Chapter 3

Coding Theorems for Convolutional
Accumulate-m Codes

3.1 Introduction

It is well-known that long random codes achieve reliable oamication at noise lev-
els up to the Shannon limit, but they provide no structureeficient decoding. The introduction
and analysis of Repeat Accumulate (RA) codes by Divsalay,alid McEliece [10] shows that
the concatenation of a repetition code and a rate-1 codayghra random interleaver, can also
achieve reliable communication at noise levels near the@alimit. A more general analysis
of serially concatenated rate-1 codes also implies thaigusiore than one interleaved rate-1
code may yield further improvement [23].

The coding theorem for the ensemble of RA codes under maxifikefihood decod-
ing, given in [10], states that, for alt;, /N, greater than a threshold which depends only on
the repeat ordeg > 3, the serial concatenation of a repetition code and a ra@etumulate”
code will have vanishing word error probability as the bldéekgth goes to infinity. In [14], this
theorem was extended to serial turbo codes, for outer coithswinimum distancel > 3.

In this chapter, we combine two different generalizatioh®A codes. The first in-
volves using either a single parity check (SPC) or a termethatonvolutional code (TCC) as
the outer code, and we refer to these codes as Parity Accteni#a) and Convolutional Ac-

cumulate (CA) codes respectively. The second involvesgusicascade of interleaved rate-1
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“accumulate” codes as the outer code [23], and we refer &eticedes as either RA PA™, or

CA™ codes respectively. Of these classes,"Céodes are the most general and both"Ra&nd

PA™ can also be viewed as CAcodes by choosing the TCC appropriately. He also discusses
repeat accumulate accumulate (RAA) codes in [13], perhagsdamking their previous work in
[24].

Following the approach pioneered in [10], we then prove argptheorem for ensem-
bles of CA™ codes on a memoryless channel with maximum likelihood degod’he theorem
states that if the outer code has minimum distah¢e2 and the channel parameters less than
some threshold*, then the probability of word error i©(n"), wheren is the block length and
v is determined solely byn andd. The proof, based on the union bound, also gives loose lower
bounds on the threshoki. A new tighter bound by Jin and McEliece [16] allows us to comep
very accurateF;, /Ny thresholds for the additive white Gaussian noise (AWGN)ncled For
m = 3, many of these thresholds are virtually identical to therBioa limit.

The chapter is organized as follows. In Section 3.2, we vewWey results relating
to turbo-like codes which will be required for later secgonin Section 3.3, we discuss new
and existing bounds on the weight enumerators of TCCs. Itid®e8.4, we consider bounds
on the input output weight transition probabilities of tlae-1 “accumulate” code. In Section
3.5, we apply the bounds of the two previous sections to RAGActodes with a single rate-

1 "accumulate” code. In Section 3.6, we state and prove odingotheorem for CA' codes

and follow up by considering the minimum distance of thes#eso In Section 3.7, we discuss
the iterative decoding and density evolution for CAodes. In Section 3.8, we presdrif/ Ny

and minimum distance thresholds for CAcodes and discuss the numerical methods used to

compute them. Finally, in Section 3.9, we offer some conrolgidemarks.

3.2 Preliminaries

3.2.1 Weight Enumerators and the Union Bound

In this section, we review the weight enumerator of a lindack code and the union
bound on error probability for maximum likelihood decodingheinput output weight enumer-
ator (IOWE), A, , of an(n, k) linear block code is the number of codewords with input weigh

w and output weight, and theweight enumerato(WE), A;,, is the number of codewords with
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output weighth and any input weight. Using these definitions, the probghif word error for
maximum likelihood (ML) decoder is upper bounded by

Py < Z Z Ay 2" = Z Ap2t (3.2.1)

h=1w=1
because the pairwise error probability between any two wodds differing inh positions is
upper bounded by".
The parametet is known as the Bhattacharyya parameter and can be computed f
any memoryless channel [30, p. 88]. For a binary-input éigcoutput channel with/ outputs,
it is defined as

M-1

Vr(il0)p(j[1),

Jj=0

wherep(j|i) is the probability of outpuj given inputi. For channels with continuous outputs,
the parametet is given by the integral

z:/Y p(y|0)p(y|1)dy,

wherep(y|i) is the output p.d.f. ofj given inputi andY is the set of possible outputs. For the
BSC this gives:psc(p) = +/4p(1 — p), and for the AWGN channel this gives,yygn (0?) =
e~1/(29*) \whereE, /Ny = (k/n)Ey/No = 1/(202).

Finally, the bit error probability is upper bounded by

Pp <> By, (3.2.2)
h=1

where thebit normalized weight enumeratoBy, , is given by
k w
B, = E — Ay h. 2.
h P L w,h (3 3)

3.2.2 Serial Concatenation through a Uniform Interleaver

We now briefly review the serial concatenation of codes thhoa uniform random
interleaver (URI). Using a URI is equivalent to averagingioall possible interleavers and was
introduced for the analysis of turbo codes by Benedetto andtbtsi [4].
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Consider the serial concatenation of(an, k) outer code and afna, k2) inner code.
Let the IOWES of the two codes b@ﬁ’h andA? respectively. The average IOWE of the serial

w,h’

concatenationd,, , is given by

=540, P, (3.2.4)

where

P = f(l;”i’)h (3.2.5)
is known as thenput output weight transition probabilitdOWTP). This definition reflects the
fact thathfi)h is equal to the probability that this code will map a randoofigsen input sequence
of weightw to an output of weight..

Since the form of (3.2.4) witlﬂ?ﬁ% is essentially a matrix multiplication, the definition
of the IOWTP makes a connection between linear algebra amal sencatenation. This was
first observed in [23], where it was used to show that the WEAf'@odes approaches that of
a random code for large: .

3.2.3 Code Ensembles and Spectral Shape

In this section, we review code ensembles and spectral simgefined in [1]. Let a
code ensemblee a set(, of (n, k) linear codes, each chosen with probability|C|. For any
particular codeC € C, we group the codewords by weight and defityg(C) to be the number
of codewords with output weigltt and A,, 1, (C) to be the number of codewords of input weight

w and output weight. This allows theaverage weight enumeratoo be defined as
— 1
An(C) = il > An(e),
cec
theaverage input-output weight enumeratorbe defined as
— 1
Aw,h(c) = 1 Z Aw,h(c)y
€l éee

and theaverage bit normalized weight enumeratorbe defined as

k
BA(C) = 157 2 O FAu(C).

CeCw=1
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Finally, thespectral shap®f an ensemble is defined to be

r(5;C) = —In A5, (C),

S

for0<¢§ <1.

We also consider sequencds,y, },-,, of code ensembles, where each, is an en-
semble of(n;, k;) codes. We assume that the sequen¢es},, and {k;},.,, are unbounded
and lead to a well-defined rat&, = lim; .. (k;/n;). This leads us to define tlepectral shape

sequence
i (5:C) = niilnzwm [(Cu), (3.2.6)

and theasymptotic spectral shape,
r(6; C) = limsup ry, (6; C). (3.2.7)
In general, we will abuse our notation slightly by writingy,(n) and, () when it is clear

which sequence of code ensembles in being considered.efumtine, all limits taken as goes

to infinity are assumed to be along the subsequéngg,. .

Remark 3.2.1lt is worth considering the validity of the limit, (3.2.7)uBpose, we have a code
ensemble where; is odd for alli and A,(C,,,) is zero for oddh. It is eays to construct an
ensemble sequence of regular low-density parity-checkPCIPcodes, with odd row weight,
which has these properties. Choosing- 1/2, we find thaﬁm/QJ(Cm) = 0 for all 4, which
means that(1/2,C) = —oc. In general, this is not a problem because one typicallysieih
a sequence of continuous functioifs, (k), which upper boundi; (C,,,) at integerh. To avoid
technical problems with the limit, however, one could deffpg ) to be the linear interpolation
of the non-zero terms ofl;,(C,,,). Let hyin(n;) be the smallesk > 1 such thatA, (C,,) > 0

and leth, . (n;) be the largest < n; such thatd, (C,,,) > 0. This allows the spectral shape to

be defined as
. 1
7(6;C) = limsup - In fp, (0m;)
for any dpmin < 0 < Omaae Whered,,i, = lim; o0 Amin(ni) @and e, = lm; oo Rmaz (1;).
For many codes, including turbo and LDPC codes, we beliese tthis »(9; C') will also be

continuous and differentiable for,,;, < 6 < dmaz-
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Remark 3.2.2 Another problem with the definition of asymptotic spectiaage is that subsets
of codes with exponentially vanishing probability maylsifect the value of-(5). We believe
that

7(6;C) = liﬁgpﬁlﬂ Z niiln A5, (C).
cec;
may be a better definition of spectral shape because it daekave this problem. This is
becausenl—i In A|5,,|(C) is upper bounded bgk; /n;) In 2, so that subsets of codes with vanishing
probability will contribute nothing ta’(5; C').
For many sparse graph codes, including turbo-like and LD&dgs, we also believe
that7(J; C') is the mean of a tightly concentrated probability distribnt Consider the proba-

bility,
PZ((S) = Pr <‘nilnAL5an(C) — 7:(5, C)‘ > 6> s

when the code?, is chosen randomly from the ensembiglg, For any0 < § < 1 and anye > 0,
we believe thatim;_,, P;(J) = 0.

These observations are purely academic, however, becagidenow of no general
method of computing’(§; C'). All may not be lost, however, because some physicists have
started approximating this quantity using something kn@asrthe replica method [29]. Iron-
ically, we note that the most straightforward approach talying 7(J; C') is probably upper
bounding it byr(d; C'), since the concavity of the logarithm implies tiéf; C') < r(6;C).

3.2.4 Asymptotic Order of Functions

This chapter makes frequent use of the standard asymptotition, as defined in
[19]. Specifically, the notatio®(-), ©2(-), O(-), o(+), andw(-) is defined in the following manner.
The expressiory(n) = O(f(n)) means that there exist positive constanendn,, such that
g(n) < cf(n) for all n > ng. Similarly, the expressiog(n) = Q(f(n)) means that there
exist positive constants andng, such thaty(n) > cf(n) for all n > ny. The termg(n) =
©(f(n)) combines these two and implies that that) = O(f(n)) andg(n) = Q(f(n)). For
strict bounds, we have the expressiaria) = o(f(n)) andg(n) = w(f(n)) which mean that

limsup,,_, |g(n)/f(n)| = 0 andlim sup,,_.. | f(n)/g(n)| = 0, respectively.
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3.2.5 The IGE Conjecture

The Interleaver Gain Exponent (IGE) conjecture is basedhendbservations of
Benedetto and Montorsi [4] and is stated rigorously in [1@]was also considered for dou-
ble serially concatenated codes in [3]. The conjecture idens the growth rate ofi;,(n), for

fixed h, for an ensemble sequenceiages to infinity. Following [10], we define

a(h) = limsuplog,, Ay (n) (3.2.8)
and
By = Iggica(h). (3.2.9)

Essentially, the IGE Conjecture [10] predicts that thenstexa threshold channel parametér
such that, for any: < z*, the probability of word error isPyy = O (nﬁM). Another com-
monly cited variation of the IGE Conjecture also predictatftunder the same conditions, the
probability of bit error isPg = O (nf»~1).

This conjecture was first proven for repeat accumulate (R#es in [10], then ex-
tended to a range of more general turbo codes [9]. In thisrpépeIGE conjecture for GRA
codes is resolved in the affirmative by Theorem 3.6.4.

3.2.6 Noise Thresholds

Many modern coding systems exhibit a threshold behavioerelhy on one side of the
threshold, the probability of decoding error is bounded yafvam zero, and on the other side
of the threshold the probability of error approaches zemdist as the block length increases.
In particular, most derivatives of turbo and LDPC codes]uding CA™ codes, exhibit this
behavior. In this section, we provide a framework for dising this phenomenon, and the
corresponding noise thresholds. We note that, in gené&athreshold depends both on the code
and the decoder.

Definition 3.2.3. Suppose we have a binary-input channel with paramefeand a sequence
of code ensembles{,Ci}iZO. Let P, (C; «) be the probability of a particular error type for a
particular decoder. For example, one might wiltg .,y (C'; «) to represent the word error rate
under ML decoding. Th&’, noise thresholda,, of this ensemble sequence is the largestuch
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that

limsup P (Cy;) = 0
forall 0 < a < a,. Although a, is well-defined as long a&,(C;;0) = 0, we will generally
be dealing withP, (C;; «) functions which are strictly increasing in Furthermore, we say that
the ensemble has B, decay rateof at leastf(n) if we have P,(C;; ) = O (f(n;)) for all
0 < a < a,. We also note that upper bounds on the probability of errarleaused to provide
lower bounds on the threshold, .

The Bhattacharyya union bound, (3.2.1), can be used toa&wer bounds on the
maximum likelihood word error noise threshold;z. This approach was first used for turbo
codes in [10]. While thresholds based on the union bound anerglly quite pessimistic, the
simplicity of the union bound enables one to analyticallgwlithe existence of noise thresholds
for all channels simultaneously. The Bhattacharyya patantkereshold is given by* = e~ U5,
wherecy g is

cup = sup (r(0;C)/9). (3.2.10)
0<s<1

For the AWGN channel, the Viterbi-Viterbi Bound [31] is alygtighter. In fact, it can be used
to prove that the ensemble sequence achieves capacity ddlapproaches zero. The Viterbi-
Viterbi E /N, threshold is given by

cyy = sup ((1—=20)r(5;C)/0). (3.2.11)
0<8<1

There are quite a number of other bounds for the AWGN chaianel [8][27] give nice overviews
of the subject. In the next section, we discuss typical sevdieg bounds which can be used on

any memoryless symmetric channel and give quite good eesult

3.2.7 Typical Set Decoding Bound

The typical set decoding bound on word error probabilitydsatight because it breaks
the problem into two parts. First, it considers the probigbihat the noise is atypical. Second, it
considers the probability of error given that the noise Edgl. The probability of a memoryless

channel having atypical noise decays rapidly with the bleckjth, so we can essentially ignore
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this probability. It turns out that the probability of errgiven typical noise lends itself to a very
nice combinatorial analysis [1][16].

Consider a discrete memoryless symmetric channel Witloutputs wherep; is the
probability of theith output given a zero input. Let the input to the channel becuence of
zeros, and assume that output statistics are collectedtmgle:; be the number of times thih

output is observed.

Definition 3.2.4. For anye > 0, we say that the noise sequencayigical if |m;/n — p;| <
n~1/2tefori =1,... , M. We also say that any other output sequengeiily typical with the
all-zero sequence if its frequency statistics satisfy #raes condition.

Definition 3.2.5. Consider the probabilityP;, (7,,; «), that a codeword of weight and length
n is jointly typical with the all-zero codeword after beingarsmitted through a memoryless

symmetric channel with parameter Thetypical set decoding exponer#t (4, «), is defined by

K(,a) = — lim llnPwnJ (Th; ).

n—oo n
Lemma 3.2.6. For anye < 1/4, there exists am such that for alln > n, the probability that

the noise sequence is atypical is upper boundeety.

Proof. First, we notice that the distribution of eaeh is binomial with mearp;n and variance
npi(1—p;). Since the test for typicality allows variations in the foeqcy statistics af) (n!/2+¢)
and the central limit theorem holds for variationsagf,*>/*), we can use Gaussian tail bounds
for e < 1/4. Using the standard exponential bound for the Gaussian @it < e=7%/2),
we see that the probability that any; fails the test is upper bounded Dy—o(”%). Since all
M bins must pass the test, the probability that a sequencet itypical is upper bounded by
2Me=O(*) For large enough, this can be upper bounded by"". O

Consider a sequence of code ensembles with averageApE,), spectral shape;,(5), and
asymptotic spectral shape(d). The following conditions characterize the code ensemldi w

enough to give a fairly general coding theorem. We note thege results are taken mainly from
[1].
Condition 3.2.7. There exists a sequence of integef4,, },,~, and a function,f(n), which

satisfyL,, = w(lnn) and
Ln—1

Y D) =0 (f(n)),
h=1
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foranyz < 1.

Condition 3.2.8. The spectral shape converges to the asymptotic spectze $aist enough that

Ly,
rn(6;C) <r(0;C) +o <7>
and the behavior of(9) near zero is such that
lim r(%:C) <
§—07+ 0

Now, consider any memoryless symmetric channel, with patana, whose Bhat-
tacharyya parameter iga) and whose typical set decoding exponerki§), «). We define the
typical set decoding threshotd be

ars = Oéliil amiz()‘)a (3.2.12)

where
miz(A) = sup {a € RT[r(6;C)/6 < —Inz(a),d € [0,A] andr(6;C) < K(6,a),8 € [A\,1]}.

Theorem 3.2.9 ([1]). Suppose Conditions 3.2.7 and 3.2.8 hold. Aainy real number if{0, 1]
and suppose also that the channel parametés greater than the thresholdy,,;,(\). In this
case, there exists an> 0 such that the probability of word error for the ensemble ssme,
Py, is given by

Py =0 (f(n))+ 0 (ne =) + 0 (e™™). (3.2.13)

In general, the first term will dominate but this also depeadgshe particular choice of.,, and

f(n).
Sketch of Proof We start by breaking up the probability of word error with

Py = PP 4 P,

wherePI(AgB) is the contribution of the small output weights handled bg timion bound and

PI(A,TS) is the contribution of the large output weights handled lyy tiypical set bound. Using
(3.2.1), we can write

Ln,—1 An
PUD < 3" Ay(m)eh + 3 ehlra/mC)/(hfminz(a)
h=1 h=Ln,
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for any z < 1. Condition 3.2.7 shows that first term @ (f(n)). Combining Condition
3.2.8 with the fact thaty > ;i (\), shows that there exists am ande > 0 such that
SUPg<s<rTn(6;C)/6 + Inz(a) < —efor0 < § < A and alln > ng. Since the terms
of the second sum are decreasing, we can upper bound thelwaludimes the first term or
0 (ne_Lne).

Next, we write

(TS) - - n[r(8;C)— K (8,0)+o(1)]
Py, 7’ < Pr(noise atypical + n max e )

and use Lemma 3.2.6 to show that (noise atypical < O (e~™) for somee > 0. If o >
amiz(A), then there also exists any ande > 0 such thasupys<; 7(0;C) — K(6,a) < —e
for all n > ng. This means that the second term decays @ike=~"¢) and can be ignored.
CombiningPégB) andPISVTS) completes the proof. O

Corollary 3.2.10. Suppose the conditions of Theorem 3.2.9 hold, and that tisceexists a
g(n) < f(n) such that

L,—1

Y Bi(n)2* = 0(g(n)),
h=1

for anyz < 1, whereB),(n) is the bit normalized WE defined in (3.2.3). In this case gfeists
ane > 0 such that the probability of bit erroi’z, is given by

Pg=0(g(n))+0O (ne_EL”) +0(e™™).

Proof. The proof is identical to that of Theorem 3.2.9, except tBa2.Q) is used for the union
bound portion of the bound. O

Remark 3.2.11Since Theorem 3.2.9 essentially applies the union bound fo < X and the
typical set decoding bound for < ¢ < 1, it is easy to see that separate spectral shapes could
be used for each bound. For example, a simple upper boundce@pétctral shape could be used
for 0 < § < A, while numerical evaluation of the exact spectral shapetgpidal set decoding
bound could be used for < § < 1. This would allow the typical set decoding threshold to be
treated rigorously without considering Condition 3.2.8ttwe exact spectral shape.

Remark 3.2.121t is also worth noting that the quantitym;_.,+ (r(J; C)/6), which equals
r’'(0; C') by I'Hopital’s rule, seems to play an important role in naiseesholds. If/(0; C') < oo,
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then a bit error rate noise threshold usually exists, whilseenbles with”'(0; C') = 0 usually
admit a word error rate threshold. Furthermorey’if0; C') = 0, then the noise threshold is
usually determined by the typical set decoding bound (itere exists &, > 0 such that
ars = supy,<x<11|7(9;C) < K(5,a), A <0 < 1}).

3.3 Terminated Convolutional Codes

In this section, we consider the WEs of terminated convohati codes. In particular,
we focus both on useful analytical bounds on the WE and exatiernical methods for com-
puting the spectral shape of a CC. The analytical bound ishargkzation of [18, Lemma 3],
while the formula for the spectral shape can be seen as aaaéon of Gallager's Chernov

bounding technique [12, Eqn. 2.12] or as an application df.[2

3.3.1 Analytical Bounds

Now, we consider a useful bound on the weight enumeratoreobtbck code formed
by terminating a CC. This bound is essentially identicalli®, Lemma 3], which was proven for
any rate-1/2 recursive systematic TCC. The major contidbubf our result is that all constants
are computable from the derivation. All previous derivatigorove only the existence of bounds

of this form. We also provide a proof which is valid for any TCC

Theorem 3.3.1. Let 7 be the numbers of bits output by a CC per trellis step and dendhe
(n, k) block code formed by terminating a CC to a lengtgf trellis steps. We denote the free
distance of the CC by, the transfer function of the CC l§y(D), and the smallest real positive
root of the equatior?’(D) = 1 by D*. The number of weight codewords in the block code,
A}LO) (n), is upper bounded by

Lh/d] n/r
A9 < ( / >gh, (3.3.1)

whereg = 1/D*.
Furthermore, if a non-catastrophic convolutional encodeused, then there exists a
constantp > 0 such that the input weighty, can be upper bounded with < ph. In this case,
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the bit normalized weight enumeratdB(O), can be upper bounded by

(0) ph Ln/d) n/t
B,” (n) < — > < . )gh. (3.3.2)
t=1
Proof. Proof of this theorem is provided in Appendix 3B.1. O

Various upper bounds can also be applied to the binomial su(8.8.1) to make this bound
more useful. The next corollary boundhéo) in a manner which makes it easy to upper bound
3 Ago)a:h by an exponential.

Corollary 3.3.2. The binomial sum in (3.3.1) can be upper bounded with (3A.ggt
L1/ d]
whereg = 1/D*. If 7 > d, then this result also requires that'/7¢!72d/7 > 2F and
(de/7)"/¢ (\/%)_1/” g > 2%, whereR is the code rate.
If a non-catastrophic encoder is used, then the bit norredlizeight enumeratoB}(f),

A (n) (3.3.3)

can also be upper bounded by
n/T 4 1)/d-1

B (n) < !

([h/d] =1 g, (3.3.4)
whereC = 24247 andg = 1/D*.
Proof. Proof of this corollary is provided in Appendix 3B.2. O

The bound presented in the next corollary was originallyestan [24] without proof. We present
it here mainly because of this and because it follows easdynfTheorem 3.3.1 and Corollary
3.3.2.

Corollary 3.3.3. Using (3A.6) to upper bound the binomial sum instead, gives
(0) n Lh/d)
A9m) < (h) P (3.3.5)

whereC = (3) V" andg = (£) (%)l/d. If 7 > d, then this result also requires that
21/7gl88d/7 > 9F and (de/7)/4g > 21, whereR is the code rate.

If a non-catastrophic encoder is used, then the bit nornedlimeight enumeratoB}(f),
can also be upper bounded by

. ny Lh/d)-1
B (n) < % (E) . (3.3.6)
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Proof. Proof of this corollary is provided in Appendix 3B.3. O

Remark 3.3.4.The basic ideas behind this theorem were introduced by I€adrad Urbanke in
[18]. Their treatment, however, focused solely on raterg&irsive systematic CCs. The gen-
eralization to arbitrary convolutional codes, (3.3.5) svgaven in [24] without proof. Recently,
a bound similar to (3.3.1) was given without proof by Jin andBllece in [17]. Using our

notation, their result can be written as: there exisgssach that

Unfortunately, this bound does not hold for general conwohal codes. Consider, as a coun-
terexample, the memory 0 CC formed by usin@3at) Hamming code for each trellis step (i.e.,
T =38 andd;‘?ee

in the mistaken conclusion thﬂtﬁf) < 0, when in factA,- is growing exponentially with.

= 4). Choosingh* = n/2 + 4 forces the binomial coefficient to 0 and results

Remark 3.3.5.Consider the additional conditions required by Corollarge3.2 and 3.3.3 for
T > d. First, it is worth noting that we have not found any CCs whitthnot satisfy these
conditions. Second, if a CC is found which does not satiségé¢hconditions, the parameter,
can always be artificially inflated so that the conditionssatesfied. This results is a weaker, but
provably accurate, bound of the same form. Furthermorectimstant(', can also be removed

by inflating g.

3.3.2 Analytical Bound Examples

Now, we consider three different TCCs and compare the trueof&ach with (3.3.1)
and (3.3.3), which are referred to as upper bound 1 and 2ctgply. In general, we see that
(3.3.1) is tighter than (3.3.3) and that both bounds areorestsly tight for small output weights.

The (7,3) Hamming Code

This code can be thought of as a TCC with= 7, d = 3, andT(D) = 7D3 + 7D* +
D". Solving the equatiofi’(D) = 1 with Mathematica gives the resul* ~ 0.46012. Figure
3.3.1 shows the WE of this code far= 1400 and the corresponding bounds.
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Figure 3.3.1: The true WE and upper bounds for the Hammirg) €ade.

The (9,8) Single Parity Check Code

This code can be thought of as a TCC with= 9, d = 2, andT(D) = 36D?* +
126D* + 84D% + 9D8. Solving the equatio’(D) = 1 with Mathematica gives the result
D* ~ 0.15959. Figure 3.3.2 shows the WE of this code for= 1080 and the corresponding
bounds.

The Convolutional Code with GeneratorG(D) = [1,1 + D]

This is really the only non-trivial memory-1 rate-1/2 CCgahhas parameters = 2,
d = 3, andT(D) = D3/(1 — D). Solving the equatio’(D) = 1 with Mathematica gives
the resultD* ~ 0.68233. Figure 3.3.3 shows the WE of this code for= 1400 and the
corresponding bounds. We note that this bound can also bputedh by takings trellis steps
at a time (e.g.7 = 2k). This has the effect of decreasidg*, however, and the combination
improves the bound only marginally.
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Figure 3.3.2: The true WE and upper bounds for the singleypahieck (9,8) CC.

3.3.3 The Exact Spectral Shape

In this section, we generalize the Chernov type WE bound&ffEgn. 2.12] to convo-
lutional codes (CCs). A more general treatment of the ugtgyimath problem was completed
by Miller in [21]. Since the bound is exponentially tight,ahables the exact numerical com-
putation of the spectral shape of block codes constructad f£Cs. Furthermore, the spectral
shape does not depend on the method of construction (eugcation, termination, or tailbiting)
used.

Theorem 3.3.6. LetG(x) be theM x M state transition matrix of a CC which outputsymbols
per trellis step. For example, we have

for the two-state CC with generator matrik 1/(1 + D)]. If the the state diagram of the CC is
irreducible and aperiodic, then we find that, fer> 0, the matrixG(x) has a unique eigenvalue,

A1(x), of maximum modulus. In this case, the spectral shapg,TCC), of the block code
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Figure 3.3.3: The true WE and upper bounds for@i&) = [1,1 + D] CC.

formed by terminating the CC is given parametrically®y) = x| (z)/(7A\1(z)) and
r(6(z); TCC) = e In[A1(x)] —0(z) Inx. (3.3.7)
T
Furthermore, both the function(§(z); TCC) and the parametric curve are strictly convex.

Proof. Proof of this theorem is provided in Appendix 3B.4. O

Remark 3.3.7 It also turns out that this formula can be evaluated numilyigathout resorting
to numerical estimation of) (x). Let the characteristic polynomial € (z) be

FOz) =det(AI = G(x)) = > figNa?,

and recall that the eigenvalues, for a particulaare the roots of the equatiofi(\, ) = 0. Now,
we can use implicit differentiation to solve fdi\/dz. We start by computing the differential

form of f(\, z) = 0, which is given by
D F(AT AN + N2 dr) = 0.
Next, we solve fol\/dz as a function of\ andz to get

a2y fggNa !
dr Zz’j fiji)\i_l:l,‘jd)\'
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This allows a point on the(é; TCC) curve to be computed by choosing any> 0
and numerically computing the eigenvalug(z). Next, we compute the derivativé)/dz, for
the (\, z) pair and use (3.3.7) to compuiér) andr(6(z); TCC).

3.4 The Accumulate Code

In this section, we consider the “accumulate” code whicteisegated by a/(1 + D)

differential encoder.

3.4.1 A Simple Bound on the IOWTP

In this section, we consider the IOWTP of the “accumulatedeoThe exact IOWE
of the “accumulate” code was published first in [10] and [2&]d this allows the IOWTP to be

written as

n—h h—1
Ml w>1landh > 1

n
w

0 otherwise

It is also worth noting that the “accumulate” code never mapénput word of weightv to an
output word of weighth < [w/2]. This property is quite useful, so we summarize it in the

following condition.

Fact 3.4.1. Consider the IOWTP of the “accumulate” code,, ;,(n), forw > 1 andh > 1. In
this case,P,, ,(n) is non-zero if and only it > [w/2] andn — h > |w/2]. This can be seen
easily by noticing that one of the binomial coefficients i tlumerator of (3.4.1) will be zero if

either condition is not met.

Now, we derive a new upper bound on the IOWTP of the “accuratlledde. This
bound is quite useful in analysis because of its simpligigy,it is also tight enough to reproduce
various qualitative results for RA codes. The result is entésd as a corollary of Theorem 3C.2,

which is stated and proven in Appendix 3C.

Corollary 3.4.2. The IOWTP of the “accumulate” codé), ,(n), is upper bounded by

Fa/2] (/2]
Pyn(n) < 192 gu <ﬁ> (” - h> (3.4.2)

h n n
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and

fw/2l o N w2
Pyn(n) < 2v <ﬁ> (” h> : (3.4.3)

n n

While some care should be taken when applying this boundwith 0, h = 0, or h = n, we
note that using the definitiodf = 1 makes the bound valid fér< w < n and0 < h < n.

Proof. Proof of this corollary is provided in Appendix 3C.2. O

3.4.2 An Exponentially Tight Bound on the IOWTP

The exact exponential form d?,, 5, (n) is very useful for computing tight numerical
bounds on the WE of codes based on the “accumulate” codedéfiised by

p(z,y) = nh—>ngo % log P\_zn],\_yn] ()
T x

and the limit can be evaluated by using the upper and lowend®given by (3A.2). When
the argument of any entropy function is greater than onetrtieevalue ofp(z,y) is negative
infinity. This can be seen by applying Fact 3.4.1 to B88, .o P|yp),|yn|(n) = 0if y < /2
ory >1—x/2.

Remark 3.4.3lt turns out that there is a remarkable similarity betweed.@ and the Bhat-
tacharyya bound on pairwise error probability for the BS®jah is given by(4p(1 —p))h/z.
This might seem accidental at first, but we believe that tiesomething deeper to this con-
nection. In fact, the exponential form of the IOWTP of thecamulate” code, (3.4.4), and the
typical set decoding exponent for the BSC, [1, Eqn. 2.8] aateally identical.

The fact that these two quantities are mathematically idehbas at least one very
interesting consequence. Suppose that we have any enssagflence whose noise threshold
for typical set decoding on the BSCji%. If we serially concatenate this code with an interleaved
“accumulate” code, then the typical minimum distance ofribe&s ensemble will b@*n. This
observation is based on the fact that the BSC typical setdilegdhreshold and this typical
minimum distance are both given by the same expression. Nathey are both given by the
smallesty > 0 which satisfiesnax, r(z) + p(z, ) = 0, wherer(0) is the spectral shape of the
ensemble sequence ap(:, y) is given by (3.4.4).
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3.4.3 A Simple Bound on the Cumulative IOWTP

Now, we derive a new upper bound on the cumulative IOWTP (CT®)\of the “ac-
cumulate” code. This bound is quite useful in analysis bgeanf its simplicity, yet it is also
tight enough to reproduce various qualitative results fArd®des. The result is presented as a
corollary of Theorem 3C.2, which is stated and proven in Ape 3C.

Corollary 3.4.4. The CIOWTP of the “accumulate” cod#,, <;(n), is defined by

h n—h h—1
. i=1 (Lw/(erl;(fw/Q]—l) 1 w 2 1 andh 2 1
Py <n(n) =Y Pui(n) = 1 h>w=0
=0
0 w>h=0

This quantity can be upper bounded with

B\ [w/2]
Py <p(n) <2% (;) . (3.4.5)
Using the definitior)® = 1 makes the bound valid for< w < n and0 < h < n.
Proof. Proof of this theorem is provided in Appendix 3C.3. O

m)

Corollary 3.4.5. The CIOWTP of the cascade of “accumulate” codes,qu} Sh(n), is upper
bounded by

gm—1 (2m+1h>2£1 [w/27]
P, (n) < ( 2m+1h)m—1 : (3.4.6)
1—
for h < n/2m+L,
Proof. Proof of this corollary is provided in Appendix 3C.4. O

Remark 3.4.6.The upper bound provided by Corollary 3.4.5 is actually gjlitose, but it suf-
fices for our purposes. We believe the weakness is mainly altieetfixed upper bound,; <

2™hyy1 fori=1,... ;m used to derive it.
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3.5 Single Accumulate Codes

3.5.1 Repeat Accumulate Codes

A Repeat Accumulate (RA) code is the serial concatenatioa r@fpeat code and an
interleaved rate-1 “accumulate” code. The elegant siriplaf these codes allowed their inven-
tors, Divsalar, Jin and McEliece, to rigorously prove a ogdineorem in [10]. In this section, we
derive a new closed form bound on the WE of an RA code with repeeerq. The quality and
simplicity of this new bound is mainly due to the new boundtoe OWTP of the “accumulate”
code given by (3.4.3).

Starting with the general formula for serial concatenation

_RA Z A(O )

we can substitute the WE of the repeat code,

n/4) if h/q integer

9

0 otherwise

and apply (3.4.3) to get

—RA Z <n/Q> 2q7, h/ )|'qz/2] ( h/n) lgi/2] .

Next we defined = h/n to normalize the output weight and simplify the notationr F@ven,

the binomial theorem can be used to simplify this sum to

A <3 (") (o - a2y

i=1

= (1+ @1~ 5))q/2>”/q —1 (3.5.1)

IN

For ¢ odd, we can sum the odd and even terms separately by defirg@rigribtion

(1+2)kF+ (1 —az)F
2 )

Z5(x, k) =

sinceZ ™" (x, k) gives even terms in a binomial sum a#d (z, k) gives the odd terms in a bino-

mial sum. Using this, we write

AN ) < z+ ((45(1 — §)a/? ,n/q) 14 %z— ((45(1 542 ,n/q) . (35.2)
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Figure 3.5.1: An upper bound on the spectral shape of RA codes

Applying (3.2.7) to (3.5.1) and (3.5.2), it is easy to vetifiyat the asymptotic spectral
shape of an RA code is upper bounded by

r(@(§5;RA) < ~In (1 +(40(1 — 5))q/2) (3.5.3)

1
q
for ¢ > 2 and0 < § < 1. Figure 3.5.1 compares the actual spectral shape of two RAxwith

the upper bounds. Fgr= 30, one can see that the upper bound matches the true speeipal sh
very well for§ < 0.3. While, for ¢ = 3, the bound matches only for very sméall

3.5.2 Convolutional Accumulate Codes

A Convolutional Accumulate (CA) code is the serial concatem of a terminated
convolutional code with an interleaved rate-1 “accumtilatele. These codes generally perform
well with iterative decoding and have very good ML decodimgsholds. Their discovery in [11]
actually predates RA codes as well. In this section, we deaxigeneral upper bound on the WE
of a CA which captures some of the important properties of Cdes.

Starting with the general formula for serial concatenation
—CA - o acc
A n) = 3 AP ) PG (),
i=d

we can derive an upper bound on the WE of a CA code. Using (3t8.3pper bound the WE
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of the CC and (3.4.3) to upper bound the IOWTP of the “accutelileode gives

_ = (n/r+ 1)/ [i/2] , :
A <3 L;czlJ)n g L2 ) 9210 ) 2.
i=d ’

Using the normalized output weighit,= h/n, and the upper bound,
Sl (1 — o L2l < 5721 — )% /(1 - 6),

gives

Now, we definey = g1/46(1 — ) and simplify the expression to

—CA 1 - e n7-+]_] .
A(;n(n)g—(l—i—’y-i-...—i-’yd 1) ) %’ydj.
j=1 ’

Finally, we can write the infinite sum in closed form and useftict that(1 + v + ... +%7!) =
(7 =1)/(v — 1) to get

—CA 1 41 n+r)/7

We can also upper bound the spectral shape using (3.2.7Band)(to get

r(5:CA) < % (ov/B501 5))d.

3.5.3 Properties of the Bounds

Although the upper bounds, (3.5.1), (3.5.2), and (3.5.dnputed in this section are
quite loose in some cases, they do capture some importaraatbastics of the underlying
WEs. For example, we will show that they correctly charazeethe« in the growth rate of the
minimum distanced,,;, ~ n®. This fact is a straightforward generalization of the weibwn
result given in [18]. We will also show that (3.5.3) is tightaagh to prove that the ML AWGN
threshold of an RA code approaches -1&9 asq goes to infinity. This fact was originally
proven in [15].

Since the only difference between (3.4.5) and (3.4.3) isabir of (1 — h/n)w/2] | it

is straightforward to repeat the derivation using (3.418) ane finds that the upper bound on the



65

WE is converted to an upper bound on the cumulative WE simplyrbpping the(1—h,/n)*/2]
term. Applying this technique to (3.5.4) and substituting: for ¢ gives

—CA 1 (29\/h/n)d_1 n)4(n+7)/T
A < T g /) — 1 (cloavRmrernir 1) (35.5)

The probability that a randomly chosen code from this ensemill have a minimum distance

less thart is upper bounded bﬁg;\(n) [23, Theorem 4]. Let be the event that a very long
code from this ensemble has a minimum distance lesstihgn= an(4—2)/¢, for some constant
a. We can upper bound the probability &f by consideringzgﬁ(n) (n) asn goes to infinity,
which gives
Pr(E) < i s OOV L (oo )

— MgVt _q

It is easy to see that this upper bound can be made arbitcdse to zero by decreasing
Therefore, almost all of the codes in the ensemble will haw@r@amum distance which grows
like n(@=2)/d,

Now, let us consider the ML decoding threshold of an RA cod®&WGN by applying
Viterbi-Viterbi bound. It was shown in [15], using a greatatlef analysis, that this threshold
approaches -1.58B (i.e., the low-rate Shannon limit) asgoes to infinity. It turns out that
(3.5.3) is tight enough to reproduce the same result almivgilly. Substituting (3.5.3) into
(3.2.11) and normalizing for the rate (i.e., multiplying gyshows that the Viterbi-Viterbk;, /Ny
threshold of a ratd-/¢q RA code is given by

Ty = max fo(0),

where

(1 ; 9) qr@(5;RA) = (1 g 9 1y (1 + (40(1 — 5))q/2) '

Since we are interested in the limit @f, as ¢ goes to infinity, we start by noting that, for
d €10,1/2)U(1/2,1], f,(0) decreases strictly t0 asq increases (i.e.f,(d) > 0 implies that
fa+1(0) < fq(0)forallé € [0,1/2)J(1/2,1]). Thisimplies thatim, . Ty < limg—.o f4(1/2).
Furthermore, it is easy to see thah, .., 7, > lim, . f,(1/2) because we can lower bound

fq(5) =

the maximum over an interval by choosing any point insidemBiming these two results shows
thatTh, = limg oo fy(1/2) =In2 = —1.59dB.
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3.6 Convolutional Accumulatesn Codes

3.6.1 Description

A CA™ code is the multiple serial concatenation of a TCC anéhterleaved rate-1
“accumulate” codes [24]. Any CA code is completely defined by its outer TCC, andnis
interleavers. Therefore, a random ensemble of Ades is formed, for a particular outer TCC,
by choosing each interleaver randomly from the set of alhmeations. This type of ensemble
lends itself nicely to the average analysis introduced Ryddturbo codes. Leﬁﬁfﬂ)(n) be
the ensemble averaged WE after ilie“accumulate” code, then we have

—(m+1) m
m:tl Z A ) HPhi7hi+1 (n)> (361)
=1

h17 . 7hm

whereP,, ,(n) is given by (3.4.1) anﬂg) equals the WE of the outer TC@.,%O). This WE can

also be written in an incremental form,
—(7,-‘,-1
hit1 Z Ah h17h1+1( ) (362)

which highlights the Markov nature of the serial concatmmat

Definition 3.6.1. The tuple,hq, ... , h,11, COrresponds to the codeword weight at each stage
through them + 1 encoders. We refer to this tuple asvaight paththrough the encoders. Using
this definition, one can think of (3.6.1) as a sum over all Wweaths. Furthermore, we say that
a weight path is valid if it does not violate basic conditi@ugh as Fact 3.4.1. For example, the
weight path,hy, ..., hytq, isvalid if by > dandh; 1 > [h;/2] fori =1,... ,m — 1. All
weight paths which are not valid provide no contributionhe sum.

3.6.2 The IGE Conjecture for CA™ Codes

Now, we can apply the IGE conjecture to (3.6.1) by defining

a(hpms1) = limsup (logn 3 Ag?(n)HPh“hM(n)). (3.6.3)
=1

n—oo
hlw“ ’hm

Of course, the sum in (3.6.3) is lower bounded by its largessht Using Definition 3.6.1, it is
easy to verify that all valid weight paths endingigt,; obeyh; < 2™h,,+1 fori =1,...m



67

This means that the number of non-zero terms in the sum isr lgopnded by 2™ h,,,11)™, and
that
S oAl HPh“th < (2" B )" max AV (n) H Po iy (0
By shom
These upper and lower bounds, along with fact that, ... log,, (2" h,+1)™ = 0,
for fixed h,,+1, allow us to replace the sum over weight paths in (3.6.3) byaaimum over
weight paths. The results of Appendix 3D.1 show that

lim_ <logn HPhth+1 > < alhi,. .. hms)

wherea(hy, ... ,hmy1) = |h1/d] — Zizl [h;/2]. We also note that the bound holds with
eqaulity if ~y is an integer multiple ofl. This implies only thatv(h,,+1) will be upper bounded
by the maximum ofw(hy, ... , hy,y1) over all valid weight paths. In fact, we will find that
a(hm+1) is equal to this quantity because the maximum occurs whea an integer multiple
of d.

The following Lemma provides a few results on the maxim@atfa(hy, ... , Apt1).

Lemma 3.6.2. Let the set of valid paths starting dt;, V(h;), be the set of all tuples,
hi,... ,hpmy1, Whereh; >0fori=1,...m+1andh;y; > [h;/2] fori=1,... ;m —1. Let
the functiona(hy, ... , hyy1), be defined by

a(hy, ... hmyt) = |hy/d] — Z(h/2

The maximum of(hy, ... , hy,1) over the seV (hq) Wlth h1 > 2isequal to
v(hy) = [n/d] = [h1/27]. (3.6.4)

=1
Also, the maximum of(h;) for h; > d > 2 is equal tov(d). Finally, ford > 3 orm > 2, we
also show thav(h) < v(d) — 1 for all h > 4d.

Proof. Proof of this lemma is given in Appendix 3D.2. O
Sincea(hy,... ,hn+1) does not depend oh,,1, we can apply Lemma 3.6.2 to show that

a(hpmy1) = v(d). Furthermore, it is clear thaty; = maxy,, ,,>1 a(hmi1) = v(d), so the

maximum exponenty, is given byr = v(d) or

v=1- i [d/2"] . (3.6.5)

=1
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3.6.3 The Worst Case Minimum Distance

Using Fact 3.4.1, we can compute the minimum possible owgight, d,,;,, of a
GRA™ code. This worst case minimum distance is found by miningiZip,.; subject to the
constraints that,; 1 > [h;/2] andh; > d. Itis easy to see that picking, as small as possible
allows us to pickh, as small as possible, and so on. Therefore, the weight patdhwiinimizes
him+1 is given byh; = d andh; 11 = [h;/2]. One might notice from the previous section that
this weight path also maximizes the exponent of the IGE abunje. Simplifying the expression

for h,,11 gives

i, = [d)2™] . (3.6.6)

3.6.4 Weight Enumerator Bound

In this section, we derive an upper bound on the cumulativedANECA™ which will
be used to prove the main theorem of the chapter, Theorem. 3The cumulative WE of a
CA" code can be written in terms of the WE of the outer TCC and tH&ZTP ofm cascaded
“accumulate” codes with

m+l Z A P@(Un’;h

Forh < n/2™*!, this can be upper bounded by using (3.3.5) and (3.4.6) to get

(3.6.7)

Z(m+1)(n) < ~ Z (n/7 4+ 1)lw/d <2m+1h>27‘1 [w/2']
<h - (1 2m+1h)m 1 LUJ/d '
We note that the upper limi™h, of the sum is due to the fact th%mg)h = 0 forw > 2™h.
For the next step, we need the boupd” | [w/2'] > d(1 — 27™) [w/d], which is
easily verified by noticing that

Z w/2] >wd 27 =w(l-27")
=1

=1

n

andw > d |w/d]. Using this bound, we can write the cumulative WE as

_|_1 |w/d] om+1p clw/d]
(%)

—(m+1) (n/T
An "(n) = m—1 Z lw/d]!

)
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wherec = d(1 — 27™). Now, we can change the index of summation freno i = |w/d| and
extend the upper limit of the sum to get

2m—1

—(mt1) Ly = (/T 1) g (2R
A () < <1_ 2m+1h)m_l <1+g+”'+gd l); i! ¢ < > .

Evaluating the sum and applying the ident@i;lo g = (g —1)/(g — 1), gives

—(m+1) om~1 gd —1 d(2mtLh /n)e(nd1) /T
< g — .6.
R (1-zm)" g ( 1). (36:8)

n

for h < n/2™+1, Writing the logarithm of the cumulative WE as
mA% () < 0(1) + ng(2m+lh/n)d(l—2‘m)7 (3.6.9)
for h < n/2™*1, makes it easy to see that the spectral shape is given by
rmHD(5: CA™) < %gd(zmﬂa)d(l—?""), (3.6.10)

for§ < 1/2m+1,

3.6.5 The Main Theorem

Almost all of the pieces are now in place to consider the nfa@otem of the chapter.
Before continuing, however, with the statement of the maigotem, we state the following
lemma, which will be used in its proof.

Lemma 3.6.3. Consider the serial concatenation of a TCC, with free dis&af) and an “accu-
mulate” code. The probability that the resulting code hasodeword of minimum weight (i.e.,
h = [d/2])is Py(n) = ©(n'~1%/21) wheren is the block length.

Proof. Proof of this lemma is given in Appendix 3D.3. O

The following theorem is the main theorem of the chapter essetially extends the results of
[10][14] to CA™ codes.
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Theorem 3.6.4. Consider the average performance of a sequence d¢f €dde ensembles,
based on a particular outer TCC with minimum distante> 2, transmitted over a memo-
ryless channel with Bhattacharyya channel parameterThere exists a positive threshotd
such that, for any < z*, the probability of word error under maximum likelihood déding is
Py = ©(n"), wherev = 13", [d/2"]. Furthermore, if a non-catastrophic encoder is used
for the CC, then the probability of bit error iBg = ©(n"1).

Proof. The proof can broken into four main parts. The first part u$6.7) to verify that the
WE of a CA™ code satisfies Condition 3.2.7. This also includes findirgettror decay rates,
which arePy = O(n*) and Pg = O(n”~1). The second part uses the upper bound, (3.6.9), to
verify that the WE of a CA' code satisfies Condition 3.2.8. The third part uses Theor@m 3
and Corollary 3.2.10 to establish the basic coding theorEne final part uses Lemma 3.6.3 to
lower bound the probability of error and establish tigt = Q(n”) andPg = Q(n"~1).

First, we choosd.,, = (Inn)? and verify that Condition 3.2.7 holds. To do this, we
consider an upper bound on cumulative WE, (3.6.7), for smafbut weights§ = L,,). In this
case, we can upper bound (3.6.7)3h times the largest term to get

(m—+1) 22m—1lp, (n/T + 1)[“’/5” w <2m+1h>2?11 (w/zf‘

A <
<h (n) —= (1 B 2m+1h) 1-m dSIur)é%{mh Lw/dJ'

n

(3.6.11)

It should be clear that the exponentrofn this expression plays the crucial role for largend
h = O ((Inn)?). This exponent is the same as that given in the IGE conjeutitrethe help of
Lemma 3.6.2. For simplicity, we restate it as

v(w) = w/d] =Y [w/2'].

=1
For large enough, the maximum in (3.6.11) will be determined first by the set«d which
give the maximum exponent of. If this set has more than member, then the term which
also maximizes the exponent afwill be chosen becaust = O ((Inn)?). So we apply
Lemma 3.6.2 to show that the maximum exponent.pfvhich we denote by, is given by
v = max,,>qv(w) = v(d). Now, we can consider all weight paths which achieve the mari
exponent ofn, and find the path in this set with the maximum exponent.oOnce again, we
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apply Lemma 3.6.2 to show thatw) < v — 1 for all w > 4d. Itis easy to verify that the ex-
ponent ofi in (3.6.11) is given byl + > | [w/2"]. Since this value is non-decreasing with
we find that the maximum exponent ois upper bounded by+ Y~ | [4d/2¢] < 1+ 4d+m.
This means that

Z(Srr;LJrl)(n) 0 <nuh4d+m+l> 7 (3.6.12)

for h = O ((Inn)?). We note that the second part of Lemma 3.6.2 does not holdiéocase of
d = 2 andm = 1, and this case will be dealt with separately.

Now, ford > 3 orm > 2, we can upper bound the probability of error associated with
small output weights. Combining (3.2.1) and (3.6.12) aiayg to upper bound the probability
of word error associated with small output weights by

Ly,
ZO (nuh4d+m+l) Zh — O(TLV),
h=1

for anyz < 1. We note that the sum can be evaluated by taking derivativie® @eometric sum
formula. This proves that the WE of any CAcode withd > 3 or m > 2 satisfies Condition
3.2.7withL,, = (Inn)? and f(n) = n”. The probability of bit error can also be upper bounded
by revisiting the entire derivation of (3.6.7), and stagtimith B}(LO) instead ofAﬁf). If the encoder
of the outer code is non-catastrophic, then we find that thealtrés scaled by a constant and the
exponent is reduced by one. Therefore, the bit error ratditon of Corollary 3.2.10 is satisfied
with g(n) = n¥~ 1.

Ford = 2 andm = 1, we can bound the probability of error more directly. The WE
bound, (3.5.4), can be simplified for the caselof 2 andh = O ((Inn)?), and it is easy to
verify that

A (n) < 0(1)eto™ /7,

Using this, the probability of word error, (3.2.1), can bgapbounded by

Ln
S o)t = 0(1),
h=1
as long asxx < e~49°/7 It is worth noting that this is exactly the same thresholat thill be

predicted by the bound of large output weights. This protas the WE of any CA' code with
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d = 2 orm = 2 satisfies Condition 3.2.7 witlh,, = (Inn)? and f(n) = 1. As before, the
probability of bit error, (3.2.2), can be upper bounded byigiing the derivation of (3.5.4) and
starting with B\’ instead ofA\”). If the encoder of the outer code is non-catastrophic, then w
find that the the exponent is reduced by one. Therefore, therioir rate condition of Corollary
3.2.10 is satisfied witp(n) = n~!. Since the exponent, is zero ford = 2 andm = 1, both of
these decay rates satisfy the theorem.

Next, we can verify that Condition 3.2.8 holds by first usiBg(6) and (3.6.9) to show
that

Tgm-i-l)((s; CAm) _ l lnz(gr;l—i-l)(n) _ lgd(2m+1h/n)d(1—2—m) +0 <l> .
n B T !

Combining this with the fact that,, = (Inn)? shows that the first part of Condition 3.2.8 holds

because: = o (%) Now, we can use (3.6.10) to verify thiditns o+ (r™+1(5; CA™)/5)
< o0. Itis easy to verify that the limit is given by

)5 cAm) 4¢*/7 if d=2andm =1
lim < :
5—0+ ) 0 if d>30rm>2

This proves that the WE of any CAcode withd > 2 satisfies Condition 3.2.8.

Now that we have established the validity of Conditions B&hd 3.2.8, we can apply
Theorem 3.2.9 and Corollary 3.2.10. Using only the unionrabuather than the tighter typical
set bound, corresponds to choosikg= 1 and makes the noise threshold equahte(1). Us-
ing the definition, (3.2.10), gives the same threshold imteof the Bhattacharyya parameter,
namely that* = e~°vs. Sincer(5) < oo andlims o+ (r™*1(5;CA™)/5) < oo, itis clear
thatcy p < oo and this proves that there exists a positive threshold swhfor any: < z*, the
probability of word error under ML decoding 8y = ©(n”). The corollary extends this result
to the probability of bit error with a decay rate 8 = O(n"1).

Finally, we consider a lower bound on the probability of emssociated with small
output weights. Consider the weight path of the worst casgémuim distance, which is given by
hiy1 = [d/2"] fori =0,... ,m. The probability of picking a code, from the ensemble, which

has a codeword of this distance is lower bounded by

PM(n) H Phi7hi+1 (n)7
=2
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where Py, (n) is the probability that there is a codeword of weighi/2] after the first inter-
leaver. We note that this is a lower bound because it doesaket into account the effect
of multiple codewords of minimum weight at each stage. Noe,aan combine the fact that
Ph, hiyi (n) = ©(n~[hi/21) with the result of Lemma 3.6.3 (i.eRy = Q(n'~14/21)) to show
that the probability of picking a code with worst case minimdistance is

Q (nl_zﬁl(d/zq) =Q(n").

Since the probability of word error is a constant for codedgoof fixed output weight, this means
that the probability of word error i8(n"). Furthermore, the number of bit errors generated by
such a word error is a constant, so the probability of biteig(n”~1). Combining these lower
bounds with the previously discussed upper bounds congplke&eproof that,, = ©(n”) and

P =0(n"1). O

3.6.6 The Exact Spectral Shape

Let »(+1(z) be the spectral shape of the WE after itte“accumulate” encoder. It
turns out that we can computé*1)(z) exactly by noting that (3.6.1) can be upper and lower
bounded with

+1
max A l_IPh“hl+1 ,S’ZH)( ) <n™ max A l_IPh“hl+1

1y shm 1yeeeshm

Using these bounds, it is easy to verify that the asymptgigcsal shape is given by

T(m+1)($m+1§ CAm) — max [T(l)(l‘) + Zp(l’l', .I‘Z'+1)] R

T1yee yTm
wherep(z, y) is given by (3.4.4). This can also be computed using the inergal form,

P (2141 CA™) = max. [Tm (1) + plas, mm)} , (3.6.13)

The functional form of (3.6.13) makes it quite amenable talysis. It turns out
that (3.6.13) is simply a linear transform in the max-plussig [5]. We start by show-
ing that the functionH (x) + C, is a left eigenvector op(x, y), which essentially means that
maxo<z<1 [H(z) + C + p(z,y)] = H(y) + C. Using (3.4.4) to expand th&z, y) on the LHS
of this expression gives

max [H(z) + C + plr,y)] = max [C +yH ( y) +(1-y)H (ﬁ)] .
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It is easy to verify thatr = 2y(1 — y) maximizes the RHS, and that the maximum is given
by H(y) + C. This is really not that surprising, however, because thalysis is quite similar

to the Markov chain approach taken in [23] and gives the sawseltt On the other hand, we
believe that a more detailed analysis of this operation nsy allow one to bound the rate of

convergence. In fact, we make the following conjecture.

Conjecture 3.6.5. Let(™+1)(z; CA™) be the spectral shape of any CAode of rateR, and
let () (z; CA™) be the stationary spectral shape as goes to infinity. We conjecture that
(%) (z;CA™) = [H(z) + 1 — R]", where[z]" = x for z > 0 and zero otherwise, and that
D) (2, CA™) — () (g CAm)‘ =0 <i> .

m
Remark 3.6.6.t is worth noting that the floor of the spectral shape at zerdasically due
to the fact thatp(0,y) = 0. This means that inputs of small output weight are mapped by
the accumulate code to outputs of arbitrary weight with ebphility that does not decay ex-
ponentially in the block length. This essentially sets ug lilwer boundr(+)(y; CA™) >
r*+D(0; CA™) 4 p(0,y) = 0. Also, this result implicitly assumes that grows independently

of the block length because of the order in which limits aketa

3.6.7 The Typical Minimum Distance

Now, we prove that the typical minimum distance of GRAodes grows linearly with
the block length forn > 2. We do this by first proving this result foer. = 2, and then showing
that it must also hold for any finites > 2. The basic method involves bounding the cumulative

WE of the code and then using the fact that
PT’(dmm S h) S Zgh.

First, we simplify the WE for CA codes. Starting with (3.5.%e can drop the-1 and

separate the exponential to get

_ 1 ~4-1 1 ~4-1
Aon(n) < g5 g (7 1) < m%evdewdw'

Sincey = g+/446(1 — §) < g andg > 1, we can simplify the constant using the fact that

d d
0% —167d<g —1

v—1 —g-—1

d d
ed" < gled".
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Ford > 2, we can also bound thg/n /7 term in the exponential using
Vin/r = g% (46(1 — 6) Y2 n/7 < g (46(1 — 6)) n/7 < 49h/T.
Combining these bounds together gives

d_ g®
—CA ge 4 dh/T
A < =% . .6.14
The remainder of the derivation must be handled separatelyoides with! = 2 and codes with
d> 3.

Convolutional Accumulate-2 Codes withd = 2
Now, we derive an upper bound on the cumulative WE off@ades withd = 2 by
combining (3.6.14) and (3.4.5) to get

2,

—CA? 2 g2 L 4g2w/r [w/2]

A < g°ed —e 4 .
<n (n) < g’e w§:11_w/ne (4h/n)

Using the fact that /(1 — w/n) < 1/(1 —2h/n) for 1 < w < 2h, we can rewrite this sum with
w = 2i to get

—CA2 2 h 2. .

Al (n) < (e79/7 +1)> " 8T (4 /) (3.6.15)

=1

for h < n/2. Upper bounding this sum by the infinite sum and letting: o gives

oA 2g2692 <45€892/7—)

<
A<on(n) < 1—251— 46e89%/7’

foré < 1/ <4e892/7). Now, we point out that for any > 0 there exists & > 0 such that

— 2
Ag;n(n) < e. Therefore, almost all of the codes in the ensemble will reaw@nimum distance
growing linearly with the block length. Since the geomesign in (3.6.15) also grows expo-

nentially inn for 6 > 1/ (4@892/7), one might conjecture that the minimum distance is almost

always equal td / (4e892/ T). Numerical evidence suggests otherwise, however.

. 2
Remark 3.6.7 Let 5* be the smallesf such thatAi?n(n) grows exponentially im. Numerical

evidence suggests thiat,, Zg@i(n) = f(6) is a well-defined function of for 0 < § < ¢*.
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This function can be used as an upper bound on the cumulasitréodtion function of minimum
distance ratio for the code ensemble. Simple analyticalraents show that(J) starts atf (0) =

0 and is strictly increasing towardg(6*) = oo. Finally, the largest minimum distance ratio
provable via the average WE is given by thevhich solvesf(§) = 1. Unfortunately, while the
numerical methods of Section 3.8 may be used to estidigatere are not aware of any simple
method for computing (¢).

Convolutional Accumulate-2 Codes withd > 3

Ford > 3, we can boundqu(n) differently for small and large output weights. Using
(3.6.12) for small output weights and (3.6.14) for largepoitweights gives

A 9] (n1—|—d/2] h4d+3) h < (hl n)2
Agh(n) S gdegd 4 dh/ . .
me 9 T OtherW|S€

Now, we can upper bound the cumulative WE of Caodes withd > 3 by combining this with
(3.4.5) to get

(Inn)? 2h
— 2
Ai/z (n) < Z 0 <n1_(d/21w4d+3> (4h/n)lw/?] + gled” Z
w=1

d
€4g w/T

(4h/n)lw /21,

N w=(Inn)2 - w/n

It is easy to verify that the first sum @ (n'~14/21), for h/n < 1/4, by taking derivatives of
the geometric sum formula. The second sum can be rewrittdnuwi= 2i by using the fact that
1/(1 —w/n) <1/(1 —2h/n)for1 <w < 2h. This gives
d,g? h
A% ) <0 (M-Wﬂ) 420 S ST (an /),

1—2h/n i=(Inn)2/2

Upper bounding this sum by the infinite sum and letting: én gives

) (Inn)2/2

a (46eB9"/7
—CA? =27\ , 29 (
<
A<on(n) = O (n ) 1% 1 — 46e89/7

Since this expression © (n!=1%/21) for § < 1/ (4e892/7), almost all of the codes in the

ensemble will have a minimum distance rati01¢f<46892/7> or larger.

— 2
Remark 3.6.8 Again, we leté* be the smallest such that the trueﬁlg;n(n) grows exponen-

tially in n. In this case, we conjecture that almost all codes in thereblgehave a minimum
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distance ratio ob*. Assuming this is true, we can calculate the minimum distanatio using
the numerical methods of Section 3.8.

Convolutional Accumulate-n Codes

Suppose we serially concatenate any code, whose minimuandes grows likejn,
with an interleaved “accumulate” code. Using Fact 3.4.1s itlear that that the minimum
distance of the new code is greater tldar/2. This means that if the minimum distance(ién)
for any mg then it isQ(n) for any finitem > myg. This concludes the proof that the minimum
distance of any CR& code, withm > 2 (andm < oo), grows linearly with the block length.
Although the minimum distance growth rate guaranteed lg/algument decreases wiik this
does not imply that the actual growth rate decreasesmwitin fact, analytical evidence strongly
suggests the growth rate increases monotonically to thieilmplied by the Gilbert-Varshamov
bound.

3.7 lterative Decoding of CA"” Codes

3.7.1 Decoding Graphs

The iterative decoding of CA codes is based on a message passing decoder which op-
erates on a graph representing the code constraints. Tisagh was introduced by Gallager in
[12], and then generalized by Tanner in [28] and Wiberg i} [3¥e refer to the resulting graph-
ical representation of code constraints as a Gallageréiawiberg (GTW) graph. The GTW
graph of a code is not unique, however, and different grappsesenting the same constraints
may have very different decoding performances.

Belief propagation (BP) is a general algorithm for disttibg information on a graph
representing local constraints. Most message passingldesdescribed in the literature im-
plement some form of BP on a code’s GTW graph [20]. If the grapé no cycles, then BP is
equivalent to the optimal soft output decoding, knowragmosteriori probability (APP) decod-
ing. This is sometimes cited as the reason why these decadekgjuite well if the GTW graph
does not have too many short cycles.

The GTW graph of the rate-1 “accumulate” code is shown in Fe@i7.1. The nodes

drawn as circles represent equality constraints (e.gedgks attached to these nodes represent
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; ; E ; E ; E ; E ; E ; E; Input Bit Nodes
State/Output Bit Nodes
Figure 3.7.1: A GTW graph for the rate-1 “accumulate” code.

the same bit), and the nodes drawn as squares representqoastraints (e.g., all edges attached
to these nodes must sum to zero modulo-2). &gt . . , u,, be the input bits from left to right
and letz,, ... ,z, be the output (state) sequence. We note that all additiomeaet bits is
assumed to be modulo-2. The outputs of the “accumulate” catiebe computed using the
recursive formulagx,;+1 = x; + u;, with the initial conditionzy = 0. This recursive formula
can also be seen in the structure of the graph. Assuming aipat bits are known, an encoder
can step from left to right on the graph computing the nexpoubit each time. The recursive
update equation can also be rewrittervas- z; + x;4+1 = 0, and the graph reflects this in that
each parity check involves an input bit and two adjacentwupis. It is also worth noting that
the output sequence is equal to the encoder state sequence.

A GTW graph for general CAcodes, shown in Figure 3.7.2, is the concatenation of
the outer code constraints with two “accumulate” GTW graptepped through permutations.
From an encoding point of view, the outer code generatesning ibits at the top of the graph
and they are encoded by each “accumulate” GTW graph as thegl ttiownward. When they
reach the bottom, they are transmitted through the chafinem a decoding point of view, the
channel starts the process with noisy estimates of thenridtiesl codeword at the bottom of the
graph. Belief propagation can then used to propagate messagpugh the graph until all of the

messages satisfy the constraints or some maximum itenatiorber is reached.

3.7.2 Message Passing Rules

The message passed along any edge in Figure 3.7.2 is thebpitybdistribution of
the edge’s true value given the subgraph below that edgke tirtie edge values are binary, then
the log-likelihood ratio (LLR) can be used to represent tistrithution. Similar to the notion of
a probability, we define thé L R function of a binary random variable to be

Pr(X = 1Y)

LLR(X|Y) = log X =0T’
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The message passing decoder propagates LLRs around the lgyagssuming that all input
messages arriving at a constraint are independent. Usenqplut messages from all but one
edge, the constraint can be combined with Bayes’ rule toutatie an output message for the
edge left out. This rule is used to calculate all of the outpessages for that constraint node,
and generally all of these messages will be different.

Consider an equality constraint wighedges. In this case, the true value of each edge
must be the same and we will haye_LRs for a single random bit. It is clear that the true
bit, which we refer to as{, must either be a one or a zero. The output passed to eachsdge i
function only of the othej — 1 edges, so computing the output message involves combjrifig
independent LLR messages. L, ... , M; be the LLR input messages, and Jef, . .. ,]\Z/j
be the output messages. This means fat= LLR(X|M,... ,M;i—1,Miq,...,M;), and
using the product rule for independent observations gives

. Pr(X = 0|Mj)
N =log [ o2 = 7 g 71
Og}g Pr(X = 1|Mj) g g 37.0)

Consider a parity constraint withedges. In this case, the modulo-2 sum of true bits
must be zero. Let the true bits associated with edg&pe. . , X;. Itis clear that the modulo-2
sum of anyj — 1 of these bits must equal the bit which was left out. The sarea whn be
applied to LLRs using a soft-XOR operation. Given two indegent binary random variables,
A and B, we define their soft-XOR to b€ LR(A + B). It is easy to verify that this function is
given by

LLR(A+ B) =2tanh™! <tanh (%) tanh (%(B)» :

and this can be found in [26]. Létl1, ... , M; be the LLR input messages, and Mt . .. ,Mj
be the output messages. If we lebe the modulo-2 sund,_, ; X;, then this means that

M; = LLR(Z|My, ... ,M;_1, My, ..., M;).

Writing M; in terms of the soft-XOR function gives

. M
M; = 2tanh™! Htanth . (3.7.2)
k#i

Now, we consider the constraints imposed by the outer cofithelouter code is a

repeat or single parity check code, then these constrai@esasily represented using the equality
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Outer Code Constraints

L F_’ermutatiori_:_'_'_‘_'_'::r----'-' .

- Permuta'uon

Messages from the Channel

Figure 3.7.2: A Tanner graph for an arbitrary €éode.

and parity constraints discussed above. If the outer codamsre general TCC, then the GTW
graph for the code will include state variables and beliepagation is very similar to the BCJR
algorithm [2]. We refer to soft-output variations of the BT algorithm as APP algorithms. A
thorough discussion of this can be found in [20].

3.7.3 Message Passing Schedule

The message passing schedule is the order in which the nesssegupdated on the
graph. While there are almost an unlimited number of mespagsing schedules, there are two
in particular worth mentioning. We will refer to them as adbtustyle decoding and LDPC style
decoding.

In turbo style decoding, each horizontal slice of the GTWpbrashown in 3.7.2, is
treated as an independent APP algorithm. So starting atdtterb with subgraph representing
the “accumulate” code, messages are passed left and righthenAPPs are computed for that
slice. Since this subgraph is cycle free, the message geaigiarithm computes the exact APPs.
Next, the output messages are passed upwards to the nextwtagre another APP decoding is
done. Finally, the process reaches the outer code at thentbpegerses itself by stepping back
down the graph. This is identical to the standard turbo diecpdf serially concatenated turbo
codes.

In LDPC style decoding, the messages for all edges are cau@itthe same time.
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This implicitly results in a two step process where bit noflest pass messages to the check
nodes, and then the check nodes pass messages back to tinadles There appears to be no
significant performance difference between these two ngegsassing schedules if a large num-
ber of iterations are performed. Also, while the LDPC styéeader requires more operations

per iteration, all of these operations can be done in péralle

3.7.4 Density Evolution

Density evolution (DE) is a very useful technique that carubed to analyze the ex-
pected performance of a message passing decoder. The @esiésithat, by assuming that
all messages arriving at a constraint node are independeatcan easily track the probability
density functions of the LLR messages being passed aroundréph. The independence as-
sumption is theoretically justified for large sparse graphd small iteration numbers. This type
of analysis was first performed by Gallager for LDPC codeg,[a2d later generalized (and put
on firm theoretical ground) by Richardson and Urbanke [26].

Since LLRs are simply summed up at equality constraint nottes density of the
output message is simply the convolution of the density efitiput messages. So, if the input
messages are all drawn i.i.d. from a LLR density functioentthe output messages will also be
i.i.d. but with a different distribution. LeP(x) be the density function ok andQ(y) be the
density function oft’, then we write the density function &f = X + Y as(P ® Q)(z). The
effect of the parity constraint on message densities is nmougte complicated, so we write the

Z = 2tanh™! (tanh (%) tanh (%))

as(P @ Q)(z). Itis easy to verify that both of these operators are comtivetaassociative, and

density function of

distributive over the addition of densities. Furthermdhe identity of is the delta function at
zero,Ag, and the identity ofp is the delta function at infinity .

Now, we consider a general CA code and focus on the messag#yden the edges
out of the equality constraint for the “accumulate” codet the message density of these edges
after [ decoding iterations bé&}, where P, is the initial LLR density of the channel. Let the
output of the APP decoder for the outer code have LLR derf3ify) when the inputs have LLR
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density@. Tracking one cycle of thé” message around the graph gives the density evolution,
Pa=(f(PRoR)®P) P (3.7.3)

For a memoryless symmetric channel, with parameteve define the DE threshold,p g, to be

the largesty such thatim;_., P, = A (i.e., the fraction of incorrect messages goes to zero).
Numerical methods can be used to show tRats approachingA., as! increases, but actual
convergence requires also that, be a stable fixed point of the iteration. This is known as the
stability condition, and can be understood by examiningttiration whenP, = (1—€)Ao +¢eQ

for smalle and anyQ).

We start by expanding the density update function of theradde with
F((1=6Ax+€Q) = (1 — ke)Ay + keQ + O(€). (3.7.4)

We can compute the coefficiemt, by analyzing the APP decoder. For any bit in the outer code,
consider all of the codewords which have a one in that pesitignoring the chosen bit, the
probability of more than one bit in the remaining bits of tleeleword receiving & message is
O(€?). If exactly one other bit in the codeword receive@ anessage and the rest receive the
message, then we can compute the output of the APP decodglyexzor code bits which do
not support a weight-2 codeword, this output will alwayshg because the perfect knowledge
of the other bits corrects the error. For code bits which supweight-2 codewords, the output
will receive messages from th@ density. Since each weight-2 codeword involving the output
bit will contribute onec(, the average output will bee) wherex is the average number of bits
involved in weight-2 codewords per input bit. This meang tha

2
k= lim —Ag )(n), (3.7.5)

n—oo n
whereAgo) is the number of weight-2 codewords in the outer code.
Proposition 3.7.1. Consider a CA code whose outer code has the )Aé@,(n), and letz(«) be

the Bhattacharyya parameter of a memoryless symmetricngamith parametei. The DE
threshold is upper bounded by the stability condition, \nlstates that

1
< cRT <
apg < sup {a |z(ar) < ST 1},

wherex is given by (3.7.5).
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Proof. We start by expanding (3.7.3) abalit= (1 — €) A + €@ for smalle, and this gives
Py = (f((1 —20)Ax +26Q + O(6%)) @ (1 — €) A + €Q)) ® Py.
Using (3.7.4), we can simplify this to
Pii=1— 284+ 1)) A + (26 + 1)eQ @ Py + O(%).

If we considerP,,,, for largen, we can apply a large deviation principle to the repeated@on
lution to show that the contribution @f to P, ,, is essentially given by

(26 4+1)"2z(a)"e@Q,

wherez(«) is the Bhattacharyya parameter of the channel [26]. Clahiywill tend to zero if
and only ifz(a) < 1/(2k + 1). O

Example 3.7.2. For parity accumulate codes, the APP decoder for the outkr isayiven simply
by a parity check node. So the decoding graph is equivaleatparticular LDPC code and the
stability condition can be derived without considering geh outer codes. Assuming a rate
(k —1)/k code is used on the AWGN channel, we have

o1/ < 1
% —1

which implies that&, /Ny > % log(2k — 1). Using Proposition 3.7.1, we find that the number
of weight-2 codewords in the outer code is givenA)g?) (n) = (n/k)(k)(k —1)/2. This makes
rk = k — 1 and gives exactly the same condition.

The generalization of (3.7.3) to CAcodes is straightforward and the details are left to the
reader. We do note, however, that CAodes are unconditionally stabledf> 3 orm > 2.

If d = 2 andm = 1, the stability of iterative decoding depends on the chapaeimeter and
therefore may determine the DE threshold. For example,rtteeDE threshold of all PA codes
is determined by the stability condition. Furthermore, D€ threshold computed via stability
condition for PA codes is actually identical to the ML decaglihreshold.

For LDPC codes, Richardson and Urbanke also proved a caatienttheorem which
shows that, for albe > apg, the true probability of bit error probability can be madeiaarily
small by increasing the block length and the number of ii@ngt[26]. We believe this result can
be extended to a very general class of sparse graph codebk imbiades CA* codes. The DE

thresholds of various CA codes have been computed and are given in Table 3.1.
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Figure 3.8.1: Typical set decoding, /N, thresholds for RA" and PA™ codes in AWGN.

3.8 Numerical Methods for the Spectral Shape

In this section, we outline our numerical method for compgitexponentially tight
bounds on the spectral shape of CAodes. These bounds can be used to compute very good
bounds on the noise threshold and minimum distance raties@ hoise thresholds are based on
the typical set decoding bounds described in [1] and [16]clvican be applied to any binary-
input symmetric channel. The minimum distance ratio bowardsbased on finding the smallest

output weight such that the WE is growing exponentially.

3.8.1 The Quantized Spectral Shape

Our numerical method for computing the spectral shape of*GAde is based on
quantizing the normalized output weight to the gbid\, 2A,... , NA whereA = 1/N. Let
7@ (jA; CA™) be an estimate of”) (jA; CA™) based on this quantization. We use the recursive
update,

S+ (1A CATY (1) (5 AL AT .
T (kA;CA™) ogagXNT (JA; CA™) + p(JA,kEA),
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Figure 3.8.2: The spectral shape of a (2,1) single paritgad the associated PAcodes with
m=1,2,3.

which is based on (3.6.13) and (3.4.4). The only difficulslin estimating"(!) (A; TCC)
from the parametric representation 7df)(<5;TCC) given by (3.3.7). We do this by calculating
r(0(x); TCC) and d(xz) on an z-grid and then interpolatingr(é(x); TCC) onto the
0,A,2A,... ,NA grid. One problem with this method is that a uniforryrgrid may require

a very large number of points for reliable estimation-gf (6; TCC). We have had more success
using a non-unifornx-grid, wherex = /7 andy is uniform onl0, 1].

In general, we have observed that the spectral shape of’ac@ée is continuous and
smooth whenever it is positive. Under this assumption, wiele that the error due to quanti-
zation, [+ (jA; CA™) — 7D (A; CA™)|, will be O(1/N). The results of this method are
shown in Figures 3.8.2 and 3.8.3 for two particular outeresodndn = 1, 2, and3.

3.8.2 Noise Thresholds

Consider a binary-input symmetric channel with a singleap@eter,a. The typical
pairs decoding thresholdyr, is given by (3.2.12) of Theorem 3.2.9. It can be computed nu-
merically by finding thex-root of the equatiomaxg< <y 7™+ (jA; CA™) — K (jA, o) = 0.
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Figure 3.8.3: The spectral shape oflal + D] CC and the associated C/Acodes withm =
1,2,3.

Standard root finding methods such as bisection can be ussalvi® this problem. Since the
most time consuming part of this calculation is computiigjA, «), one can precompute this
quantity on arx-grid of sufficient accuracy, for each

We have also found that AWGN thresholds computed uding 1000 typically do not
change by more thaim005 dB for N > 1000. Also, thresholds computed using this method for
m = 1 match other published results in all significant digits [16jally, we note that the thresh-
olds of CA™ with d = 2 andm = 1 are usually determined Hym;_+ ) (5; CA) /5 and will
not be correctly estimated using this method. In this cdsesholds can and should be calcu-
lated by analytically expanding® (§; TCC) abouts = 0 and computindimg_,o+ (%) (6; CA) /&
analytically.

This method was applied to RAand PA™ codes on the AWGN channel. Tl /N,
thresholds are shown in Figure 3.8.1 and listed in Tablel8.the table;y* denotes the Shannon
limit and ~,,, denotes the typical set decoding threshold. The table sisothresholds for C&
whose outer codes are th& 4) Hamming code and thig, 1 + D] CC.
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3.8.3 Minimum Distance Ratio

In Section 3.6.7, it was shown that the minimum distance oR&'@ode grows lin-

early with the block length fom > 2. Letd?, be the smallest > 0 such that-("*+1) (§; CA™) >

0. Except for the case af = 2 andm = 2, we believe that the growth rate of the minimum
distance with block length will be at least,. The case ot/ = 2 andm = 2 is discussed
more thoroughly in Remark 3.6.7. Since we can use our nualenethod to estimaté&’, with
arbitrary accuracy, this provides a useful method for adersing the minimum distance ratios of
CA™ codes. Furthermore, the minimum distance ratios compusetyuhis method are quite
close to the empirical growth rates observed via the exactizdion of the average WE for finite

block lengths [23]. Thé;, value form = 2, 3 is given in Table 3.1 for each code considered.

3.9 Concluding Remarks

In this chapter, we give a fairly complete analytical pietaf the properties and per-
formance of CA" codes. While the iterative decoding of these codes canmopete with that of
turbo codes or optimized LDPC codes [25], their ability tpagach channel capacity under ML
decoding is quite astounding. Theoretically, these resaffer some insight into the structure
of CA™ codes, and a number of new mathematical tools of more gensealFrom a practical
point of view, this work shows that the future of C/Acodes depends on either improving their
performance with iterative decoding or, more ambitiouBhygling new decoding methods which
approach the performance of ML decoding.
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C R v " V2 V3 by | 05 03 | a1 | a2 | a3

RA 1/8 | -1.207| -1.102| -1.206 | -1.207 | .295| .291 | .295| 0.29 | 3.86 | 6.85
RA 1/7 | -1.150| -0.905| -1.149| -1.150| .281| .275 | .282| 0.19| 3.52| 6.41
RA 1/6 | -1.073| -0.742| -1.072| -1.073| .264 | .255 | .265| 0.11| 3.13| 5.9
RA 1/5 | -0.964| -0.494| -0.962 | -0.963| .243 | .229 | .243| 0.06 | 2.69 | 5.31
RA 1/4 | -0.794| -0.078| -0.790| -0.794 | .215| .192 | .215| 0.12| 2.20| 4.61
RA 1/3 | -0.495| 0.739 | -0.478| -0.495| .174| .133 | .174| 0.50| 1.65| 3.76
PA 1/2 0.187 | 3.419 | 0.327 | 0.188 | .110| .0287| .104 | 3.42| 1.23| 2.72
PA 2/3 1.059 | 3.828 | 1.224 | 1.062 | .061 | .0101| .054 | 3.83| 1.83| 2.86
PA 3/4 1.626 | 4.141 | 1.794 | 1.630 | .042 | .0052| .035| 4.14 | 2.27 | 3.12
PA 4/5 2.040 | 4.388 | 2.206 | 2.044 | .031| .0032| .031| 4.39| 2.62 | 3.36
PA 5/6 2.362 | 4590 | 2.526 | 2.366 | .025| .0021| .019| 4.59| 2.89 | 3.57
PA 6/7 2.625 | 4.760 | 2.785 | 2.629 | .020| .0015| .016| 4.76 | 3.12 | 3.75
PA 7/8 2.845 | 4906 | 3.001 | 2.849 | .017| .0011| .012| 4.91| 3.32| 3.90
PA | 8/9 3.033 | 5.034 | 3.187 | 3.037 | .015| .0009| .011| 5.03| 3.49| 4.04
PA | 9/10 | 3.198 | 5.148 | 3.349 | 3.202 | .013| .0007| .009 | 5.15| 3.63 | 4.16
PA | 10/11| 3.343 | 5.249 | 3.492 | 3.348 | .012| .0006| .008 | 5.25| 3.76 | 4.27
PA | 11/12| 3.474 | 5.341 | 3.620 | 3.478 | .010| .0005| .007 | 5.34 | 3.88 | 4.37
PA | 12/13| 3.591 | 5.425| 3.736 | 3.596 | .009 | .0004 | .006 | 5.43 | 3.99 | 4.46
PA | 13/14| 3.699 | 5.502 | 3.841 | 3.703 | .009 | .0004 | .006 | 5.50 | 4.08 | 4.55
PA | 14/15| 3.797 | 5,572 | 3.938 | 3.801 | .008 | .0003| .005| 5.57 | 4.17 | 4.63
PA | 15/16| 3.887 | 5.638 | 4.027 | 3.892 | .007 | .0003| .005| 5.64 | 4.26 | 4.70
PA | 16/17| 3.971 | 5.700 | 4.109 | 3.976 | .007 | .0002| .004 | 5.70 | 4.33 | 4.77
HA | 4/8 0.187 | 0.690 | 0.191 | 0.187 | .110| .090 | .110| N/A | N/A | N/A
CA 1/2 0.187 | 0.909 | 0.199 | 0.187 | .110| .084 | .110| N/A | N/A | N/A

Table 3.1: Numerical results for various CAcodes. (C = outer code, R = code rajéz Shan-
non limit, ~,,,= typical set decoding threshold with accumulates§;.,,= Gilbert-Varshamov
bound, é;;,= normalized distance threshold with accumulates, and.,,,= density evolution
threshold withrm accumulates)
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3A Binomial Coefficient Bounds

3A.1 The Product Bound

First, we consider the following well-known upper and lovis@unds on the binomial
coefficient,

n\Fk n ne\k
— < < -
(k) = <k> - ( k) ' (3A.1)
Although these bounds are somewhat loose, their simplicétikes them surprisingly useful. The
proof of the lower bound is based on the fact that
n\ nn-1)---(n—-k+1) <ﬁ)klﬁ 1—i/n
k) k(k—1)---(1) - \k 1—i/k’

1=0

and that(1—:/n) > (1—1/k). The proof of the upper bound is based on the trivial uppentdou

n nk
<
(k) =R

and a corollary of Stirling’s formula that saysk! > [ In(z) dz = In(kFe*).

3A.2 The Entropy Bound

Let the binary entropy function bH () = —z log, z — (1 — x) logy (1 — ), then we
have

onH (k/n)
— < (Z) < grH (/) (3A.2)

for 0 < k < n. A simple information theoretic proof of this can be found@n p. 284]. The
more detailed analysis of MacWilliams and Sloane can be tesgdprove these to

1 nH(k/n) n 1 nH (/)
NN §<k>§\/27m(k/n)(1—k/n)2 - (A3

3A.3 Sums of Binomial Coefficients

In this section, we consider bounds on the sum of binomiafficoents,

S(n, k) = zk: (Z) (3A.4)

=0
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In general, there is no closed form expression for this sudhitaarises quite frequently.
The most straightforward bound simply uses a generatingtimmbound (a.k.a. Cher-
nov bound). Starting with the binomial theorem, we have
noeN LI
14+x)" = ZZ:; <Z>x’ > ; (Z,)ajz,

for any0 < x < 1. Lower boundingz? by * and rearranging terms gives
S(n,k) < (14 z)"z "
for any0 < z < 1. Minimizing this bound over: gives the final result of
S(n, k) < 2nHk/n), (3A.5)

for 0 < k£ < n. We can simplify (and weaken) the bound further by apphing1 — z) <
—xz/1n2 to the entropy function. This results lH(z) < —zlogz — (1 — z)(—z/1n2) and

dropping the—z2/1In 2 term results in the very simple bound

S(n, k) < (%)k (3A.6)

It turns out that even though (3A.5) is only valid for< k& < n, the weakened version of this
bound allows it to hold fof) < k& < 1.88n. This can be verified by solving for the largéssuch
that (3A.6) is greater than or equal28. Furthermore, it is easy to verify that this upper bound
is concave ink because the second derivative is negative:for 0.

Finally, we give the bound,

k k
> (7)< " (A7)

=0

which distinguishes itself from the rest via thedenominator even though it is numerically very
similar to (3A.6). The proof of this bound is via inductiom we define
(n+ 1)F

kK
and begin by listing the base casgf,0) = 7'(0,0) = 1 andS(n,1) = T(n,1) = n + 1.
Next, we prove thaf’(n, k) > S(n, k) assuming thaf’'(n,k — 1) > S(n,k — 1). To do this,

we observe that

T(n, k) =

S(n,k) = S(n.k —1) + (Z)
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and

(n+1DFn—-k+1)

T(n,k)=T(n,k—1)+ o

SinceT'(n,k — 1) > S(n,k — 1) by assumption and

n+1)*n—k+1) _nn—-1)---(n—k+1) (n
Kl Kl _<k>

\Y]

for 0 < k < n, itis clear thatl'(n,k) > S(n, k). It turns out that this version of this bound
actually holds fol0 < k < |1.72n|, sinceT'(n, |1.72n|) > 2™. This can be verified by plotting
logT(n,|1.72n|) — nlog2 for n > 1. Furthermore, this upper bound is concave:ibecause

the second derivative dbg T'(n, k) is given by

2

d =1
ﬁ(/@m(nﬂ)—r(/~<:+1)):—Z ,

which is negative fok > 0.

3B Convolutional Code Bounds

3B.1 Proof of Theorem 3.3.1

Proof of Theorem 3.3.1Following [18], this proof is based on breaking the outpufisEnce into
non-overlapping segments, known as detours, which candmeglin the block independently
of each other. Adetouris defined to be any output sequence generated by a statenseque
which starts in the zero state, ends in the zero state, arslrigieotherwise visit the zero state.
Furthermore, all of the weight in an output sequence is ¢oethin the detours. Consider any
output sequence consistingofietours. This output sequence can be uniquely specifiedeby th
r detour starting positions and by theletour output sequences.

So we can count the total number of output sequences by ooutiie number of
ways of choosing the detour starting positions, the detotpwd sequences, and the number of
detours. The number of ways to choaséistinct detour starting positions from/r possible
starting positions is given by the binomial coeﬁici%ﬁf). Let T}ET) be the number of ways to
chooser detour output sequences such that the total weight of adeish. Since each detour

produces an output weight of at leastthe number of detours is at mdst/d|. Therefore, the
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number of output sequences of wei@htAgf) (n), is upper bounded by

(/]
FOESY <”/ T)T,E”. (3B.1)

r
r=1

The transfer function7'(D), of a CC is a formal power series which enumerates all

detours by weight, and is given by
T(D) =Y T,D",
h=1

whereTy, is the number of distinct detours of weight Using basic combinatorics, the formal

power series which enumerates distindgtples of detours by total weight is given by

o0

(D))" =Y 1" D",
h=1

whereT}E’”) is the number of ways of independently choosingetours which have total weight
h.

Using these definitions, it is clear th&{ D) will be analytic in the neighborhood of
D = 0 and therefore have a Taylor series which converges foDak D,, where D, is the
radius of convergence. Since expansion will also be nomthvegandl,; > 0, it is also clear
that7'(D) is monotonic increasing for alD < Dy. So we can upper bouan’") using standard

asymptotic methods. Starting with

T ) i ) nh
(D)) =Y 1D = 17 D",
i=1
we can rearrange terms to get

7" < [T(D)] D" (3B.2)

Let D* be the unique real positive root of the equatibfD) = 1 in the domair) < D < Dj.
Since (3B.2) holds for any < D < Dy, we chooseD = D* to get the final bound

1 h
7" < <ﬁ> . (3B.3)

Combining (3B.1) and (3B.3) gives the bound

A9 () < “Lf <n§T> ( % >h.

t=1
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This bound is generally quite useful in the small output Weigegime (e.g.h < dn/(27)).
It does become quite weak for larger output weights, howews note that the trivial bound,
Agf) (n) < 2"E whereR is the rate of the CC, may improve the bound somewhat for large
output weights.

The bound onB}(lo) (n) follows from combining our bound omﬁf) (n) with a bound
on input weight,w, for a given output weighth. Let p be the smallest number such that the
input weight,w, satisfiesw < ph for all codewords. Since every codeword can be represented
by a closed cycle in the state diagram of the encoder, thdaminscan be computed by finding
the maximum value ofv/h over all cycles in the state diagram with > 0. If the encoder is
non-catastrophic, them < oo because there will be no cycles with= 0 andw > 0. We note
that findingp is a standard combinatorial optimization problem knownlesminimum cycle
ratio problem [7]. Starting with (3.2.3), it is easy to verihat

k
o w (o Ph o
B (n) = Y LA < A (n)
w=1
Substituting the WE bound foﬁgo) (n) completes the proof. O

3B.2 Proof of Corollary 3.3.2

Proof of Corollary 3.3.2.We start by using (3A.7) to upper bound the binomial sum i8.@3.
We define the result as
(n/7+ 1)/l

RIS

whereg = 1/D*. Atfirst, it seems rather straightforward that

f(h>n) =

A n) < f(h,n), (3B.4)

because we have simply upper bounded the binomial sum. tundely, the binomial sum
bound, (3A.7), is designed for cases where the second argusiess than the first. Fgi(h, n),
this corresponds to the condition thdt/d| < n/7. If d > 7, this means that (3B.4) holds for
the entire rangel, < h < n. If d < 7, we can show, with the aid of a few additional assumptions,
that (3B.4) also holds for < h < n.

We start by noting that (3B.4) actually holds for< h < h*, with h* = 1.72dn /T,
because (3A.7) holds for < 1.72n. Let R be rate of the CC, and recall that we always have
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the trivial upper bound4§L°) (n) < 2" So, if we can show thaf(h,n) > 2"% for h* < h < n,
then this implies that (3B.4) holds fdr < h» < n. Indeed, we show thaf(h,n) > 2" for
h* < h < n by showing thatf (h*,n) > 2" and f(n,n) > 2"% and then using the concavity
of f(h,n) in h for fixed n.

First, we show thaif (h*,n) > 2"F follows from the assumption that/7 g1 724/7 >

2%, We begin by raising the LHS to theth power and noting that
(;(/Z*J/Fdljrhl/)d g > on/T gl T2dn/
becausel'(n,1.72n) > 2". Since the LHS is a decreasing function/df/d in this range (i.e.,
h*/d > n/T), we also have the bound
(n/7 + 1)Lh"/d] S (n/T+ 1)/ .

Fm) = = an 2 Torjar 0 ¢

Combining these bounds gives the desired resuft(f, n) > 27,
Assuming thatde/7)"/? (\/27m)_1/ng > 2% we show now thaf (n, n) > 2"F. We
begin by raising the first expression to th#h power and noting that

n/d n\n/d de\n/d
(n/7+1) n () n_(r) gnZQnR'

T

g" > —=9
V2mn (%)n/d V2mn (de) /d 2mn

n

Using the fact thal'(n + 1) < v/27n(n/e)”, we substitute terms to get

(n/T+ )™ o/t
T(njd+1) ¢ = ()7

de

Since the LHS is a decreasing functioryofd in this range (i.e.n/d > n/7), we also have the
bound
(n/7 + 1)ln/dl (n/T+ 1)
|n/d]! I'(n/d+1)
Combining these bounds gives the desired resuft(af n) > 2", This completes the proof of
the WE bound.
Using the WE bound to upper bound the bit normalized \Bﬁ-f’,)(n), gives

f(n’n) =

g" >

o h(n/7 + 1)h/dl n+71 h (n/7+ 1)k
B}(l)(n)gp—(/ ) ghzi (n/ ) g

k |h/d]! Rt n |h/d] (|h/d] —1)!

Forh > d > 2, we use the boundi/ |h/d| < 2d, to obtain (3.3.4). This completes the

proof. O
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3B.3 Proof of Corollary 3.3.3

Proof of Corollary 3.3.3.We start by using (3A.6) to upper bound the binomial sum i8.@3.
Let f(h,n) be the resulting bound, which gives

Pl = < LT;j//dTJ > Lh/d] J

whereg = 1/D*. At first, it seems rather straightforward that

A (n) < f(h,n), (3B.5)

because we have simply upper bounded the binomial sum. tunfdely, the binomial sum
bound, (3A.6), is designed for cases where the second argusiess than the first. Fgi(h, n),

this corresponds to the condition thdt/d| < n/7. If d > 7, this means that (3B.5) holds for
the entire rangel, < h < n. If d < 7, we can show, with the aid of a few additional assumptions,
that (3B.5) also holds for < h < n.

We start by noting that (3B.4) actually holds for< A < h*, with h* = 1.88dn/T,
because (3A.6) holds for < 1.88n. Let R be rate of the CC, and recall that we always have
the trivial upper bound4§L°) (n) < 2. So, if we can show thaf(h,n) > 2"% for h* < h < n,
then this implies that (3B.4) holds fdr < h < n. Indeed, we show thaf(h,n) > 2"% for
h* < h < n by showing thatf(h*,n) > 2" and f(n,n) > 2"% and then using the concavity
of f(h,n) in h for fixed n.

First, we show thaff (h*,n) > 2" follows from the assumption that/7 g!-88¢/7 >
2%, We begin by raising the LHS to theth power and noting that

() g

becausdne/(1.88n)) %" > 2", Since the LHS is a decreasing function/df/d in this range

(i.e.,h*/d > n/T), we also have the bound

o ) ()

Combining these bounds gives the desired resuft(éf, n) > 2",

Next, we show thaff (n,n) > 2" follows from the assumption thatle/r)l/dg >
2%, We begin by raising the LHS to theth power and noting that

nexn/d [ d\"™? de\™?
(G = (5) e
T n T
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Since the LHS is a decreasing functioryofd in this range (i.e.n/d > n/7), we also have the
bound

s (f) o= G ()

Combining these bounds gives the desired resuft(ef n) > 2",
Finally, we can simplify the form of (h, n) by lettingh = i | h/d] +r and noting that

ne/T o/ ny\~— e —h/d Nt/ T\ T _
<Lh//dJ> G <d—> = (D) ()< ()

, . , . ne/r \W/dl
fori > 1 (i.e.,h > d). Using this to upper bounéLh/dJ) gives

o n Lh/d]
a0 <o (M) g,

whereC' = (5)(‘1_1)/‘1 andg = (3=) (%)l/d. This completes the proof of the WE bound.
Using the WE bound to upper bound the bit normalized \Bﬁ-f’,)(n), gives

e () 4o ()"

and proves (3.3.6). O

3B.4 Proof of Theorem 3.3.6

Proof of Theorem 3.3.6After treating this problem as a generalization of Gall&y&hernov
bounding technique for LDPC codes [12, Eqgn. 2.12], a liteeasearch turned up a very mathe-
matical and complete treatment by Miller [21]. We retain puwof of the upper bound since it
treats the problem from a coding perspective. For the loveeind and convexity, we refer the
reader to [21].

Let A(z,p) be the state transition matrix fersteps through the trellis be defined by
G(x). Itis well-known that trellis sections may be combined byltiplying state transition
matrices, and this gives

Az,p) = [G(@)
= > Ax(p)a”, (3B.6)

h>0
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where eachA,(p) is anM x M non-negative matrix. For any > 0, we can lower bound
(3B.6) by any single term in the sum withy, (p)z" < 250 A;(p)z*. Solving for A, (p) and

rearranging terms gives the element-wise matrix inequalit
Ap(p) <" [G(2)). (3B.7)

One can construct a block code from a CC in a number of ways.cbwomon methods
which preserve the free distance of the code (as the minimstardte of the block code) are
trellis termination and trellis tail-biting. We denote tié¢Es of these two methods byl Z(p)
and ATB (p) respectively, and point out that

M

AfF = [Ar(p)]yy < ARP = Z [An(p)];; = Tr (An(p)) - (3B.8)
i=1

Let \;(x) beith eigenvalue ofz(z) in decreasing order by modulus (foe 1, ... , M). Using

the well-known eigenvalue-sum formula for the trace, we @ambine (3B.7) and (3B.8) to get

M
AP () < Tr (a7 [G@)) =27 Y (@)
=1
Now, we can upper bound the spectral shape with
1
e (s) < lim — In ALB(p).
rC0(0) < lim — 10 ATE(p)

This limit can be evaluated by writing

™ () = LAY
ln;()\z(a:)) =plnAi(z) +1n <1+Z<)\1(a:)> ),

=2

and noting that the last term i§1) because\; (z) > \;(x) fori = 2,... , M. Using that fact
results in the upper bound,

1
r¢C(8) < - InAj(z) —dlnz.

This upper bound is valid for any > 0 and can be minimized over. Setting the derivative
with 2 equal to zero and solving gives

_ zA(@)

oz) = ™h(z)

and concludes the proof of the upper bound. O
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3C “Accumulate” Code Bounds

3C.1 Lemma 3C.1 and Theorem 3C.2

Lemma 3C.1. Then term Riemann sum of a functiofi(z), on the intervala, b] is given by

b an 1
<a—|—z
" 0

) . (3C.1)

=
If f(x) is convex and non-decreasing on the interjeab], then the sequencgl, }, -, is also
non-decreasing. Furthermore, jf(x) is concave and non-increasing on the inter{lb], then

the sequencéR, }, -, is non-increasing

Proof. Using convexity and the fact th&: —

i+l 1
Tt -+, we have

f<a+ib_a>§n_if<a+z > <a+ (i+1)- a).
n n 1

Now, we can upper boung,, with a linear combination of ( n+1) to get

b anln—z b b—a
+ 1 .
- - <a+z +1>+ f<a+(z+ )n+1>

=0

Rearranging the terms in the sum gives

b—al|fla) =n-1 b—a
< — | E — .
R, < - [ - +i:0 - f<a+zn+1> (3C.2)
Sincef(z) is non-decreasing, we can upper boyfiid) with
) < . .
S Z f ( ) (3C3)

Substituting the RHS of (3C.3) fgf(a) in (3C.2) and rearranging terms gives

b—a w b—a
< ) = .
Rn_n_i_lZf(cH—zn_i_l) Roi1

This completes the proof fof (x) convex and non-decreasing.

If f(z) is concave and non-increasing on the intefwab], then— f(z) is convex and
non-decreasing on the same interval. In this case, thenaligiroof can be used to show that

—R, < —R,.1. Therefore, the sequence is non-increasing. O
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Theorem 3C.2. Let a, b,i, 5 be integers obeying < i < aand0 < j < b. We have the

following inequality,

= e5) () (1) (5

In the case of, = 0 or b = 0, we use the convention théft = 1 so that the expression remains

well-defined.

Proof. We start by expanding the binomial coefficients in terms efddals and rearranging

terms to get

(@)i(®); (a+b)™ _ (0)i(5); (+5)™
(@+0b)ir; a7 (i+])ir; P

)

where the falling factorial is defined by.); = a(a — 1)---(a — i + 1). Next, we define the
function

(@)i(b); (a+0b)™7
(a+0b)iy; a'bI

flj( )

for real numbers:, b satisfyinga > i andb > j. Itis easy to verify that the original inequality
is equivalent to the statemeyfifj (a,b) < fi;(4,7). Sincefi;(a,b) = f;i(b,a), we assume that
a > bi/j without loss of generality. We proceed by showing tlifigtci, cj) is non-increasing
for ¢ > 1 and thatf;;(a, b) is non-increasing foe > bi/j. Since the logarithm preserves order,
we will actually consider the logarithm of the function,

i+7—1
h—
log fi;(a,b) Zlog( > —i—Zlog( > Z log <%> .
z=0

First, we show that the derivative ofg f;;(ci, cj) with respect ta: is negative for all

¢ > 1. We start by noting that

P i—1 — i+j—1 ;
— log fij(ci,cj) = _ . 3C.4
“ac o8 fij <t cj) xz_%cz—:r ZOC]—?J ;) citcj—z ( )

Now, we note that the first sum can be written as

i—1

Zcz—m_zcir/a:/z i,

z=0
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whereR,, is given by (3C.1) withf(z) = z/(c — x), a = 0, andb = 1. In fact, each sum in
(3C.4) can be rewritten in this form to give

0
c% log fij(ci,cj) = iR; + jR; — (i + j)Ritj,

and rearranging terms gives

0 S .
5a log fij(ci,cj) = i(R; — Ritj) + j(Rj — Riyj)-

Sinceg(z) is convex and increasing far € [0,1) andc¢ > 1, Lemma 3C.1 shows thak,, is
non-decreasing. Therefore, the derivative is upper badinyezero andog f;;(ci, cj) is non-
increasing for alk > 1.

Next, we show that the derivative dbg f;;(a,b) with respect toa is negative for

a > bi/j. We start by noting that

i—1 itj—1

0 x z
—log fij(a,b) = - :
da o8 fij(a;0) xz:(:)a(a—x) Zz:;) (a+b)a+b—=z)
Sincez/(a + b — z) is convex and increasing far € [0,a + b) andi < i + j, Lemma 3C.1
shows that
P OCRNETS - N
— (a+blatb—2z) " 1 ‘=Z(a+blat+b-=z(i+)/i) =l

with ¢ = (a + b)i/(i + j). Incorporating this bound gives

0 x ' z
%10gfij(a’b) = Za(a—a}) _Zc(c—z)'

The RHS of this expression will be non-positive as long:as ¢ (or equivalentlya > bi/j).
Therefore, we have shown thiag f;;(a, b) is non-increasing foe > bi/j.
The conclusion of the theorem follows from the inequality,

fijla,b) < fi;(bi/j,0) < fi;(i,7),

where the RHS holds becaugg(ci, cj) is non-increasing for > 1 and the LHS holds because

fij(a,b) is non-increasing foa > bi/j. This completes the proof. O
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3C.2 Proof of Corollary 3.4.2

Proof of Corollary 3.4.2.This inequality can be verified by hand for the case& ot w = 0
andw > h = 0. Forw > 1 andh > 1, we start with (3.4.1) and note that

n—h h—1 n—h h M
Pyp(n) = (Lw/%)(q{wm—l) _ (M)(Wﬂ) i

() ()

Applying Theorem 3C.2 to this the RHS gives

a2 (5 () () (R

and the log-sum inequality can be used to show that

<waW>LW2J ((l;UW)fw/ﬂSQw.

Sinceh > [w/2] wheneverP,, ;(n) > 0, dropping thefw/2] /h only weakens the bound. This

completes the proof. O

3C.3 Proof of Corollary 3.4.4

Proof of Corollary 3.4.4.This inequality can be verified by hand for the case& 0t w = 0
andw > h = 0. Forw > 1 andh = 1, the sum has no effect and we must simply verify that

1 /2]
oy <2 (1)

n

This result is easily reproduced by combining (3.4.3) wita fact that((n — h)/n) /% < 1.
Forw > 1 andh > 2, we start by writing (3.4.1) as

n—h h—1
th(n) _ (|_w/2J) ((w/2]—1)

L(nl))

L)-(a2))=

Applying Theorem 3C.2 to this upper bound gives

e AN N AN e BN
”’h(”)—5<n—1> <n—1> (wm) (fw/21—1> ’

because
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and the log-sum inequality can be used to show that
<w_1>tw/2J—1 < w—1 >fw/21—1 .
- S < 2%,
[w/2] [w/2] =1

n—h n-—1
<
n—1"7 n

Next, we note that

)

for h > 2. This means that the cumulative IOWTP can be upper bounded by

[w/2]—-1
w <h < Z —2v~ ! < > )

for w > 1 andh > 2. Sincez* is strictly increasing withe, the sum can be upper bounded with

z

z—1 1
Z 2—1 ;ff / kd:r< T zkH.

i=1

Finally, we have

[w/2]
w1 (P
< —
Pw,gh(n) = [w/2~| 2 <n> )

which is easily reduced to (3.4.5) by noting that [w/2] < 2. O

3C.4 Proof of Corollary 3.4.5

Proof of Corollary 3.4.5.Combining the definition OP;ET)gh(”) with the standard formula for

serial concatenation through a random interleaver, we get

n h m
Pfg??)gh(n) = Z Z H Phi7hi+1 (n)

ha,....hp—1 hm=11=1

Using Fact 3.4.1, we can see that all non-zero terms mustiohey> [h;/2] fori =1,... ,m.
Furthermore, we can upper bound edgf ;. , (n) with Py, <, , (n) and drop the sum ovét,,

to get

2h3 2hiy1 2hm, 4h, L [hi/2]
GUNCED SIRTED DEECIED VRN 1 (o N
h

2:’—h1/21 hi:fhi_1/21 hm—_1= ’— m— 2/2-|Z 1
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Since all non-zero terms havg,; > [h;/2] fori = 1,... ,m, we have the inductive upper
boundh; < 2m+!1=ip, ., for non-zero terms. For simplicity, we apply the weaker bdun

h; < 2" th,, .1 fori=2,...,m,toget

2h3 2hi+1 2hm

m m 2m+1hm [hi/2]
RN S S R H<T+1> ,

h2=”b1/2—| hi:[hi,1/2—| hm_lz[hm_g/Q] =1
Each sum in this expression is essentially a geometric suithvdan be upper bounded using
2hit1

Z 2m+lhm+1 [hi/2] <o (2m+1hm+1/n) [hi—1/2]
n - 1-— 2m+1hm+1/n ’

hi=[hi—1/2]

for hy,i1 < n/2mTL. We note that the troublesonié; /2] is handled by repeating each term
twice and therefore results in the factor of 2. Applying thasund to then — 1 sums results in
the expression (3.4.6). O

3D Proof of CA™ Code Bounds

3D.1 WE Bounds for the IGE Conjecture

We use upper and lower bounds to evaluate the lifhit,, . log,, P, »(n), where
P, »(n) is defined by (3.4.1). Applying (3A.1) t6,, »(n) gives the upper and lower bounds

<(LZ_/§J)>W/2J (( 5%12 1)fw/21—1 he ((TJ;)J@)W% ([Eﬁ/_ﬁ)_i)[w/ﬂ_l

()" - ()"

Computing the limit oflog,, of these upper and lower bounds is simplified by noticing tiiat

terms not involvingr will vanish. Taking only these non-zero terms shows thatweebounds
are identical and equal to

|w/2] ( lim log,, (n — h)) —w=—[w/2].

n—~o0

Now, consider the limitlim,, .~ An(n), whereAy(n) is the WE of a TCC. Using the
upper bound, (3.3.1), we can upper bound the limiiogf, with

lim log, Ap(n) < nh_{lgo log,, (LZ;;J> = |h/d].

n—oo
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If we assume thab is an integer multiple otl, then we can also lower bound the number of

codewords of weight in a TCC. We start by assuming that each codeword consistsaatlg

|h/d| minimum distance detours. The number of ways to choosersigobsitions on these

()

because there are at leastr — h unused trellis steps. This gives a lower bound on the limit of

detours is greater than

log,, which is equal to the upper bound.

3D.2 Proof of Lemma 3.6.2

Proof of Lemma 3.6.2For any integef; > 0, it is clear that the functiom(hq, ... ,hpy1) =
|hi/d] — S [h;/2] is maximized by minimizingha, . .. , hy,. Lethy, ..., hyy 1 be some
(but not any) weight path which maximizes the function. 8ittee maximization is performed
over the set of valid weight paths startingiat this means thdts, . . . , ., can be determined by
the constraints and thag,; = in/ﬂ fori =1,... ,m — 1. Using the fact thaf[z/2] /2] =
[2/4], this can be inductively reduced g = Fll/ﬂ. Therefore, rewritingv(hy, . .. , hymi1)
as a function ofy; with h; 1 = [h;/2],fori=1,... ,m — 1, gives

v(hi) = [h1/d] = > [h1/2']
=1

which is the maximum as a function bf.

Now, we consider the maximum of h;) for h; > 2. Suppose we start withy = id
(i.e., at some integer multiple @ and consider the sequenke = id,id + 1,... ,id +d — 1.
Each increase by one cannot increa$g, ) because the positive term is non-increasing while
the negative terms are non-decreasing. Now, we can tryasgrgh; by integer multiple of
d. In this case, the positive term increases by one while tigathe sum contributes a change
of [id/2] — [(i + 1)d/2]. Ford > 2 even, it is easy to verify thatid/2] — [(i + 1)d/2]| =
—d/2 < —1. Ford > 3 odd, itis also easy to verify th&td/2| — [(i + 1)d/2] < —1. Choosing
i = 1 as our starting point, this implies thath;) < v(d). This completes the proof that the
maximum ofv(hy) = v(d) for h; > 2. Itis also worth noting thak,,, ;1 is not constrained by

this maximization because it does not appeat(hy, ... , hpt1).
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Now, we would like to show, forl > 3 or m > 2, thatv(4d) < v(d) — 1. This will
be useful for bounding the number of terms which achieve tagimum exponent of (d). We
note that this does not hold far= 2 andm = 1, however, because() achieves the maximum
of zero if h is even.

Form > 2, we show that(4d) < v(d) — 1 by writing

v(dd) —v(d) = (4— 1)+ [d/27] =) [4d/2"].
j=1 i=1

Cancelling the terms where= j + 2 gives

v(4d) — v(d) = 3 — 3d + Em: [d/2'] .

m—1
For anym > 2 andd > 2, it can be verified tha} "), [d/2"] < d, and using this bound gives
the final result,
v(4d) —v(d) <3 —-2d < —1.
Form = 1 andd > 3, we start by writing
v(dd) —v(d) =4+ [d/2] — [4d/2] .

Next, we verify by hand that(4d) — v(d) < —1 for d = 3. Applying the boundy < [z] <

x + 1, gives
v(4d) —v(d) <4 —3d/2,

which proves that/(4d) — v(d) < —1for d > 4. O

3D.3 Proof of Lemma 3.6.3

Proof of Lemma 3.6.3This proof is based on sequentially choosing the randomlé&ateer and
counting the number of ways a minimum weight codeword mayrbdyxed during each choice.
We start by pointing out that all TCCs ha¥&(n) non-overlapping codewords of minimum
weight. For example, if we lgt be the output length of the shortest detour of minimum weight
then there are at least/x non-overlapping codewords of minimum weight.

Now, consider all mappings of > 1 bits through an “accumulate” code which result

in the minimum output weight ok = [d/2]. Ford even, these mappings consist of breaking



106

thed bits intod/2 pairs of bits and placing these pairs independently.daad, the same basic
process is used except that there is a leftover bit. This bdtrne placed at the end of the block
for the minimum output weight to occur.

Now, consider the sequential process of choosing the randtarieaver. We assume
that the process is applied tg/ ;. non-overlapping codewords of weigtit In theith step, we
choose thel bit positions, from the remaining unused positions, whéeeith codeword of
weightd will be mapped. Consider the event that the placemeithistep supports a minimum
weight output given that no previous step has resulted inrammuim weight codeword. We de-
note this event a&’;;; and the overall probability that a minimum weight codewa gioduced
by thesen /i codewords is

n/p—1

Py(n)=1- [] -Pr(E)). (3D.1)
=0

We can lower bound the probabilitr( E;) by counting the number of possible way
it may occur. Afteri steps, exactlyli bits have been placed and so there are exactly

(n - di>

d
ways to place the next bits. Since a minimum weight output is only generated by lkirepthe
input into pairs, we can lower bound the number of ways thig owur as well. Initially, there
are exactlyn — 1 ways to place a pair of bits adjacent to each other. Afteps, there are still at
leastn — 2di — 1 ways to do this because each bit placed eliminates at mogidgsible pairs.
The number of ways to place thé/2| pairs can be computed in the same manner as a binomial
coefficient, with the exception that each placed pair elatés at most three of the total possible

pairs. There aréd/2]! orders that the pairs may be placed in as well, so the numbgays to
place|d/2| adjacent pairs is greater than

137 (0 — 2di — 3k — 1)
Ld/2]!

Since the last bit position is special, we only allow thedeér bit to be placed in this

position if there is still a chance that a minimum weight ceded may be created. This only
reduces the number of ways a minimum distance output maydagect and maintains the lower

bound. The—1 in the last expression reflects this change and makes it fa@liodd w as well,
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since there is only one way to place the leftover bit in the pasition. This gives the lower
bound,

d/2)— :
Pr(E) > ,E:/(?J 1(n—2dz—3kz—2)

Now, we can simplify this expression by weakening the bowund t

(n - 2di — 3]d/2) + DY _ (1/2)42

PT'(EZ) Z ’[’Ld = ’njd/jl ) (3D2)
for i < n/4d + 2. Combining (3D.1) and (3D.2) gives the lower bound
min[n/4d,n/p] 1d/2)
Pum)>1- ] (1— %) _ Q-T2
n
i=0
U
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