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Introduction 1

1 Introduction

The component-based software development paradigm [38], as an emerging field with promising solu-
tions for dealing with the rapidly changing requirements of software applications, retains from object-
orientation the basic principle of encapsulation of data and code, but shiftsthe emphasis from inheritance
to composition to avoid the interference between the former and encapsulationand, is getting accepted in
software industry as the cornerstone of software engineering. However, as happened before with object-
orientation, component technology has become popular before consensual definitions and principles, let
alone formal foundations, have been put forward.

Over the last few years there has been a growing interest in the theory ofcoalgebras, motivated by the fact
that a great variety of state-based dynamical systems, like transition systems, automata, process calculi
and classes in object-oriented languages can be captured uniformly in an implementation independent
way as coalgebras, see [22, 36] as references for an introduction tocoalgebra theory and [6, 16, 17, 18,
20, 21, 33, 35] for related work.

Coalgebraic frameworks can be integrated with algebraic techniques together to obtain a framework for
the specification of systems having both an observational and computationalproperties. Related work can
be found in [10, 11, 12] which is based on the work of unifying operational semantics and denotational
semantics in [40, 41] and uses equations and coequations to formalize the equivalence of computations
and invariants on the structure and evolution of systems. The coinduction principle makes proving an
equation being satisfied up to observations can be reduced to build up a bisimulation relationship between
the two terms involved in the equation.

An alternative calculational approach for proofs is used in [5, 6] where proofs of properties can be done
in an equational and pointfree calculational style, therefore circumventingthe explicit construction of
bisimulations.

Coalgebras has been applied successfully as the semantic framework forboth observations and compu-
tations, and is proposed as the semantic model for components in [4]. However, while considering the
large, complex systems such as air-traffic control system, the interaction and coordination between dif-
ferent components becomes a more critical problem. Motivated by the calculational approach proposed
in [5, 6], in this paper, we present a cofibred category of coalgebrasover a family of interface functors
which can describe the behavioural patterns of a large variety of systemsand give a semantic basis for
composition and communication between different coalgebras by exploiting theconstructions in this cat-
egory, including a set of operations corresponding to the encapsulationprinciples, relabelling, sequential
composition, external choice, and parallel composition, etc. which are the typical combinators in process
calculus such as CCS [26] and CSP [14]. Such operators model the global structure of the whole target
system and therefore provide facilities for constructing a large system from its components. A family of
algebraic laws are provided for describing the properties satisfied by these operations.

An advantage of this approach is that the structural aspects of the behavior models of systems (for
example, inactive vs active, deterministic vs nondeterministic, total vs partial, etc.), described by the
signature functors, are separated clearly from the interaction structurewhich defines the interaction and
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Preliminaries 2

synchronization among systems (or subsystems, components) and is described by the operations in the
category of coalgebras.

Since the behavior semantics of each component can be described by the corresponding (final) coalgebra,
the semantics of a larger system can be determined by the operations in the category of coalgebras which
give the semantics of the interactions among its components and the coalgebrasof the components,
that means, the semantics of its syntatic constituents. This approach specifiesthecompositionalityand
structural transparencyof systems: a system composed of components and connections among them can
be considered as a component again and connected to other components,and thereby the internal state
space of the system is hidden again to outside.

The categorical notions also relate coalgebras with different computational models naturally. [42] pro-
vides the abstract characterisations of different computational models and formal means of translating
between them by exploiting category theory. We can identify different modelswith special coalgebras
and use functors to include them into the category of coalgebras. For a more complete account on cate-
gory theory, [8] can be used as references.

The structure of this paper is organized as follows: In Section 2, we review some basic concepts in
coalgebra theory and give some examples of coalgebras to make the paperself-contained. A category
of coalgebras for Kripke polynomial functors is defined in Section 3. In Section 4, we define a set of
operations on coalgebra in the category and provide a set of algebraic laws for the operations to describe
the properties that they should satisfy. Finally conclusion and discussionsabout future work are given in
Section 5.

2 Preliminaries

Let Set be the category of sets and functions. The functors we use in this paper todescribe component
signatures is a particular collection of functors which are calledKripke polynomial functors(KPFs).
Such functors are the endofunctors over the categorySet and are finitely built up from the following:

F (X) = C | X | F1(X) × F2(X) | F1(X) + F2(X) | C → F1(X) | Pf (F1(X)) (1)

whereC is an arbitrary non-empty constant set,F1, F2 are two previously defined KPFs. Theproductof
two setsA, B is a setA × B in Set together with two projectionsπ1 : A × B → A, π2 : A × B → B

Thecoproduct (sum)of A andB is an objectA + B together with two injectionsι1 : A → A + B, ι2 :
B → A + B. TheexponentAB (or B → A) is used for the collection of functions from a setB to
A. The powerset functorP sends a set to the set of its subsets:P(S) = {V | V ⊆ S}, and a function
f : S → T is mapped toP(f) : P(S) → P(T ) which is defined asP(f)(V ) = f(V ) for anyV ⊆ S.
Pf is the finite powerset functorP(S) = {V | V ⊆ S andV is finite}. Finiteness property is needed
because the final coalgebra for ordinary powerset functor does not exist.

Let F be an arbitrary functor (In fact, all the functors being used in this paperare KPFs as defined in
(1)). A F -Coalgebrais a pairc = (U, α) consisting of a setU and a functionα : U → F (U). Like
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Preliminaries 3

for algebra, the setU is called thecarrier of the coalgebra, and the functionα is called the(transition)
structureor operationof the coalgebra. And because coalgebras are often used to describestate-based
dynamic systems, the carrierU is also called thestate spaceof the coalgebra. Sometimes we may
also use a triple(U, α, u0 ∈ U) for a coalgebra whereu0 is called itsinitial state (especially in the
interpretation of classes in object-oriented languages, see e.g. [16, 17]for related work).

Supposec = (U, α) andc′ = (U ′, α′) be twoF -coalgebras, then aF -homomorphismfrom c to c′ is a
functionf : U → U ′, such that the following diagram commutes.

U
f - U ′

F (U)

α

?

F (f)
- F (U ′)

α′

?

That is,α′ ◦ f = F (f) ◦ α. Concerning the initial statesu0 andu′
0 respectively,f is calledinitial state

preservingif f(u0) = u′
0.

TheF -coalgebras andF -homomorphisms together form a category being widely used in the researchof
coalgebra theory, which we denote byCoalgF .

An important notion in coalgebra theory is that ofbehavior equality, which is formally described by the
concept ofbisimulation, a notion also being widely used in concurrency theory [26, 27] and transition
systems [1] to capture the notion of observational equivalence. Informally, two states of aF -coalgebra
(or of two differentF -coalgebras) are related by a bisimulation relationship if they can not be distin-
guished by observations and this is preserved along all possible transitions. Its formal definition is given
as follows.

Let F : Set → Set be an arbitrary functor,c = (U, α) and c′ = (U ′, α′) be two F -coalgebras.
A relation R ⊆ U × U ′ is called aF -bisimulation(betweenc and c′) if there exists aF -coalgebra
(R, αR : R → F (R)) such that the projections fromR to U andU ′ areF -homomorphisms:

U � π1
R

π2 - U ′

F (U)

α

?
�
F (π1)

F (R)

αR

?

F (π2)
- F (U ′)

α′

?

[23] provides an alternative definition for bisimulation of coalgebras by exploiting the concept of relation
lifting and shows that for polynomial functors both approaches yield equivalent notions of bisimulation.

Two elementsu ∈ U andu′ ∈ U ′ arebisimilar if there is a bisimulation relationR ⊆ U × U ′ with
(u, u′) ∈ R. In this case we write it asu ≈ u′.
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Preliminaries 4

Several examples of coalgebras will be mentioned in the following.

Example 2.1 Considerlabelled transition systems(LTS) (S,→, A) as an example, which consists of
a setS of states, a transition relationship→⊆ S × A × S and a setA of labels [31]. Define a KPF
B = P(A × Id) 1, for any setS,

B(S) = P(A × S) = {V | V ⊆ A × S}

Then anA-LTS can be equivalently represented as aB-coalgebra(S, α) where

α : S → B(S) s 7→ {〈a, s′〉 | s
a
→ s′}

Now we consider a simple vending machine being used in [14] as another example.

Example 2.2 (X3 in [14] Section 1.1.3)A vending machineV MCT 2 that can serve a customer with
either chocolate or toffee on each transaction is described by the process expression

V MCT = µX.coin → (choc → X | toffee → X)

Such a vending machine can be represented as a coalgebra(S, α) of functorB = A
∼
→Id, 3 whereS has

two inhabitants{s1, s2}, A = {coin, choc, toffee} is the set of actions. The transitionα is defined as
follows:

α(s1) : A
∼
→S, dom(α(s1)) = {coin}

α(s1)(coin) = s2

α(s2) : A
∼
→S, dom(α(s2)) = {choc, toffee}

α(s2)(choc) = α(s2)(toffee) = s1

Classes in object-oriented programming languages, which are built arounda hidden state space and can
only be observed and modified via specified observers (attributes) and operations (methods), can be
described by coalgebras.

Example 2.3 Consider a class of banking account ACCOUNT which is represented asa RSL [39] spec-
ification as follows:

1Such a functor gives an “active” interpretation of the system behavior,in which a transitions
a
→ s

′ is informally char-
acterised as “states evolves tos′ by performing an actiona”. A “reactive” interpretation can be got by define the functor as
B = (P(Id))A wheres

a
→ s

′ means “s reacts to an external stimulusa and evolves tos′”.
2From this example we can see how recursive expressions can be defined in the coalgebraic setting.
3here

∼

→ is used for partial functions, which describes the possibility of deadlock and can be captured by the functor
B = A → Id + 1.
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Preliminaries 5

schemeACCOUNT=
class

type
Account

value
balance : Account→ Nat,
credit : Account× Nat → Account,
debit : Account× Nat ∼

→ Account,
account : Account

axiom
∀ a : Account, m :Nat •

balance(credit(a,m))≡ balance(a)+ m,
∀ a : Account, m :Nat •

balance(debit(a,m))≡ balance(a)− m
pre balance(a)≥ m,

balance(account)≡ 0
end

The attributes and methods of this class can be combined into a single function:

〈balance, credit, debit〉 : S → N × SN × (S + 1)N

which forms a coalgebra for functorB = N×IdN× (Id+1)N on the state spaceS while the constructor
account can be described by an initial states0 (see [16, 17, 33, 34] for a more detailed interpretation on
the coalgebraic description of classes).

We have seen that the functors can be used to describe the signature of computation and a coalgebra
of the functor gives an implementation for it. However, to interpret a system correctly, not only the
computation inside a system component, but also the coordination between different components need
to be described by the semantic model. Therefore, the relationship between different functors need to be
considered. So we will define a “total” categoryCoalgKPF which encompasses the categoriesCoalgF

for all the possible signature functorsF , and also admits morphisms between coalgebras for different
functors in the next section.

Finally, before we come to the categoryCoalgKPF , we introduce another notion:monad, which plays
an important role in our definition for the operations in Section 4. Monads, sometimes called triples [7, 9]
are closely related to the notion of adjunctions in category theory and being used as a way of modelling
computational types by Moggi in [28, 29].

A monadB over a categoryC is a triple(B, η, µ) whereB is an endofunctor onC, η : idC → B and
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The Category CoalgKPF 6

µ : B2 → B are two natural transformations such that the following diagrams commute:

B3U
µBU- B2U BU

ηBU- B2U �BηU
BU

@
@

@
@

@
idBU

R 	�
�

�
�

�

idBU

B2U

BµU

?
µU - BU

µU

?
BU

µU

?

Thinking ofB as a behavior pattern, thenηU represents the minimal structure whereby a valueu ∈ U is
embedded inBU . On the other hand,µ providing a way to view aB effect of anotherB effect as still a
B effect.

In order to handle the presence of the environment of a system and distribute it along the computation
of the system, monads used in this paper are required to be strong. A monad isstrong if it comes
equipped with a natural transformationτB

r : B × − → B(Id × −), called aright strengthverifying
some coherence conditions [13]. Aleft strengthcan be dually given byτB

l : − × B → B(− × Id).
In [30], a definition of strength for any polynomial functor is presented by reasoning inductively on the
construction of polynomial functors.

For two arbitrary monadsB1 andB2, a simple composition of their corresponding functors does not
result necessarily in a new monad. In order to define a new monad it is necessary to verify the existence
of a natural transformationγ : B2B1 → B1B2 satisfying a number of coherence conditions, see [4] for a
more detailed discussion.

Given two monadsB1 = (B1, η1, µ1) andB2 = (B2, η2, µ2) on the categorySet, a morphism between
them is a strong natural transformationα : B1 → B2 making the following diagrams commute:

Id B1B1
α2

- B2B2

	�
�
�η1 @

@
@
η2

R
B1

α
- B2 B1

µ1
?

α
- B2

µ2
?

Finally, note that monad morphisms compose and there exists a trivial identity morphism for each monad.
Therefore, monads and their morphisms for a category.

3 The Category CoalgKPF

We have introduced the notions in coalgebra theory previously. In this section, we will define a cofibred
category of coalgebras forCoalgKPF over the categoryKPF of Kripke Polynomial Functors, which
is the category of coalgebras for a family of functors generated by applying (1).

The functors we use in this paper to describe coalgebraic signatures arethe endofunctors on the category
Set, and together with the natural transformations between them form a category [Set,Set]. For every
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The Category CoalgKPF 7

object of this category, that is, an endofunctorF on the categorySet, we can obtain the categoryCoalgF

of all F -coalgebras.

The categoryCoalgKPF is defined as the “total” category which encompasses the possible categories
CoalgF for the polynomial functorF , and also admits morphisms between coalgebras for different
functors.

Proposition 3.1 LetKPF be the subcategory of the category[Set,Set], and consists of the polynomial
functors and natural transformations between them. Then for two such functors F andG in KPF, a
natural transformationη : F → G allows us to view everyF -coalgebraα : U → F (U) as aG-
coalgebraηU ◦ α : U → G(U). Take coalgebras for the functors inKPF as objects and for two
coalgebras(U, α : U → F (U)) and (V, β : V → G(V )), take(σ, η) as the arrow between them such
that the following diagram commutes:

U
σ - V

F (U)

α
? ηU- G(U)

G(σ)- G(V )

β
?

Then we can get the categoryCoalgKPF .

Proof: The composition of two arrowsf1 = (σ1, η1) : c → d and f2 = (σ2, η2) : d → e is
f2 ◦ f1 = (σ2 ◦ σ1, η1 ◦ η2) : c → e. According to the property of natural transformation, we can
easily get that theAssociative Lawis satisfied. It is even easier to show that there is a trivial identity
morphism for each coalgebrac = (U, α : U → F (U), u0) which is defined by(idU , idF ) whereidU is
the identity function on the state spaceU andidF is the identity natural transformation fromF to itself,
such that theIdentity Lawis satisfied.

We can know that the categoryCoalgKPF is a cofibration over the categoryKPF where we have a
functor p : CoalgKPF → KPF which maps everyF -coalgebra to the functorF . The cofibration
provides us a single total categoryCoalgKPF which contains the transition structures corresponding to
different functors and allow us to relate coalgebras of different functors within just one category.

Here we recall some standard terminology in category theory [8, 19]. Fora total categoryCF and the
base categoryF of this cofibration, an objectc ∈ CF and an arrowf : c → d with pc = F andpf = λ

are calledoverF andoverλ respectively.

For two F -coalgebras of the same functorF , the morphism between them as defined previously is
f = (σ, 〈〉F ) which can be identified with theF -homomorphismσ. Therefore, for every functorF ,
the category ofF -coalgebras is a subcategory ofCoalgKPF . Generally, for any set of polynomial
functors{Fi}i=1,...,n, the category of all theFi-coalgebras forms a subcategory ofCoalgKPF . In the
following section, we will specialise our research to one such particular subcategory of a special class of
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The Coalgebraic Calculus 8

functors and describe how larger coalgebras can be built up from applying the operators defined in the
category to primitive coalgebras.

4 The Coalgebraic Calculus

In this section, we will define a set of operations on coalgebras in a subcategory of the categoryCoalgKPF

via some fundamental categorical constructions, where a categorical analysis of coalgebras is given and
then the operations are analyzed categorically. The properties of these operations are presented by a set
of algebraic laws. Note that most of the laws presented here hold only up to isomorphism, since the
presence of internal state prevents most of the properties to hold up to equality.

Our first concern is precisely the shape of the functorF being used as the signature for coalgebras in
the subcategory. In fact, different shapes of functorF describes the behavior signatures for different
systems. The one we are interested in is with the form

FB = A × B(O ×−)I (2)

which is parameterized by a (strong) monadB being used to capture the behavior pattern of the corre-
sponding coalgebras (For example, nondeterminism behavior can be represented by the (finite) powerset
monadB = P(Id), and partiality can be represented by the monadB = Id + 1). Such functors are
extremely simple. However, it seems that coalgebras of such functors provide models for a broad range
of systems. Especially, the polynomial functors used by Jacobs [16, 17]for the semantics of classes in
object oriented programming languages can also be represented as the functorFB. The setsA, I, O in
(2) are used for the values of observations (attributes), inputs and outputs correspondingly and all of them
can be empty. And everyFB-coalgebrac = (U, α : U → FB(U)) can be represented as a pair〈oc, ac〉
whereoc : U → A is theobserverandac : U × I → B(O × U) is theaction(method or operation).

Generally, a coalgebraic specification [21] may include more than one KPFsfor signatures (see the
specification in Example 2.3 as an example). Therefore, the functor (2) willbe extended to the following

F =
∏

k

Ak ×
∏

l

Bl(Ol ×−)Il (3)

to match more patterns. However, for simplicity, we will still use the functor with theform (2) for the
functorF in (3) without confusion where

A =
∏

k

Ak, I =
∑

l

〈l, Il〉, O =
∑

l

Ol

and the behavior of aF -coalgebra is described by

B(O ×−)I = caseI of [〈l, Il〉 7→ Bl(Ol ×−)Il ]

Here we usek, l to mark different observers and actions.
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The Coalgebraic Calculus 9

If we do not consider the attributes, coalgebras can be viewed as the collections of state transition func-
tions which can be equally represented by LTSs, and corresponds to theKripke models/frames in modal
logic [24, 25, 32]. However, the presence of attributes extends the one-dimension transition model into
a two-dimension model where both state transitions and observations on statesare taken into account, as
the following diagram shows:

u0
a0- u1

a1- . . .
an- un+1 u0

a0- u1
a1- . . .

an- un+1

. . .

at0

o0
?

at1

o1
?

. . . atn+1

on+1
?

whereati ∈ A, i = 0, 1, . . . , n + 1 are the observable attribute values corresponding to the states
respectively.

4.1 Restriction, View, Exclusion and Hiding

The first class of operations on coalgebras to be introduced includes therestriction [26, 14, 42] of be-
haviour of the action parts, the restriction of the visibility of the observers w.r.t. a seperation of views
(public and private) and their complementation. Note that here the restriction of behaviour is defined as
restriction to a subset of certain behaviours, which is complementary to the definition of restriction on
a subset of actions to be concealed in process calculus such as CCS [26] (being defined as exclusion in
this paper and corresponding to the private methods in object oriented languages). Given a coalgebra
and an ingredient functor of its signature functor, the operation of restriction removes all transitions and
observations that are not specified in the ingredient functor.

Definition 4.1 (Restriction and View)Let c = (U, α : U → F (U), u0) be aF -coalgebra. Its observer
and action components areoc : U → A andac : U → H(U).4

• Given an action coalgebraa′ = (U, α′ : U → H ′(U), u0) whereH ′ satisfies that∃H ′′, s.t.H =
H ′×H ′′, for a coalgebra morphismf = (idU , γ) : ac → a′ whereidU : U → U , andγ : H → H ′

is a projection of functors, the restriction ofc byf is defined as

res(c, f)
∆
= (o, f ◦ a)

which is written asc ↾ f for convenience;

• Given an observero′ : U → A′ whereA′ satisfies that∃A′′, s.t.A = A′ × A′′, for a coalgebra
morphismg = (idU , π) : oc → o′ whereidU : U → U , andπ : A → A′ is a projection, the view
of c byg is defined as

view(c, g)
∆
= (g ◦ o, a)

which is written asc ↿ g.

4Here and in the following we useA =
∏

k
Ak for the type of observation values, andH for the behavior functor with the

form
∏

l
Bl(Ol ×−)Il as defined in (3).
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The notation of restriction and view here together gives the formal interpretation of encapsulation, which
shows the distinction of public and private properties in OO development5. In general, the transition
structure of aF -coalgebra is restricted to a subset of allowed actions and observations which can only be
accessed from outside and corresponds to a given coalgebraic subsignature (a functorF ′ which satisfies
∃F ′′, s.t.F = F ′ × F ′′, that is, there exists some path fromF to F ′ which can be got from projections,
we useF ′ ⊆ F to represent it6).

For an action signatureH ′ ⊆ H, and a morphismf : ac → a′ as shown in the definition, a restriction
c ↾ f can also be written asc ↾ H ′, and we call it aH ′-restriction. Similarily, a viewc ↿ g induced by a
morphismg from the constant functorA to A′ ⊆ A is also called anA′-view and written asc ↿ A′.

A natural consideration is to give the complementary operations of restrictionand view, which are defined
as the exclusion of actions, and hiding of observers, i.e. to make them invisiblefrom outside.

Definition 4.2 (Exclusion and Hiding)Letc = (U, α : U → F (U), u0) be aF -coalgebra. Its observer
and action components areoc : U → A andac : U → H(U).

• Given an action coalgebraa′ = (U, α′ : U → H ′(U), u0) whereH ′ satisfies that∃H ′′, s.t.H =
H ′×H ′′, for a coalgebra morphismf = (idU , γ) : ac → a′ whereidU : U → U , andγ : H → H ′

is a projection, the exclusion ofc byf is defined as

exc(c, f)
∆
= res(c, f̄)

wheref̄ represents the coalgebra morphism fromac to the action coalgebraa′′ = (U, α′′ : U →
H ′′(U), u0) which includes all the actions not ina′, and we write it asc \ f or c ⇃ f ;

• Given an observero′ : U → A′ whereA′ satisfies that∃A′′, s.t.A = A′ × A′′, for a coalgebra
morphismg = (idU , π) : oc → o′ whereidU : U → U , andπ : A → A′ is a projection from the
constant functorA to A′, the hiding ofc byg is defined as

hide(c, g)
∆
= view(c, ḡ)

whereḡ represents the coalgebra morphism fromoc to the observer coalgebrao′′ : U → A′′ which
includes all the observations not ino′ and we write it asc ⇂ f .

The exclusion and hiding in Definition 4.2 can also be represented asc ⇃ H ′ andc ⇂ A′ respectively.

Now we give some basic properties of these operations, stated as algebraic laws. Supposec be aF -
coalgebra, whereF = A × H, A andH correspond to the observations and actions seperately.

Law 4.1 LetH ′′ ⊆ H ′ ⊆ H. Thenc ↾ H ′′ = (c ↾ H ′) ↾ H ′′.

5We seperate view from restriction here only to make the difference between observations and actions explicit, and similar
for the seperation between exclusion and hiding.

6Note that the equationF = F
′
× F

′′ is up to isomorphism.
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Proof: Let f = (id, γ) be the coalgebra morphism corresponding to the restriction fromH to H ′, and
f ′ = (id, γ′) be the coalgebra morphism corresponding to the restriction fromH ′ to H ′′. Then

c ↾ H ′′ =c ↾ (f ′ ◦ f)

=(c ↾ f) ↾ f ′

=(c ↾ H ′) ↾ H ′′

Law 4.2 LetA′′ ⊆ A′ ⊆ A. Thenc ↿ A′′ = (c ↿ A′) ↿ A′′.

Proof: Similar like Law 4.1.

Law 4.3 LetH ′ ⊆ H andA′ ⊆ A. Then(c ↿ A′) ↾ H ′ = (c ↾ H ′) ↿ A′.

Proof: By the definition, letf, g are the corresponding restriction and view morphism, then

(c ↿ A′) ↾ H ′ =(g ◦ o, a) ↾ f

=(g ◦ o, f ◦ a)

=(o, f ◦ a) ↿ g

=(c ↾ f) ↿ g

=(c ↾ H ′) ↿ A′

The proofs of the following laws are similar as those of Law 4.3 and Law 4.1.

Law 4.4 LetH ′ ⊆ H andA′ ⊆ A. Then(c ⇂ A′) ⇃ H ′ = (c ⇃ H ′) ⇂ A′.

Law 4.5 LetH ′′ ⊆ H ′ ⊆ H. Thenc ⇃ H ′′ = (c ⇃ H ′) ⇃ H ′′.

Law 4.6 LetA′′ ⊆ A′ ⊆ A. Thenc ⇂ A′′ = (c ⇂ A′) ⇂ A′′.

4.2 Relabelling

In CCS, one can use relabelling operationE[f ] to make a copy of a process by applying the relabelling
functionf . In the coalgebraic context, a relabelling combinator between coalgebras can be defined as

Definition 4.3 (Relabelling)Given aF -coalgebrac = (U, α : U → F (U), u0) and a natural transfor-
mationγ : F → F ′, the cocartesian lifting ofγ gives rise to aF ′-coalgebra

c′ = (U, α′ : U → F (U) → F ′(U), u0)

where the composition ofα and γU just renames the output ofα in F (U) according toγ. The new
coalgebra is written asc′ = c[γ] and called as the relabelling ofc underγ.
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It can be easily proved that relabelling preserves identity and composition.

Law 4.7 c[idF ] = c for c = (U, α : U → F (U), u0).

Law 4.8 (c[γ])[γ′] = c[γ · γ′].

4.3 Sequential Composition

A characteristic combinator which combines components into a system is sequential composition (“|” in
CCS [26] or “;” in CSP [14] and Unifying Theory of Programming [15]7). Here we adopt the notation
“;” for the sequential composition of coalgebras of functors with the form as defined in (2), where
communication may happen between coalgebras. The output of the first component is used as the input
of the second component in their communication. The corresponding definition in the coalgebra setting
is as follows:

Definition 4.4 Letc = (Uc, αc : Uc → Ac×Bc(Z×Uc)
I) andd = (Ud, αd : Ud → Ad×Bd(O×Ud)

Z)
be two coalgebras. A sequential composition of them is formed by the followingexpression:

c; d = (U, α : U → A × B(O × U)I)

whereU = Uc × Ud, A = Ac × Ad, B = BcBd
8.

c; d = 〈oc;d, ac;d〉 is a coalgebra which is given by

oc;d : Uc × Ud

〈oc, od〉- Ac × Ad

and
ac;d : (Uc × Ud) × I

×
−−−−→ Uc × I × Ud

ac×idUd−−−−−→ Bc(Z × Uc) × Ud

τ
Bc
r−−−−→ Bc(Z × Uc × Ud)

×
−−−−→ Bc(Uc × Ud × Z)

Bc(idUc
×ad)

−−−−−−−−→ Bc(Uc × Bd(O × Ud))

τ
Bd

l−−−−→ Bc(Bd(Uc × O × Ud))

×
−−−−→ Bc(Bd(O × Uc × Ud))

7In fact, these two operations are not exactly same. But they are same for those well-terminating agents. See Chapter 9 in
[26] for more discussion on their relations.

8Note that it should be guaranteed that the two monadsBc andBd are able to be composed in this definition.
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The Coalgebraic Calculus 13

Law 4.9 (c; d); e = c; (d; e) for coalgebrasc = (Uc, αc : Uc → Ac × Bc(Z × Uc)
I), d = (Ud, αd :

Ud → Ad × Bd(X × Ud)
Z) ande = (Ue, αe : Ue → Ae × Be(O × Ue)

X).

Proof: We can easily know that the state spaces of the coalgebras on both sides are Uc × Ud × Ue, and
the observations on both sides are equal. The equality of actions can be proved by applying the definition
of the action for sequential composition seperately.

a(c;d);e = (Uc × Ud × Ue) × I −−−−→ Bc(Bd(Be(O × Uc × Ud × Ue))) = ac;(d;e)

The left and right unit of sequential composition are presented in the following two laws.

Law 4.10 1l
;; c ∼ c where1l

; = (1 = {∗}, 〈id1, idI〉 : 1 → 1 × (I × 1)I) for anyc = (U, α : U →

A × B(O × U)I).

Proof: U1l
; ;c

= {∗}×U which can be identified withU . Observations on both sides can also be identified

because there is only one trivial observer in1l
;. The actions can be equalized as follows:

a1;;c = ({∗} × U) × I
×

−−−−→ ({∗} × I) × U
a
1

l
;

−−−−→ (I × {∗}) × U

×
−−−−→ {∗} × (U × I)

ac−−−−→ {∗} × B(O × U) ∼= B(O × U) = ac

Law 4.11 c;1r
; ∼ c where1r

; = (1 = {∗}, 〈id1, idO〉 : 1 → 1 × (O × 1)O) for anyc = (U, α : U →

A × B(O × U)I).

Proof: Similar as Law 4.10.

The following law for the distribution of relabelling on sequential composition can be easily proved.

Law 4.12 (c; d)[f ] = c[f ]; d[f ].

Sequential composition of coalgebras provides a natural interpretation ofthe pipe-and-filter software
architecture where each component has a set of inputs and a set of outputs. A component reads data
streams from input channels and produces data streams to output channels. Every component in such a
system is illustrated as a filter which has a local transformation from inputs to outputs. The best known
examples of such systems include the programs written in the Unix shell, compilersand the examples in
functional programming.

As an example, consider two components READER and WRITER and a connector between them as
follows:
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A B
Pipe

Filter Filter

Figure 1: Pipe and Filters

schemeREADER=
class

type
Input,
Mid

channel
input : Input,
add : Mid

value
transformr: Input→ Mid,
reader :Unit → in inputout addUnit

axiom
reader()≡ let v=input? in add!(transformr(v))end; reader()

end

schemeWRITER=
class

type
Mid,
Output

channel
output : Output,
get : Mid

value
transformw: Mid→ Output,
writer : Unit → in getout outputUnit

axiom
writer() ≡ let v=get?in output!(transformw(v))end; writer()

end

schemeCONNECTOR=
class

type
Mid

channel
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The Coalgebraic Calculus 15

add , get : Mid
value

connector :Unit → in addout getUnit
axiom

connector()≡ let v=add?in get!(v)end; connector()
end

The connector is both the left unit for the WRITER component and the rightunit for the READER com-
ponent under the sequential composition operation. The composition of READER and WRITER via
CONNECTOR forms another component READERWRITER whose behavior is the sequential compo-
sition of its components.

schemeREADER WRITER=
class

type
Input, Output

channel
input : Input,
output : Output

value
behavior :Unit → in inputout outputUnit

axiom
behavior()≡

local
type

Mid
channel

add : Mid,
get : Mid

value
transformr: Input→ Mid,
transformw: Mid→ Output,
connector :Unit → in addout getUnit ,
reader :Unit → in inputout addUnit ,
writer : Unit → in getout outputUnit

axiom
connector()≡ let v=add?in get!(v)end,
reader()≡ let v=input? in add!(transformr(v))end,
writer() ≡ let v=get?in output!(transformw(v))end

in
reader(); connector(); writer(); behavior()

end
end
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The Coalgebraic Calculus 16

4.4 Choice

We have known that the nondeterminism behavior (internal choice) can be described in the coalgebraic
setting by a powerset behavior monadP, which allows a system modeled by the coalgebra can behave
like one of a set of alternative possibilities in the codomain set. Which alternative it behaves like does
not depend on the what it communicates with the environment. Since the result for an input forms a set,
the familiar algebraic properties being satisfied by nondeterministic choice canbe easily got from the set
operations, includingsymmetric, associative, idempotentproperties and moreover, thedistributionof all
the operations (including those we will define later) through nondeterministic choice.

To give a universal interpretation of theexternal choiceoperation, which plays a role like the conditional
of sequential programs [15], we eximine the coproduct operation in our category of coalgebras.

Definition 4.5 Let c = (Uc, αc : Uc → Ac × Bc(Oc × Uc)
Ic , u0

c) and d = (Ud, αd : Ud → Ad ×
Bd(Od ×Ud)

Id , u0
d) be two coalgebras whereIc ∩ Id = ∅. A coproduct (sum) of themc ⊞ d is defined as

the coalgebrae = (U, α : U → A × B(O × U)I , u0), where

• U = (Uc × {u0
d}) ∪ ({u0

c} × Ud) which can be identified with the union of the two state spaces
Uc ∪ Ud;

• A = Ac ∪ Ad, I = Ic ∪ Id;

• ∀u ∈ U, oe(u) = π1(α(u)) = oc(π1(u)) + od(π2(u)) ∈ Ac ∪ Ad;

• the actionae : U → B(O × U)I at the initial stateu0 depends on the inputI and is defined as
follows:

ae : U × I = U × (Ic + Id)
distribute
−−−−−−→ U × Ic + U × Id

×
−−−−→ (Uc × Ic) × {u0

d} + {u0
c} × (Ud × Id)

ac×id+id×ad−−−−−−−−→ Bc(Oc × Uc) × {u0
d} + {u0

c} × Bd(Od × Ud)

τ
Bc
r +τ

Bd

l−−−−−→ Bc(Oc × Uc × {u0
d}) + Bd({u

0
c} × Od × Ud)

×
−−−−→ Bc(Oc × Uc × {u0

d}) + Bd(Od × {u0
c} × Ud)

which alternative should be the result of the action depends on the input set,that means, the
behavior of the sum coalgebra is decided by the input from its environment.

ae : U → Bc(Oc × Uc × {u0
d})

Ic + Bd(Od × {u0
c} × Ud)

Id

after the execution of the actionae on the initial state, the following behavior is same as eitherac

or ad.
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It can be easily proved that the operation⊞ defined in Definition 4.5 is the coproduct in the specified cat-
egory of coalgebras. The observations on coalgebrac⊞d consists of the observations of both coalgebras
(but only the observation of one component can be changed in the coalgebrac ⊞ d, and that of the other
one is fixed), and its actions are same as eitherc or d, depending on the inputI. The unique morphism
in the universal property of coproducts can be defined as[p, q] for any other coalgebrae′ andp : c → e′,
q : d → e′ as coalgebra morphisms.

Moreover, a unit for the choice operation is the coalgebra with a singleton state space as follows:

1⊞ = (1 = {∗}, 〈id1, id1〉 : 1 → 1 × B(1)∅)

Algebraic laws on the choice operation are given as follows:

Law 4.13 c ⊞ 1⊞ ∼ c.

Proof: First, we can easily know that the state space on both sides are isomorphic.Since the input set of
1⊞ is empty, the only input can be accepted ofc ⊞ 1⊞ is that ofc. Therefore, the coalgebra constructed
by the choice will be acting asc as a result. The equality on the observation parts up to isomorphism is
obvious.

It is well known thatU × {v} for any setU and singleton set{v} can be identified with the setU
naturally. Therefore, we have the following law:

Law 4.14 c ⊞ c ∼ c.

Proof: By Definition 4.5.

The next laws can be easily proved by applying Definition 4.4 and 4.5 seperately.

Law 4.15 c ⊞ d ∼ d ⊞ c.

Law 4.16 (c ⊞ d) ⊞ e ∼ c ⊞ (d ⊞ e) if Ic ∩ Id = Ic ∩ Ie = Id ∩ Ie = {}.

Law 4.17 (c ⊞ d); e ∼ (c; e) ⊞ (d; e).

Law 4.18 e; (c ⊞ d) ∼ (e; c) ⊞ (e; d).

In Law 4.17 and 4.18, the conditions of sequential composition (interface compatibility) must be satis-
fied. That is, in Law 4.17 (4.18), the type of output (input) values ofc andd must be same as the type of
input (output) values ofe so that the sequential compositions happening in this law are all valid.
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Consider a concurrent database specification as an example using the operations defined in this paper.

schemeDATABASE =
class

type
Key, Data,
Database= Key →m Data

channel
empty :Unit ,
insert : Key× Data,
remove, defined, lookup : Key,
definedres :Bool,
lookup res : Data

value
database : Database→ in any out any Unit,
not found : Data

axiom
∀ db: Database•

database(db)≡
empty? ; database([ ])
⌈⌉⌊⌋
let (k,d) = insert?in database(db†[ k7→d ]) end
⌈⌉⌊⌋
let k = remove?in database(db\{k}) end
⌈⌉⌊⌋
let k = defined?in definedres!(k∈ dom db) ; database(db)end
⌈⌉⌊⌋
let k = lookup?in

if k ∈ dom db then lookup res!(db(k)) ; database(db)
elselookup res!notfound ; database(db)end

end
end

Here the value database is specified as a coalgebra which is a external choice⌈⌉⌊⌋ among several channels
(corresponding to the + construction defined in Section 4), which are described either as observations or
as actions of the coalgebra (also can be seen as coalgebras). For example:

channel insert : Key× Data
value insert : Database× Key× Data→ Database

corresponds to the channel and value declaration of the actioninsertseperately, which is also a coalgebra
of the functor Ins: X → XKey×Data.
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4.5 Parallel Composition

Coalgebras has been used succesfully as a suitable framework for the description of state-based systems.
One central operation for such systems is parallel composition, which sets the components (subsystems)
of a system in communication with each other via actions of synchronisations or value-passing commu-
nications. For example, in CCS [26], processes communicate over channels which link the ports of the
involved processes. Synchronisations are formed by combining inputs and outputs on the same channel.
There may be other kinds of synchronisations. For example, the actions oftwo components may be
executed simultaneously, but no relation on the inputs and outputs of them canbe specified. Moreover,
the actions of two parallel components may also be executed asynchronously.

Parallel composition can not be derived simply from a universal construction in the category of coalge-
bras because of the different possible behavior patterns (synchrony or asynchrony, etc.). We only present
some experimental operations here for parallel composition between coalgebras.

The first operation we consider is a restricted synchronous product of coalgebras:

Definition 4.6 Letc = (Uc, αc : Uc → Ac×Bc(Oc×Uc)
Ic , u0

c) andd = (Ud, αd : Ud → Ad×Bd(Od×
Ud)

Id , u0
d) be two coalgebras, their synchronous product is defined as the coalgebra

c ⊠ d = (U, α : U → A × B(O × U)I)

whereU = Uc × Ud, A = Ac × Ad, I = Ic × Id, the actiona : U → B(O × U)I is defined as follows:

ac⊠d : (Uc × Ud) × (Ic × Id)
〈〈π1·π1,π1·π2〉,〈π2·π1,π2·π2〉〉
−−−−−−−−−−−−−−−−−−→ (Uc × Ic) × (Ud × Id)

〈ac,ad〉
−−−−→ Bc(Uc × Oc) × Bd(Ud × Od)

τ
Bc
r−−−−→ Bc(Uc × Oc × Bd(Ud × Od))

Bcτ
Bd

l−−−−→ Bc(Bd(Uc × Oc × Ud × Od))

BcBdm
−−−−→ Bc(Bd(U × O))

Such an operation is too restricted because it need the actions of both its components being triggered by a
pair of input values and executed simultaneously. However, in real systems, not all behaviors of parallel
composed components are executed exactly at the same time. Therefore, wegive the following another
more “free” interpretation for parallel composition:

Definition 4.7 Letc = (Uc, αc : Uc → Ac×Bc(Oc×Uc)
Ic , u0

c) andd = (Ud, αd : Ud → Ad×Bd(Od×
Ud)

Id , u0
d) be two coalgebras, their free product is defined as the coalgebra

c ⊗ d = (U, α : U → A × B(O × U)I)
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whereU = Uc ×Ud, A = Ac ×Ad, I = Ic + Id + Ic × Id, the actiona : U → B(O ×U)I is defined as
follows:

a : (Uc × Ud) × (Ic + Id + Ic × Id)
distribute
−−−−−−→ (Uc × Ud) × (Ic + Id) + (Uc × Ud) × (Ic × Id)

[ac⊞d,ac⊠d]
−−−−−−−→ Bc(Oc × U) + Bd(Od × U) + BcBd(Oc × Od × U)

Generally, parallel composition of coalgebras can be derived by applying restriction, view, and rela-
belling operations previously defined to the free product of them. Moreover, a synchronous product is a
special case of the result by applying such operations in which all the possible operations are synchroni-
sations of the operations of coalgebras as components.

A behavior unit for⊠ is given by the following law.

Law 4.19 c ⊠ 1⊠ ∼ c, for the unit1⊠ = (1, 〈id1, ǫ1〉 : 1 → 1× (1)S) for any setS and any coalgebra
c = (U, α : U → A × Bc(O × U)I).

Proof: By Definition 4.6, the equality of observations can be got directly, and because the unit1⊠ has
no action, the actionac⊠1⊠

is

ac⊠1⊠
: (U × I) × (1 × S)(∼= U × I) → Bc(O × U) × 1(∼= Bc(O × U))

Then the result can be got directly.

The following laws can be easily proved by applying Definition 4.5 and 4.6.

Law 4.20 c ⊠ d ∼ d ⊠ c.

Law 4.21 (c ⊠ d) ⊠ e ∼ c ⊠ (d ⊠ e).

Law 4.22 (c ⊞ d) ⊠ e ∼ (c ⊠ e) ⊞ (d ⊠ e).

Law 4.23 c ⊗ 1⊗ ∼ c, for 1⊗ = 1⊞ as the unit of⊗ and any coalgebrac.

Law 4.24 c ⊗ d ∼ d ⊗ c.

Law 4.25 (c ⊗ d) ⊗ e ∼ c ⊗ (d ⊗ e).

Law 4.26 (c ⊞ d) ⊗ e ∼ (c ⊗ e) ⊞ (d ⊗ e).
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The following is an example of a component READERWRITER2 which hasinput andoutputas two
interfaces and describes a paralleled composition of three processes (can be considered as coalgebras,
see [3, 43] for more details):reader, connectorandwriter.

schemeREADER WRITER2=
class

type
Input, Output

channel
input : Input,
output : Output

value
behavior :Unit → in inputout outputUnit

axiom
behavior()≡

local
type

Mid
channel

add : Mid,
get : Mid

value
transformr : Input→ Mid,
transformw : Mid→ Output,
connector :Unit → in addout getUnit ,
reader :Unit → in inputout addUnit ,
writer : Unit → in getout outputUnit

axiom
connector()≡ let v = add?in get!vend; connector(),
reader()≡ let v = input? in add!(transformr(v))end; reader(),
writer() ≡ let v = get?in output!(transformw(v))end; writer()

in
reader()‖connector()‖writer()

end
end

The behavior of this component is similar as that of the component READERWRITER. However, here
the parallel composition‖ corresponds to the free product⊗ defined in this section and the three pro-
cesses can happen in any possible sequence while the three components of READER WRITER must
behave in a specified sequence as the specification shows.
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5 Conclusion and Future Work

In this paper we present a categoryCoalgKPF for a specified class of KPFs as a generalization for the
categoryCoalgF being widely exploited in the research of coalgebra theory. Based on this category, a
set of constructions are introduced to describe the interaction and coordination between components in a
system. The properties of such constructions are described via algebraic laws.

The coalgebraic calculational model provides a clear seperation betweencomputation and coordination
as two orthogonal aspects of a system and describes the coordination between components in a highly
abstract way. Our work in this area is still on-going. Future work includesthe extension of timed prop-
erties to the model and the RSL representation for the calculus. Another planis to find some instances
of coordination between components and apply this calculus to give their specification and verification
as the complementary work to [37].
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