n) is the last time prior to n that the 
on�guration at n does notdepend on the state the pro
ess assumes at times k � �(n).Theorem 4.71 (Coupling from the past) Let Un be a sequen
e of iidrandom variables in U . Let eF be a multi 
oupling fun
tion satisfying (4.65).



64 CHAPTER 4. REGENERATION AND PERFECT SIMULATIONLet (((X1;kn ; : : : ; XN ;kn ) : n � k) : k 2 Z) be a family of multi 
ouplings ofthe Markov 
hain in X with transition matrix Q, starting at all possible timesk 2 Z with states (1; : : : ; N) de�ned in (4.68) (and with the same sequen
e(Un)). Assume �(0) �nite, that is, P(�(0) > �1) = 1. Then the matrix Qadmits a unique invariant measure �, the law of any marginal of the pro
essat time zero starting at time �(0):P(Xa;�(0)0 = y) = �(y) (4.72)for all a; y 2 X .Before proving the theorem we make a 
omment and then show how theresult is used for perfe
t simulation appli
ations. In view of De�nition 4.36one is tempted to guess that �(0) is a regeneration time for the 
hains. Butthis is not true, be
ause, for the multi 
oupling time �(n) (4.39) does nothold.The original perfe
t simulation algorithm proposed by Propp and Wilsonis the following:Algorithm 4.73 (Coupling from the past) Perform the following steps1. Fix a moderate time �t < 0 and generate independent random vari-ables U�t; U�t+1; : : : ; U0.2. With the random variables U�t; : : : ; U0 previously generated, 
onstru
ta sample of the multi 
oupling (X1;�t` ; : : : ; XN ;�t` ) for ` = �t; : : : ; 0,using a multi 
oupling fun
tion eF .3. If Xa;�t0 = Xb;�t0 for all a; b 2 f1; : : : ; Ng (4.74)then X1;�t0 is a perfe
t sample of the invariant measure �. Print theresult and �nish. If (4.74) does not hold, then generate independentrandom variables U�2t; : : : ; U�t�1, sett 2t (4.75)and go to (2).



4.6. COUPLING FROM THE PAST 65The meaning of \moderate time" is something only experien
e 
an give.If no a priori estimation exists, just start with an arbitrary value.The algorithm avoids the expli
it 
omputation of �(0). It starts multi
oupling from time �t to time 0. If all marginals 
oin
ide at time 0, then thealgorithm �nishes and the value of a(ny) marginal at time zero is a perfe
tsample of the invariant measure. If some marginals disagree then, generatenew U random variables from time �2t up to time �t� 1 and multi 
oupleagain from time �2t, et
. Use the U variables already generated to 
onstru
tthe multi 
oupling in the time interval going from �t to 0: The 
ru
ial pointis that on
e the variable Un is generated, it is used in all future steps togenerate the multi 
oupling at time n.Proof of Theorem 4.71 Observe �rst that P(�(0) = �1) = 0, andXa;�(0)0 1f�(0) > �tg = Xa;�t0 1f�(0) > �tg; (4.76)imply P(Xa;�(0)0 = y) = limt!1P(Xa;�t0 = y) (4.77)The fa
t that � is invariant follows from the 
onstru
tion: P(Xa;�(n)n = y)does not depend on n. Furthermore, by 
onstru
tion, the pro
ess (Xa;�(n)n )is a Markov pro
ess with transition matrix Q. Sin
e � is invariant,jP(Xa;�t0 = y)� �(y)j (4.78)= ���P(X0 = y jX�t = a)�Xb �(b)P(X0 = y jX�t = b)���� Xb �(b) jP(X0 = y jX�t = a)� P(X0 = y jX�t = b)j� Xb �(b)P(�(0) < �t)! 0 (4.79)as t!1. This and (4.77) show the theorem.



66 CHAPTER 4. REGENERATION AND PERFECT SIMULATION4.7 Exer
isesExer
ise 4.1 Show that (4.22) equals (4.23).Exer
ise 4.2 Compare �(n) de�ned by (4.70) for the free 
oupling with the�(n) de�ned in (4.38) for the same 
oupling.Exer
ise 4.3 Show the last item of Theorem 4.7. That is, show thatP(Xt+s = ys; s = 0; : : : ; ` jT = t; Xi = xi; i < t)= �(y0)Q(y0; y1) : : : Q(y`�1; y`) (4.80)for arbitrary `; t � 0 and xi; yj, i � t, j � `.Exer
ise 4.4 Show (4.35), that is, show that the the meeting time of thefree 
oupling de�ned with the fun
tion F de�ned in the proof of Theorem3.18 is less than the regeneration time of the 
hain 
onstru
ted with � de�nedby (4.32).Exer
ise 4.5 Under the 
onditions of Exer
ise 4.4, give an example wherethe meeting time of �a;b may be stri
tly smaller than the regeneration time.Exer
ise 4.6 Show that the 
onstru
tion proposed in (4.43)-(4.44) is trans-lation invariant. That is, show (4.49).Exer
ise 4.7 Extend De�nitions 3.4 and 3.8 to the notion of free multi
oupling and independent multi 
oupling. How would you de�ne a Dobrushinmulti 
oupling?4.8 Comments and referen
esTheorem 4.7 whi
h uses the fa
t that there are regeneration times in Markov
hains is due to Athreya and Ney (1978) and Nummelin (1878). Couplingfrom the past is an idea introdu
ed by Propp Wilson (1996), see Wilson(1998) for referen
es. Theorem 4.71 is proven by Foss and Tweedie (2000).See an exhaustive dis
ussions about ba
kground on regeneration times inThorisson (2000) and Comets, Fern�andez and Ferrari (2000).



Chapter 5Renewal Pro
esses.
5.1 Renewal pro
essesWe start with the de�nition of renewal pro
essesDe�nition 5.1 (Renewal pro
ess) A renewal pro
ess is a stri
tly in
reas-ing sequen
e of random variables0 � T1 < T2 < � � � < Tk < � � �with values in N or R satisfying the following 
onditions:1. The random variables T1, T2 � T1,. . . ,Tk+1 � Tk, k � 1 are mutuallyindependent.2. The random variables Tk+1 � Tk, k � 1 are identi
ally distributed.The variables (Tk)k�1 model the su

essive o

urren
e times of some phe-nomenon whi
h repeats independently from the past history. For instan
ethe random variables Tk may be interpreted as the su

essive instants of re-pla
ement of an ele
tri
 bulb. Condition (1) somehow express the fa
t thatthe lifetime of ea
h bulb is independent of the others. Condition (2) is ver-i�ed only if the 
onditions of o

urren
e of the phenomenon are unaltered.67



68 CHAPTER 5. RENEWAL PROCESSES.This means that we repla
e always with bulbs with the same spe
i�
ationsand that the 
onditions of the ele
tri
 network do not 
hange with time.The reason why we ex
luded T1 from 
ondition (2) is that the time up tothe �rst o

urren
e may depend on other fa
tors related to the observation.For instan
e, if we model the arrival times of a \perfe
t metro", for whi
hthe time interval between two trains is (for instan
e) exa
tly 3 minutes, thenTk+1 � Tk � 3, for all k � 1. However, T1 depends on the moment we
hoose as observation starting time. For example, if one arrives to the metrostation unaware of the s
hedule and starts 
ounting the time intervals, we
an assume that T1 has uniform distribution in [0; 3℄. We present now someexamples.In this 
hapter we 
onsider dis
rete time renewal pro
esses, that is, Tn 2N .Example 5.2 Let U1; U2; : : : be a sequen
e of iid random variables withvalues in f�1;+1g and lawP(Un = +1) = p = 1� P(Un = �1);where p 2 [0; 1℄. De�neT1 = inffn � 1 : Un = �1g eTk = inffn � Tk�1 : Un = �1g; for all k � 2:In this 
ase, the independen
e of the random variables Un implies imme-diately the independen
e 
ondition (1) of the de�nition and also the fa
tthat the in
rements Tk+1 � Tk are identi
ally distributed, for all k � 1. Inthis 
ase it is easy to see that the in
rements, as well as T1, have geometri
distribution.Example 5.3 Let (Xan)n2N be an irredu
ible Markov 
hain on X with initialstate a. Let b 2 X . De�ne the su

essive visits to b:T a!b1 = inffn � 1 : Xan = bg andT a!bk = inffn � T a!bk�1 : Xan = bg; for all k � 2:



5.2. BASIC QUESTIONS 69The Markov property implies that the in
reasing sequen
e (T a!bn ) satis�es
onditions (1) and (2). Noti
e that in this 
ase, if a = b, then T a!b1 andT a!bk+1 � T a!bk have the same law for all k � 1.De�nition 5.4 Given a renewal pro
ess (Tn)n�1, for all pair of times s � t,de�ne the 
ounting measure N[s; t℄ as followsN[s; t℄ =Xk�1 1fs � Tk � tg:The measure N[s; t℄ 
ounts the number of events of the renewal pro
ess be-tween times s and t. We also use the notationNftg = N[t; t℄ =Xk�1 1fTk = tg:Lemma 5.5 Let (Tn)n�1 be a renewal pro
ess with values in N and let t 2 N.Then Xk�1 1fTk = tg = 1 ft 2 fTk : k � 1gg ;and hen
e P(Nftg = 1) = P (t 2 fTk : k � 1g) : (5.6)Proof. This is just a simple exer
ise left to the reader.5.2 Basi
 questionsIn this 
hapter we study the following basi
 questions for renewal pro
esses:Question 5.7 (Stationarity) Determine the law of T1 under whi
h the lawof the 
ounting measure N[s; s+ t℄ is independent of s.Question 5.8 (Law of Large Numbers) Study the following limit in mean,in probability and almost sure limt!+1N[0; t℄t :



70 CHAPTER 5. RENEWAL PROCESSES.Question 5.9 (Key Theorem) Determine the limitlims!+1P(N[s; s + t℄ = n):for any �xed t and n.Noti
e that in Questions 5.8 and 5.9 the existen
e of the limits must alsobe proven.5.3 Relation with the 
ea-jump pro
essIn this se
tion we introdu
e an asso
iated Markov 
hain with state spa
eX = N related with the renewal pro
ess. For the Markov 
hain the answers toQuestions relate
 to 5.7, 5.8 and 5.9 are just appli
ations of results establishedin previous 
hapters.Lemma 5.10 (Translation lemma) Let (Tn)n�1 be a renewal pro
ess onN and � the 
ommon law of the in
rements Tk+1 � Tk, that isP(Tk+1 � Tk = n) = �(n);for all n 2 N. Then N[m;n℄ = Xm�t�n 1fXat = 0g andP(Nftg = 1) = Xa P(Xat = 0)P(T1 = a)where (Xan)n2N is the Markov 
hain on N with initial state a and transitionmatrix Q� de�ned by:Q�(0; x) = �(x + 1); for all x 2 N ; (5.11)and Q�(x; x� 1) = 1; for all x � 1: (5.12)



5.4. STATIONARITY 71Proof. This is a graphi
 proof. At time 0, we mark the point with ordinatea = T1. Starting from the point (0; a) we draw a 450 line up to the point(a; 0). Then mark the point (a + 1; D1), where Dk = Tk+1 � Tk � 1, for allk � 1. Repeat the pro
edure, drawing a 450 line linking the points (a+1; D1)and (a + 1 + D1; 0). Then mark the point (a + 2 +D1; D2) and repeat thepro
edure, drawing a line up to (a+2+D1+D2; 0). In general, we mark thepoint (a + k +Pk�1j=1 Dj; Dk) and draw a line perpendi
ular to the diagonalup to the point (a+ k +Pkj=1Dj; 0).For ea
h t 2 N , de�ne Xat as the ordinate of abs
ise t in the graphi

onstru
ted above. The reader will be able to prove that the pro
ess (Xat )t2Nso de�ned is a Markov 
hain with transition matrix Q�.This 
onstru
tion also proves that the points Tk of the renewal pro
essare exa
tly the times for whi
h the 
hain (Xat )t2N visits state 0. This andLemma 5.5 �nishes the proof.5.4 StationarityIn this se
tion we answer Question 5.7. From now on we use the letter � to
all the 
ommon law of the in
rements Tk+1�Tk and X� := fi 2 N : �(i) > 0gis the support of the measure �.De�nition 5.13 Let � be a probability distribution on f1; 2; � � �g with �nitemean �, that is: � =Xn�1 n�(n) < +1:De�ne the probability measure G� on N as follows. For all x 2 NG�(x) = �(x;+1)� ; (5.14)where �(x;+1) =Xy>x �(y):



72 CHAPTER 5. RENEWAL PROCESSES.Remark 5.15 The identity� =Xn�1 n�(n) =Xx�0 �((x;+1)) (5.16)is proven as the integration by parts formula and is left as an easy exer-
ise to the reader. The identity (5.16) guarantees that G� is a probabilitydistribution when � < +1.Proposition 5.17 Let (Tn)n�1 be a renewal pro
ess on N and let � be the
ommon law of the in
rements Tk+1�Tk. Assume � �nite. Then P(Nftg = 1)is 
onstant in t if and only if T1 has law G�.Proof. The Translation Lemma 5.10 implies thatP(Nftg = 1) = Xk�0 P(T1 = k)P(Xkt = 0); (5.18)where the super label k indi
ates the starting state of the 
hain. On theother hand, the law of N(t) does not depend on t if and only ifP(Nftg = 1) = P(Nf0g = 1) = P(T1 = 0) (5.19)for all t � 0. Hen
e the law of N(t) does not depend on t if and only if thelaw of T1 satis�es P(T1 = 0) = Xk�0 P(T1 = k)P(Xkt = 0) (5.20)whi
h is exa
tly the equation an invariant measure for the 
hain Xt mustsatisfy. We have proved that P(Nftg = 1) 
onstant in t is equivalent to theinvarian
e of the law fP(T1 = k); k � 0g for the 
hain (Xt)t2N.This means that the stationarity of N(t) is equivalent to say that thestarting point of the 
hain, that is T1, is 
hosen following the invariant mea-sure of the matrix Q� , de�ned in the Translation Lemma.Noti
e that Q� is irredu
ible in the setf0; supfx � 0 : �(x + 1) > 0gg



5.5. LAW OF LARGE NUMBERS 73and that the 
ondition � < +1 is equivalent to positive re
urren
e of Q� .This ensures the existen
e of an invariant measure for Q� . Finally, as thereader will easily 
he
k, the measure G� is invariant for the transition ma-trix Q� .Corollary 5.21 Under the 
onditions of Proposition 5.17, if T1 has law G�,then P(Nftg = 1) = 1� :for all t � 0De�nition 5.22 When the law of Nftg is independent of t we will say thatthe renewal pro
ess is stationary.5.5 Law of large numbersWe now use the translation lemma to solve Question 5.8.Proposition 5.23 (Law of large numbers for the averages) Assumethe 
onditions of Proposition 5.17. IfXx�1 xG�(x) < +1 and E (T1) < +1;then limt!1 E (N[0; t℄)t+ 1 = 1� :Proof. The proof is based in a 
oupling of the renewal pro
ess (Tk)k�1 withanother renewal pro
ess (Sk)k�1, whose in
rements (Sk+1 � Sk)k�1 have thesame law � as the in
rements (Tk+1 � Tk)k�1 of the original pro
ess but theinitial time S1 has law G�. By proposition 5.17, (Sk) is a stationary renewalpro
ess. The 
oupling is performed in su
h a way that both renewal pro
esseshave the same in
rements ex
ept for the �rst time interval.



74 CHAPTER 5. RENEWAL PROCESSES.Let S1 be a random variable with law G�, independent of the pro
ess(Tk)k�1. Then, for all k � 2, de�neSk = Sk�1 + Tk � Tk�1:Let NT [0; t℄ and NS[0; t℄ be the 
ounting measures 
orresponding to thepro
esses (Tk)k�1 and (Sk)k�1, respe
tively. That is,NT [0; t℄ := Xk�1 1fTk � tg;NS[0; t℄ := Xk�1 1fSk � tg:By 
onstru
tion, sin
e we are working with dis
rete time, the following in-equality holds jNT [0; t℄�NS[0; t℄j � S1 + T1 : (5.24)This implies 1t + 1E jNT [0; t℄�NS[0; t℄j � 1t + 1E (S1 + T1): (5.25)By hypothesis,E (T1) < +1 and E (S1) =Xx�1 xG�(x) < +1:Under these 
onditions (5.24) implieslimt!1 jE (NT [0; t℄)� E (NS [0; t℄)jt+ 1 = 0:It now suÆ
es to observe that sin
e the renewal pro
ess (Sk)k�1 is stationary,ENS [0; t℄ = tXs=0 E (NSfsg) = (t+ 1)1� ;whi
h �nishes the proof.



5.5. LAW OF LARGE NUMBERS 75Proposition 5.26 (Law of Large Numbers a.s.) If T1 and Tk+1�Tk as-sume values in a �nite set f1; : : : ; kg, thenP� limt!1N[0; t℄t = 1�� = 1: (5.27)In fa
t Proposition 5.26 holds under the hypothesis ET1 <1 and E (Tk �Tk�1) <1. We prefer to stay in the �nite 
ase be
ause the idea of the proofis the same but mu
h more elementary.De�nition 5.28 If 5.27 holds, we say that N[0;t℄t 
onverges almost surely to1=�.Proof. In this proof we will use the following law of large numbers. IffXi : i � 0g is a sequen
e of iid random variables, thenP� limn!1Pni=1Xin = EX1� = 1:If we write t = TN[0;t℄+1 � T1 + (TN[0;t℄+1 � t) + T1, we obtaintN[0; t℄ = TN[0;t℄+1 � T1NN [0; t℄ � TN[0;t℄+1 � tN[0; t℄ + T1N[0; t℄ : (5.29)We treat ea
h of these terms separately. The �rst term may be written asPN[0;t℄i=1 (Ti+1 � Ti)N[0; t℄ :Sin
e �(0) = 0, we have N[0; t℄ � t, whi
h implies in parti
ular that N[0; t℄goes to in�nity as t goes to in�nity. (This 
an be proven even when �(0) 2(0; 1)). Hen
e we 
an apply the law of large numbers for independent vari-ables to the �rst term to prove that this term goes to � = E (Ti � Ti�1).Sin
e the law of the inter-renewal times 
on
entrates on a �nite set, thenumerator of the se
ond term in (5.29) is bounded; sin
e N[0; t℄ goes toin�nity, this term 
onverges to zero almost surely.The last term goes also to zero be
ause it is the quotient between arandom variable and another one that goes to in�nity.



76 CHAPTER 5. RENEWAL PROCESSES.5.6 The Key TheoremWe now solve Question 5.9. This result is generally 
alled Key Theorem orRenewal theorem. We assume that X� �nite.Theorem 5.30 (Key Theorem { �nite version) Assume X� �nite andQ� an aperiodi
 transition matrix. Under the 
onditions of Proposition 5.17,for any law of T1 on X�, there exists the limitlimt!+1P (Nftg = 1) = 1� :Furthermore, if a1; : : : ; an 2 f0; 1g are arbitrary, then for any klimt!+1P (Nft+ i� kg = ai; i = 1; : : : ; n) = H(a1; : : : ; an); (5.31)where H(a1; : : : ; an) = P (NSfig = ai; i = 1; : : : ; n) :where NS is the 
ounting measure for the stationary renewal pro
ess intro-du
ed in Proposition 5.23.Proof. The Translation Lemma 5.10 says thatP (Nftg = 1) = P(Xt = 0): (5.32)Sin
e X� is �nite and Q� is irredu
ible, there exists a k su
h that Qk�(x; y) > 0for all x; y 2 X�. Hen
e �(Qk�) > 0 and we 
an apply Corollary 3.44 to
on
lude that P(Xt = 0) 
onverges to G�(0), the probability of 0 under theinvariant measure. We have G�(0) = 1=� > 0 be
ause � < +1. To show(5.31) use again the translation Lemma to getP (Nft+ i� kg = ai; i = 1; : : : ; n) = Xbi2Bi P(Xt+i�k = bi; i = 1; : : : ; n)(5.33)where Bi = � f0g if ai = 1f1; : : : ; jM�j � 1g if ai = 0 (5.34)



5.6. THE KEY THEOREM 77with M� := maxfn : �(n) > 0g. Sin
e the sum in (5.33) is �nite, we 
anpass the limit inside the sum. For ea
h term, Corollary 3.44 and the Markovproperty implylimt!1P(Xt+i�k = bi; i = 1; : : : ; n) = G�(b1) n�1Yi=1 Q�(bi; bi+1) : (5.35)Summing on bi we get H(a1; : : : ; an).Two important 
on
epts in renewal theory are the age and the residualtime of a pro
ess. We de�ne the age A(t) and the residual time R(t) of thepro
ess at time t as follows:A(t) := t� TN[0;t℄; R(t) := �TN[0;t℄+1 � t if Nftg = 00 if Nftg = 1 :Intuitively, if Ti+1 � Ti represents the lifetime of the ith bulb, then there isa renewal ea
h time that a bulb is 
hanged. In this 
ase A(t) represents theage of the bulb 
urrently in fun
tion at time t and R(t) represents the timethis bulb will still be working. A 
onsequen
e of the Key Theorem is thatwe 
an 
ompute the asymptoti
 law of these variables as t!1.Corollary 5.36 Under the hypotheses of the Key Theorem, the laws of A(t)and R(t) 
onverge to G� as t!1.Proof. Noti
e thatP(A(t) = k) = P(Nft � kg = 1;N[t� k + 1; t℄ = 0);whi
h, by the Key Theorem 
onverges, as t!1 toP(NSf0g = 1;NS[1; k℄ = 0) = P(S1 = 0)P(S2 � S1 > k)= 1� �(k;1) = G�(k): (5.37)On the other hand,P(R(t) = k) = P(N[t; t + k � 1℄ = 0;Nft+ kg = 1);whi
h, by the Key Theorem, 
onverges as t!1 toP(NS [t; t+ k � 1℄ = 0;NSft+ kg = 1) = P(S1 = k) = G�(k):



78 CHAPTER 5. RENEWAL PROCESSES.Exponential 
onvergen
eA dire
t 
onstru
tion of the renewal pro
ess gives a proof of the Key Theorem,whi
h holds also for in�nite X�. This 
onstru
tion goes in the vein of the
onstru
tion of Markov 
hains of Chapter 1. The proof is simple but requiresuniform bounds on the failure rate of the inter-renewal distribution. Let �be the 
ommon law of Ti+1 � Ti for i � 1 and � 0 the law of T1. De�ne�k := �(k)Pi�k �(i) ; �0k := � 0(k)Pi�k � 0(i) :The value �k 
an be interpreted as the failure rate of the distribution � attime k. Let (Ui : i � 1), be a family of iid random variables uniformlydistributed in [0; 1℄. De�neT1 := minfn : Un � �0(n)gand for k � 1, Tk+1 := minfn > Tk : Un � �(n� Tk)g:Lemma 5.38 The variables T1 and Tk+1�Tk have law � 0 and � respe
tivelyfor k � 1. Furthermore they are independent. In other words, the pro
ess(Yn)n�1 so 
onstru
ted is a version of the renewal pro
ess with laws � 0 and �for T1 and Tk+1 � Tk respe
tively.Proof. We prove that P(T1 = k) = � 0(k).P(T1 = k) = P(U1 > �01; : : : ; Uk�1 > �0k�1; Uk � �0k):Sin
e Ui are iid random variables, the above expression equalsP(U1 > �01) : : :P(Uk�1 > �0k�1)P(Uk � �0k) = (1� �01) : : : (1� �0k�1)�0k:But 1� �0i = � 0[i + 1;1)=� 0[i;1). Hen
e we get� 0[2;1)� 0[1;1) : : : � 0[k;1)� 0[k � 1;1) � 0(k)� 0[k;1) = � 0(k):(We have used � 0[1;1) = 1.) The rest of the proof follows the same line andis left to the reader.



5.6. THE KEY THEOREM 79Theorem 5.39 (Key Theorem with rate of 
onvergen
e) If there ex-ists a 
onstant 
 2 (0; 1) su
h that for all n � 0P(T1 = n j T1 � n) � 
; P(Tk+1 � Tk = n j Tk+1 � Tk � n) � 
; (5.40)then jP(Nftg = 1)� (1=�)j � (1� 
)t:Proof. Under the hypotheses (5.40),�0n � 
 and �n � 
;for all n � 1. On the other hand, for the variable S1 (with law G�), thefollowing inequalities holdP(S1 = n j S1 � n) � 
: (5.41)To prove them, noti
e �rst that they are equivalent toP(S1 > n + 1)P(S1 > n) � 1� 
: (5.42)To show (5.42), noti
e thatP(S1 > n) = 1Xi=n+1P(S1 = i) = 1� 1Xi=n+1 �[i;1): (5.43)By de�nition,�[i;1) = P(Tk+1 � Tk > i� 1) � 11� 
P(Tk+1 � Tk > i);the inequality is true by hypothesis. On the other hand, using again thede�nition, the last expression equals11� 
 �[i + 1;1):



80 CHAPTER 5. RENEWAL PROCESSES.Hen
e P(S1 > n) � 11� 
 1� 1Xi=n+2 �[i;1) = 11� 
P(S1 > n+ 1);This shows (5.41). De�ning �00n = P(S1 = n)P(S1 � n) ;inequalities (5.42) imply �00n � 
.We 
ouple the pro
ess N[0; t℄ with initial distribution � 0 with the pro
essNS[0; t℄ with initial time S1 distributed a

ording to G�. We know that thisse
ond pro
ess is stationary. This implies that P(NSftg = 1) = 1=� for all t.De�ne � = minfn � 1 : Nfng = 1;NSfng = 1g:Then we havejP(Nftg = 1)� (1=�)j (5.44)= jP(Nftg = 1)� P(NSftg = 1)j= jE (1fNftg = 1g � 1fNSftg = 1g j � � t)jP(� � t)+ jE (1fNftg = 1g � 1fNSftg = 1g j � > t)jP(� > t)� P(� > t): (5.45)The last inequality follows be
ause the the absolute value of the di�eren
e ofindi
ator fun
tions 
annot ex
eed one. The expe
tation of the di�eren
e ofindi
ator fun
tions indi
ates that both pro
esses are realized as a fun
tion ofthe same random variables Un. Sin
e for all n, �n > 
, �0n > 
 and �00n > 
,we know that fUn < 
g � fNfng = 1;NSfng = 1g. This implies that � isdominated by e� , a geometri
 random variable with parameter 
:e� = minfn : Un < 
g:Hen
e, P(� > t) � P(e� > t) = (1� 
)tThis shows the proposition.



5.7. EXERCISES 815.7 Exer
isesExer
ise 5.1 Let U1; U2; : : : be a sequen
e of iid random variables with val-ues in the set f�1;+1g with lawP(Un = +1) = p = 1� P(Un = �1);where p 2 [0; 1℄. De�ne T1 = inffn � 1 : Un = �1g eTk = inffn > Tk�1 : Un = �1g for all k � 2:i) Show that the random variables T1; T2� T1; : : : ; Tk+1� Tk; : : : are iid withlaw P(T1 = n) = P(Tk+1 � Tk = n) = pn�1(1� p); for all n � 1:ii) Let m < n be arbitrary elements of N . ComputeP(N[m;n℄ = k); for all k 2 N :Compute E (N[m;n℄):Exer
ise 5.2 Let (Xan)n2N be an irredu
ible Markov 
hain on X with initialstate a. Let b be an arbitrary �xed element of X . De�ne the su

essivepassage times of the 
hain at b byT a!b1 := inffn � 1 : Xan = bg andT a!bk := inffn > �a;bk�1 : Xan = bg for all k � 2:i) Show that the in
reasing sequen
e (T a!bn )n�1 is a renewal pro
ess.ii) Assume that the 
hain is positive re
urrent and that the initial pointis 
hosen a

ording to the invariant measure �. Let m < n be arbitraryelements of N . Show thatE (N[m;n℄) = (n�m+ 1)�(b):



82 CHAPTER 5. RENEWAL PROCESSES.Exer
ise 5.3 Let � be a probability distribution on f1; 2; � � �g. Show that� =Xn�1 n�(n) =Xx�0 �((x;+1)):whi
h proves the identity (5.16).Exer
ise 5.4 Compute the exa
t form of the law G�, de�ned by (5.14) inthe following 
ases.i) The distribution � is degenerated and gives weight one to the point a, thatis, �(x) = � 1 if x = a;0 if x 6= a.ii) For all p 2 (0; 1), � is the geometri
 distribution in f1; 2; � � �g with mean11�p , that is, �(n) = pn�1(1� p); for all n � 1:Exer
ise 5.5 Let � be a probability distribution on f1; 2; � � �g with �nitemean �, that is: � =Xn�1 n�(n) < +1:Let G� and Q� be the probability measure and the transition matrix de�nedby (5.14), (5.11) and (5.12).i) Show that the matrix Q� is irredu
ible in the setG� = f0; supfx � 0 : �(x + 1) > 0gg:ii) Give examples of suÆ
ient 
onditions for the aperiodi
ity of Q� .iii) Show that G� is invariant with respe
t to Q� .Exer
ise 5.6 Under the 
onditions of Corollary 5.21 determine the law ofthe 
ounting measure N[t; t+ 1℄, where t is an arbitrary natural number.Exer
ise 5.7 (The inspe
tion paradox) Using Corollary 5.36 
omputethe law of the length of the interval 
ontaining the instant t, as t ! 1.Show that the expe
tation of this length is 2�.



5.8. COMMENTS AND REFERENCES 835.8 Comments and Referen
esThe Key Theorem is a famous result of Bla
kwell (1953). Its proof usingMarkov 
hains is part of the probabilisti
 folklore but we do not know apre
ise referen
e. The Key Theorem with exponential de
ay when the fail-ure rate is uniformly bounded below is 
learly not optimal but of simpleproof. Lindvall (1992) presents alternative proofs for the Key Theorem inthe general 
ase using 
oupling. In parti
ular Lindvall proves that if � hasexponential de
ay, then the Key Theorem holds with exponentially fast 
on-vergen
e (as in our Theorem 5.39).
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Chapter 6Chains with 
omplete
onne
tionsIn this 
hapter we explain how to use the ideas developed in previous 
haptersto treat the 
ase of non Markov measures. We start with the notion ofspe
i�
ation, borrowed from Statisti
al Me
hani
s.6.1 Spe
i�
ationsThe state spa
e is �nite and denoted by X . Let N� = f1; 2; : : :g and �N� =f�1;�2; : : :g be the sets of positive, respe
tively negative integers. Insteadof transition matri
es we work with probability transition fun
tions P : X �X�N� ! [0; 1℄.De�nition 6.1 We say that a fun
tion P : X �X�N� ! [0; 1℄ is a spe
i�
a-tion if it satis�es the following properties:P (ajw) � 0 for all a 2 X (6.2)and Xa2X P (ajw) = 1 ; (6.3)for ea
h w 2 X�N� . 85



86 CHAPTER 6. CHAINS WITH COMPLETE CONNECTIONSWe start with an existen
e result analogous to Proposition 1.19 of Chap-ter 1.Proposition 6.4 Given an arbitrary \past" 
on�guration w 2 X�N� it ispossible to 
onstru
t a sto
hasti
 pro
ess (Xt; t � 0) on X N with the propertythat for any n � 0 and arbitrary values x0; : : : ; xn 2 X ,P(Xt = xt ; t 2 [0; n℄ jXi = wi ; i 2 �N�) = Yt2[0;n℄P (xt j xt�1; : : : ; x0; w)(6.5)where (xt�1; : : : ; x0; w) = (xt�1; : : : ; x0; w�1; w�2; : : :).Proof. First 
onstru
t a family of partitions of the interval [0; 1℄((B(yjw) : y 2 X ) : w 2 X�N�) (6.6)satisfying jB(yjw)j = P (yjw) ; [yB(yjw) = [0; 1℄ (6.7)for all w 2 X�N� . This is always possible be
ause of property (6.3) of P .Then pro
eed as in the proof of Proposition 1.19: 
onstru
t the fun
tionF (w; u) := Xy y 1fu 2 B(yjw)g (6.8)and de�ne Xt = F (Xt�1; : : : ; X0; w;Ut) (6.9)where (Un : n 2 Z) is a family of iid random variables uniformly distributedin [0; 1℄.Our se
ond goal is to give suÆ
ient 
onditions for the existen
e of thelimitslimt!1P(Xt+k = xk; k = 1; : : : ; n jX�1 = w�1; X�2 = w�2; : : :) (6.10)for any n and x1; : : : ; xk 2 X and the independen
e of the limit on the \leftboundary 
ondition" w. This question is analogous to the one answered by



6.2. A CONSTRUCTION 87Theorem 3.38. Before stating this result we introdu
e some notation andpropose |in the next se
tion| a 
onstru
tion of a pro
ess Xk satisfying thespe
i�
ation P .For k 2 N , y 2 X and w 2 X�N� de�neak(yjw) := inffP (yjw�1; : : : ; w�k; z) : z 2 X�N�g; (6.11)where (w�1; : : : ; w�k; z) = (w�1; : : : ; w�k; z�1; z�2; : : :). Noti
e that a0(yjw)does not depend on w. For k 2 N de�neak := minw �Xy2X ak(yjw)� : (6.12)De�ne �m := mYk=0 ak (6.13)De�nition 6.14 A spe
i�
ation P is 
alled of 
omplete 
onne
tions ifa0 > 0.De�nition 6.15 We say that a measure � on XZ is 
ompatible with a spe
-i�
ation P if the one-sided 
onditional probabilities of � are given by�(X 2 XZ : Xn = y j Xn+j = wj; j 2 �N�) = P (yjw) (6.16)for all n 2 Z, y 2 X and w 2 X�N� .6.2 A 
onstru
tionIn this 
hapter we will show that if Pm�0 �m = 1, then the measure � onXZ de�ned by 6.35 below is the unique measure 
ompatible with P .For y 2 X let b0(yjw) := a0(yjw), and for k � 1,bk(yjw) := ak(yjw)� ak�1(yjw):



88 CHAPTER 6. CHAINS WITH COMPLETE CONNECTIONSFor ea
h w 2 X�N� let fBk(yjw) : y 2 X ; k 2 Ng be a partition of [0; 1℄ withthe following properties: (i) for y 2 X , k � 0, Bk(yjw) is an interval 
losedin the left extreme and open in the right one of Lebesgue measure bk(yjw);(ii) these intervals are disposed in in
reasing lexi
ographi
 order with respe
tto y and k in su
h a way that the left extreme of one interval 
oin
ides withthe right extreme of the pre
edent:B0(1jw); : : : ;B0(qjw);B1(1jw); : : : ;B1(qjw); : : :with no interse
tions. More pre
isely, 
alling left(A) = inffx : x 2 Ag andright(A) = supfx : x 2 Ag, the above 
onstru
tion is required to satisfy1. left[B0(1jw)℄ = 0 ;2. right[Bk(yjw)℄ = left[Bk(y + 1jw)℄, for 1 � y < q3. right[Bk(qjw)℄ = left[Bk+1(1jw)℄, for k � 0De�ne B(yjw) := [k�0Bk(yjw) (6.17)The above properties implyright[Bk(qjw)℄ =Xy ak(y; w) and limk!1 right[Bk(qjw)℄ = 1 ; (6.18)jB(yjw)j = ���[k�0Bk(yjw)��� = Xk�0 jBk(yjw)j = P (yjw) (6.19)and ���[y2X B(yjw)��� = ���[y2X [k�0Bk(yjw)��� = Xy2X Xk�0 jBk(yjw)j = 1: (6.20)All the unions above are disjoint. For ` � 0 letB`(w) := [y2X B`(yjw):



6.2. A CONSTRUCTION 89Noti
e that neither B0(yjw) nor B0(w) depend on w.For any left boundary 
ondition w 2 X�N� de�neF (w; u) := Xy y 1fu 2 B(yjw)g ; (6.21)Let U = (Ui : i 2 Z) be a sequen
e of independent random variables withuniform distribution in [0; 1℄. De�ne Xw0 := F (w;U0) and for t � 1,Xwt := F (Xwt�1; : : : ; Xw0 ; w;Ut) (6.22)Lemma 6.23 The pro
ess Xwt de�ned by (6.22) has law (6.5), that is, adistribution 
ompatible with the spe
i�
ation P and with left boundary 
on-dition w.Proof. It is immediate. Just verify that the length of the intervals is the
orre
t one. This is guaranteed by (6.19).Remark 6.24 The 
onstru
tion of the intervals B(yjw) is so 
ompli
atedfor future appli
ations. Any 
onstru
tion satisfying (6.19) would have theproperties stated by Lemma (6.23).We introdu
e extra notation whi
h will be useful in the sequel. For ` � 0let B`(w) := [y2X B`(yjw): (6.25)Noti
e that neither B0(yjw) nor B0(w) depend on w. Re
alling the de�nition(6.13), we have [0; ak℄ � k[̀=0B`(w); for all w 2 X�N� : (6.26)Display (6.26) implies that in the 
omputation of (6.21), if the event fUn �akg holds, then we only need to look at xn�1; : : : ; xn�k to de
ide the value of
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isely, it follows from (6.26) that for any w; v 2 XZ su
h thatvj = wj for j 2 [�k;�1℄,[0; ak℄ \B`(w) = [0; ak℄ \B`(v) : (6.27)From this we haveu � ak implies F (x�1; : : : ; x�k; w; u) = F (x�1; : : : ; x�k; v; u) (6.28)for all x�1; : : : ; x�k 2 X , w; v 2 X�N� , u 2 [0; 1℄.6.3 Loss of memoryWe show in this se
tion that the 
onstru
tion of Se
tion 6.2 gives a loss ofmemory result analogous to the one of Theorem 3.18.For any w; v 2 X�N� let�w;v := inffn � 0 : Xwk = Xvk ; for all k � ng (6.29)Of 
ourse �w;v 
ould in prin
iple be in�nite. The next proposition shows thatunder the 
ondition Qk ak > 0, this time is almost surely �nite.Proposition 6.30 If Qk ak > 0, then for any w; v 2 X�N�Xn P(�w;v = n) = 1 (6.31)Proof. (6.28) implies that�w;v � minfn � 0 : Un+k � ak for all k � 0g (6.32)In other words, �w;v is dominated sto
hasti
ally by the last return time tothe origin of the house-of-
ards pro
ess with transitionsQ(k; k + 1) = ak ; Q(x; 0) = 1� ak (6.33)and initial state 0. By Lemma 3.70, the 
ondition Qk ak > 0 is equivalentto the transien
e of the house-of-
ards 
hain. Hen
e the 
hain may visit theorigin only a �nite number of times. This implies that the last return timeto the origin is �nite with probability one and so is �w;v.



6.4. THERMODYNAMIC LIMIT 91Theorem 6.34 If Pm�0 �m = 1, then for any w 2 X�N� the followinglimits existlimt!1P(Xt+k = xk; k = 1; : : : ; n jX�1 = w�1; X�2 = w�2; : : :) (6.35)This theorem will be proven right after Theorem 6.58 below. The exis-ten
e of the limit is a more deli
ate matter here than in the 
ase of a Markov
hain with �nite state spa
e. We 
annot a priori guarantee that this limitexist. We show the existen
e by expli
itly 
onstru
ting a measure and thenproving that it is time translation invariant. This 
onstru
tion |performedin the next se
tion| is a parti
ular 
ase of the so 
alled thermodynami
 limitof Statisti
al Me
hani
s.In the meanwhile we 
an prove that these limits, if exist, are independentof the left boundary 
ondition. This is the 
ontents of the next theorem.Theorem 6.36 Assume Pm�0 �m = 1 and that the limits (6.35) exist.Then they are independent of w.Proof. By (6.28),jP(Xt+k = xk; k = 1; : : : ; n jX�1 = w�1; X�2 = w�2; : : :) (6.37)� P(Xt+k = xk; k = 1; : : : ; n jX�1 = v�1; X�2 = v�2; : : :)j� P(�w;v > t) (6.38)whi
h goes to zero by Proposition 6.30.6.4 Thermodynami
 limitWe 
onsider now a slightly di�erent problem. Instead of �xing the left 
on-dition to the left of time zero, we �x the 
ondition to the left of time �n and
ompute the limiting distribution when n ! 1. We give 
onditions whi
hguarantee the existen
e of the limit and its independen
e of the boundary
onditions. This is the so 
alled (one sided) thermodynami
 limit. Under
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onditions we show that it suÆ
es to look at a �nite random num-ber of uniform random variables in order to 
onstru
t the thermodynami
limiting measure in any �nite time interval.Let s � t � 1. For �1 < s <1 and s � t � 1, de�ne� [s; t℄ := maxfm � s : Uk � ak�m for all k 2 [m; t℄g (6.39)whi
h may be �1. We use the notation � [n℄ := � [n; n℄. Noti
e that for �xeds, � [s; t℄ is non in
reasing in t:t � t0 implies � [s;1℄ � � [s; t0℄ � � [s; t℄ (6.40)and non de
reasing in s in the following sense:[s0; t0℄ � [� [s; t℄; t℄ implies � [s0; t0℄ � � [s; t℄ : (6.41)Noti
e that � [s; t℄ is a left stopping time for U with respe
t to [s; t℄, in thesense thatf� [s; t℄ � jg depends only on the values of (Ui : i 2 [j; t℄) (6.42)for j � s.Lemma 6.43 If Pn�0Qnk=1 ak = 1, then for ea
h �1 < s � t < 1,� [s; t℄ is a \honest" random variable: Pi P(� [s; t℄ = i) = 1. If Q1k=1 ak > 0,then for ea
h �1 < s, � [s;1℄ is a \honest" random variable: Pi P(� [s;1℄ =i) = 1.Proof. By the de�nition of � :� [s; t℄ = maxfm � s :W 0;mn > 0; 8n 2 [s; t℄g (6.44)where W 0;mn is the state of the house-of-
ards pro
ess with transition matrix(3.69) starting at time m in state 0. Hen
e, for m � s,f� [s; t℄ < mg � [i2[s;t℄fW 0;mi = 0g (6.45)



6.4. THERMODYNAMIC LIMIT 93By translation invarian
e, the probability of the rhs of (6.45) isP� [i2[s;t℄fW 0;0�m+i = 0g� � t�sXi=1 P(W 0;0s�m+i = 0) (6.46)Sin
e by hypothesis W 0;0n is a non positive-re
urrent 
hain, by Lemma 3.70,ea
h of the t � s terms in the rhs of (6.46) goes to zero as m ! �1. Thisshows the �rst part of the lemma. For the se
ond part bound P(� [s;1℄ < m)by P� [i2[s�m;1℄fW 0;0i = 0g� (6.47)whi
h, by transien
e, goes to zero as m! �1.Property (6.27) allows us to introdu
e the following de�nitionB`;j(w�1; : : : ; w�j) := [0; aj[\B`(w) ; (6.48)B`;j(yjw�1; : : : ; w�j) := [0; aj[\B`(yjw) (6.49)De�nition 6.50 Assume P(� [n℄ > �1) = 1 for all n 2 Z. LetYn := Xy2X y 1nUn 2 [k�0Bk;� [n℄(yjYn�1; : : : ; Y� [n℄)o: (6.51)This is well de�ned be
ause by (6.41) � [n℄ � � [j℄ for j 2 [� [n℄; n℄ and (6.48).This allows to 
onstru
t Yj for all j 2 [� [n℄; n℄ for all n, and in parti
ular to
onstru
t Yn.Theorem 6.52 If Pm�0 �m = 1, then the law of the ve
tor (Yj : j 2 Z)de�ned by (6.51) is the unique measure 
ompatible with P . Furthermore thefollowing thermodynami
 limits exist: for any n � 1 and arbitrary s � t 2 Z,xs; : : : ; xt 2 X ,limt!1P(Xk = xk; k 2 [s; t℄ jX�n = w�n; X�n�1 = w�n�1; : : :)= P(Yk = xk; k 2 [s; t℄) (6.53)for all w.



94 CHAPTER 6. CHAINS WITH COMPLETE CONNECTIONSProof. The fa
t that the law of Y is 
ompatible with P follows from (6.19).For ea
h w 2 XZ and i 2 Z let Xw;i be de�ned as follows. Set Xw;ij = wjfor j < i and for n � i,Xw;in := Xy2X y 1nUn 2 B(yjXw;in�1; : : : ; Xw;ii ; wi�1; wi�2 : : :)o: (6.54)Then by (6.25) and (6.19),P(Xw;ik = xk; k 2 [s; t℄)= P(Xk = xk; k 2 [s; t℄ jX�n = w�n; X�n�1 = w�n�1; : : :) :Hen
ejP(Xk = xk; k 2 [s; t℄ jX�i = w�i; X�i�1 = w�i�1; : : :)�P(Yk = xk; k 2 [s; t℄)j� jP(Xw;ik = xk; k 2 [s; t℄) � P(Yk = xk; k 2 [s; t℄)℄j= jE (1fXw;ik = xk; k 2 [s; t℄g � 1fYk = xk; k 2 [s; t℄gj� P(� [s; t℄ < i) (6.55)whi
h goes to zero as i ! �1 by hypothesis and Lemma 6.43. This showsthat the thermodynami
 limit 
onverges to the law of Y .De�nition 6.56 Let � be the law of the sequen
e Y :�(X 2 XZ : Xk = xk ; k = 1; : : : ; n) := P(Yk = xk; k = 1; : : : ; n) (6.57)Theorem 6.58 If Pm�0 �m =1, then � is the unique measure 
ompatiblewith P .Proof. Call �(�jw; i) the law on X [i;1) of the random sequen
e Xw;i. By(6.19), �(�jw; i) is 
ompatible with P . The measure �(�jw; i) is the uniquemeasure 
ompatible with P on X [i;1) with boundary 
onditions fXj = wj :



6.5. BOUNDS ON THE RATE OF CONVERGENCE 95j < ig. Assume � and �0 be two measures on XZ 
ompatible with P . Let fbe a fun
tion depending on Xj for j in the interval [s; t℄.j�f � �0f j= ���Z �(dw)�(f jXj = wj; j < i) � Z �0(dw0)�0(f jXj = w0j; j < i)���= ���Z �(dw)E [f(Xw;i)℄ � Z �0(dw0)E [f(Xw0;i)℄���� E Z �(dw)�0(dw0) ���f(Xw;i) � f(Xw0;i)��� (6.59)Sin
e Xw;i(n) 6= Xw0;i(n) � 1f� [n℄ � ig (6.60)the last term in (6.59) is bounded above by2 kfk1 P(� [s; t℄ < i) (6.61)whi
h goes to zero as i! �1 by hypothesis and Lemma 6.43.Proof of Theorem 6.34 It suÆ
es to noti
e thatP(Xt+k = xk; k = 1; : : : ; n jX�1 = w�1; X�2 = w�2; : : :)= P(Xk = xk; k = 1; : : : ; n jXt�1 = wt�1; Xt�2 = wt�2; : : :)whi
h 
onverges to �(X 2 XZ : Xk = xk; k = 1; : : : ; n) by Theorem 6.52.6.5 Bounds on the rate of 
onvergen
eWe state without proof the following bound for the law of � :P(s � � [s; t℄ > m) � t�sXi=1 �m+i (6.62)where �m is the probability of return to the origin at epo
h m of the Markov
hain on N starting at time zero at the origin with transition probabilities



96 CHAPTER 6. CHAINS WITH COMPLETE CONNECTIONSp(x; x + 1) = ax, p(x; 0) = (1 � ax), p(x; y) = 0 otherwise. Furthermore,if (1 � ak) de
reases exponentially fast with k, then so does �k. If (1 � ak)de
reases as a summable power, then �k de
reases with the same power.These results 
an be found in Comets, Fern�andez and Ferrari (2000).As a 
onsequen
e we get the following bounds on the loss of memory:Theorem 6.63 The following bounds hold for the rate of 
onvergen
e inTheorem 6.52.jP(Xk = xk; k 2 [s; t℄ jX�n = w�n; X�n�1 = w�n�1; : : :)� P(Yk = xk; k 2 [s; t℄)j� t�sXi=1 �n+i (6.64)6.6 RegenerationLet N 2 f0; 1gZ be the random 
ounting measure de�ned byN(j) := 1f� [j;1℄ = jg ; (6.65)Let (T` : ` 2 Z) be the ordered time events of N de�ned by N(i) = 1 if andonly if i = T` for some `, T` < T`+1 and T0 < 0 � T1.Theorem 6.66 If � > 0, then the pro
ess N de�ned in (6.65) is a stationaryrenewal pro
ess. Furthermore, the random ve
tors �` 2 [n�1X n, ` 2 Z,de�ned by �` := (YT`; : : : ; YT`+1�1) (6.67)are mutually independent and (�` : ` 6= 0) are identi
ally distributed.The sequen
e (T`) 
orrespond to the regeneration times: at times T` thepro
ess does not depend on the past.Proof. Stationarity follows immediately from the 
onstru
tion. The densityof N is positive:P(N(j) = 1) = P(\`�jfU` < a`�j)) = � > 0 (6.68)



6.6. REGENERATION 97by hypothesis. Let f(j) := P(N(�j) = 1 jN(0) = 1) (6.69)for j 2 N� . To see that N is a renewal pro
ess it is suÆ
ient to show thatP(N(s`) = 1 ; ` = 1; : : : ; n) = � n�1Ỳ=1 f(s`+1 � s`) (6.70)for arbitrary integers s1 < : : : < sk. For j 2 Z, j 0 2 Z[ f1g, de�neH[j; j 0℄ := 8<: fUj+` < a`�1; ` = 0; : : : ; j 0 � jg; if j � j 0\full event"; if j > j 0 (6.71)With this notation, N(j) = 1fH[j;1℄g; j 2 Z: (6.72)and P(N(s`) = 1 ; ` = 1; : : : ; n) = P� n\i=1H[s`;1℄� (6.73)From monotoni
ity we have for j < j 0 < j 00 � 1,H[j; j 00℄ \H[j 0; j 00℄ = H[j; j 0 � 1℄ \H[j 0; j 00℄ : (6.74)Then (6.73) equals nYi=1 P(H[s`; s`+1 � 1℄); (6.75)where sn+1 := 1. Sin
e P(H[sn;1℄) = �, (6.75) equals the right hand sideof (6.70), implying that N is a renewal pro
ess. From stationarity we haveP(T`+1 � T` � m) = P(� [�1;1℄ < �m + 1 j � [0;1℄ = 0)= P(W�m+1�1 = 0)= �m :The last statement (6.67) is 
lear by 
onstru
tion of Y .



98 CHAPTER 6. CHAINS WITH COMPLETE CONNECTIONS6.7 Perfe
t simulationWe propose another 
onstru
tion of � [s; t℄ whi
h is more 
onvenient for per-fe
t simulation algorithms. Let a�1 = 0 and de�ne for n 2 Z,Kn :=Xk�0 k 1fUn 2 [ak�1; ak)g ; (6.76)the number of sites ba
kwards that we need to know (at most) to 
omputeYn using formula (6.51), see (6.42). For s <1 and s � t � 1, de�neZ[s; t℄ := maxfKn : n 2 [s; t℄g: (6.77)Let ��1 := t+ 1, �0 := s and for n � 1, indu
tively�n := �n�1 � Z[�n�1; �n�2 � 1℄ (6.78)Then it is easy to see that� [s; t℄ = limn!1 �n = maxf�n : �n = �n+1g a:s:: (6.79)The 
onstru
tion (6.51) and (6.79) 
an be translated into the followingperfe
t simulation algorithm for �. Assume s � t <1.Algorithm 6.80 (Simulation of the stationary measure) Perform1. Set ��1 = t + 1, �0 = s and iterate the following step up to the �rstmoment �n = �n�1:2. Generate U�`; : : : ; U�`�1�1. Use (6.76) to 
ompute K�`; : : : ; K�`�1 and(6.77) and (6.78) to 
ompute �`+1.3. Let � = �n4. For k = � to k = t de�ne Yk using (6.51).5. Print (Yj : j 2 [s; t℄). End.



6.8. EXERCISES 99Theorem 6.81 Let (Yj : j 2 [s; t℄) be the output of the above algorithm.Then P(Yj = xj : j 2 [s; t℄) = �(Xj = xj : j 2 [s; t℄) (6.82)for arbitrary xs; : : : ; xt 2 X .Proof. Follows from the 
onstru
tion.6.8 Exer
isesExer
ise 6.1 Show that (6.70) suÆ
es to 
hara
terize a renewal pro
ess.Hint: use the \in
lusion-ex
lusion formula" to 
ompute the probability ofany set depending on a �nite number of 
oordinates.Exer
ise 6.2 (The noisy voter model) Let " > 0 and (�i) be a proba-bility measure on �N� . Let X be a �nite alphabet with N elements andde�ne the following spe
i�
ation:P (xjw) := (1� ")Xi��1�i1fx = wig + "=N (6.83)In words, with probability (1�") the origin applies the following \voter rule":with probability �i 
hoose 
oordinate i and adopt its value; with probability" 
hoose at random a value in X . (i) Compute ak for this model. (ii) Give
onditions on (�i) guaranteeing that Q ak > 0. What happens if " = 0?Exer
ise 6.3 (The noisy majority voter model) Let " > 0 and (�i) bea probability measure on �N� . Let X be a �nite alphabet with N elementsand de�ne the following spe
i�
ation:P (xjw) := (1� ")Xi��1�imaj(w�1; : : : ; wi) + "=N (6.84)where maj(w�1; : : : ; wi) is the value that appears more times in the ve
tor(w�1; : : : ; wi) (in 
ase of equality, use any rule you like to de
ide). In words,with probability (1�") the origin applies the following \majority rule": with
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hoose the �rst i 
oordinates to the left of the origin and adoptthe same value as the majority of them; with probability " 
hoose at randoma value in X . (i) Compute ak for this model. (ii) Give 
onditions on (�i)guaranteeing that Q ak > 0. What happens if " = 0?Exer
ise 6.4 (One sided Potts model) Let �i be as in the previous ex-er
ises. Let H(xjw) = �Pi2�N� �i1fx = wig. LetP (xjw) := exp(�H(xjw))=Z(w) (6.85)where Z(w) is the normalization (partition fun
tion). (i) Compute ak forthis model. (ii) Give 
onditions on (�i) guaranteeing that Q ak > 0.Exer
ise 6.5 (The 
onta
t pro
ess) Let " and �i be as in the previousexer
ises. Let X = f0; 1g andP (1jw) := (1� ")Xi �i1n �1Xj=i wj � 1oP (0jw) := 1� P (1jw) (6.86)Compute ak for this model and give 
onditions on (�i) and " guaranteeingthat Q ak > 0.Exer
ise 6.6 (Renewal pro
ess) Let X = f0; 1g and � be the inter re-newal probability of a stationary renewal pro
ess Sn. Compute the spe
i�-
ations of the renewal pro
ess and the relationship between � and (ak).6.9 Comments and referen
esThis 
hapter is based in the 
onstru
tion of 
hains with 
omplete 
onne
tionsproposed by Ferrari et al. (2000) and Comets et al. (2000). The regenera-tion for non Markov 
hains were proposed by Lalley (1986) for 
hains withexponential 
ontinuity rates (in whi
h 
ase the pro
ess is a Gibbs state of anexponentially summable intera
tion). Berbee (1987) proposed a very 
lose



6.9. COMMENTS AND REFERENCES 101approa
h for 
hains with a 
ountable alphabet and summable 
ontinuityrates. Ney and Nummelin (1993) have extended the regeneration approa
hto 
hains for whi
h the 
ontinuity rates depend on the history. Comets et al.(2000) proposed the perfe
t simulation algorithm we des
ribe in Se
tion 6.7.The introdu
tion of this paper 
ontains a detailed dis
ussion of the previousliterature in the �eld.
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Chapter 7Poisson pro
esses
7.1 One dimensional Poisson pro
essesA one-dimensional point pro
ess on R is an in
reasing sequen
e of randomvariables : : : S�1 � S0 � 0 � S1; : : : in R. These variables 
an be interpretedas the su

essive epo
hs of o

urren
e of a given event.We 
onstru
t now a parti
ular pro
ess Sn 2 R, n 2 Z, whi
h will be
alled Poisson Pro
ess.Start by partitioning R in intervals Ai, i 2 Z, Ai = [li; li+1), with li < li+1.Call jAij the length li+1� li of the interval Ai. In this way _[i2ZAi = R , where_[ means disjoint union.The se
ond step is to assign to ea
h interval Ai a random variable Yi withPoisson distribution of mean �jAij. That is,P(Yi = k) = e��jAij(�jAij)kk! :Assume that (Yi : i 2 Z) is a family of independent random variables.To ea
h i 2 Z asso
iate a sequen
e of iid random variables fUi;j : j =1; 2; : : :g, with uniform distribution in Ai:P(Ui;j 2 A \ Ai) = jA \ AijjAij :103



104 CHAPTER 7. POISSON PROCESSESLet S be the random set S =[i2ZSi;where Si = � fUi;j : 1 � j � Yig; if Yi � 1;;; if Yi = 0.In other words, put Yi points in ea
h interval Ai, independently and withuniform distribution.Finally reorder the points of S to obtain a point pro
ess. Let fSng bethe ordered sequen
e of points of S, where S1 is the �rst point to the rightof the origin. We �x S1 in this way just to be pre
ise; any other 
onventionwould be just as good. More formally:S1 = minfs > 0 : s 2 Sgand Sn = �minfs > Sn�1 : s 2 Sg; if n � 2;maxfs < Sn+1 : s 2 Sg; if n � 0. (7.1)For A � R, de�ne NS(A) = number of points of the set S\A. It is 
learthat NS(A) =Xn 1fSn 2 Ag: (7.2)When no 
onfusions arise we will write just N(A) instead of NS(A).De�nition 7.3 The pro
ess de�ned by (7.2) will be 
alled one dimensionalPoisson pro
ess.7.2 Formal de�nition of point pro
essesThe Poisson pro
ess we have just 
onstru
ted is a parti
ular 
ase of pointpro
ess. The renewal pro
esses 
onstru
ted in Chapter 5 is another example.The formal de�nition of point pro
ess in R is the following. Consider the setM = fS � R : NS(A) <1; for all interval A � Rg



7.3. PROPERTIES 105This is the set of the possible realizations of the point pro
ess that do not havepoints of a

umulation. A point pro
ess is 
hara
terized by the de�nition ofa probability measure onM. Sin
eM is not 
ountable this involves a nontrivial notion of event inM whi
h uses Measure Theory; this is beyond thes
ope of this notes. We limit ourselves to present the essential events whi
htake the form fS 2 M : NS(Bi) = bi; i = 1; : : : ; `g (7.4)for arbitrary ` 2 N , bi 2 N and �nite intervals Bi. Let A be the family ofevents of the form (7.4).Theorem 7.5 A probability measure onM is totally determined by the prob-abilities of the events in A.Theorem 7.5 is due to Kolmogorov and gives an operative way of dealingwith measures in non 
ountable spa
es.7.3 PropertiesIn this se
tion we dis
uss the basi
 properties of the one dimensional Pois-son pro
ess. A 
orollary of the following three lemmas is that the way thepartition (Ai) is 
hosen does not in
uen
e the law of the pro
ess.Lemma 7.6 For ea
h interval A, the random variable N(A) has Poissonlaw of mean �jAj.Proof. Noti
e �rst that sin
e A\Ai are disjoint events, the random variablesN(A\Ai) are independent. Compute the law ofN(A\Ai). By 
onstru
tion,P(N(A \ Ai) = k) = Xh�k P(Yi = h;N(A \ Ai) = k) (7.7)= Xh�k P Yi = h; hXj=0 1fUi;j 2 A \ Aig = k! :(7.8)



106 CHAPTER 7. POISSON PROCESSESSin
e the variables Ui;j are independent of Yi, we 
an fa
torize the last prob-ability to obtain= Xh�k P(Yi = h)P hXj=0 1fUi;j 2 A \ Aig = k! : (7.9)But Ui;j are iid random variables uniformly distributed in Ai. Hen
e, 1fUi;j 2A \ Aig are iid random variables with Bernoulli law of parameter jA\AijjAij .The sum of these variables has Binomial distribution with parameters n andjA\AijjAij . In this way, the last expression equalsXh�k e��jAij(�jAij)hh! �hk�� jA \ AijjAij �k �1� jA \ AijjAij �h�k (7.10)= e��jA\Aij(�jA \ Aij)kk! ; (7.11)a Poisson distribution of mean �jA \ Aij. To �nish the proof observe thatN(A) =PN(A\Ai) is a sum of independent random variables with Poissonlaw with means �jA \ Aij. Sin
e Ai are disjoint, P jA \ Aij = jAj. In thisway, N(A) has Poisson law with mean �jAj.Lemma 7.12 For ea
h family of disjoint intervals Bl, l = 1; : : : ; L, therandom variables N(Bl) are independent and have Poisson law with mean�jBlj, respe
tively.Proof. The proof follows the pattern of the previous lemma. It is easy toverify that for �xed i, given N(Ai) = hi, the random variablesfN(Bl \ Ai) : l = 1; : : : ; Lghave Multinomial distribution, that is, for arbitrary integers kl;i � 0, su
hthat PLl=1 kl;i = hi,P(N(Bl \ Ai) = kl;i jN(Ai) = hi) = hi!QL+1l=1 kl;i! L+1Yl=1 (bl;i)kl;i ; (7.13)



7.3. PROPERTIES 107where kL+1;i = hi � LXl=1 kl;i; bl;i = jBl \ AijjAijfor 1 � l � L and bL+1 = 1�PLl=1 bl.Sin
e fN(Ai) : i 2 Zg are independent random variables, it follows from(7.13) that fN(Bl \ Ai) : l = 1; : : : ; L; i 2 Zg is a family of independentrandom variables with Poisson law with parameters �jBl \ Aij, respe
tively.To 
on
lude the proof it suÆ
es to sum over i and to use the fa
t that sumof independent random variables with Poisson law is Poisson.Lemma 7.14 For any interval A, the 
onditional distribution of the pointsin S \ A given N(A) = n is the same as the law of n independent randomvariables uniformly distributed in A.Proof. We use Theorem 7.5. Let B1; : : : ; BL be a partition of A andn1; : : : ; nL non negative integers su
h that n1 + : : :+ nL = n.P(N(Bl) = nl; l = 1; : : : ; L jN(A) = n) (7.15)= P(N(Bl) = nl; l = 1; : : : ; L)P(N(A) = n) (7.16)= n!n1! : : : nL! LYl=1 � jBljjAj �nl (7.17)By Theorem 7.5 it is suÆ
ient to show that if U1; : : : ; UL are independentrandom variables uniformly distributed in A, and M(B) = Pi 1fUi 2 Bg,then P(M(Bl) = nl; l = 1; : : : ; L) = n!n1! : : : nL! LYl=1 � jBljjAj �nl ;whi
h is left as an exer
ise to the reader.Corollary 7.18 The 
onditioned distribution of the ve
tor (S1; S2; : : : ; Sn)given N([0; t℄) = n is the same as the law of (Y1; Y2; : : : ; Yn), the order statis-
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s of the random variables (U1; U2; : : : ; Un) uniformly distributed in the in-terval [0; t℄ de�ned by:Y1 = minfU1; U2; : : : ; Ung; (7.19)Yi = min(fU1; U2; : : : ; Ung n fY1; : : : ; Yi�1g); i = 2; : : : ; n: (7.20)Remark 7.21 Lemmas 7.12 and 7.14 show that the 
hoi
e of the sets Ai isnot important for the 
onstru
tion of the pro
ess.7.4 Markov propertyWe present an alternative 
onstru
tion of the one-dimensional Poisson pro-
ess. Let T1 be an exponential random variable with mean 1=� and eN(�) bea Poisson pro
ess with rate �, independent of T1.Let N(�) be the pro
ess de�ned byN(B) = 1fT1 2 Bg+ eN(B � T1); (7.22)where B � t = fx 2 R : x� t 2 Bg:In other words, the pro
ess N(�) is obtained by �rst �xing the �rst event withthe random variable T1 and then gluing after this instant an independentPoisson pro
ess.Theorem 7.23 The point pro
ess de�ned by (7.22) is a Poisson pro
ess withrate �.Proof. In view of Theorem 7.5 it suÆ
es to prove that for the pro
ess N(�)
onstru
ted above Lemma 7.12 holds. Hen
e we want to 
omputeP(N(Bl) = kl; l = 1; : : : ; L);for arbitrary intervals Bl, kl 2 N and L � 1. To simplify the presentation ofthe proof we will 
onsider L = 1 and B1 = [a; 
℄. The extension to any L is
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ise. We 
ondition to the value of T1.P(N([a; 
℄) = k)= P(N([a; 
℄) = k; T1 < a)+P(N([a; 
℄) = k; T1 2 [a; 
℄) + P(N([a; 
℄) = k; T1 > 
): (7.24)Assume �rst k = 0. In this 
ase the 
entral term is zero; 
onditioning to thevalue of T we get that the �rst term equalsP(N([a; 
℄) = 0; T1 < a) = Z a0 �e��tP(eN([a� t; 
� t℄) = 0)dt= Z a0 �e��te��[
�t�(a�t)℄dt= e��[
�a℄(1� e��a): (7.25)On the other hand, the third term equalsP(T1 > 
) = e��
:Hen
e, adding both terms we getP(N([a; 
℄) = 0) = e��[
�a℄;whi
h is the desired result for k = 0.For k > 0 the third term vanishes and the �rst term isP(N[a; 
℄ = k; T1 < a)= Z a0 �e��tP(eN([a� t; 
� t℄) = k)dt= Z a0 �e��t e��[
�t�(a�t)℄�k[
� t� (a� t)℄kk! dt= e��[
�a℄�k[
� a℄kk! (1� e��a) (7.26)and the se
ond term equalsP(N[a; 
℄ = k; T1 2 [a; 
℄)
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a �e��tP(eN([0; 
� t℄) = k � 1)dt= Z 
a �e��t e��[
�t℄�k�1[
� t℄k�1(k � 1)! dt= e��
�k[
� a℄kk! : (7.27)The addition of those terms gives the desiredP(N[a; 
℄ = k) = e��[
�a℄�k[
� a℄kk! ;whi
h �nishes the proof of the theorem.Corollary 7.28 Let (Si) be a Poisson pro
ess. Then the random variablesTn = Sn � Sn�1, n � 2, are independent, identi
ally distributed with expo-nential law of parameter �.Proof. Theorem 7.23 says that a Poisson pro
ess N0(�) 
an be 
onstru
tedby �xing the �rst time-event a

ording with an exponential random variableT1 and then gluing a Poisson pro
ess N1(�) independent of T1. The pro
essN1(�), on the other hand, 
an be 
onstru
ted using an exponential randomvariable T2 and an independent Poisson pro
ess N2(�). Iterating this 
on-stru
tion we have that the times between su

essive events is a sequen
eT1; T2; : : : of independent exponential random variables.7.5 Alternative de�nitionsAt the beginning of this 
hapter we have given a 
onstru
tive de�nition ofPoisson pro
ess. We want now to 
ompare ours with other de�nitions that
an be found in books of Sto
hasti
 Pro
esses. We 
onsider point pro
essesde�ned in the whole real line R. We use the notation N(t) for N([0; t℄).De�nition 7.29 A one-dimensional point pro
ess N(�) has stationary in-
rements if the law of N[s + r; t + r℄ does not depend on r. We say thatN(�) has independent in
rements if for any disjoint subsets of R, A and Bthe variables N(A) and N(B) are independent.



7.5. ALTERNATIVE DEFINITIONS 111We also need the de�nition of o(h):De�nition 7.30 We say that a fun
tion f : R ! R is a o(h) iflimh!0 f(h)h = 0:Let � > 0. For a pro
ess N(�) 
onsider the following sets of 
onditions.Conditions 7.31 1. The pro
ess N(�) has independent and stationaryin
rements;2. The random variables N[s; t℄ have Poisson law with mean �(t� s), forany s < tConditions 7.32 1. The pro
ess N(�) has independent and stationaryin
rements;2. P(N[t; t + h℄ = 1) = �h+ o(h);3. P(N[t; t + h℄ � 2) = o(h).Conditions 7.31 and 7.32 
hara
terize univoquely a pro
ess as a 
onse-quen
e of Theorem 7.5.Proposition 7.33 Conditions 7.31 and 7.32 are equivalent.Proof. It is easy to prove that Conditions 7.31 imply Conditions 7.32. Forthat, using that N[t; t+ h℄ has Poisson law of parameter �h, we 
an writeP(N[t; t + h℄ = 1) = �he��h= �h�1� �h+ (�h)22 + : : :�= �h+ �h���h + (�h)22 + : : :� ; (7.34)



112 CHAPTER 7. POISSON PROCESSESusing the series expansion of e��h. But the se
ond term in the last memberis o(h). This proves item 2 of Conditions 7.32. On the other hand,P(N[t; t + h℄ � 2) = e��h�(h�)22! + (h�)33! + : : :� = o(h):This proves item 3 of Conditions 7.32.The proof that Conditions 7.32 imply Conditions 7.31 is more 
ompli
atedand involves the solution of di�erential equations. We omit this proof. It
an be found, for instan
e, in Ross (1983).Proposition 7.35 The pro
ess Sn de�ned by (7.1) satis�es both the Condi-tions 7.31 and 7.32Proof. The 
onstru
tion guarantees that the pro
ess has independent andstationary in
rements. By Lemma 7.6 the distribution of points in [s; t℄ hasPoisson law of parameter �(t� s). This implies that the pro
ess de�ned by(7.1) satis�es Conditions 7.31. By Proposition 7.33 the pro
ess also satis�esConditions 7.32.7.6 Inspe
tion paradoxImagine a 
ity where the bus servi
e is perfe
tly regular: a

ording to thes
hedule the time between two su

essive buses is exa
tly one hour or twohours. The s
hedule is 0, 1, 3, 4, 6, 7, 9, 10, 12, et
. Half of the time intervalsbetween two su

essive buses has length 1 and the other half has length 2.If we arrive to the bus stop at a time randomly 
hosen in the interval 0:00and 12:00, how long we need do wait in mean until the departure of the nextbus?One way to do that is just to 
ompute the length of the average interval.This operation 
orresponds to 
hoose an interval at random (from a urn,for instan
e) and measure its length T . Sin
e there are as many intervalsof length 1 as intervals of length 2, the probability of 
hoosing an intervalof length 1 is 1=2 and the same for an interval of length 2. The resulting



7.6. INSPECTION PARADOX 113average would be ET = 12 12 + 121 = 34 :This 
orresponds to 
ompute the average length of half interval. This isWRONG.The problem with the above reasoning is that when one 
hooses a pointuniformly distributed in the interval [0; 12℄, the probability that it belongsto an interval of length 2 is 8=12 while the probability of belonging to aninterval of length 1 is 4=12. The average length is thenET = 412 12 + 8121 = 56 > 34 :That is, the average waiting time is bigger than the average of half interval.The reason is that the probability of 
hoosing a long interval is bigger thanthe probability of 
hoosing a short one. The same happens when we havea stationary point pro
ess in R. The length of the interval 
ontaining theorigin is in general bigger than the length of the typi
al interval.Set us see what happens with the Poisson pro
ess. Let S1 be the epo
hof the �rst Poisson event to the right of the origin of time and S0 the time ofthe �rst event to the left of the origin. We have seen that S1 has exponentialdistribution with rate �. The same argument shows that S0 has also expo-nential distribution with the same rate. Sin
e the pro
ess has independentin
rements, S0 and S1 are independent random variables. Hen
e, the law ofS1 � S0 is the law of the sum of two independent random variables expo-nentially distributed with rate �. This 
orresponds to a Gamma distributionwith parameters 2 and �:P(S1 � S0 > t) = Z 1t �xe��xdx:and the average value of this interval isE (S1 � S0) = Z 10 �x2e��xdx = 2�:whi
h is exa
tly twi
e the average value of the typi
al interval; the typi
alinterval has exponential distribution with rate �.
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e also that the interval 
ontaining an arbitrary time t also has av-erage length equal to 2=�. For t � 0, this interval is SN(t)+1 � SN(t). By thesame reasoning, SN(t)+1 � t and t� SN(t) are independent random variablesexponentially distributed. Hen
e SN(t)+1 � SN(t) has Gamma distributionwith parameters 2 and �.The only pro
ess for whi
h the length of the interval 
ontaining a pointis the same as the length of the typi
al interval is the pro
ess for whi
h theinter arrival times are 
onstant.7.7 Poisson pro
esses in d � 2In this se
tion we 
onstru
t a Poisson pro
ess in two dimensions. The result-ing pro
ess will be used in the following se
tions to 
onstru
t one-dimensionalnon-homogeneous pro
esses and superposition of Poisson pro
esses.We 
onstru
t a random subset of R2 . The same 
onstru
tion 
an be per-formed in Rd for d � 2, but for simpli
ity we stay in d = 2. The 
onstru
tionis almost the same we did in d = 1.We start with a partition of R2 in �nite re
tangles Ai. For instan
e Ai 
anbe the squares determined by the latti
e Z2. Denote jAij the area (Lebesguemeasure) of Ai. We have _[i2ZAi = R2 ;where _[ means disjoint union.For ea
h i, let Yi be a Poisson random variable with mean �jAij. That is,P(Yi = k) = e��jAij(�jAij)kk! :Assume the random variables Yi are independent.Finally, for ea
h i 
onsider a sequen
e of iid random variables (Ui;j)j�1uniformly distributed in Ai:P(Ui;j 2 A \ Ai) = jA \ AijjAij :
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ess is the following (random) set:S = [i2Z[Yij=1 fUi;jg;where we used the 
onvention [0j=1fUi;jg = ;. In other words, we put Yiindependent points uniformly distributed in the re
tangle Ai.Up to now we have repeated the pro
edure of d = 1. The di�eren
e isthat there is no satisfa
tory way to order the points of the random set S.But this is not important.De�nition 7.36 For ea
h measurable set A � R2 , de�neM(A) := number of points of the set S \ A:To avoid 
onfusions we use the letter M for bi-dimensional Poisson pro-
esses and the letter N for one dimensional pro
esses.The following properties are proven in the same way that in the one-dimensional 
ase. We leave the details to the reader.Lemma 7.37 For ea
h �nite set A the random variable M(A) has Poissondistribution with mean �jAj.Lemma 7.38 For ea
h �nite family of measurable sets Bl, the random vari-ables M(Bl) have Poisson law with mean �jBlj.Lemma 7.39 For ea
h measurable set A � R2 , the 
onditional distributionof the points of S\A given that M(A) = n is the same as the n independentrandom variables uniformly distributed in A.Example 7.40 Given the two-dimensional 
onstru
tion, we 
an 
omputethe law of the random variable whi
h measures the distan
e to the origin ofthe point 
loser to the origin. Let V = inffjxj : x 2 Sg.P(V > b) = P(M(B(0; b)) = 0) = e���b2 ;where B(0; b) is the 
ir
le 
entered at the origin with radius b.
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tionsSuppose the random measureM(�) des
ribes the bi-dimensional Poisson pro-
ess of parameter 1. Now we want to 
onstru
t a one-dimensional Poissonpro
ess N(�) with parameter � as a fun
tion ofM(�). For ea
h interval I � Rde�ne N(I) =M(I � [0; �℄) (7.41)that is, the number of points of N(�) in the interval I will be the same as thenumber of points in the re
tangle I � [0; �℄ for M(�). This is the same as toproje
t the points of M(�) of the strip R � [0; �℄ on R.Lemma 7.42 The pro
ess N(�) de�ned by (7.41) is a one-dimensional Pois-son pro
ess of parameter �.Proof. Sin
e the fa
t that the in
rements are independent is immediate, itsuÆ
es to prove that for disjoint intervals I1; : : : ; In:P(N(Ii) = ki ; i = 1; : : : ; n) = nYi=1 e��jIij(�jIij)kiki! ;whi
h follows immediately from the de�nition (7.41).The reader may ask if two points of the bi dimensional pro
ess 
ouldproje
t to a unique point of the one-dimensional one. The following lemmaanswers negatively this question.Lemma 7.43 Let I be a �nite interval. The event \two points of the bi-dimensional pro
ess are proje
ted over a unique point of I" has probabilityzero.Proof. Without loss of generality we may assume that I = [0; 1℄. PartitionI in small intervals of length Æ: IÆn = (nÆ; (n + 1)Æ℄. The probability thattwo points are proje
ted in one is bounded above by the probability that twopoints belong to the same interval, whi
h is given byP([jIj=Æn=1 fM(IÆn � [0; �℄) � 2g) � jIj=ÆXn=1 P(M(IÆn � [0; �℄) � 2) � jIjÆ o(Æ):



7.9. SUPERPOSITION OF POISSON PROCESSES 117This goes to zero as Æ ! 0.The advantage of the proje
tion method to 
onstru
t one-dimensionalpro
esses is that we 
an simultaneously 
onstru
t pro
esses with di�erentrates in su
h a way that the number of points of the pro
ess with bigger ratealways dominate the number of points of the pro
ess with smaller rate.We are going to 
onstru
t a 
oupling between two Poisson pro
esses N1(�)and N2(�) with parameters �1 and �2, respe
tively. For i = 1; 2 letNi(I) =M(I � [0; �i℄): (7.44)Lemma 7.45 Assume �1 � �2. Then, for the 
oupled pro
ess de�ned by(7.44) we have N1(I) � N2(I);for all interval I � R.Proof. Follows from the de�nition that N2 proje
ts less points than N1.7.9 Superposition of Poisson pro
essesMen arrive to a bank a

ordingly to a Poisson pro
ess of parameter p�,women do so at rate (1� p)�.A way to model the arrival pro
ess in
luding the attribute \sex" to ea
harrival is to 
onstru
t a bi-dimensional pro
essM(�) as we did in the previousse
tion and to de�ne N1(�) and N2(�) as the proje
tion of strips of width p�and (1� p)�:N1(I) =M(I � [0; p�℄); N2(I) =M(I � [p�; �℄):That is, the proje
ted points 
oming from the strip [0; �℄ � R indi
ate thearrival times of 
lients disregarding sex. The points 
oming from the strip[0; �p℄�R are marked 1 (
orresponding to men) and the points 
oming fromthe strip [p�; �℄� R are marked 2 (
orresponding to women).



118 CHAPTER 7. POISSON PROCESSESWe have seen in the previous se
tion that the pro
ess N(�) de�ned byN(I) = N1(I) + N2(I) is a Poisson pro
ess with rate � be
ause we 
anexpress N(I) =M([0; �℄� I).Let Sn, n � 1 be the arrival times of the 
lients disregarding sex; that is,the arrival times of the pro
ess N(�). Ea
h point has a mark 1 or 2 a

ordingto the strip it is proje
ted from. LetG(Si) = � 1 if Si is marked 12 if Si is marked 2.Proposition 7.46 The random variables G(Si) are independent, identi
allydistributed with marginalsP(G(Si) = 1) = p ; P(G(Si) = 2) = 1� pProof. We start 
onstru
ting n iid random variables uniformly distributedin the re
tangle [0; t℄� [0; �℄. Let V1; V2; : : : and W1;W2; : : : be two indepen-dent sequen
es of iid random variables uniformly distributed in [0; 1℄.For ea
h �xed n let �n be the random permutation of the set f1; : : : :ng(that is a bije
tion of this set onto itself) de�ned by: for i = 1; : : : ; n� 1,V�n(i) � V�n(i+1):That is, �n(i) is the label of the i-th variable when the �rst n Vj are orderedfrom the smallest to the biggest.For ea
h �xed n 
onstru
t a sequen
e of random variables in [0; t℄� [0; �℄as follows: Ui = (tV�n(i); �Wi): (7.47)The family (Ui : i = 1; : : : ; n) 
onsists on n iid random variables uniformlydistributed in [0; t℄� [0; �℄. The advantage of this 
onstru
tion is that Wi isthe ordinate of the i-th Uj, when the n �rst Ui are ordered from smallest tothe biggest.Fix an arbitrary L and for 1 � k � L 
onsider arbitrary ak 2 f0; 1g.De�ne AL = fG(S1) = a1; : : : ; G(SL) = aLg:
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rete version of Theorem 7.5, to prove that (G(Si)) are iid Bernoullirandom variables with parameter p it suÆ
es to prove thatP(AL) = pP ak(1� p)P(1�ak): (7.48)For ea
h �xed t,P(AL) = 1Xn=LP(AL;N(0; t) = n) + P(AL;N(0; t) < L): (7.49)Let us 
ompute the �rst term:P(AL;N(0; t) = n) = P(AL jN(0; t) = n)P(N(0; t) = n): (7.50)But N(0; t) = M([0; t℄ � [0; �℄) and given M([0; t℄ � [0; �℄) = n, the law ofthe points in this re
tangle is the same as the law of n iid random variablesuniformly distributed in the re
tangle. LetIk = � [0; �p℄ if ak = 1[�p; �℄ if ak = 0. (7.51)We 
an then use the 
onstru
tion (7.47) to obtainP(AL jN(0; t) = n) = P(AL jM([0; t℄� [0; �℄) = n)= P(U�n(k) 2 [0; t℄� Ik; 1 � k � n)= P(�Wk 2 Ik; 1 � k � n)= pP ak(1� p)P(1�ak): (7.52)Sin
e this identity does not depend on n, using (7.52) and (7.50) in (7.49)we getP(AL) = pP ak(1� p)P(1�ak) 1Xn=LP(N(0; t) = n) + P(AL;N(0; t) < L):= pP ak (1� p)P(1�ak) P(N(0; t) � L) + P(AL;N(0; t) < L):By the law of large numbers for one dimensional Poisson pro
esses (whi
h
an be proven as the law of large numbers for renewal pro
esses of Chapter 5)N(0; t)=t 
onverges to �; hen
elimt!1P(N(0; t) � L) = 1 and limt!1P(AL;N(0; t) � L) = 0 (7.53)



120 CHAPTER 7. POISSON PROCESSESThis shows the Proposition.The proof above indu
es the following alternative 
onstru
tion of a bi-dimensional Poisson pro
ess M(�) with rate 1 in the strip [0;1℄� [0; �℄. LetT1 be an exponential random variable with rate �, W1 be a random variableuniformly distributed in [0; �℄ and M1(�) be a one dimensional pro
ess withrate 1 in the strip [0;1℄ � [0; �℄. Assume independen
e among T1, W1 eM1(�).De�ne M(�) as the pro
essM(A) = 1f(T1;W1) 2 Ag+M1(A� T1);where A� t = f(x; y) 2 R2 : (x + t; y) 2 Ag:Arguments very similar to those of Theorem7.23, Corollary 7.28 and Propo-sition 7.46 show the followingTheorem 7.54 Let M(�) be a bi-dimensional Poisson pro
ess with rate 1.Let S1; S2; : : : be the ordered times of o

urren
e of events in the strip [0; �℄.Let W1;W2; : : : be the se
ond 
oordinates of those event times. Then, (Si+1�Si)i�1 are iid random variables exponentially distributed with rate � and(Wi)i�1 are iid random variables with uniform distribution in [0; �℄. Fur-thermore (Si+1 � Si)i�1 and (Wi)i�1 are independent.7.10 Non homogeneous pro
esses.Let � : R ! R+ be a nonnegative pie
ewise 
ontinuous fun
tion. Assumethat for any �nite interval I � R, the number of dis
ontinuities of �(t) is�nite.We want to 
onstru
t a point pro
ess with independent in
rements and\instantaneous rate" �(t). That is, a pro
ess N(�) su
h that, for the 
onti-nuity points of �(t),P(N([t; t + h℄) = 1) = h�(t) + o(h) (7.55)P(N([t; t + h℄) � 2) = o(h): (7.56)



7.10. NON HOMOGENEOUS PROCESSES. 121(See De�nition 7.32.)We 
onsider a bi-dimensional pro
ess M(�) and de�neN(I) =M(�(I)); (7.57)where �(I) = f(x; y) 2 R2 : x 2 I and y � �(x)g. That is, N(�) is thepro
ess obtained when we proje
t the points ofM(�) lying below the fun
tion�(t).Lemma 7.58 The pro
ess de�ned by (7.57) satis�es 
onditions(7.56) and(7.55).Proof. By De�nition 7.57,P(N([t; t + h℄) = 1) = P(M(�[t; t + h℄) = 1):Let y0 = y0(t; h) and y1 = y1(t; h) be respe
tively, the in�mum and thesupremum of �(t) in the interval [t; t+h℄. In this way we obtain the followingboundsM([t; t + h℄� [0; y0℄) �M(�[t; t + h℄) �M([t; t+ h℄� [0; y1℄):Sin
e the fun
tion �(t) is 
ontinuous in t,limh!0 y0(t; h) = limh!0 y1(t; h) = �(t)and y1(t; h) � y0(t; h) = O(h), by 
ontinuity, where O(h) is a notation toindi
ate a fun
tion of h that stays bounded above and below when dividedby h as h! 0. Hen
e,P(M([t; t + h℄� [0; y1℄)�M([t; t + h℄� [0; y0℄) � 1) = o(h):So that,P(M(�[t; t + h℄) = 1)= P(M(�[t; t + h℄) = 1;M([t; t + h℄� [0; y1℄)�M([t; t + h℄� [0; y0℄) = 0)+P(M(�[t; t + h℄) = 1;M([t; t+ h℄� [0; y1℄)�M([t; t + h℄� [0; y0℄) � 1): (7.59)



122 CHAPTER 7. POISSON PROCESSESThe �rst term equalsP(M([t; t + h℄� [0; y0)℄) = 1;M([t; t + h℄� [0; y1℄)�M([t; t + h℄� [0; y0℄) = 0);whi
h, using independen
e of the pro
ess M(�), givesP(M([t; t + h℄� [0; y0)℄) = 1)�P(M([t; t + h℄� [0; y1℄)�M([t; t + h℄� [0; y0℄) = 0)= h�(t) + o(h):The se
ond term is bounded byP(M([t; t + h℄� [0; y1℄)�M([t; t + h℄� [0; y0℄) � 1) = o(h):De�nition (7.57) allows us to show immediately that the number of pointsof the proje
ted pro
ess in a set has Poisson law:Proposition 7.60 The non homogeneous Poisson pro
ess 
onstru
ted in dis-play(7.57) has the property that the number of points in an arbitrary intervalhas Poisson law with mean equal to the area below the fun
tion �(t) in thatinterval. That is, P(N([0; t℄) = n) = e�(t)(�(t))nn! ;where �(t) = R t0 �(s)ds.De�nition (7.57) of non-homogeneous pro
ess has the advantage that we
an 
ouple two or more pro
esses with di�erent rates with the followingproperties.Proposition 7.61 Let �1(t) and �2(t) be two 
ontinuous fun
tions satisfying�1(t) � �2(t) for all tThen it is possible to 
ouple the non-homogeneous Poisson pro
ess N1(�) andN2(�) with rates �1(t) and �2(t) respe
tively su
h that for all interval I,N1(I) � N2(I):Proof. The proof of this statement is immediate from the de�nition.



7.11. EXERCISES 1237.11 Exer
isesExer
ise 7.1 Let X and Y be iid exponential random variables with pa-rameters �1 and �2 respe
tively,1. Compute the law of Z = min(X; Y ).2. Compute the 
onditional law of Z given X = x?Exer
ise 7.2 Show that the sum of n iid random variables with Poissondistribution with means �1; : : : ; �n, respe
tively has Poisson law with mean�1 + : : :+ �n.Exer
ise 7.3 In one urn we put N1 balls type 1, N2 balls type 2 and N3balls type 3, where Ni, i = 1; 2; 3 are independent Poisson random variableswith expe
tations ENi = �i.(a) Choose a ball at random from the urn. Show that given the event fN1+N2+N3 � 1g, the probability to have 
hosen a ball type i is �i=(�1+�2+�3).(b) Show that the result of (a) is the same if we 
ondition to the eventfN1 +N2 +N3 = ng for a �xed arbitrary n � 1.(
) Show that, given the event fN1+N2+N3 = n � 1g, the law of the type ofthe balls in the urn is a trinomial with parameters n and pi = �i=(�1+�2+�3).(d) Generalize item (
) for k � 1 di�erent types of balls:P(Ni = ni jN = n) = n!n1! : : : nk!�n11 : : : �nkk (�1 + : : :+ �k)�n;for n1 + : : :+ nk = n � 1.Exer
ise 7.4 LetN(t) be a Poisson pro
ess with parameter �. For s < r < t
ompute P (N(s) = k;N(r)�N(s) = jjN(t) = n):Exer
ise 7.5 Show that the random variables Uk de�ned in (7.47) are in-dependent and uniformly distributed in [0; t℄� [0; �℄.



124 CHAPTER 7. POISSON PROCESSESExer
ise 7.6 Show Theorem 7.54.Exer
ise 7.7 (i) Let N be a random variable with Poisson law of mean�. Let B = X1 + : : : + XN , where Xi is a Bernoulli random variable withparameter p independent of N . Prove that B is Poisson with parameter�p. Hint: 
onstru
t a pro
ess M(�) in [0; 1℄ � [0; �℄ and mark the pointsa

ordingly to the fa
t that they are above or below the line y = �p.(ii) Prove that if Tn are the su

essive instants of a Poisson pro
ess withparameter �, then the pro
ess de�ned by the timesSn = inffTl > Sn�1 : Xl = 1g;with S1 > 0, is a Poisson pro
ess with parameter �p. Hint: 
onstru
t simul-taneously (Sn) and (Tn) using De�nition 7.41.Exer
ise 7.8 Assume that a random variableX satis�es the following prop-erty. For all t � 0 P(X 2 (t; t+ h) jX > t) = �h+ o(h):Show that X is exponentially distributed with rate �.Exer
ise 7.9 For a Poisson pro
ess of rate �,(a) Compute the law of T2, the instant of the se
ond event.(b) Compute the law of T2 given N(0; t) = 4.Exer
ise 7.10 LetN(0; t) be a Poisson pro
ess with parameter �. Compute(a) EN(0; 2), EN(4; 7),(b) P(N(4; 7) > 2 jN(2; 4) � 1),(
) P(N(0; 1) = 2 jN(0; 3) = 6),(d) P(N(0; t) = odd),(e) E (N(0; t)N(0; t + s)).Exer
ise 7.11 For a Poisson pro
ess N(0; t) 
ompute the joint distributionof S1; S2; S3, the arrival instants of the �rst three events.



7.11. EXERCISES 125Exer
ise 7.12 Compute the law of the age A(t) and residual time R(t) ofa Poisson pro
ess with parameter �, whereA(t) := t� SN(t) R(t) := SN(t)+1 � t (7.62)Exer
ise 7.13 LetN(t) be a stationary Poisson pro
ess. Show thatN(t)=t!1=�, as t ! 1. Hint: use the ideas of Proposition 5.26 and the laws of theage A(t) and the residual time R(t) 
omputed in Exer
ise 7.12.Exer
ise 7.14 Women arrive to a bank a

ording to a Poisson pro
ess withparameter 3 per minute and men do so a

ording to a Poisson pro
ess withparameter 4 per minute. Compute the following probabilities:(a) The �rst person to arrive is a man.(b) 3 men arrive before the �fth woman.(
) 3 
lients arrive in the �rst 3 minutes.(d) 3 men and no woman arrive in the �rst 3 minutes.(e) Exa
tly three women arrive in the �rst 2 minutes, given that in the �rst3 minutes 7 
lients arrive.Exer
ise 7.15 Assume that only two types of 
lients arrive to a supermarket
ounter. Those paying with 
redit 
ard and those paying 
ash. Credit 
ardholders arrive a

ording to a Poisson pro
ess fN1(t); t � 0g with parameter6 per minute, while those paying 
ash arrive a

ording to a Poisson pro
essfN2(t); t � 0g with rate 8 per minute.(a) Show that the pro
ess N(t) = fN1(t)+N2(t); t � 0g of arrivals of 
lientsto the supermarket is a Poisson pro
ess with rate 14.(b) Compute the probability that the �rst 
lient arriving to the supermarketpays 
ash.(
) Compute the probability that the �rst 3 
lients pay with 
redit 
ard,given that in the �rst 10 minutes no 
lient arrived.Exer
ise 7.16 Vehi
les arrive to a toll a

ording to a Poisson pro
ess withparameter 3 per minute (180 per hour). The probability ea
h vehi
le to be



126 CHAPTER 7. POISSON PROCESSESa 
ar depends on the time of the day and it is given by the fun
tion p(s):p(s) = 8>><>>: s=12 if 0 < s < 61=2 if 6 � s < 121=4 if 12 � s < 18(1=4)� s=24 if 18 � s < 24 :The probability ea
h vehi
le to be a tru
k is 1� p(s).(a) Compute the probability that at least a tru
k arrives between 5:00 and10:00 in the morning.(b) Given that 30 vehi
les arrived between 0:00 and 1:00, 
ompute the lawof the arrival time of the �rst vehi
le of the day.Exer
ise 7.17 Constru
t a non homogeneous Poisson pro
ess with rate�(t) = e�t. Compute the mean number of events in the interval [0;1℄.Exer
ise 7.18 Show that for the non homogeneous Poisson pro
ess de�nedin (7.57), the law of fS1; : : : ; Sng in [0; t℄ given N(0; t) = n is the same as thelaw of n independent random variables with density�(r)R t0 �(s)ds ; r 2 [0; t℄:7.12 Comments and referen
esThe 
onstru
tion of Poisson pro
ess given in this 
hapter is a parti
ular 
aseof the general 
onstru
tion proposed by Neveu (1977). The 
onstru
tionof pro
esses in a lower dimension as a proje
tion of a pro
ess in a higherdimension was introdu
ed by Kurtz (1989) and used by Gar
ia (1995).



Chapter 8Continuous time Markovpro
esses
8.1 Pure jump Markov pro
essesThe 
ru
ial di�eren
e between the Markov 
hains of Chapter 2 and the 
on-tinuous time Markov pro
esses of this 
hapter is the following. A Markov
hain jumps from one state to another one at integer times: 1; 2; : : :. Purejump pro
esses jump at random times �1; �2; : : :.We now de�ne a pro
ess Xt 2 X , t 2 R. We assume X 
ountable,
onsider transition rates q(x; y) � 0 for x; y 2 X su
h that x 6= y and wantto 
onstru
t a pro
ess with the property that the rate of jumping from statex to state y be q(x; y). In other words, the pro
ess must satisfyP(Xt+h = y jXt = x) = hq(x; y) + o(h) for all x 6= y: (8.1)Let q(x) =Xy q(x; y);be the exit rate from state x.To 
onstru
t the pro
ess we introdu
e a bi-dimensional Poisson pro
essM(�). For ea
h state x partition the interval Ix = [0; q(x)℄ in intervals I(x; y)of length q(x; y). 127



128 CHAPTER 8. CONTINUOUS TIME MARKOV PROCESSESLet x0 2 X and suppose X0 = x0. Let �1 be the �rst time an event of thepro
ess M(�) appears in the interval Ix0:�1 = infft > 0 :M(Ix0 � [0; t℄) > 0g:De�ne x1 = y, where y is the unique state satisfyinginfft > 0 :M(Ix0 � [0; t℄) > 0g= infft > 0 :M(I(x0; y)� [0; t℄) > 0g (8.2)that is, x1 is determined by the interval I(x0; x1) whi
h realizes the in�mum.Assume now that �n�1 and xn�1 are already determined. De�ne indu
-tively �n = infft > �n�1 :M(Ixn�1 � (�n�1; t℄) > 0g:and xn = y if and only ifinfft > �n�1 :M(Ixn�1 � (�n�1; t℄) > 0g (8.3)= infft > 0 :M(I(xn�1; y)� (�n�1; t℄ > 0)g: (8.4)De�nition 8.5 De�ne �1 = supn �n andXt = xn; if t 2 [�n; �n+1): (8.6)for all t 2 [0;1)In this way, for ea
h (random) realization of the bi-dimensional Poissonpro
ess M(�), we 
onstru
t (deterministi
ally) a realization of the pro
ess Xtfor t 2 [0; �1). Observe that �n is the n-th jump time of the pro
ess and xnis the n-th state visited by the pro
ess.Proposition 8.7 The pro
ess (Xt : t 2 [0; �1)) de�ned above satis�es theproperties (8.1).Proof. By de�nition,P(Xt+h = y jXt = x) (8.8)= P(M(I(x; y)� (t; t+ h℄) = 1) + P(other things); (8.9)



8.1. PURE JUMP MARKOV PROCESSES 129where the event fother thingsg is 
ontained in the eventfM([0; q(x)℄� (t; t+ h℄) � 2g(two or more Poisson events o

ur in the re
tangle [0; q(x)℄� (t; t+ h℄). It is
lear by De�nition 7.36 of M(�) thatP(M([0; q(x)℄ � (t; t+ h℄) � 2) = o(h) and (8.10)P(M(I(x; y)� (t; t + h℄) = 1) = hq(x; y) + o(h): (8.11)This �nishes the proof of the proposition.Example 8.12 In this example we show how the 
onstru
tion goes for apro
ess with 3 states: X = f0; 1; 2g. This may model a system with twoservers but with no waiting pla
e for 
lients that are not being served: 
lientsarriving when both servers are o

upied are lost. If the 
lient arrivals o

ura

ording to a Poisson pro
ess with rate �+ and the servi
es have exponentialdistribution with rate ��, then the pro
ess has rates:q(0; 1) = q(1; 2) = �+ (8.13)q(1; 0) = ��; q(2; 1) = 2�� (8.14)q(x; y) = 0; in the other 
ases: (8.15)The 
onstru
tion des
ribed in the proposition 
an be realized with the fol-lowing intervals:I(0; 1) = I(1; 2) = [0; �+℄ (8.16)I(1; 0) = [�+; �+ + ��℄; I(2; 1) = [0; 2��℄: (8.17)In this 
ase all rates are bounded by maxf�+ + ��; 2��g.Example 8.18 (Pure birth pro
ess) We 
onstru
t a pro
ess Xt in thestate spa
e X = f0; 1; 2; : : :g with the following properties.P(Xt+h = x + 1 jXt = x) = �xh+ o(h) (8.19)P(Xt+h �Xt � 2 jXt = x) = o(xh): (8.20)



130 CHAPTER 8. CONTINUOUS TIME MARKOV PROCESSESThat is, the arrival rate at time t is proportional to the number of arrivalso

urred up to t. Given the bi-dimensional pro
ess M(�) with rate one, we
onstru
t the jump times as follows. Let�1 = infft > 0 :M([0; t℄� [0; �℄) = 1gand in general�n = infft > �n�1 :M((�n�1; t℄� [0; (n� 1)�℄) = 1g:Then the pro
ess Xt is de�ned by X0 = 1 andXt := n + 1 if t 2 [�n; �n+1℄; (8.21)for n � 0. It is easy to see that this pro
ess satis�es the 
onditions (8.19)and (8.20).8.2 ExplosionsIt is easy to see that if the state spa
e X is �nite, then �1 is in�nity. That is,in any �nite time interval there are a �nite number of jumps. The situationis di�erent when the state spa
e is in�nite.Consider a pro
ess with state spa
e X = N and ratesq(x; y) = � 2x; if y = x+ 10; otherwise (8.22)The 
onstru
tion using a Poisson pro
ess goes as follows. De�ne �0 = 0 andindu
tively �n by�n = infft > �n�1 :M((�n�1; t℄� [0; 2n℄) = 1g (8.23)Then de�ne Xt by Xt := n; for t 2 [�n; �n+1℄: (8.24)If x0 = 0, the n-th jump o

urs at time�n = nXi=0 Ti;



8.2. EXPLOSIONS 131where (Ti : i � 0) is a family of independent random variables with expo-nential distribution with ETi = 2�i, for i � 0. Hen
e,E �n = nXi=0 2�i � 2; for all n. (8.25)De�ne �1 = supn �n. We prove now that �1 is a �nite random variable.Sin
e �n is an in
reasing sequen
e,P(�1 > t) � P([nf�n > tg) = limn P(�n > t) (8.26)be
ause f�n > tg is an in
reasing sequen
e of events. We use now the Markovinequality to dominate the last expression withlimn E�nt � 2t (8.27)by (8.25). We have proved that P(�1 > t) goes to zero as t ! 1, whi
himplies that �1 is a �nite random variable.Let K(t) be the number of jumps of the pro
ess up to time t, that is,K(t) := supfn : �n < tg:By de�nition, K(t) > n if and only if �n < t:Hen
e, for all t > �1, the pro
ess performs in�nitely many jumps beforetime t.De�nition 8.28 We say that the pro
ess Xt explodes ifP( limn!1 �n <1) > 0:After a �nite random time �1 the pro
ess is not formally de�ned. But we 
ande�ne an explosive pro
ess by adding a new state 
alled 1 with transitionrates q(1; x) = 0 for all x 2 X .



132 CHAPTER 8. CONTINUOUS TIME MARKOV PROCESSESIf there are no explosions, that is, ifP( limn!1 �n <1) = 0;then, the rates q(x; y) de�ne univoquely a pro
ess whi
h 
an be 
onstru
tedas in Proposition 8.7.A ne
essary and suÆ
ient 
ondition for the absen
e of explosions is thefollowing.Proposition 8.29 The pro
ess Xt has no explosions if and only ifP 1Xn=0 1q(Xn) <1! = 0;where q(x) =Py q(x; y) is the exit rate from state x.Proof. Omitted.The pro
esses we study in this notes have no explosions.8.3 PropertiesNext result says that the pro
ess 
onstru
ted in Proposition 8.7 is Markov.In other words, we prove that given the present, the future and the past areindependent.Proposition 8.30 The pro
ess (Xt) de�ned by (8.6) satis�esP(Xt+u = y jXt = x;Xs = xs; 0 � s < t) = P (Xt+u = y jXt = x):Proof. Indeed, in our 
onstru
tion, the pro
ess in the times after t dependonly on the bi-dimensional Poisson pro
ess M in the region M((t;1)� R+)and on the value assumed by Xt at time t. Given Xt, this is independent ofwhat happened before t.



8.3. PROPERTIES 133Given that at time �n the pro
ess Xt is at state x, the time elapsedup to the next jump is an exponentially distributed random variable withmean 1=q(x); when the pro
ess de
ides to jump, it does so to state y withprobability p(x; y) = q(x; y)q(x) : (8.31)These properties are proven in the next two theorems.Theorem 8.32 For a 
ontinuous time Markov pro
ess Xt,P(�n+1 � �n > t jX�n = x) = e�tq(x): (8.33)Proof. We prove the theorem for the 
ase when the rates q(x) are uniformlybounded by � 2 (0;1). The general 
ase 
an be proven using �nite approx-imations. We use the representation of M(�) in the strip [0;1℄ � [0; �℄ ofTheorem 7.54.It is 
lear that the set (�n)n is 
ontained in the set (Sn)n de�ned inTheorem 7.54. Indeed, given x0 2 X , we 
an de�ne�n = minfSk > �n�1 : Wk < q(xn�1)gKn = fk : Sk = �ngxn = fy : WKn 2 I(xn�1; y)g: (8.34)This de�nition is a 
onsequen
e of the representation of the bi-dimensionalPoisson pro
ess of Theorem (7.54) and the 
onstru
tion of the Markov pro
essusing the Poisson pro
ess summarized in De�nition 8.6.The distribution of �n+1 � �n, 
onditioned to X�n = x is given byP(�n+1 � �n > t jX�n = x)= P(�n+1 � �n > t;X�n = x)P(X�n = x) : (8.35)Conditioning on the possible values Kn may assume, the numerator 
an bewritten asXk P(�n+1 � �n > t;X�n = x;Kn = k)



134 CHAPTER 8. CONTINUOUS TIME MARKOV PROCESSES= Xk P(�n+1 � Sk > t;XSk = x;Kn = k)= Xk X̀P(Sk+` � Sk > t;Wk+1 > q(x); : : : ;Wk+`�1 > q(x);Wk+` < q(x))P(XSk = x;Kn = k)= e�q(x)Xk P(XSk = x;Kn = k):by Exer
ise 7.7.ii. Hen
e,P(�n+1 � �n > t;X�n = x)P(X�n = x) = e�q(x);whi
h �nishes the proof.De�nition 8.36 The dis
rete pro
ess (Yn : n 2 N) de�ned by Yn = X�n is
alled skeleton of the (
ontinuous time) pro
ess (Xt : t 2 R+).Theorem 8.37 The skeleton (Yn) of a 
ontinuous time pro
ess (Xt) is aMarkov 
hain with probability transitions fp(x; y); x; y 2 Xg given by (8.31).Proof. We want to prove thatP(X�n+1 = y jX�n = x) = p(x; y): (8.38)We use again the 
onstru
tion (8.34). Partitioning a

ording with the possi-ble values of Kn:P(X�n+1 = y;X�n = x) = Xk P(X�n+1 = y;X�n = x;Kn = k) (8.39)By 
onstru
tion, the event fX�n+1 = y;X�n = x;Kn = kg is justSl�1fWk+1 > q(x); : : : ;Wk+`�1 > q(x);Wk+` 2 I(x; y); XSk = x;Kn = kg;where we used the 
onvention that for l = 1 the event fWk+1 > q(x);: : : ;Wk+`�1 > q(x);Wk+` 2 I(x; y)g is just fWk+1 2 I(x; y)g. By indepen-den
e between (Wk) and (Sk), expression (8.39) equalsXk Xl�1 P(Wk+1 > q(x); : : : ;Wk+`�1 > q(x);Wk+` 2 I(x; y))�P(XSk = x;Kn = k)



8.4. KOLMOGOROV EQUATIONS 135But,Xl�1 P(Wk+1 > q(x); : : : ;Wk+`�1 > q(x);Wk+` 2 I(x; y)) = q(x; y)q(x) : (8.40)Hen
e, (8.39) equalsq(x; y)q(x) Xk P(XSk = x;Kn = k) = q(x; y)q(x) P(X�n = x); (8.41)whi
h implies (8.38).8.4 Kolmogorov equationsIt is useful to use the following matrix notation. Let Q be the matrix withentries q(x; y) if x 6= y (8.42)q(x; x) = �q(x) = �Xy 6=x q(x; y): (8.43)and Pt be the matrix with entriespt(x; y) = P(Xt = y jX0 = x):Proposition 8.44 (Chapman-Kolmogorov equations) The following iden-tities hold Pt+s = PtPs: (8.45)for all s; t � 0.Proof. Computept+s(x; y) = P(Xt+s = y jX0 = x)= Xz P(Xs = z jX0 = x)P(Xt+s = y jXs = z)= Xz ps(x; z)pt(z; y): (8.46)



136 CHAPTER 8. CONTINUOUS TIME MARKOV PROCESSESProposition 8.47 (Kolmogorov equations) The following identities holdP 0t = QPt (Kolmogorov Ba
kward equations)P 0t = PtQ (Kolmogorov Forward equations)for all t � 0, where P 0t is the matrix having as entries p0t(x; y) the derivativesof the entries of the matrix Pt.Proof. We prove the ba
kward equations. Using the Chapman-Kolmogorovequations we have that for any h > 0:pt+h(x; y)� pt(x; y) = Xz ph(x; z)pt(z; y)� pt(x; y)= (ph(x; x)� 1)pt(x; y)) +Xz 6=x ph(x; z)pt(z; y):Dividing by h and taking h to zero we obtain p0t(x; y) in the left hand side.To 
ompute the right hand side, observe thatph(x; x) = 1� q(x)h + o(h):Hen
e limh!0 ph(x; x)� 1h = �q(x) = q(x; x):Analogously, for x 6= y ph(x; y) = q(x; y)h+ o(h)and limh!0 ph(x; y)h = q(x; y):This shows the Kolmogorov Ba
kward equations. The forward equationsare proven analogously. The starting point is the following way to writept+h(x; y): pt+h(x; y) =Xz pt(x; z)ph(z; y):



8.5. RECURRENCE AND TRANSIENCE 1378.5 Re
urren
e and transien
eWe start with a de�nition or hitting time analogous to the one for dis
rete
hains.De�nition 8.48 Let T x!y = infft > �1 : Xxt = yg, be the �rst time thepro
ess starting at x hits y.The exigen
y t > �1 is posed to avoid T x!x � 0.De�nition 8.49 We say that a state x istransient, if P(T x!x =1) > 0; (8.50)null re
urrent, if P(T x!x =1) = 0 and ET x!x =1; (8.51)positive re
urrent, if ET x!x <1: (8.52)re
urrent, if it is null re
urrent or positive re
urrent: (8.53)If the state spa
e is �nite, there are no null re
urrent states.De�nition 8.54 We say that a pro
ess is irredu
ible if for all states x; y,the probability to hit y starting from x in a �nite time is positive:P (T x!y <1) > 0:Theorem 8.55 A pro
ess (Xt) is irredu
ible if and only if its skeleton (Yn)is irredu
ible.A state x is re
urrent (respe
tively transient) for the pro
ess (Xt) if andonly if x is re
urrent (respe
tively transient) for the skeleton (Yn).If the exit rates are uniformly bounded from below and above, that is, if0 < infx q(x); supx q(x) <1;then x is null re
urrent for (Xt), if and only if x is null re
urrent for theskeleton (Yn).



138 CHAPTER 8. CONTINUOUS TIME MARKOV PROCESSESProof. The proof is straightforward.Remark 8.56 It is 
lear that in the �nite state spa
e 
ase the hypothesesof Theorem (8.55) are automati
ally satis�ed.The �rst part of the theorem says that a state is re
urrent (respe
tivelytransient) for the 
ontinuous time pro
ess if and only if it is re
urrent (re-spe
tively transient) for its skeleton. Hen
e, by Remark 8.56 re
urren
e andtransien
e are equivalent for a pro
ess and its skeleton when the state spa
eis �nite.When the state spa
e is in�nite it is possible to �nd examples of 
ontinu-ous time pro
esses (violating the 
onditions of Theorem 8.55) and its skeletonwith qualitative di�erent behavior. We see now some of these examples.Example 8.57 In this example we present a pro
ess having null re
urrentstates whi
h are positive re
urrent for the skeleton. Consider the ratesq(x; 0) = 1=2x, q(x; x + 1) = 1=2x. Hen
e p(x; 0) = 1=2, p(x; x + 1) = 1=2and the skeleton is positive re
urrent, be
ause the return time to the originis given by a geometri
 random variable with parameter 1=2. On the otherhand, sin
e the mean jump time of ea
h state x is 2x,ET 0!0 =X 2x1=2x+1 =1:Example 8.58 A simple (however explosive) example for whi
h the statesare positive re
urrent for the 
ontinuous time pro
ess but null re
urrent forits skeleton is given by the following rates: q(x; 0) = 1, q(x; x + 1) = x2,q(x; y) = 0 otherwise. The transition probabilities of the skeleton are givenby p(x; 0) = 1=(1+ x2) and p(x; x+1) = x2=(1+ x2). The mean return timeto the origin of the skeleton is given byXx x� 11 + x2� x�1Yy=1� y21 + y2� :We let the reader the proof that this sum is in�nity. The mean return timeto the origin for the 
ontinuous pro
ess is given byXx  xXy=1 1y2!� 11 + x2� x�1Yy=1� y21 + y2�! :



8.6. INVARIANT MEASURES 139We let the reader the proof that this sum is �nite.8.6 Invariant measuresDe�nition 8.59 We say that � is an invariant measure for (Xt) ifXx �(x)pt(x; y) = �(y) (8.60)Xx �(x) = 1 (8.61)that is, if the distribution of the initial state is given by �, then the distri-bution of the pro
ess at time t is also given by � for any t � 0. Sometimeswe also use the term stationary measure to refer to an invariant measure.Theorem 8.62 A measure � is invariant for a pro
ess with rates q(x; y) ifand only if Xx �(x)q(x; y) = �(y)Xz q(y; z): (8.63)Condition (8.63) 
an be interpreted as a 
ux 
ondition: the entran
e rateunder � to state y is the same as the exit rate from y. For this reason theequations (8.63) are 
alled balan
e equations.Proof. In matrix notation, a stationary measure 
an be seen as a row ve
torsatisfying �Pt = �:We 
an di�erentiate this equation to obtainXx �(x)p0t(x; y) = 0:Applying Kolmogorov ba
kward equations we get (8.63).Re
ipro
ally, equations (8.63) 
an be read as�Q = 0:



140 CHAPTER 8. CONTINUOUS TIME MARKOV PROCESSESApplying Kolmogorov ba
kwards equations we get(�Pt)0 = �P 0t = �QPt = 0;In other words, if the initial state of a pro
ess is 
hosen a

ordingly to thelaw �, the law of the pro
ess at any future time t is still �. This is be
auseP0 is the identity matrix and �P0 = �.The following result is analogous to Theorem 3.54. The novelty is thatthe result holds even when the skeleton is periodi
. The 
on
lusion is that
ontinuous time pro
esses are more \mixing" than dis
rete time pro
esses.Theorem 8.64 An irredu
ible pro
ess (Xt) in a �nite state spa
e has aunique invariant measure �. Furthermore,supx;y j�(y)� Pt(x; y)j < e�
t;where
 = minx;y 0� Xz =2fx;ygminfq(x; z); q(y; z)g+ q(x; y) + q(y; x)1A : (8.65)Proof. We 
ouple two pro
esses with the same transition rates matrix: Xtwith arbitrary initial state and Yt with initial state 
hosen a

ording to theinvariant measure �.Assume �rst that the states are well ordered. Then, for ea
h pair ofdisjoint states x < y, 
onstru
t two families of disjoint subsets of R, fIx(y; z) :z 2 Xg and fIy(x; z) : z 2 Xg su
h that jIx(y; z)j = q(y; z) and jIy(x; z)j =q(x; z).Starting from the origin, 
onstru
t a family of su

essive intervals Jx;y(z)with lengths jJx;y(z)j = minfq(x; z); q(y; z)g; z 6= x; y:After those, put an interval I(x; y) with length q(x; y), after it put an intervalI(y; x) with length q(y; x). After this, put intervals Jy(x; z) with lengthjJy(x; z)j = q(x; z)�minfq(x; z); q(y; z)g; z 6= x; y:



8.6. INVARIANT MEASURES 141After this, put intervals Jx(y; z) with lengthsjJx(y; z)j = q(y; z)�minfq(x; z); q(y; z)g; z 6= x; y:Now 
allIx(y; z) = Jx(y; z) [ Jx;y(z); Iy(x; z) = Jy(x; z) [ Jx;y(z)for z 6= x; y.If x = y, just de�ne su

essive intervals I(x; z) with lengths q(x; z); thatis, Ix(x; x) = ; for all x 2 X .Let Ix;y = " [z 6=x;y(Ix(y; z) [ Iy(x; z))# [ I(x; y) [ I(y; x):Assume (X0; Y0) = (x0; y0) (8.66)Let �1 be the �rst time the pro
ess M(�) has a point with the �rst 
oordinatein the interval Ix0;y0 :�1 = infft > 0 :M(Ix0;y0 � [0; t℄) > 0g:Let x1 = ( z if infft > 0 :M(Ix0;y0 � [0; t℄) > 0g= infft > 0 :M(Iy0(x0; z)� [0; t℄) > 0gx0 otherwisethat is, x1 is determined by the interval Iy0(x0; z) realizing the in�mum or itstays equal to x0 if none of those intervals realize the in�mum. Analogously,y1 = 8<: z if infft > 0 :M(Ix0;y0 � [0; t℄) > 0g= infft > 0 :M(Ix0(y0; z)� [0; t℄) > 0gy0 otherwisethat is, y1 is determined by the interval Ix0(y0; z) realizing the in�mum, orstays equal to y0 if none of those intervals realizes the in�mum. Let �n bethe �rst time a point of the pro
ess M(�) appears in the interval Ixn�1;yn�1 :�n = infft > �n�1 :M(Ixn�1;yn�1 � (�n�1; t℄) > 0g:



142 CHAPTER 8. CONTINUOUS TIME MARKOV PROCESSESLet xn = 8<: z if infft > �n�1 :M(Ixn�1;yn�1 � (�n�1; t℄) > 0g= infft > �n�1 :M(Iyn�1(xn�1; z)� (�n�1; t℄) > 0gxn�1 otherwisethat is, xn is determined by the interval Iyn�1(xn�1; z) realizing the in�mum,or stays equal to xn�1 if none of those intervals realizes the in�mum. Analo-gously,yn = 8<: z if infft > �n�1 :M(Ixn�1;yn�1 � (�n�1; t℄) > 0g= infft > �n�1 :M(Ixn�1(yn�1; z)� (�n�1; t℄) > 0gyn�1 otherwisethat is, yn is determined by the interval Ixn�1(yn�1; z) realizing the in�mumor stays equal to yn�1 if none of those intervals realizes the in�mum.Now de�ne (Xt; Yt) := (xn; yn) if t 2 [�n; �n+1): (8.67)Proposition 8.68 The pro
ess de�ned by (8.66) and (8.67) is a 
oupling oftwo Markov pro
esses with transition rates Q and initial state (x0; y0).Proof. It is left as an exer
ise to the reader.An important fa
t of this 
onstru
tion is that when the 
oupled pro
essis in the state (x; y) and a point of the pro
ess M(�) appears in the interval([z(Jx;y(z)) [ I(y; x) [ I(x; y);then both pro
esses jump to the same state and from this moment on 
ontinuetogether for ever (
oales
e). The length of this interval is exa
tlyXz =2fx;ygminfq(x; z); q(y; z)g+ q(x; y) + q(y; x):Sin
e for any 
ouple x; y these intervals have the origin as left point, thepro
esses 
oales
e the �rst time a point of the pro
ess M(�) appears in the



8.7. SKELETONS 143interse
tion of those intervals. This interse
tion has length 
 de�ned by(8.65).The following is the 
onvergen
e theorem under weaker hypotheses. Itdoes not have speed of 
onvergen
e.Theorem 8.69 If the 
ontinuous time Markov pro
ess (Xt) is positive re-
urrent and irredu
ible, then it admits a unique invariant measure �. Fur-thermore, for any initial state x,limt!1 pt(x; y) = �(y):Proof. omitted.8.7 SkeletonsAssume the pro
ess (Xt) and its dis
rete skeleton (Yn) de�ned by Yn = X�nare irredu
ible and positive re
urrent. In Chapter 2 we saw that an invariantmeasure � for the dis
rete skeleton Yn must satisfy the following system ofequations Xx �(x)p(x; y) = �(y)On the other hand, the invariant measure � for the pro
ess Xt must satisfyXx �(x)q(x; y) = �(y)q(y)This implies that � is the invariant measure for Yn if and only if the measure� de�ned by �(x) = �(x)q(x) �Xz �(z)q(z)��1 (8.70)is invariant for Xt. Intuitively, the di�erent waiting time between jumps inthe 
ontinuous time pro
ess require a 
orre
tion in the invariant measure for



144 CHAPTER 8. CONTINUOUS TIME MARKOV PROCESSESthe dis
rete time pro
ess whi
h takes into a

ount these di�eren
es. The se
-ond fa
tor in the right hand side of (8.70) is just normalization to guaranteethat � is a probability.As a 
orollary we have that if the exit rates do not depend on the state,then a measure is invariant for the 
ontinuous time pro
ess if and only if itis invariant for the dis
rete time one. That is, if q(x) = q(y) for all x; y 2 X ,then �(x) = �(x) for all x 2 X .8.8 Birth and death pro
essA birth and death pro
ess represents the growth (or extin
tion) of a popu-lation. The value Xt represents the number of alive individuals of the popu-lation at time t. The rates of birth and death depend only on the number ofalive individuals. That is,q(x; x + 1) = �+x and q(x; x� 1) = ��x ; (8.71)where �+x , ��x are families of non-negative parameters. We use the balan
eequations (8.63) to look for 
onditions under whi
h the pro
ess admits aninvariant measure. We look for a ve
tor � satisfying the equations�(0)q(0; 1) = �(1)q(1; 0) (8.72)�(x)q(x; x� 1) + q(x; x+ 1)) (8.73)= �(x� 1)q(x� 1; x) + �(x+ 1)q(x+ 1; x); (8.74)for x � 1.It is not diÆ
ult to 
on
lude that for all x � 0,�(x + 1)��x+1 � �(x)�+x = 0; (8.75)where �(x+ 1) = �+x��x+1�(x); x � 0:Hen
e, for all x � 1 �(x) = �+0 : : : �+x�1��1 : : : ��x �(0): (8.76)



8.9. EXERCISES 145It is 
lear that �(x) so 
onstru
ted satis�es (8.63). To satisfy (8.61) we need�(0) > 0. Hen
e, there will be a solution ifXx�1 �+0 : : : �+x�1��1 : : : ��x <1: (8.77)If (8.77) is satis�ed, then we 
an de�ne�(0) =  Xx�1 �+0 : : : �+x�1��1 : : : ��x !�1 ;and �(x) indu
tively by (8.76).8.9 Exer
isesExer
ise 8.1 Let Xt be a 
ontinuous time pro
ess in X = f0; 1g with ratesq(0; 1) = 1, q(1; 0) = 2. Compute the Kolmogorov equations and �nd pt(1; 0).Exer
ise 8.2 Prove that the variable �1 de�ned in the Example (8.12) is�nite with probability one. Hint: observe that, by the Markov inequalityP(�1 > K) � E�1K :Then use the fa
t that limn P(�n > K) = P(�1 > K):Exer
ise 8.3 Show that the pure birth pro
ess 
onstru
ted in (8.21) satis�es
onditions (8.19) and (8.20).Exer
ise 8.4 Coupling of pure birth pro
esses. Prove that it is possible to
ouple two pure birth pro
esses (X1t ) and (X2t ) with rates ��1 � �2, respe
-tively, in su
h a way that if X10 � X20 , then X1t � X2t .



146 CHAPTER 8. CONTINUOUS TIME MARKOV PROCESSESExer
ise 8.5 Show identity(8.40).Exer
ise 8.6 Prove that the pro
ess presented in Example (8.58) is positivere
urrent and that its skeleton is null re
urrent.Exer
ise 8.7 Prove that the marginals of the joint pro
ess de�ned in (8.67)have the right distribution of the pro
ess. That is, prove thatP(Xt+h = y jXt = x) = q(x; y)h+ o(h) (8.78)P(Yt+h = y j Yt = x) = q(x; y)h+ o(h) (8.79)for all t � 0.Exer
ise 8.8 Let Xt be the pro
ess in X = f1; 2; 3g with transition ratesmatrix Q de�ned by Q = 0� �4 1 32 �3 11 1 �2 1A (8.80)(The diagonal is just the sum of the exit rates of the 
orresponding stateswith a minus sign.) Constru
t the 
oupling (Xt; Yt) given by (8.67). Computethe value of 
.Exer
ise 8.9 For the pro
ess introdu
ed in Exer
ise (8.8) 
ompute the tran-sition probabilities of the skeleton, the invariant measure for the 
ontinuoustime pro
ess and for the skeleton and verify (8.70).Exer
ise 8.10 Consider a system 
onsisting of one queue and one server.The 
lients arrive at rate �+ in groups of two. The system serves one 
lientat a time at rate ��. Assume the system has a maximal 
apa
ity of 4 
lients.That is, if at some moment there are 3 
lients and a group of two arrives,then only one of those stays in the system and the other is lost. The spa
estate is X = f0; 1; 2; 3; 4g and the transition rate matrix of su
h a system isgiven byQ = 0BBBB� ��+ 0 �+ 0 0�� ��� + �+ 0 �+ 00 �� ��� + �+ 0 �+0 0 �� ��� + �+ �+0 0 0 �� ���
1CCCCA (8.81)



8.10. COMMENTS AND REFERENCES 147(a) Establish the balan
e equations and �nd the invariant measure.(b) Compute the probability that a group of two people arrive to the systemand none of them 
an stay in it.(
) Compute the mean number of 
lients in the system when the system isin equilibrium.(d) Compute the mean time a 
lient stays in the system.Exer
ise 8.11 Consider a queue system M/M/1, that is, arrivals o

ura

ording to a Poisson pro
ess of rate �+ and servi
e times are exponentiallydistributed with rate �� but now the system has in�nitely many servers (thatis all 
lients start servi
e upon arrival). Solve items of Exer
ise (8.10) in this
ase.Exer
ise 8.12 Consider a population with m individuals. At time zerothere are k \infe
ted" individuals and m � k non infe
ted. An infe
tedindividual heals after an exponentially distributed time with parameter ��.If there are k infe
ted individuals, the rate for ea
h one of the remainedm�knon infe
ted individuals to get infe
ted is �+(k + 1).(a) Establish the balan
e equations.(b) For m = 4, �+ = 1 and �� = 2 
ompute the invariant measure.(
) Compute the average number of infe
ted individuals under the invariantmeasure.(d) Compute the probability of the event \all individuals are infe
ted" underthe invariant measure.8.10 Comments and referen
esIn this 
hapter we have used the bi-dimensional Poisson pro
ess to 
onstru
ta 
ontinuous time Markov pro
ess in a 
ountable state spa
e. This is anatural extension of the proje
tion method used in the previous 
hapter.The method allows to 
ouple as in dis
rete time.



148 CHAPTER 8. CONTINUOUS TIME MARKOV PROCESSES



Bibliography[1℄ K. B. Athreya, P. Ney (1978) A new approa
h to the limit theory ofre
urrent Markov 
hains. Trans. Amer. Math. So
. 245 493{501.[2℄ H. Berbee (1987) Chains with 
omplete 
onne
tions: Uniqueness andMarkov representation. Prob. Th. Rel. Fields, 76:243{53.[3℄ D. Bla
kwell (1953) Extension of a renewal theorem. Pa
i�
 J. Math. 3.315{320.[4℄ X. Bressaud, R. Fern�andez, and A. Galves (1999a) Speed of d-
onvergen
e for Markov approximations of 
hains with 
omplete 
on-ne
tions. a 
oupling approa
h. Sto
h. Pro
. and Appl., 83:127{38.[5℄ X. Bressaud, R. Fern�andez, and A. Galves (1999b) De
ay of 
orrelationsfor non H�olderian dynami
s. a 
oupling approa
h. Ele
t. J. Prob., 4.(http://www.math.washington.edu/eejpe
p/).[6℄ F. Comets, R. Fern�andez, and P. A. Ferrari (2000) Pro
esses with longmemory: regenerative 
onstru
tion and perfe
t simulation. Preprint.http://www.ime.usp.br/epablo/abstra
ts/
ff.htmlDobrushin, R. L. (1971) Markov pro
esses with a large number of lo
allyintera
ting 
omponents: Existen
e of a limit pro
ess and its ergodi
ity.(Russian) Problemy Pereda�
i Informa
ii 7, no. 2, 70{87.[7℄ W. Doeblin (1938a) Espos�e de la th�eorie des 
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hâ�nes d�enombrables. Bull. So
. Math. Fr., 66:210{20.[9℄ R. Dobrushin (1956) Central limit theorem for non-stationary Markov
hains. I. (Russian) Teor. Veroyatnost. i Primenen. 1, 72{89.[10℄ R. L. Dobrushin (1968a) Gibbsian random �elds for latti
e systems withpairwise intera
tions. Fun
t. Anal. Appl. 2 4:292{301.[11℄ R. L. Dobrushin (1968b) The des
ription of random �elds by means of
onditional probabilities and 
onditions of its regularity. Theory Prob.Appl. 13 2:197{224.[12℄ Durrett, Ri
hard (1988) Le
ture notes on parti
le systems and per-
olation. The Wadsworth & Brooks/Cole Statisti
s/Probability Series.Wadsworth & Brooks/Cole Advan
ed Books & Software, Pa
i�
 Grove,CA.[13℄ Durrett, Ri
k (1995) Ten le
tures on parti
le systems. Le
tures on prob-ability theory (Saint-Flour, 1993), 97{201, Le
ture Notes in Math., 1608,Springer, Berlin.[14℄ W. Feller (1968) An introdu
tion ot Probability Theory and its Appli-
ations. John Wiley & Sons, Ltd.[15℄ P. A. Ferrari and A. Galves (1997) A
oplamento em pro
essos es-to
�asti
os (Portuguese). SBM, IMPA, Rio de Janeiro.http://www.ime.usp.br/epablo/abstra
ts/libro.html[16℄ P. A. Ferrari, A. Maass, S. Mart��nez, and P. Ney (2000) Ces�aro meandistribution of group automata starting from measures with summablede
ay. To be published in Ergodi
 Th. Dyn. Syst.http://xxx.lanl.gov/abs/math.PR/9912135[17℄ Foss and Tweedie (2000) Perfe
t simulation and ba
kward 
oupling.Sto
hasti
 Models. http://www.stats.bris.a
.uk/MCMC/



BIBLIOGRAPHY 151[18℄ A. Frigessi, J. Gasemyrand and H. Rue (1999) Antitheti
 Coupling ofTwo Gibbs Sampler Chains. Preprint.http://www.math.ntnu.no/ehrue/anti-m
m
/abstra
t/abstra
t.html[19℄ N. L. Gar
ia (1995) Birth and death pro
esses as proje
tions of higherdimensional Poisson pro
esses. Adv. Appl. Probab. 27, 911-930.[20℄ O. H�aggstr�om (2000) Finite Markov 
hains and algorithmi
 appli
ationsPreprint.[21℄ T. E. Harris (1955) On 
hains of in�nite order. Pa
i�
 J. Math., 5:707{24.[22℄ T. E. Harris (1956) The existen
e of stationary measures for 
ertainMarkov pro
esses. Pro
eedings of the Third Berkeley Symposium onMathemati
al Statisti
s and Probability, 1954{1955, vol. II, pp. 113{124. University of California Press, Berkeley and Los Angeles.[23℄ T. E. Harris (1972) Nearest-neighbor Markov intera
tion pro
esses onmultidimensional latti
es. Advan
es in Math. 9, 66{89.[24℄ Harris, T. E. (1974) Conta
t intera
tions on a latti
e. Ann. Probability2, 969{988.[25℄ M. Iosifes
u (1961) On the asymptoti
 behaviour of 
hains with 
omplete
onne
tions. Comuni
~arile A
ad. RPR, 11:619{24.[26℄ M. Iosifes
u (1992) A 
oupling method in the theory of dependen
e with
omplete 
onne
tions a

ording to Doeblin. Rev. Roum. Math. Pures etAppl., 37:59{65.[27℄ M. Iosifes
u, S. Grigores
u, Dependen
e with 
omplete 
onne
tions andits appli
ations. Cambridge Tra
ts in Mathemati
s, 96. Cambridge Uni-versity Press, Cambridge, 1990.[28℄ F. P. Kelly (1979) Reversibility and sto
hasti
 networks. Wiley Seriesin Probability and Mathemati
al Statisti
s. John Wiley & Sons, Ltd.,Chi
hester.



152 BIBLIOGRAPHY[29℄ T. G. Kurtz (1989) Sto
hasti
 pro
esses as proje
tions of Poisson ran-dom measures. Spe
ial invited paper at IMS meeting. Washington D.C..Unpublished.[30℄ S. P. Lalley (1986) Regeneration representation for one-dimensionalGibbs states. Ann. Prob., 14:1262{71.[31℄ C. Kipnis and C. Landim (1999) S
aling limits of intera
ting parti
lesystems. Grundlehren der Mathematis
hen Wissens
haften [Fundamen-tal Prin
iples of Mathemati
al S
ien
es℄, 320. Springer-Verlag, Berlin.[32℄ F. Ledrappier (1974) Prin
ipe variationnel et syst�emes dynamiques sym-boliques. Z. Wahrs
heinli
hkeitstheorie verw. Gebiete, 30:185{202.[33℄ T.M.Liggett (1985) Intera
ting parti
le systems. Springer-Verlag, NewYork-Berlin.[34℄ T.M.Liggett (1999) Sto
hasti
 intera
ting systems: 
onta
t, voter andex
lusion pro
esses. Grundlehren der Mathematis
hen Wissens
haften[Fundamental Prin
iples of Mathemati
al S
ien
es℄, 324. Springer-Verlag, Berlin.[35℄ T. Lindvall (1992) Le
tures on the 
oupling method. Wiley Series inProbability and Mathemati
al Statisti
s: Probability and Mathemati
alStatisti
s. A Wiley-Inters
ien
e Publi
ation. John Wiley & Sons, In
.,New York.[36℄ J. Neveu (1977) Pro
essus pon
tuels. �E
ole d'�Et�e de Probabilit�es deSaint-Flour, VI|1976, pp. 249{445. Le
ture Notes in Math., Vol. 598,Springer-Verlag, Berlin.[37℄ E. Nummelin and P. Ney (1993) Regeneration for 
hains with in�nitememory. Prob. Th. Rel. Fields, 96:503{20.[38℄ E. Nummelin (1978) A splitting te
hnique for Harris re
urrent Markov
hains. Z. Wahrs
heinli
hkeitstheorie verw. Gebiete, 43:309{18.



BIBLIOGRAPHY 153[39℄ J. G. Propp and D. B. Wilson (1996) Exa
t sampling with 
oupledMarkov 
hains and appli
ations to statisti
al me
hani
s. In Pro
eedingsof the Seventh International Conferen
e on Random Stru
tures and Al-gorithms (Atlanta, GA, 1995), volume 9, pages 223{252.[40℄ S. M. Ross (1983) Sto
hasti
 pro
esses. Wiley Series in Probability andMathemati
al Statisti
s: Probability and Mathemati
al Statisti
s. Le
-tures in Mathemati
s, 14. John Wiley & Sons, In
., New York.[41℄ F. Spitzer (1970) Intera
tion of Markov pro
esses. Advan
es in Math. 5246{290.[42℄ H. Thorisson (2000) Coupling, stationarity and regeneration Springer.[43℄ L. N. Vasershtein (1969) Markov pro
esses over denumerable produ
tsof spa
es des
ribing large system of automata. Problems of Informa-tion Transmission 5, no. 3, 47{52; translated from Problemy Pereda�
iInforma
ii 5, no. 3,64{72 (Russian).[44℄ D. B. Wilson (1998) Annotated bibliography of perfe
tly random sam-pling with Markov 
hains. In D. Aldous and J. Propp, editors, Mi
ro-surveys in Dis
rete Probability, volume 41 of DIMACS Series in Dis-
rete Mathemati
s and Theoreti
al Computer S
ien
e, pages 209{220.Ameri
an Mathemati
al So
iety. Updated versions 
an be found athttp://dima
s.rutgers.edu/~dbwilson/exa
t.


