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1. Introduction. We consider in this paper inventory problems originated whena set of N installations, or nodes, organized according to a given hierarchy, share thedistribution of a product. The hierarchy relates manufacturers, wholesalers and smalltraders. For the whole system to operate optimally, a compromise must be foundbetween stocking and ordering costs. As for the exterior installations, they must alsoface {and satisfy{ an external stochastic demand.Numerical resolution of such hierarchical inventory optimization problems maybe focused under two main approaches:� Global or centralized optimization� Decentralization techniquesdepending whether the interest is centered around obtaining optimal controls andcosts or around providing practical decision rules. When performing global optimiza-tion for inventory systems, the impulse controls |given by the purchasing decisions|are set by a central manager, exterior to the system. It decides on the ordering in-stallations as well as the time and the amount of the order to be placed. As fordecentralized methods, each node makes decisions independently. Generally such abehaviour gives rise to suboptimal policies, since �xed costs are not shared by manyinstallations. Sometimes, however, under rather strong assumptions, a decentralizedprocedure may produce global optimal policies. This technique has been proposed in[4] and [5] for a serial stochastic inventory system. Unfortunately, such a decomposi-tion is only possible when there are no �xed costs involved, a situation which appearsrarely in practice.A broad variety of heuristical rules for decision can be found in [13], [10] and [6],they are decentralized techniques of simple computation but are not optimal. A vastreview for serial and arborescent systems can be found in [4], [19] and [15], [18] and[3] respectively.Concerning decentralized techniques, it could be argued in their favor that solv-ing N unidimensional problems is much simpler than solving the {probably huge{N -dimensional problem produced when applying global controls. While the oftenimpractical character of global approaches is largely true for classical numerical tech-niques (see [8] and [12]), this is no longer valid for a wide class of problems whenapplying our approach. We outline a fast algorithm here (for more details, see [9]).Indeed, our fast algorithm turns out to be very suitable for treating large scale prob-lems and obtaining global optimal policies without excessive computer requirements.| most of the numerical results we present here have been computed on a PC. Whatis especially important then is the new possibility of extending global optimization tomore complex systems, using when necessary high performance computers.We study here single-product-systems, where the N -nodes net has an arbores-cent structure, with di�erent levels or sets of nodes having the same status, but notnecessarily the same predecessor. 1
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N−2Fig. 1. Arborescent chainThe external stochastic demand may enter the system at any level of decision.Each node i places orders to its supplier I(i), for i = 2; : : : ; N , and the exteriorsupplies the highest installation 1. In the �gure, N is the supplier of nodes N�1 andN �2: N = I(N�1) = I(N �2). Node N �2 sells product to m, which must satisfyan external demand as well as those orders coming from 1 and 2. The purchasingdecisions are made at any time and they modify instantaneously the state of thesystem x = (x1; x2; : : : ; xN), where xi represents the amount of stock at installationi. We are interested in the global control of stationary multi-level systems with state-space constraints. This means that we deal with �nite maximum stocking capacities,that is: the trajectories of the controlled process must stay within a given subset ofIRN .Our paper is organized as follows: we start with a general description of theproblem, where we establish the main features of the model, we also describe thedynamical system and the controls involved. Next we study some properties of theoptimal cost function and we formulate the associated Hamilton-Jacobi-Bellman sys-tem. We consider its solution via a constructive method which recursively generatesa sequence of stopping-time problems for solving an equivalent �xed-point problem.We present a numerical scheme, we describe a fast algorithm of resolution and aresult on the speed of convergence. Finally, we apply the discretization method tosome examples where we show the usefulness of the proposed numerical method aswell as the advantages of operating under global optimization.2



2. Dynamic of the system.2.1. General Description. We state �rst some notation and assumptions.Nodes receiving an external demand are gathered in the set J := fj1; j2; : : :g. Unsat-is�ed demands can be backlogged up to the maximum amount jxj j, for every j 2 J .At each installation i we denote the initial stock by x0i , by xi its minimum capacity(negative stocks meaning accumulation of unsatis�ed demands) and the maximumcapacity by �xi.We denote stocking costs by f : IRN ! IR; when x 2 IRN has a negative co-ordinate, f(�) represents the backlogging cost. Purchasing, i.e. ordering, costs aredenoted by k : IRN ! IR+; they represent the cost that installation N pays for order-ing to the exterior as well as costs related to transfers between nodes. We supposethere exists a positive constant k0k(�) � k0 > 0 for all � ;(1)this means that there exists a �xed ordering cost For every j 2 J , we also admitshortage costs, 'j. They are originated when unsatis�ed demands are so much accu-mulated that stock xj falls beyond xj .Let us now describe the dynamical system and its control. For every j, thedemand has a Poisson distribution, with jump rate �j . The jump magnitude is arandom variable, ��j 2 IR+, with conditional distribution given by the measuremj(�). We suppose it is concentrated on a �nite number of points: ��j may just takea �nite number of di�erent values. Between two consecutive orders, each state xjevolves as a one dimensional piecewise deterministic jump process (strictly speaking,it is a piecewise constant process; we refer to [1], [14], [16], [17] and references thereinfor a similar setting of the problem).The demand arrives at times � ` > 0 for every unidimensional process �j (hence` = `(j)). The stochastic process is then" xj(0�) = x0jxj(�+̀) = Pj �xj(��̀) + ��j̀�where x0j is an arbitrary initial point, ��j̀ := �j(�+̀)� �j(��̀) is the jump magnitudeand Pj(
j) := ( 
j if 
j 2 [xj; �xj]xj otherwise.Observe that P is the projection onto [xj; �xj] since the values over �xj are discardedby the admissible controls. 3



Controls will be purchasing orders of impulsive type set at times �` and ofamounts �(�). There is no delay for delivering. The set of admissible controls Awill be the set of policies adapted to the capacity constraints of the demanding nodesas well as to the available stocks of their suppliers.Accordingly, the corresponding trajectory x(t) is a piecewise constant functionof t, with jumps at times � k and �`:xj(t) = xj + 1Xk=1�xkj�[0;t)(� k) + 1X̀=1 �j(�`)�[0;t)(�`) ;where � is the characteristic function of a set, �(t) an admissible control and x isany starting point. We have set �xkj := xj(� kj +) � xj(� k�1j �). For better legibility,in the sequel we extend J to f1; 2; : : : ; Ng, de�ning by zero the demand parameterscorresponding to \interior" nodes.As for the expected cost associated to every decision, for an in�nite horizon, itmust include the (actualized) stocking cost as well as the ordering and shortage costs.This total average cost is expressed in the following formula:J(x; �(�)) = E 264Z 10 e��sf(x(s))ds+ Xj=1;N`=1;1 e���`k(�(�`)) + Xj=1;N`=1;1 e��� `�j(xj(��̀) + ��j̀))375(2)where �j(
j) := 8><>: 'j(xj � 
j) if 
j <xj0 otherwise and � is the discount factor.This expected cost is decomposed in three parts: an integral cost correspondingto the free evolution of the system, and two impulsive costs related respectively tothe purchasing and to the stock rupture phenomena.We want the system to operate optimally, the optimal cost is therefore given byV (x) := inffJ(x; �(�)) : �(�) 2 Ag:(3) 2.2. Characterization of the optimal cost. The process we have de�ned isa strong Markov process hence a version of Ito's formula holds (see [7]). Namely, forany  2 C1(
),E[ (x(T ))] =  (x0) + E "Z T0 NXk=1�j Z 10 [ (x(t) + ��j)�  (x(t))]mj(d��j)dt# ;where 
 := NYi=1[xi; �xi]. 4



In order to �nd an analityc characterization of the optimal cost, we apply formallythe Dynamic Programming Principle. We consider the cost to be paid in the interval[0; T ] for any small T : two exclusive alternatives are possible, whether the systemevolves freely or a control is placed. Accordingly, we obtainV (x) = min8>>>><>>>>: E 264Z T0 e��tf(x(t))dt+ Xj=1;N`=1;1 e����̀�j(xj(��̀) + ��j̀)�(0;T )(��̀)e��TV (x(T ))375min� [k(�) + V (x+ �)](4)We refer to [2] for more details.So, similarly to what has been done in [16], (4) leads toV (x) = min8>>>>><>>>>>: f(x)� + NXj=1 �j� Z [V (Pj(xj +��j))� V (x) + �j(xj +��j)]mj(d��j)min� [k(�) + V (x+ �)] :Now, since Z V (x)mj(d��j) = V (x) for all j, setting � := X�j , and shorteningqj := ��j we obtainV (x) = min8>>>>><>>>>>: f(x)� + � + NXj=1 �j� + � Z [V (Pj(xj + qj)) + �j(xj + qj)]mj(dqj)min�2Ax[k(�) + V (x+ �)]:(5) 3. Equivalent formulations for the optimal problem.3.1. Associated quasi-variational inequalities. We study here the systemof inequalities associated to (5). Namely, we consider the following quasi-variationalsystem:(QV I) w(x) � min8>>><>>>: f(x)�+ � + NXj=1 �j�+ � Z [w(Pj(xj + qj)) + �j(xj + qj)]mj(dqj)min�2Ax[k(�) + w(x+ �)]We will prove that solving (5) is equivalent to �nding a particular solution of (QV I)(i.e. the maximum subsolution, see de�nition below). Next, we transformate the(QV I) into an equivalent �xed-point problem.5



We introduce now some notation. We shorten the functional espace of continuousfunctions by V. We de�ne the linear operator I : V ! V by(I(u)) (x) := 1� + �f(x) + NXj=1 �j� + � Z [u(Pj(xj +��j)) + �j(xj +��j)]mj(d��j) :For every  in V, we de�ne � : V ! V as the maximum subsolution of thestopping-time problem: u �W (u) := minf ; I(u)g :(6)We call a subsolution any u 2 V such that u � W (u) (respectively, u is a supersolutionwhen u � W (u)).Lemma 3.1. W de�ned in (6) is monotone and contractive, with contractionfactor � := ��+� < 1.Proof. Let us �rst prove that W (�) is contractive:8u; v 2 V kW (u)�W (v)k � �ku� vk :Given a point x 2 
, we proceed by inspection of the di�erent possibilities for W (x).When (W (v))(x) =  (x), we have(W (u)�W (v))(x) �  (x)�  (x) = 0 :(7)In the other case, when (W (v))(x) = (I(v))(x),(W (u)�W (v)) (x) � (I(u)� I(v)) (x)� PNj=1 �j�+� R [u(Pj(xj +��j)� v(Pj(xj +��j)]mj(d��j)(8)therefore W (u)�W (v) � ��+�ku� vk.A similar inequality for W (v)�W (u) can be shown, mutatis mutandis.Let u; v 2 V such that u � v. We consider as before the two possible values for(W (v))(x). From (7) and (8) we get (W (u)) (x) � (W (v)) (x) � 0 for allx 2 
in both circumstances; we conclude W (�) is increasing. utTheorem 3.2. Let �( ) 2 V be the unique solution of the �xed-point problemu =W (u). Then(i) �( ) solves (6)(ii) �( ) is the maximum subsolution and the minimum supersolution of (6)(iii) �(�) is increasing. 6



Proof. (i) is straightforward. Let us prove (ii). Because of Lemma 3.1, we haveW (�) has a unique �xed-point �( ). This �xed-point can be computed recursively:�( ) = limm!1[W (u)]m ;(9)for u any initial point in V.We already know �( ) is a subsolution. Let u 2 V be another subsolution:u � W (u). Then the monotonicity of W (�) implies W (u) � [W (u)]2; recursively,u � [W (u)]m � [W (u)]m+1 for any m. Passing to the limit, (9) implies that �( )is the maximum subsolution. A symmetric argument can be used for proving �( ) isalso the minimum supersolution.We consider now (iii). Observe that W (�) is increasing in  : for  1 �  2 2 V,we have W 1(u) = minf 1; I(u)g � minf 2; I(u)g = W 2(u). Passing to the limitagain, we obtain the desired inequality:�( 1) = limm!1[W 1(u)]m � limm!1[W 2(u)]m = �( 2) : ut3.2. The �xed-point problem. We consider now M : V ! V de�ned by8x 2 
 (Mu) (x) := min�2Afk(�) + u(x+ �)g ;and we analize its composition with �, namely the operator M := � �M. We willshow that M has a unique �xed-point which is the maximum subsolution of (QV I).Finally we present an algorithm for �nding the solution and we establish its rate ofconvergence; similar to the bound obtained by Hanouzet-Joly in [11]. We alwayssuppose k(�) has a positive inferior bound (recall (1)) and that f , 'j for j 2 J , areLipschitz continuous.We start with some properties of M which will be useful in the sequel.Theorem 3.3. With the notation above, the following properties hold:(i) M : V ! V is increasing.(ii) M is concave : 8u; v 2 V and for any � 2 [0; 1],�M(u) + (1� �)M(v) �M(�u+ (1 � �)v)(iii) For every u 2 V, takeK(u) > max8<:kuk; 1� + �(kfk+Xj �jk�jk)9=; � 0(10)and �(u) := min(1; k02K ; 12 � kfk+Pj �jk�jk2�K ) 2]0; 1] :(11) 7



Then there exist u,�u in V such that u � u � �u andu+ �(�u� u) �M(u)(12) 8v � �u M(v) � �u ;(13)throughout the inequalities are considered in a pointwise sense.Proof. (i): Let v1; v2 2 V such that v1 � v2; by de�nition, M(v1) � M(v2).From Theorem 3.2(iii) �(�) is increasing, hence so is M . (ii): We prove �rst thatM(�) is concave. For this, take u; v 2 V and � 2 [0; 1]. We haveM (�u+ (1 � �)v) (x) = min� fk(�) + (�u+ (1 � �)v) (x+ �)g= k(�̂) + (�u+ (1� �)v) (x+ �̂)= � [k(�̂) + u(x+ �̂)] + (1 � �) [k(�̂) + v(x+ �̂)]� � (M(u)) (x) + (1� �) (M(v)) (x) ;where v̂ denotes the control realizing the minimum in (9). We analyze now thedi�erent values M can take.When M(u) � M(u) and M(v) � M(v), the convex sum of M(u) and M(v)gives �M(u) + (1� �)M(v) � �M(u) + (1� �)M(v) �M(�u+ (1 � �)v) :(14)Whereas for the caseM(u) � I(M(u)) andM(v) � I(M(v)), again from their convexsum we get �M(u) + (1 � �)M(v) � �I(M(u)) + (1 � �)I(M(v)) :(15)Combine now (14) and (15) with the linearity of I(�) to conclude that �M(u) +(1 � �)M(v) is a subsolution of (6). Now, set  := M (�u+ (1� �)v) and applyTheorem 3.2(ii):�M(u) + (1� �)M(v) � �( ) = � (M(�u+ (1� �)v)) =M(�u+ (1 � �)v) :(iii) For any u 2 V, it holds �kuk � u � kuk. Then with K := K(u) de�ned by(10), take u � �K and �u � K. Clearly, u and �u 2 V andu � u � �u :For proving (12), observe �rst that � := �(u) givesu+ �(�u� u) = (2� � 1)K(16) 8



It also holdsu+ �(�u� u) = �K + �2K � �K + k02K 2K = �K + k0 � u(x+ �) + k(�) ;for all x 2 
 and for all � 2 A; in particular for �̂ such that k(�̂)+u(x+�̂) =M(u)(x) ;it follows u+ �(�u� u) �M(u). We will show that u+ �(�u� u) is a subsolution:u+ �(�u� u) � W (u+ �(�u� u)) ;with  :=M(u). Since �( ) =M(u+ �(�u� u)) is the maximum subsolution of (6),we will get u+ �(�u� u) �M(u).For this, recall that(2� � 1)K < � 1�+ �fkfk+Xj k�jkg :(17)Let us consider I(�):I(u+ �(�u� u)) = 1�+�f +Pj �j�+� Rfu+ �(�u� u) + �j(Pj(xj +��j))gm(d��j)� 1�+�f + ��+�fu+ �(�u� u)g+Pj �j�+��j(Pj(xj +��j))m(d��j)� � 1�+�kfk+ �fu+ �(�u� u)g �Pj �j�+�k�jk= � 1�+�fkfk+Pj �jk�jkg+ �(2� � 1)K> (1 + �)(2� � 1)K [from(17)]= (1 + �)fu+ �(�u� u)g [from(16)] :Since 1 + � > 1, we are done.Let us prove (13). Let v 2 V such that v � u. We already know M(v) � M(�u),by the monotonicity of M . We only need to prove then that M(�u) � �u. We have, for :=M(�u) that, for any initial point u 2 V,M(�u) = limm!1Wm (u) ;in particular, for u := �u. By de�nition of �u, i.e. of K, W (�u) cannot be equalto M(�u)(= K0 + �u) but to I(�u) which in turn is bounded by �u. We get thenM(�u) = limm!1Wm (�u) � �u and this ends the proof. ut3.2.1. Convergence rates. Let us consider a standard algorithm for solving�xed-point problems, which we call Algorithm 0: for any given initial point u0, weupdate the current iteration u by the formula u+ := Mu. In next theorem we showthat such a sequence of u's converges to the solution V of (QVI) (or equivalently, (5))and we establish its rate of convergence.Theorem 3.4. Let V be the optimal cost in (5), and let u 2 V be an arbitraryinitial point. There exist constants C(u) 2]K(u); 2K(u)[ and �(u) 2]0; 1[ such that8m 2 IN kMm(u)� V k � C(u)(1� �(u))m ;where K(u) and �(u) have been de�ned in (10) and (11) respectively.9



Proof. Given u, and K(u), set u � �K(u) and �u � K(u). Let v ; w 2 V suchthat u � v ; w � �u; there exist � ; � 2 [0; 1] such that� (u� w) � v �w � �(v � u) :Consider now the convex sum z := (1 � �)v + �u, we have z = v � �(v � u) � w.Apply succesively the results from Theorem 3.3, namely the concavity of M(�), (12)and (13). We get M(w) � (1 � �)M(v) + �M(u)= M(v)� �(M(v)�M(u))� M(v)� �[M(v)� ��u� (1 � �)(u)]� M(v)� �[M(v)� �M(v)� (1 � �)u]� [1� �(1 � �)]M(v)� (1 � �)u ;that is, M(v)�M(w) � �(1� �)(M(v)� u) :(18)Proceeding in a similar way, but interchanging v and w, we obtain� (1� �)[v �M(w)] �M(v)�M(w) :(19)Putting together (18) and (19) give� (1� �)[u�M(w)] �M(v)�M(w) � (1 � �)�[M(v)� u] ;for any v ; w such that u � v ; w � �u. In particular, for w = u, and v = V : thereexists �; � and � such that� (1� �)(V �M(u)) � V �M(u) � (1� �)�(V � V ) ;now, by induction, the monotony of M(�)� (1� �)m(V �Mm(u)) � V �Mm(u) � (1 � �)m�(V � V ) :From these last inequalities, we get our bound, with C(u) := 2K max(�; �). ut10



4. Numerical solution. We have characterized V as the maximumsubsolutionof (QV I). To solve the problem numerically, we approximate it by the maximumsubsolution of a discrete (QV I).4.1. The discretized problem. At each installation i we discretize the stockin Ni points, therefore hi := �xi�xiNi�1 is the stepsize in the direction i and
h := NYi=1fxi + jhi; j = 0; : : : ; Ni � 1gis the discrete state space. As for the control space, we have a similar discretization,but with Nqi points at each level: Hi := �xi�xiNqi�1 is the corresponding \ordering"stepsize. We work on W � V, the espace of �nite element functions on 
h, with �rstdegree polynomials as basis functions.We assume the probability distribution mj(�) is discrete for each j 2 J : thereexists a �nite family Zj such that for any function  2 V, R  (��j)mj(d��j) =Pzj2Zj  (��zj)mzj with Pzj2Zj mzj = 1.Accordingly, given xk := (xk1; xk2; : : : ; xkN) an arbitrary meshpoint in 
h, the ap-proximation of I(�) is(Ih(w))(xk) := 1�+ �f(xk) + NXj=1 �j�+ � hw(Pj(xk +��zjej)) + �j(xkj +��zj)]mzj ; ifor all w 2 W, and ej the canonical jth vector. When Pj(xk + ��zjej) 62 
h, weperform a linear interpolation on the jth-coordinate.The discretized equation for M(�) isMh(w)(xk) = minPi qi2Q(xk)fk(Xi qiei) + w(xk +Xi qi(ei � eI))g ;where I is the predecessor of ordering indexes i involved in the sum and Q(xk) :=QNi=1 nmiHi : i = 0; � � � ; h(xki � xi)=Hiio, with [y] the nearest integer less than or equalto y. Again, when xk +Pi qi(ei � eI) =2 
h, we interpolate. Altogether, the discreteproblem isw(xk) � min8>>>><>>>>: 1�+�f(xk) + X1�j�N �j�+ �[w(Pj(xk +��zjej)) + �j(xkj +��zj)]mzjminPi qi2Q(xk)fk(Pi qiei) + w(xk +Pi qi(ei � eI))g (QV Ih)The problem of �nding the maximum subsolution of (QV Ih) is equivalent tosolving a �xed-point problem. We denote this solution by Vh. Indeed, arguing exactly11



as we have done for the continuous case, but working in the subspace W of V, allthe results of x 2.2 can be reproduced. Thus we have a discrete contractive operatorMh : W ! W de�ned by the righthand side in (QV Ih). The �xed point of Mh canbe iteratively computed by the algorithm:Algorithm 0Step 0 : Give v0h 2 W and set m = 0.Step 1 : De�ne vm+1h =Mh(vmh )Step 2 : Set m = m+ 1, and go to Step 1.Moreover, we can proveTheorem 4.1. Let Vh be the discrete optimal cost in (QV I)h, and let uh 2 Wbe an arbitrary initial point. There exist constants Ch(uh) 2]Kh(uh); 2Kh(uh)[ and�h(uh) 2]0; 1[ such that8m 2 IN kMmh (uh)� Vhk � Ch(uh)(1� �h(uh))m ut4.2. Convergence rates. We study now the speed of convergence of Vh toV when the discretization step tends to zero. We consider a family of associatedstopping-time problems (STP )m, m = 1; � � �. Namely, for u0 2 V an arbitrary initialpoint, de�ne a sequence fumgm the maximum subsolutions ofu � ( I(u0) if m = 1min[I(u);M(um�1] otherwise. (STP )mConsider also the discrete sequence fumh gm, the maximum subsolutions ofuh � ( Ih(u0h) if m = 1min[Ih(u);Mh(um�1h )] otherwise. (STP )mhwhere u0h is an initial point in W.We establish a bound for the gap between both sequences. Following the notationof (6),  :=Mm�1 gives um =Mm(u0); similarly, umh =Mmh (u0h).Lemma 4.2. Assume k and V are Lipschitzian with Lipschitz constants Lk andLV . Then kMm(u)�Mmh (uh)k � �+ �� LV h+m(Lk + LV )h ;where h := maxifhi;Hig.Proof. We proceed by induction on m. Given x 2 
h, take m = 0, we haveu0(x)� u0h(x) =Xj �j� + � Z [u0(Pj(xj +��j)� u0h(Pj(xj +��j))]mj(d��j) :12



Since u0h 2 W is a �nite element, for every j there exist �kj such that Pk �kj = 1and u0h(Pj(xj +��j)) =Xk �kju0h(xkj ) :Thus we can writeu0(x)� u0h(x) = Pj �j�+� R [u0(Pj(xj +��j)�Pk �kju0h(xkj )]mj(d��j)= Pj �j�+� R f[u0(Pj(xj +��j)�Pk �kju0(xkj )]mj(d��j)+Pk �kj [u0(xkj )� u0h(xkj )]mj(d��j)g :The function V is Lipschitz-continuous (this can be easily proved, since all the func-tions involved: f , �j and k are Lipschitzian) The functions um are also Lipschitz withthe same Lipschitz constant, LV . Taking norms, and using kPj(xj +��j)� xkjk � hfor all k and j, we obtainku0 � u0hk �Xj �j�+ �(LV h + ku0 � u0hk) ;that is, ku0 � u0hk � �+ �� LV h :Let us now consider m = 1. Given a meshpoint x 2 
h and proceeding as forthe case m = 0, when u1h(x) = (Ih(u0h))(x) we getu1(x)� u1h(x) �Xj �j� + �(LV h+ ku1 � u1hk) :The same bound is obtained for u1h(x)� u1(x) when u1(x) = (I(u0))(x). We have toanalyze the remaining possibilities, i.e., either u1h(x) reaches the obstacle (Mhu0h))(x)or u1(x) reaches the obstacle (M(u0))(x).In the �rst case, there exists a discrete control �h such thatu1h(x) = k(�h) + u0h(x+ �h) andu1(x) � k(�h) + u0(x+ �h) :Writing as before u0h(x+ �h) = Pk �ku0h(x), with Pk �k = 1, we obtainu0(x+ �h) � u0h(x+ �h) � LV h+Xk �k(u0(x)� u0h(x)) :Altogether, we conclude u1(x)� u1h(x) � LV h+ ku0 � u0hk :13



In the second case, u1h(x)� u1(x) and u1(x) =Mu0(x). There exist a control �and a discrete control �h such that k� � �hk � h andu1(x) = k(�) + u0(x+ �) andu1h(x) � k(�h) + u0h(x+ �h) :Adding �u0(x+ �h) to the �rst equation we obtainu1h(x)� u1(x) � Lkh + [u0(x+ �) � u0(x+ �h)] + [u0(x+ �h)� u0h(x+ �h)]� (Lk + LV )h+ ku0 � u0hkIn all cases we getku1 � u1hk � ku0 � u0hk+ (Lk + LV )h� � + �� LV h+ (Lk + LV )h ;and by induction the conclusion follows.Theorem 4.3. Assume f , f'jgj and k are Lipschitiz continuous, and (1) holds.Let V and Vh solve (QVI) and (QV Ih) respectively. Then, for h small enough,kV � Vhk � o(h ln1h ) :Proof. ClearlykV � Vhk � kV �Mm(u)k+ kMm(u)�Mmh (uh)k+ kMmh (uh)� Vhk :Theorems 3.4, Lemma 4.2 and 4.1 give upper bounds for each term. Namely, for a�xed m,kV � Vhk � C(u)(1� �(u))m + �+�� LV h+m(Lk + LV )h+ C(uh)(1� �h(uh))m� C�m + �+�� LV h +m(Lk + LV )h ;(20)with C := C(u)+Ch(uh) and � := maxf1� �(u); 1� �h(uh)g. Since the bound holdsfor any m > 0, it holds in particular for the (integer part of) the minimand,[ �m] := ln �(Lk+LV )hCjln�j �ln� = ln(�h)ln� ;provided h < 1=�, with � := Lk+LVCjln�j . 14



Plugging this value in (20), we obtainkV � Vhk � �h+ �+�� LV h� C�hln(�h)= �h (1� Cln(�h)) + �+�� LV h= C�hln e1+ �+��� LVC�h != o(hln 1h) ;for all h < e1+�+��� LVC� .4.3. Accelerated Algorithm. We concentrate now on the algorithmic patternof resolution. We have to solve (QV I)h, or equivalently, we need the �xed-pointof Mh := min[Ih;Mh]. We have frequently observed that Algorithm 0 convergesdismally slowly when the contraction factor � = �=(� + �) gets closer to the unity.To improve computer times we apply a modi�ed algorithm, introduced in [9].This fast algorithm performs standard iterations of Algorithm 0, memorizing at eachstep if a control has been applied and identifying it. Then, if the same control has beenapplied repeteadly, Algorithm 0 quits the standard iteration to solve an associatedlinear system; its solution gives a new (better) starting point for Algorithm 0. Moreformally,Algorithm 1Step 0 : Give v0h 2 W, pmax � 1. Set m = 0, p = 0, �r = 0.Step 1: Compute vm+1h (xk) = (Mh(vmh ))(xk). If(Mh(vmh ))(xk) = (Mh(vmh ))(xk) = vmh (xk + �) + k(�). then:If � = �r, set p = p + 1.Otherwise, if � 6= �r, set � = �r and p = 0.Step 2: If vm+1h (xk) = vmh (xk) for all xk, then stop; else go to Step 3.Step 3: If p � pmax then set m = m+ 1 and go to Step 1; else go to Step 4.Step 4: Solve the linear systemw(xk) = (Mh(w))(xk) = (Mh(w))(xk) = w(xk + �r) + k(�r) :Set m = 0, v0h(xk) = w(xk) and loop to 1. utThe convergence of Algorithm 1 can be proved following essentially the proof pre-sented in [9] and using the convergence stated above for Algorithm 0 as a fundamentaltool.We �nish this section with some comparisons between computing times of Algo-rithm 0 and Algorithm 1. Remark the strong dependence of the acceleration phe-nomenum on the contraction factor �: the closer to 1 � is, the better is Algorithm 1.The results shown have been produced in a VAX 720, for the solution of a problemwhere card(
h) = 1024. 15



� CPU timeAlg. 0(in sec.) CPU timeAlg. 1(in sec.) % Reduction0.50 22.33 17.76 23.130.86 70.58 20.00 71.660.91 108.71 21.01 81.680.96 300.73 22.09 92.650.99 991.02 22.43 97.745. Comparison of two systems with three hierarchical levels.5.1. Description of the examples. In this section we present some numericalresults obtained with the methodology proposed, considering two di�erent possibili-ties for the number of installations, namely we have optimized the following systems:
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21 1 52Fig. 2. Optimized systemswhere �1 = 1 =: L1, �2 = 1 =: L2, �5 = 2 =: L5 represent the rate of arrivingdemands in each installation that is receiving an outer demand, therefore the proba-bility of one arrival at node i is approximately given by �i�t. Demand distributionsare independent for each node. For our model input of di�erent amounts of demandare allowed; these amounts are given by a random variable taking the following values:D1 = 1:1 (with probability p1 = 0:9)D2 = 1:7 (with probability p2 = 0:1)This distribution has been assumed identical in nodes 1, 2 and 5. Each nodehas a maximum and a minimum stock, the last one may be negative if we consider16



backlogging (in such case there is a maximum backlogging jxij). We have discretizedeach continuous interval of stock [xi; �xi] into a set of Ni points. Each node can placean order of an arbitrary amount, provided it can be stocked and supplied. Thecontinuous interval of orders [0; �xi � xi] is discretized into a set of Nqi points. Thesevalues are: Node i xi �xi Ni Nqi1 -1 3 5 52 -1 3 5 53 0 10 5 54 0 60 3 35 -1 9 5 5Clearly, nodes 1, 2, 3 and 4 are the same in both systems: both systems areidentical, except for the addition of an \extra" node # 5 at System B.The ordering cost has the following expression:k(q) =Xi k0i + k1i qi with q =Xi qiei :For our examples we have: Node i k0i k1i1 6.0 0.082 0.6 0.083 10 0.014 60 0.0055 3 0.04Finally, the stocking cost f has a linear additive structure. Each installationvaries its cost according to the following criteria:If S 2 [0; �xi], then fi(S) = f+i :S represents the real stocking cost.If S 2 [xi; 0] then fi(S) = f�i :S measures the cost related to the backloggingphenomenum.When the entered demand \D" is so big that xi reaches xi, the rupture of the max-imum backlogging has a cost equal to 'i(xi � D � xi), the system stays at xi (thedemand accepted will just be xi � xi). 17



The data we have set areNode i f+i jf�i j 'i1 0.1 80 452 0.1 80 453 0.007 - -4 0.0008 - -5 0.1 80 45Remark:. Nodes 3 and 4 being \interior", they do not have values for negativestocks, since they do not operate with backlogging.We have obtained by simulation of the system operation, the evolution of stocks,the orders placed by each installation as well as the demands received. We haveassumed demands are the same for both examples.5.2. Some remarks concerning cooperation.5.2.1. Node 1 behaviour. For our comparisons we have performed the globaloptimization for �ve di�erent systems, all having installation 1 as a basic node. Thuswe have started with a one installation system (namely node 1) and gone on addinga new node at each time:
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  −−      0.2%        1%            11%              24%Fig. 3. Operating cost of NODE 1Clearly, each centralized optimal policy will have a di�erent strategy for node 1.The table at the bottom of 3 shows how the addition of a new node makes node 118



adopt policies involving individual higher costs. Such augmentations represent theamount of cooperation node 1 is o�ering to the system in order to achieve an optimalglobal cost. Let us point out that a decentralized approach would allow node to 1keep the lowest cost (22.44). In section 5.2.3 we will show the negative consequencesof this sel�sh action.5.2.2. Subsystem (1-2-3). As we have done with one node, we analyze theevolution of the operating costs of a subsystems when more nodes are added. Figure4 shows increasing costs of subsystem (1-2-3) due to the successive introduction ofinstallations 4 (denoted by System A) and 5 (System B).
1 2

3

4

1 2 5

3

4

1 2

3

Ex. 1                Ex. 2 (Sys.A)            Ex. 3 (Sys.B)
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 −−                  11.8%                     28%Fig. 4. Operating cost of subsystem (1-2-3)5.2.3. Subsystems \sel�shness" versus cooperation. Let us consider sub-system (1-2-3). We already know that centralized optimization produces an optimalglobal cost of 139.99 for System B. This centralized strategy imposes a cost equal to68.76 for the subsystem (1-2-3), see �g. 4.Assume now subsystem (1-2-3) conditions the entrance of node 5 to the systembecause of the higher costs du to such incorporation. This condition could be to give(1-2-3) a \priority" for being supplied. In this way its privilege over node 5 wouldlet (1-2-3) get at least a cost closer to its former one (in System A, i.e. 60.14), evenwhen belonging to System B. Table 1 shows how (1-2-3) gets decreasing costs as itasks for more and more privileges. But on the other side these \priorities" makeSystem B increase its global cost with an amount much more signi�cant than the19



individual gain obtained by (1-2-3). System B increasing costs are originated bynode 5's rejected demand. Operation costs ofsubsystem (1-2-3)in B Operation costs ofSystem B(no privileges) 68.76 139.0962.50 156.6160.20 160.2859.60 162.3059.40 162.68Table 1(1-2-3) decreasing costsSumming up:. if (1-2-3) intends to conserve its former cost (the one achieved inSystem A namely, 60.14) then System B has to increase its global cost in 15 %.Suppose now (1-2-3) refuses node 5 incorporation. The global cost of System Aresults from the addition (1-2-3) cost and node 4 cost (60.14 and 18.58 respectively).In order to let node 5 operate, it should put its orders to a new \extra" node 4*, withidentical characteristics as node 4. We would get then an auxiliary system (4*-5)which operates under global optimization with a cost of 29.37 for node 5 and 38.13for 4*. Figure 5 shows the pernicious e�ect of considering two separated systems:System A and system (4*-5). Total costs are higher than System B global cost,although (1-2-3) and 5 obtain both better costs when operating separatedly.Summing up:. A centralized optimization (System B operating costs) asks from:Subsystem (1-2-3) to pay a cooperative cost of68.76 - 60.14 = 8.62and fromNode 5 to pay a cooperative cost of30.77 - 29.37 = 1.44Total cooperative cost = 10.02But this cooperation allows the existence of just one node \4" at the maximumlevel of hierarchy. This fact reduces global cost in (18.58 + 38.13) - 39.56 = 17.13Hence in System B we have 20



17.13 - 10.02 = 7.11That is, we get a reduction of approximatedly a 5 % over the cost obtained whenoperating in a decentralized way (System A + (4*-5)).
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