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Chapter Q

Introduction; preliminaries

0.1, It geems thet the axiom of choice has become & standard ool
in certain branches of mathematics, including functional analysis.
Nevertheless, in many cagses proofs can also be ;g-ivan without the
axiom, although it must be admitted thet these proofs are usually
less slegant and more cumbersome,

Since the time Cohen obtained his reanlts (cf. el [7]) on the
axiom of choice, it iz no longer a matter of taste to use it ox
nott resultas obtained by the axiom are definitely weaker than the
corresponding ones obtained without i%.

We remind the reader of Wiener's theorem on absolutely convergeat

Fourier peries: if () = E:__ﬁ T, eVt 2%

V_b £(%) 740, then i'(t)-1 has an absolutely convergent Fourier

v=—mIYvI{ & and

. oo ive
series I d .
eries 2 __ v, ¢

Originally published in 1932 (efe [26], ps 14 or (27}, ps 91) and
provided with another proof in 1938 by Beurling ([3]; see also
[22], Pp- 422 - 426), in both cages without the aid of the axiom,
it became a standard ewsmple of Banach aslgebra methods since 1941,
when Gelfand published his femous papers; ([10], [11]; ef. also

(12], [13]).

Wiener'e theorem gained a short proof (in [11]), in contrast with

the lengthy ones of Wiener and Beurling; this shortness, however,



was effectuated by the uncontrollszble machinary of the axiom of

cholce.

De Bruijn, during a seminar on fun¢tional analysis held at Eind-
hoven Technological University over the years 1961-1964, suggested
an appraach to the theory of commutative Banach algebras avoiding
the axiom, leading to a theory entirely parallel +o Gelfand's,
such that 1t Is possible at every stage to reach the corresponding
atage in Celfand's theory by a simple application of the axiom of
choice. Needless to say, he was not the only one to be unsatisfied
with the state of affairs; Cohen published az sarly aa 1961 con-
structive proofs of theorems related to Wiener's {cf. [6]); Bishop
weported on conatructive analysis in La Jolla and Moscow ([11,
[2]); Carnir, de Wilde and Schmets proved for separable algebres
the existence of maximal idenls, containing some given proper

ideal ([91).

De Bruijn's suggestion was inspired by an old idea outlined
slready in Menger's "Dimensionstheorie" in 1928, and morse exten-
sively published in 1540 (of.[20] and the litersture cited thers);
this promising "{opology without pointe”, which did not find ap-
plications until now, appears to provide an appropriate setting for

discussion of Gelfand's theory.

The first part of the problem is o congtruct a lattice of =ets
of ideals of the Banach algebrs, featuring the main properties of
the lattice of all closed sets in a topologieal s=pace. dince
maximal ideals sorrespond to the points of 2 topological space, if

one wishes o aveid discussing maximsal ideals (whose axiatence



depends on the axiom of cho:i.oe), one haz to aveid discussing the

topology as baged upon the underlying point aet.

Next, de Bruijn intended to descrlive elements of the algebra as
mappings from the point=free topology into (the lattice of closed
sets of ) the complsx number field, in such a wey that they should
degenerate into continuous functions when restricted (in one way

or another) to the minimal slements of the point - free topology.

Since 19€% we have oco-cperuled on the subject; this thesis is mainly

an aceount of results concerning the first panrt of the problem.

Not only the principsl idea, which ¢an be found in sactions 3 and
4, but also several details are due to de Bruijn; this particu~

larly applies to the somplicated proofs in section S,

The axiom of choice is not employed in =zections 1, 2, 3 and 4; in
section 5, we use the restricted (i.e. the countable) version of
the axiom; section 6 gives conhections with the space of maximai
ideals, and thexe of course, several conclusions depend on  the

unregstricted axiom.

A very important theoren in the seguel is 2.8; 1t provides the
Banach algebre with ideals soting, in & way, as maximgl ideals;
thias theorem iz also the key to a new pmoof of Wioner's theorem

to be publighed elsewhere ([5]).

0.2. Although the resder is supposed to be more or less familiaw
with the corcepts of "Banach algebra" and "lattice" we list here

the axioms for these structuresz to facilitate references; further



information on Bunach almebras can be found in [12) and [21], om

lattices in [4] and [23].

A non-empty set oF im called a Banach algebra over the ocomplex

mumber field Cm if mappings
+ 1 Wk wE, called sddition
* 1 ®xE K, called mltiplication

. PR S BE, called multiplication by scalars

I s % -=%8¢ (REdencting the field of real rmumbers),
called norm

are defined in auch a way that

i: (’c}@, 4, %) is a ring (ite zero - element denoted by o) ;

ii: (€, Cmy +4 ) ic a linesr spaece over Cmj

L1 Vo cnp Vogne Yycon At ay) = (hex) vy = x (hey)i

X

ive Voo ikl =05 Y o, [l = 0=x» a]s

m |- .
VA_E Cin Vxé'ae In = xll = |a] U=l s

Ve Yy Llevll = Il + iyl & lexyll s lxl « lyi] s

vt The metrie topology induced by the norm || || is complete.

A non~empty set L is called a lattice if mappings
A : Lx L—+1 ealled meet {or simply cap)

10 znd



v : LxL~5, ecalled join (or oup)

are defined in euch a way that

L ¢ YierYverYeel (aAab)hcec=ap{baec);
L ¢ Vo cpVyepVoey (BYDIVe=av (bVe);
L3 1 VaELVbEL ahb=bA a;

L4 =vaEva€L aVbhk=bVa;

Lo Yoep Vel ah(avd)e=aj

Lo ¥oeuVper av (apab)=a.

In'a lattice L & pawvtisl order is defined hy
L
asbh t&a N bma

L
or equivalently a=s=b :=aV b=2%.

In view of this order we may define:

If D c v and if the greatest lower bound inf D exists, then

A a = inf Dj
ath

analogongly V & == D if gup D existis;
at€lD

we cocasionally write A D and V B respectively.

A lattice L iz called A -~ complete if A D exists for every subset

Dof Ly o hA-complete lattice is called V-distributive if

Voer Yper) * VY (A D) = dgp(a, vV a), P(L) denoting the set of

subsets of L, 117
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V - completensss and A - distributiveness are dafined =analogously.
A lattice L ie ealled distributive if

v aAlbve)m(aAb)Vi{ahao.

VarL wern Voen

or equivalently, if

vaEvaCLvM_Lav(bAc)=(aVb)A(aVc).

4 lpttice is called complete if it is A - gomplete as well &g

V = complete.

0.3. A lattice L is called s point=frec topology if it hag the

following properties:

T i L containg elements v and w, v < w and Va

\ VEamw;

€L

FT : L is A~ocomplete;
m t L &g V-distributive;

ET [

. acLVbEL[b#aﬂBGEL{v%c-—ab&al\‘:::v}]-

Gy virtue of well-knewn theorems of lattice theory, a point-free
topology is distributive and V - complete ag well,

An element m of L iz called minimal if m # v and if

VaEL [\r%aﬁ?m::a:m].

Denote the zset of minimal elements of L by M;

define T_ i= {me ¥|n=a} foreovery a € L.

The peint-free topology L ig called atomic Lf VaE L\{v} Fa. e,

If the point~free topology L is atomig, then obviously



F,=F, F =M, asb=F cF, F, =F NF,

F =FaUF,mEM=?Fm=I{m};

aVb b

moreover, if D &€ PI)\{g}, then ¥,. .= 0N F .
AD " jep @

If & 7{ b then, without loss of genewality assuming a 1*‘-‘ By

3GELv#c£b&af\cmv, byPI‘l‘; he_ncchs‘P.f,

implying EmEM[ma‘cs&b&anm=v], whe:m:emeFb\l-“EL and
Fay‘Fb.

411 these facts prove that {Fa}aE 1 is a topology (in temms of
closed scts) for I, It con be considered a5 a lattice with set-
intersection and set-union as operations, 4Ag a2 lattice it is
lattice-icowemphie with L. It sstisfies, moreover, the Fréchet
separation condition (i.e. setis consistingof a single poini are
closed).

We ¢all the topology {Fa}aE 1 the companion topology of the points

free fopology L.
The polnt~free topelogy L is called regular if it satisfies

Pl‘s t Ifa€lybel, and b +‘-a, there exigt elements c,d,e €L

with the fellowing propertiaes:

it véc=hb;

ii: ¢ Ad=1v

-

it aAew v ;
iv: a =d ;
i c= e

13
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P'T.‘4 ie clearly implied by Pl‘s; if L iz atonric and satigfies Hs'

then M ig & regular topologicsl space 1n the usual sense.

The point-free topology L is called compact if every subset D with

"finite Leintersection property" has AD #ve
Compactness of L lmplies compacinesg of the companion topology.

It ie also possible to define the Housdorff property in terms of
the point=free topology (of. [ 5]}, We do mot discuss this here,
zinee the point-free topology to be consiructed in this disserta-

tion possesses the stronger property of regularity,

Unfortunately, we 412 not succeed in proving the normality of sur
point=free topologys. The usual argument leading to normality in-
volves compactress, but the kind of compactness we could obtain
(sactien 5} secms too wesk for that purposes On the other hand
the degcription of normality for a point -free fopolegy 18 very
ologe to, and even easier than, that of regularity. Go at first
sight there gecms to be no reason to expect the same kind of
diffieultics one meels when trying to prove compactness, which iz

logically of a much more intricate nature.

04, The text, sections 1 =7, consiste of theorems, definitions
(preceded by the zymbol :) and further statements (corollaries,
remarks, etc.j preceded by the symbol v )s Every statement iz pre—
ceded in the usuel way by a pair of positive integers to

facilitate references.
-

The +# for multiplication we drop almoat immediately hereafter;

14 both kinde of multiplieation in the Banach algebra zre only quite



incidentally dencted by «, usually by nothing. Indeed, we u=e
standard set-theorstical, algebraic and +opological notations
without further comment; for g list of symbola we refer to the

end of this section.

In order to raduce the frequency of words like "heneoe' , 'consae-

quently'', we ocecasionally replege them by .. .

The symbols ¥ and 3 are used freguently, but somewhat unsystemati=-
cally; logicians will find several pages where they may insert or
omit a few of thenm,

From AIGOL we borrowed the symbol := for definitions; from Gill-
man gnd Jerizon ([‘I 4]. . 1) we adopt q:h to describe the inverse

image produced by a function ¢
If ¢ 3 A~ B is a function, then for avery y € B

9 {y) ={x€alelx) =y} ;

denoting by P{B) the set of all subsets of B then for every

s € P(p)

g () == {x€a|opx)es} .

If proofs of gtandard results are omitted (particularly in  gec-
tions 1 and 2) the readsr may find them in [12], [2t], [24] or
[25] or in modexn textbooks on functional analysis; in most coases

we do not give explicit references.

0.5. 1In this dissertation,the fields of complex numbers and resl

numbars ave denoted by Om and HE respectively; complex mumbers
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are dencted by a, P, y,ees 3 subsets of Cm are denoted by

¥, @, 4es s

Wt denotes the set of positive integers; intogers are demolud by
i, 3y ks £, my, n

I, Ky Ay M, N denote index seis, their clementz are dencted by 1,
Ky Ay By ¥ o

€ denotes a Banach algsbra, its clements  ave demoted by

Xy ¥y Zy wwv s

T denotes the set of proper closed ideals in #; ideals are de-

noted by 0, B, +, ... ; subsets of T are denoted by

01! Jg’! ﬂts LRI

P( ) iz the ¢lass of subseis of a set.

F{ ) is the claas of finiie subzets of a set.

The following symbols have a specified meaning; efy  the cited
ariticle.
A, B, C elements of @, subsets of T
&y b, © elements of ¥
N
D :=Cm t 35410
e identity of K
T = P
3 reTo-elament of X

q = P(F())

By R, sete of regular elements in € or ¢4p(3€)

respectively; 1.3, 1.19



Sy B, sets of singular elements in & or L (7€)

respectively; 1.3, 1.19

z set of topological divisops of zero in 2
1.17

Iy A E subsets of P{V(); 3.2, 3.3, 4.10

v( ’ ), v( ) spectral radius; 1.21

o 4 )y ol ) gpectrum; .23

2 ol , ) special subsets of Cmy 4a1

., homomerphism corresponding with an ideal
g Tl

L)y oCx. ,Ca, fA elements of I clusters; 4.5 407y 4.10,4414

Ui set of maximal idesls in ; 6.1
TT(( ) bonnet; Z.1
My M, radical of the algsbra & or %(Bﬁ’) re =

spectivaly; 1.25

"z(" set of strong ideals in €5 1.%0

’fa aubset of T{: with the property fo: = OC&I;
2,10

%ggu?ﬁ Nt § 5,10

Y the idesl {o} in o€

Infercechtions and uvnions of sets of a class .AL will bhe dencted

gometimes ag NA and U4, 17



Chapter |

General properties of commutative Banach algebras
with identity element

Rl A Banach alzebra € is zaid 4o be a B, - algebro il the ring
(£, +, x) iz commtiative and containg an identity element & with

the property lell = 1,

A2 e stard with a B, -algehra ¥y itz identy element e e

unigque.

H I P T {x £ w l EyEae Xy = e},
Gor= N\ 1.

Hlemants of R are called regular, those of § are wcalled singular.

JA If x € R then the element y for which xy = e is unigue; it

iz called the inverse of x, belonge 4o R and iz dencteod by x .

Lex)
5. flemxlwla[xeié&x'=c+ & (e=x)"].
Nt
1.6, 1 iz open and 9 is clossd.
. " -1 i =1 oo 1
Proaf: vxET—E Vy’E}f e Py o~ il = M Ty - xli .

e

Henee, if [y -~ x| <= i]xm1 Iy then x“1y & R by T+5, implying y €R.

1.7, A nom-empty subset O of E iz called an ideal if O+ @

ad X.otc oty Lhe ideal O is called s proper ideal if Gt &K,



1.8. If & is &an ideal then Cm.ole (.

1.9. If ™ is a proper ideal then the ¢losure X of o i8 & prop-

ar ideal.

100 If Ot i3 an ideal gnd Ot = &t +hem atis called a olosed
ideal; moreover, if O is a proper ideal, then O 1s called a
proper closed ideal. The zat of proper closed ideals of & iz de-

noted by Yl; the null idesl {e} belougs to 7 and is demted by e

S For every -+ € Tl we denote by 9, the canonical homo-
morphise ¥ - ¥ far; if we take

!iw,ﬂ(x)“ s inf{llyl| v € qa;qJM(x)} then it turns out that /-
together with this norm || | iz & Bt ~algebra with identity q::%(e);

in particular [y, (e)li = inf{lle + yil| v €4} = 1,

10,00,
For a proof see [21], p. A4.

de prefer to write pr(?e) for FFE//W .

LIZ 15 s ¢ T ang € T then
it gulem) is an ideal in g (K),
142 (p;q)dy(ﬂw) = pam b,
Froof s
it irivielly Ty (ar) + D () Py () and C?@(Ff) N (aww) ©
© @, (##) hence qpﬂ(»m) is an ideal in q (%),
ii: For every x € ¥ the following stabements are easily scen to
be equivalent:
X € g, g, ()
9, (x) € 0, (o)

3 e m P (x) = 0, (y)

19
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k! x - 2
Vi A * v e

€ e o

I3, I am eV, e €W and - com® then

1 = CP;,Q?M(M"’),

it g {am) is u proper closed ideal in g (%),

Prock:

is o oSt = e e the pesult follows from 1.10.11.

ii: cp“(:wt) iz an ideal in q:M(T:E) by 141245,

I cp_%(e) € gl then e @ cp:; q)__#(m-p); hence by 1-1%.L o &

contrary to the assumption -me& F thus q’)w(z#w;‘ Lioa proper bdeals

Tt (%) C g, (#) and e = © then 3 lo,, Ce) = g ()l = g5

v E A
S, (x =y)l = €3 by the definition of I |l in :p/w('?ﬂ) it follows

that 3 ) Izl < .

2€9,, 9y X=y
Now x = y = 2 €42 and ¥ €42 imply x = z €49 4 #% wor; writing
¥ = Z =W, wa obtain

Vo e ¥ 3 lx =w || =¢e or
mechpMi%j gxa "W Ean

which proves that ¢ (»4) is closed.

1.14, £ 4n€W, o €W and #%C % fhen qnm<‘¥) and
P, (=) / Dy (#+} are ipomorphic and isometric.
Proof: 1.11 end 1.13 inply thet g, (%), 9,,(€) and o (8) /o (s
wee .B1 -algebras.
The algebraic part of the statement is a well —known algebrais

preperty.



Let ¢ be the homomorphism ¢, () ~ g, (%) / ¢, (#), then the
laomorphisn between cpm('aﬁ) and q:m('.)?.) / cpM(.«uv) implies that

Voen Tt = (400, )0 s g )&

oIy e g, Y = (e, @)1 = int{ly,, (") U] g, (r) €4 o {x)}
with No,,,(y) = wne{lzl | 2 € o), 0,,0)} = ine{lzl |g,,(z) =q,(n)}
hence (4 o g, ) @) = ine{lzl | 9,,(2) € 44g, &)} =

int{lzl | vo ,,(2) = 4o, (x)} =

inf{llzl {2 € (4 © g,,) (4 © 9,00} =

a

inf{llzll | z € g_g,,0(x)} =
= .

g0

,1.15. P4 45 & linear operator W - P (%) has a norm ”qJ"p if
defined by lg i = sup{“cpw(x)” | Isli =1} .

We have g, (%) = lixl for all x € ®, and fpg, ()l =1 = lel ,
Henece lg,il= 1.

.16, an element 3 €°F is cnlled a topological diviser of zero

if 8 contains a segquence { with the propsrties

Zn}nENt
is VnEl\Et ”znil =1, and

ii: lim zz, = .28
I3 -

The set of topologicsl diviscrs of zere iz denoted by 4.
1LET, 2 <.

I8, i: ¥ x €& then x 2 €1 .

ii: ITx€5\E thenxLeT . 21
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I'roof:

it If x € 5 then x# is a proper idemlji hence by 1.9 @ e M.

iir If x €8 \ 2 and y € x%F then there exists a gequence

in £ with lim xY,,

) =il

Falnem
Suppose that {yn}n is not bownded; then it contains a subseguence

{yn1 bheene With Iy 17 e s
. |

sinee | Iy V™ .ay b=l My, MGy, ~y)l + 0 v, 17V . vl
e o e o B
this implies lim |y -t N ooy
g g I vy

by, i7" .y | =1 we infer that x € Z, contrary to the

My Ty

BUHUMPL LONG .

Conmaquently {y }is boundad, snd 8o it conmtaing a  eonvergent
nor

s;ul')f‘;em.mnce {“,"r }K »

Honote Lhe linit  of {y }1‘ hy y', then

<

H}t(y‘nl Sy il . ilym’l -y lmplies that
i L

y = iim xy_ = xy', hance y € *K;

J wnen 'y

Lhia proves that ¥ = xFf ana x¥ & T

Remark, The employment of the Bolmano-Wcicrstrasws peeperly in the

foregoing argument doss nol involve the sxiom of choice.

L19, irae €V then
R, { {x) C T (x)l e D (xy) = C;),PP(F

and B, 1= LPM{BE’) AN Hoy



In other words, R

5, the set of singulsr clements of ¢, (2€).

is the set of regular elements of cpM(BE’) and

The set of proper closed idesly in %(’Bf_’) will be denoted by %m;'

120, 1z ane W, v €W and 4n>4t then
Pk €05y ) and ¢ (R,) 29 (R, ).
Prooft The statements

x € q),”'(ﬂ%)

ew -0 = 9,0

3 -a € .

vex

arc equivalent; since a2 < e, the latter of them implies
ij'&l? Xy - &8 C A4

and this, in +tumn, iz eguivalent o

x &g, (R,)

this completes the proof.

Eal B

L.2l. The limit vlee,x) = lim ]ltq)#(xk)][ exists for
K -

x £F and every - €%, and has the following properties:

4
it v(m,x) = int{le (FIF | x € ¥},

ii: 0@ via,x) = g, la)l ,

1|

iiis v(sr,ax) = |af . vlz,x) ,

e vlm,x®) = wismx)S (k€ 5t)

v v(aﬂf,’c+y) = v(-'ﬂ-‘,x) + V(/“’-‘s.}’) t

vi: vlwryxy) = viwe,x) o vier,y) .

every

23
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Proof: [21], pp. 10, 11 is applicable +o ‘3’.41»('36) without any
difficulty.

L2 1f v(sm,e-x) <1 then @ fx) € R, and
- = X
LI CO N O Z (e-x)"1 .

Frooft Apply the proof inm [21], pe 12 to . (E).

1123, olmex) 3= {y ECn| g, (x=-ve) €5,,} -

Gl ,x) is oalled the spectrum of x.modulo .+ .

124, olw,x) iz & non—vacucus cloged s&t in Cm for every .s€ T

and every x € ¥ ; morsover, max{|y) | v € ols#,x)} = viw,x).

Proofs Apply [21 ], pp. 28=30 to D ('36), this preof is independent

of the axiom of choice.

1125, W, = {o,, (x) | vlm,x) = 0} .
’L\/:” ig ealled the radieal of CP,,,,('K’).

The clemente of M, are called topologically nilpotent in y (¥).

1.26, 4, €7C,.
I'roof: WM iz an ideal in q}M('E)ﬁ) by 1.21.v and 1.21,.vis
sluce Vier,e) = 1 i gulc) €M, 5 hence W ie a proper ideals
1.27.v and 1.27.41 inply i\;(;;m,x) = wm,y} | = vispx ey =
= el - 7)1 = lopn ) = 0 (000 5

e viatyx) is o continuous funetion; M

g 1 2B the mero=szet of a

continuous function, is a clossd set in q}w("cﬂ).

hn snalogous rezult can be found in [19], pa 52,



1.27. ’N;P = {qaw(x) | VyE'BE @M(qu—e) € R.-w} .

Proof: @M(x) € ‘M, ia by definition equivalent to vle,x) » O,

implying ¥ v(m.,:qr) = 0 by 1.21.vi; hence

vexE
VyEBE q;,,u,(zqr- e) € B, by 1.22; and conversely the latier formuls
implies ¥y o 9, (Ax-a) € R,, or, equivalently,

Vlyéo Lpd’r(x-le) € R,.ywhence, by 1.24, 0l ,x) = {0} and there-

fors wim,x) = 0O, qa”(x) EWM R

+1.2B, Since & can be identified with 94 (¥), the expressions
v(’? ,x), q('},x) and 4{7 will be denoted by \J(x), l:r(x) and W

wegpectively.

1.29, q:dp(»tf) e W, for avery sk V[,

Proof: If x €W then VyE'aE xy - & € K by 1.20 this implies

-e) €X, and by 1,27 V {x) E%.

Vet Vyew (W @M Vo
30 If me €T and H, = {cp# (#)} then 2 is called a strong
idesl in 33; the set of strong ideals in € iz denoted by ’z{h;
analogonaly ’Z; ia defined as the set of strong ideale in rp,”('af)
for every -t € W\{’} }. An algebra with ’N’:.j iz usually called

semi-gimple.

131, If 4267 then s s-H .

Proof: »¢ = qw_;,.q),,,,,(@') = qr;(’w,ﬂ,) 3 qa;_tp#(/ﬁr) by 1.50 and 1.29,

and Q’:,Q’M(’lr) w o + W by 1.12; hence ¢ n M,



26

132, w7, and analogously WME% .

Proof: 4 €7 if and only if Hye ™ {oqle)}or = 9, ()

Now, qam_(/H') e M by 1+26 and 1.29.
Conversely, if (p,w.,(x) E'L'r,w then by 1.27
VyEZE cpq_‘.(xy-e) ER’H’ or
\47'3,"_:_(”(’1I HZE-EE cp,”_[(xyﬁe)z -el= cp’"_(u) .

If wo take u = {xy=-ejz = ¢ then w €W : hence by 1.27
w oo €H

from whieh we conclude

V,‘/(-i}f 1 ek (xy —e)z O R

inplying VY ope W =@ € R

whenoe ¥ €W by 1.27 end

133, m eV &= g, (1, ) = .

Froofs A4vE T mesns by definition W= {cpw(a')} and qJ;(/W/”) = A

is squivalent Lo "l{u. e q:»w(zﬂf) = {qam‘ {0)}; hence the result.



Chapter 2

Properties of spectra

2.0, It €T then M) = {amwe W |an 2w},

M (42) iz called the bommet of -,

2.2, Ir ¢ €0 and am € W p) then VxEBE almsx) ¢ alpt,x) +
Proof: If A € olamyx) than g, (x-Ae) € 8, and by 1.20

X =~ Ae € cp;;_(Sw} S @;(S#) hence qaw(:c-?\,e)ESﬁ and A€ oglss,x).
An analogous result can be found in [16], p. 698.

23, If 4nef and se €T then Vv alannae ,x) =

xEu
s glamx) U glow,x).
Proof: am () s & V3 hence

VXEBC a(/m!’ﬂ/ﬂf’,x) > q(eﬂs\,x) u a(nﬂ»,x) by 2.2.

Suppose A & olme,x) U afrepx), then

@W(x-he) €ER,, and g (x~ne) €ER_, or

ByE'aﬁ qnmux-)\e)y . %(&) and HZEEE %[(x-le)z -el=

= qaw(o-), whenece

(x-ne)y - e € and (x-Ae)z -~ 8 €92 ;
from (xmre)[(y+2) = (x=-2e)yz] - o =

== [(x-nae)y - o] « [(x-Ag)z - 2] €. N o2

we infer that 27



(e)

[((x-2e)((y+2z) =« (x=re)yz)] = g

Ponhl Al e

which by 1.19 means g o (x=he) € R .0

and consequently A ﬂ 0’(/:‘11/ ﬂ/frz-,x) »

This proves the desired result.

24, It # €N ghen H €T(m) Lif and only if V:cE'iﬁ alx) =
& o(fﬂv,x) -

Proof':

i+ Bufficiency. VxEEE aolx) = obm ,x) implies

vV [x-rees=g,(x-ne)E8, 1,
Vew Hix-re€smg (x-2e)€3,1,
Vo, V}L[x-AEES#AomW(e)ES#] ’
Voo, Hhlx-rees=sa=0] ,
Voo a(x) = {0} and

LIPS, wix) =0

hence a4t M .

iit Necessity, Assume -t ¢ W . Singe qﬁ/w(x) € R, implies

B.VGX 95,007 =e) = 9,,(¢) and hence xy - e €z c 4, we have
olxy-e) = {0}, xy € R and consequently x € R.

Therefore Vx[quf.w(x) €R,, =x€ER],
vixes=g, (x)es 1,

V}c V,\ [x e € 5w q?w(xule} & S_’#] and
V}: alx) e cr(.w,x) H

28 henge by 2,2 Vx alx) = olwe,x) .



2.5, As a corollary of 2.4 we infer that, if .+ €W and

3€ () then e qa;,fﬂf#) if and only if an(«ﬁ:‘,x) = glm,x)a

Prooft: If x is the isomorphism ¢  (3€) - 9,,(X) / 9, (#) de~
sceribed in 1414 and if ¢, ag in 1.14, is the homomorphi=m

'PM@E) - @W(’ﬁ) / P (#), them obviously x e P ™ [ I
almeyx) = o(g,, ()9, (x)) and olse,x) = aly, (#),9, (x)) by the
definition of the apectrum modulo sm element of /Vf H

moreover

olp, (#yq, (x)) w ol(x 2 g, )0m), (xo°gq, )x))

by the definition of .

Tt is now obvious that the conditions

v_ obssyx) = alar,x)

and Vol o g, )0y (4 og, )(x)) = aly, (e, ()

are equivalent, the latter ¢an slao be read

VJC g(""(Tﬂ’pW) )f ‘I-'(Q’,,,,,(x))) = d(q},’,, ("‘M—)iq’m(x))

which happems +0 be the sondition of 2.4 applied %o the algebra
0, (W) instesd of K and the ideal ¢, (#) inetesd of 445 henoe

the eordition is by 2.4 eguivalent to
4y e 2 /w(.-mf)

or (p:,t(d-rM) 2,

26, 1f meM and v €V zhen v almt,x) = ol#r,x) is equive

anm-) *

-— [ =
elent to s+ < g, o (

Broofs If o{#syx) = al#,x), then they are both squal to

ol N ,x) by 2.3; henee

29



V:\c G@M,x) = alwer,x)
implies

AT Wmﬂw(%ﬂw) and A C q:ﬂwnM(anW} by 2.0

Sinee ‘W W

bmnav e B0 g, i8 continuous,

LA PV mr/mznw ).

—_— -—
Conversely «MC v +F C q’mnw<%nw) implies by 2.5

Vx o lmtyx) = olmeNar ,x)

and analogously Vx ] (M,x) = g (s A x) .

27. 1¢ s €70 then W€ M) implies 4 = :p:;; (/1»1‘;}1,,) .
Proof: IT W & Wlla) then by 2.4 v_o{x) = vlw,x) . This inplies

va(x) e v{s,x) and ’M=q3;/(“lrr ).

¥l

28, If x¢€ B@, A1 €M sna A € gltyx), and if we define

15 Gy, [ (= Aa) 8 ]

then ## has the following properties:
ir s e Win) ,

iis x-Ae €40 ,

iiic olmyx) = {1},

Proof:

1 By the definition of cr(xw,x) we have (pfﬂ/(x-he) & ;F; there—

30 rfore, ﬂpw[(x-).e)m)] is & proper ideal in q)/w(?ﬂ and goneequently



QJ;,q?,,,,,[(x-ke)ge] is a proper ideal in ¥, whence #n€ ¥ by 1.9;

obviously ## 5 413 hence ##€ Wliw).

ii: x=Ae = (x~Ae)e € w:,,v,,,,,[(x-?&E)e] M.

iiis: x=Ae €4 implies q;ﬁp(x-?m) =

A E olmrx) .

CP,,WCG) £ Sarw; hence

If 1 € olsmyx), then g (x-pe) € 5,5 since
O wdugle) = o fxmue) < g, xmre) =g, (x-pe) - g, (o) =
& Ll -ue)

we have (A-].L)qn/w;e) € 8§, Waenee A =p.

2.9. Obvious consequences of 2.8. are

o R
c a(x) and ati= N (x—kie)ae then

ir if x €W, {r}
1 im

P PR |

o) = .1, ,

yaraall

ii: if x €€ and gx) = N (x-xe)¥ then olx) = alotlx) , x)s
A€ Cm

iit: N efx) w B,
®

xE

iv: if y €4 then q(y) oy K .

Proof':

it I om tm (x-kie)‘at’ (1=1y4ss,n) then by 2.8, taking »=7,
d@ﬂti,x) = {;\i} (i=140e-4n) and by a gorollary of 2.3

n n
alpmyx) = o{ 0 amyx) = U olbm,x) = {0}
i=l 1

i= i 1=1,”.,n'
ii:s ox) is clearly a proper clozed ideal in ¥, hence by 2.2

o{m{x},x) ¢ olx) .

3



If A € olx) then st (x-?\e)x has the propertios of 2.8 (with
dr om Yy }, morcover S o;(x); hense, again by 2.2 A€ olxx), x);

this entails that o(x) ¢ olo{x),x) .

idi: Ify € N gx), then
x €k

¥ Lwne )k
eew "reon ¥ E Geasld,
whence y € Ef?= ? .

ivt If y €H then oly) = {O}; hence, 1f A # 0, then y - Ae € R
and (yw]\.e)ae =%,
Now oi{y) = (y_-z) ¥ =y_95.

2210, r x€®, yeX and 2T then
i: ol#t,xty) c olryx) + U(W’Y)i
iis c:(,-;.,.,w) [ U(fﬂ",]{) .U(::Hr",y) .

Proof:

1s: HVEG(M,X+_V) then - 1w q)”yqa‘w[(x+y-ve>x1 has prep-
erties which, according to 2.8 gnd 2.2, guarantee

Py Xty mve) = 9, (0)y glamyz+y) w {v} and o(x) c olw,x) 3
sinoe alw,x) iz non-vacuous by 1.24, we ocan take A € glwex).
cp/m[y - (v=ide] = QX ty mve) - %(x-)\.e)= -p (x=-nre}€5,,,
henee v = A € alus,y) and

Y =X+ (ver) € olumx) + alumyy) ¢ alm,x) + alm,y)

32 which shows that o{we,x+y) € olae,x) + alw,y) .



ii: Anslogously, assume ¥ € o(#z,xy); then take

A 1 [(xy-ve)X ] and A € olwrx) .

LA
Since xy-Ve = (x-re)y + (Ay-ve) snd %[(x—le)y] € §,,, we ob-
tain qnmp(?ty-ve) € Doy s

If A = O this implies v=0and v = Ap for every p € g &L A # O

then v)‘,"‘ [ c;(,fw,y)., In both cases

v E clamx) s alimyy) ¢ ¢loiryx) o olmw,y) for all v € o{#xy) s

201, Ifaectn x €F and 4+ €V then olup,ux) o . ofar,x) o
Praof: Trivial from 1,2%.

12, Theorems 2.8 and 2,10 gan be usad for proving Wiener's
theoren on ghsolutely comvergent Fourier series by Banach algebra

nethods, without using the axiom of cholice; see [5] N

213, Another conseguence of 2,8 ig the following theorem:
IFxE¥, » e and VMEW(W) HKEW(A‘W) %{c(x) £ HIE then
qa%(x) € R,

Froof: If q:r%(x) ﬁf R’W or, equivalently, cp#‘p(x) € 5, then

A t= q;_qw(x’a@ has the propsrtizs of 2,8, partictlarly x €%

and #n€ M) henee by assumption EEE"WCW) TPK(J:) € He, con-
tradioting the fact that, since x € 4k, o(x) = g(o).
This proves that g, (x) € Rup o

214, 1 €N then g, (5,0 = U (M) -

o
€ M ()
oof's X Ep‘- en @ _ {x 5,y itmplying Tty )3
Proof: If EW(SA_F)th %()ew 1 0€ of ); 33



34

accerding to 2,8 thers exists an #2€ TH (1) with olmr,x) = {O} H
hence wi#x) = 0O, oam:x:) E% and x € q:n;(/l'f:ﬁw).,
Converscly, if %(x) E% for any € Wl{es-) then vésx) = 0f

this implies o{wyx) = {0}, 0 & cr(fnr‘,x) by 2.2 and ?_W(x) £ Sy o



Chapter 3

The *-operation and the lattice of *-invariant sets of

closed ideals

3.0, Recsll that TH(at) = {ame M |am 2},

Recall that if 3 is a set, P(3) dengtes the class of subsets of S.

32 B e {00 e POV, oo Tlm) <O},

E iz clearly a suhset of P(’n’,).

3.3, We define the mapping * : P(’Tt) - P(’W,) by
if O € P(W) then OF 1= {ms € U | Vo M (e € M(om) EEOU -

By A we denote the subset of P('T(.) which contains the -invariant

aubsets of g4 H

A = {Ole P(U) |0t - O },

34, i: ¢ = d, hence geb;
iis ¥ =V, hence Mg a s
i M &0 &
Proof =

it  Since VI«':E'W kg f#, we have L Vm»ze'n[(m.) VEEW(’”"’) Egp
and consequently Y. & ﬁ*-



31i:  Since b"’m‘ \{'me—m(/ﬁ’) VEEM(M) t EW, we have V,-M— /PI'E’K;X-,
whence fw* =M .
114 10 e 98 and 1 &€ Ot* then
> *
V,-m»E"m(/w) JEE'WC&») Fete 08’ hence OF e o *

3.5. votw(,m N er.

¥ } ¥
Proof: If «1 € O and AmE T (32) we hove Lo prove - & 028 ar
uivale v 3 o) € .
squivalently V. M) T (x) e ®
But this is trivial since # € T(m) and & € Wim) iuply

E e (m), and s € g™,

36, A1,

trooft Consequence of 3.7% and 3.5,

37. Mlen= 0le o,
Iroof: If OL G B and 42 € 00 then TH(a2) ¢ Ot and
V/m(:',/rﬁ(fw) TWlary ¢ ¥ nence ‘:“WEW(M) HEETW(M e viz,

. *
£ i=pei henos v € 0L,

38 Ygueu & = O

Froofl: vl € T by 3.5y whencs o c OT-H by Sele

Conversely, if <€ o™ ihen V»me*ﬂxf(m) EEE’WZ(W) ke O‘L*; if
ke OL* shen trivially £ € TW(E) and moreover JOIE’TVC(R) ep (N,

*
Now %€ T(219) and consequently ++€ 00U,

39, I Qe P(M) then O € 21,

36 lvoof: Consequence of 3.5 and 3.%.



3.10. 1f {OHAEA B(E) then
* ¥*
i: U €TE and (U Yy su (L
v o, v a)" v o]
* x*
iis H%EE and (N U(x) cnOtJL
A A A

* *
iii: If, noreover, A iz finite, then (h (L) =10 CK)\
A

Ppoofs 1 and ii are trivial comeeguences of 3.2 snd 3,4.1ii.

iii: Singe A iz finite we have that A = {)“J}
£

e DO e e a e M) e By € T

Jutyaeayd

Take 4n€ MW and wty € MW ) 1 Oty » then am V{4 } 5 heneo
1

there exiete an 4w, £ WM (fmi) ] WR and since Oll C E we have
2 1

also vt & OIM

Proceeding in this way we conatruct a sequence

C c asss C
4‘5’15" fiﬂrz M3 fF'F'P-E

£
and we zea at once that &y EM(M) and Mﬁ! [ CT[;\ : hence
- P
P . J W
v € ( n OI)» )

Thiz proves the theorem.

I Ir CLe P(W) ane & €5 then O 0 e (0L n &),

*
Prooft The assumptions together with a4+ £ M nd and ame W)

A *
imply e € O , HKGW(M)EGOI,MEUQ' and VKGW(ME Et&-;

hence BEEWW) Fedln 68',', thus by definition 4+ € (@0 N c&-)*.

312, 1f {OC}

" *
aen € B(A) then (2 OIA.) = 2 OIJ\’ whenoe ﬂOEAEA.

A

* *
Proof: By 3.10.i1 (N )" ¢ 0 O whence by assumption
A P

37



*
{n O(J\) c n%; the converse inclusion iz frue by %.10.1i and 3.7
A A

303, ¢ OLe (W), &€ Eana (LU E) ¢ 00 then Fc Ot.

.3
Proof: #t § Ol implies by escumption g (OLU &) and by defi-
3 = —
mition thie eotaile 3, e W) 0 (O0 U £) = ¢; particu

larly avg Ol U £ and an i d[_';-; since & € B we conclude ¢ 58-.

3.4, Tha *-opera.t:i.on iz not a closure operator in M in the
ugual topolegical sense, eince both UL« OL* and (T u c@‘)* =
Y AT S not always hold in P{¥(); the first of these con-
ditione by 3.7 holdg in E, the latter does not held alweys even

in A; for proofs sec section T.

315, 1 {O[M}HEM € P(A) and &> € A then

it ¥ A, » n
AENM A LEN u?

iis [¥ W s&l= n 0 58,
AEM LEN i
e

v . ¢ u O()
AEN A <|.£€M 1!

v [ty oy O « &) =’<MEM O[u)*t &

1iis

Proof: 4 and i1i are 4wivial, iii is o conaequence of JF.4.iii and

the assumption D@E A; iv follows from the faet that

O—L Oﬁ‘] = U 01.- 0@- hence, by 3e4.iiil and the e&-
uEM

38 eunption A€ A,( u olu> e E* L,

WEN

v AEM



316, 1 {OKH}MM € P(A) then

i A = n
REM B pEM "

Ot *

v = U .

HEMO-CM (pEM IJ-)

I H=§tnen N O =T ana U O, = §; hence A o =N

pEM WEM ueg *

and V¢Otu = ¢; if M consists of only ome index then we have
LE

AOa OUa vOly if M consists of a finite number £ of imdices then
wa oecasionally write

£ 2
011 AO'Cz... A OC£ for 321 O{,j and 011 v or,a... y O(:e for 311 O(j.

317 (&,A,V) is o complete, A —distributive, V-=distribuntive
lattice.

Froof':

i: A and V have the required property of OUE€ A and Ere b im-
plying (X A e a and JLvV o'%fE Aj this 1s shown for A in 3,12,

for ¥V ii follows from the definition 5.16,1ii ond 3.8,

iit Froperties L3 and L4 of sestion 0.2 on commitativity and L1
on agsocliativity of A fellow trivially from the definitions; if

VpEM vENOC € A then

-*
(g Gtw) > 3 Olw for every u € M, by 3.10.1,

*
henea U(U O ) 5 U0L = U O
gy BY Y OORY gy TRy

x *
i IR ¢ ot oda
aince [H(\’ l-L\’) FAE) (p-l:\? I-W) by 3.4.1ii 39



we have V{V (T

> ¥ by F.16.1i1;
by HV) | vm_uv ¥y o 6.

By

we now prove the converse inclusion:

Putting dor = ¥ O we have
v HY

O'(,uv c & ror all wyv by 4.4.idd,

*
henee (U Otp\a) cdr roe all p
v

and UL oL D T" e & by 3.15.1v.
powo WY

This means V(V Oz‘_l_w) e VOO

Mo p,v WY

The results combine 4o Lhe extended law of asscciativity for V :

) Y T = YO,

implying that CLV (-vde) = (Oty &) vl this ectablishes
property 144 of section 0.2 .

Before wo are allowed to conelude that (A, A,V) iz a lattice we
should have verified L5 and Lﬁ that for every L€ A and for every
SHea da (owﬂ%) = 0t= Oty (OUA d>); this, however, is &

consequengs of the laws of distributivity, sze vi helow.

iii: Singe TLA & = OLn & we have OLe B -=->Ot./\£mﬂt, im—-
plying that the lattice-order of {A,A,V) coincides with get-
inclusion in P(W), which together with 3,12 snd 3.15.5 and  ii
implieg that A iz A —complete.

The V-cumpletensas of A follews analogously from 3.8 and %.15.iii

and ive

40 iv: Let {Otu}uEM e p(A) and & ¢ a; then by 3.11



Hnwor)=dn e eBn e - [wdn o]
pooo# o P pooH M B

hence A (v OC ) e V(B A Q).
w [ i1 H

Couversely, if € V(a@- A OCP) then
p

Y ne W) e F € 305“!\ o) - wor)
implying € X = & and e (U 0L ) = v O
po B TR
hence 4+E qf»/\ (v & ).
n [

This proves that (4, A, V) iz A-digtwibutive,

v:i Again we take {Cxu}uEM ¢ P(a) snd B ¢ a; now

bvin o) =[Gy @)l = (ool e
L H [ It B

M
*

ﬂ(ﬁ- u Otu) by 310,11 since E&U OCu EE;

W

hence & v {n )cl\(oe-VOL).
MR m

If, conversely, xﬂ/ﬁf tﬁ"\l (A C)Ll-l) = [og-U (n @Lp)]* then
E i

3”"1 eNM(n) "Ee MWase, ) Ke fu (ﬂ OL“) or equivalently
2 i) Thm) 0 L0 (0 0] = 4
implying‘Wf(»ﬂq) a E@aﬂj and fYVL(/m;) i (Em”) =4,

*
In pasticnler 2 e 0('\: = 0l and consequently

vEM
BMQEM(M1)W(""&) not, =4

implying, 2ince “WC(ME) < N, )

4]



42

Viwwr,) 0 (0L U &) =g
since -, € (4 we can conclude
g (O Uyt = o, e

whenos a2 N (O VA) = A(QL vy .
pnEm T

Thia shows that S o) = -’\(@5—'\/ Ot )
g B " [

which connotes that (A, A, V) is V=distributive,

vi: If Qle A, 4»€ & then

CLAOLy &) = (0t a at)v (0t aaB) = [t u(0tnd)] = a0t

and
GUv(OLA &) = [oru(otn &))" = o o Ot

(efe final part of ii in this proof) are evident.

This concludes the proof of the theoren.
38, i M) v ()= A (O vd),
T v oV Ly P v
e (Vo)A B v vE) .
M 2] v by L v
Uy ¥

Froof s

it (I\C)’(il)\l(l\oev}=l\[o'{ v(Ao&)]=
@ T v Vv

sa[n (0t v )l A O vh ),
oy v U v

i
HsV

ii: Analogously.



Chapter 4

A point-free topology : the lattice of clusters

M1, If @ € Cm and € > O then §oye) = {y € Ca |y ~ a| =} ;
& :=0(0,1).

42 {#(eye)|a € Cmy ¢ > 0} iz & base for the closed satsinCm.

4.3, By F(®) or ¥ we denote the clasg of finite subsets of (the

B - algebra) b by © we dencte the class P(P(¥)) of subsets of F.

44, Recall that if x € ¥ then {x} € F; end if g € F then
{a} € Q; particularly {{x}} € @ for every x &% . The mapping

w ;¥ —~+Q, defined by w(x) = {{:c}}, is evidently an injection,

45 Trac o(X), a € (mand ¢ > 0 then

L(A,a ve) 1= {av €N | olm,e () ¢ @laye)} »

IT we substitute x for w (A) in this expression we get
Azt a,e) = far € W | ol ,x) < Dlase)} for every x€ F.
46. L ({{x}}rare) = ﬁ({{%"ﬂj}} » 01) &

Froof: The following statements are equivalent:

M E olar,x); q:%(xhhe) €5,.4 mﬂ(x_—gct_e_ %&) €8,

Aea X -ge
= € ol )

Hemge the result.



AT vor every x € ¥ we denote L({{x}},0,1) vy aCx.

48, If anc .,Cx and AHE ,‘C’x thon om0 4t € aC_x .

Proof: Corollary of 2.3,

49. Ir x € ¥ +then .:Cx €A,

roof: We observe thet aCx € B since -#E acx a8 o oorollary of

"
2.7 dmplics m,-ﬂ,) < csz; gonsequently dcx ¢ J:x by FaTe

* . .
Now suppose -+ aCx , then V‘-dﬂ(—:m(w) jEE,WC(/Wf) k€ a{:x or

cquivalently, VJMEW(M) EE&WQ/VW) ol(k,x) < &, or

e Maw) ke Mim) neen LM <17 gple-ne) € B DL

Now by 2,75 V Lin] <1=9q, (x-ne) €R,]

AECm
or equivalsntly olwv,x) ¢ &,

whenge 31 € #Lx .

GConasequently acx € A

410, If 2 € F then 'B"a mou L,

x€a

Ly=T = v L

&, x
®E g

andifAEchE:nd‘C = ] uCa= h L

i
L e a €A

2
roa={d laca).

The sets aCA are called clusters,

it il v 2 :
411, i ger, Wer, - £xcr, Voep # €T

44 ii: I‘CA,



iti: I' is closed in A with reapect to A3 if {AH}HEM € P(Q) then

A gCA £E7 3

pEM

iv; T is finitely ¢losed in & with respect to Vi
£

ir {a.}. 4 EE@) then V FC ED .

37 3=t 9-“! 521 -

J J

Proofs

iz If x€¥ gnd a €T then {{x}} € Q and {a.} € Q;
since "C ”C{x} {{x}} and "Ca - "C{a} we have oCa €T and
L er.
8
Now, denoting as before the zero and identity of £ by o and e,

we have

{meT o=} =¢ and

Ly n {#e V[ alon,0) < 8]
= {meV|alm,e) e o) = {me W [1=1} =,

t

ii: Binee "Cx € A for every x € ¥, alsa oca € Aforevervya €EF
as a consequence of the fact that A iz a lattice; and from the

completeness of A it follows that A .,Ca £ A for avery A € Q.
a&A

peu € 2(Q) then

A oCAu n( n .pCa> n A = a(: » since

iiit If {4
ii {ll}

a

pE M REMaEA at U A P
13 p_EM HEM

U A €EQ.

pem M

iv:i Let 4 € Q snd D € Q; suppose first that 4 = {a}, B t= {b}

£)0(LL, %)

V aCx by the asscciativity of V;
xEslb

witha € Pard bEF.
ThenoCAVaCBe.;CaVoCb=( v

xEa

45



: A vl .
hence . v B GCa, Ut
In the general caze we have

cf vc;L ( )v( Ao A >, and by 5.18.1 we obtain
aEh

b ED
WC Vch (EL VDL) albd "
a.EA (a,b)EAxB
BEER
Now, if A €Q and B £ Q, then {a Ub}(ab)EAxB £Q;
*

Cov AL
hence ({'A aLB er,

From thiz result it follows by induction thad, if

{Aj};j=1,...,£ € P(Q), then

v Ly . A I ’

] ; a U...U=n
J J (a1gw-1,ﬂ-‘e)EA1X--. xﬂﬁ 1 ‘ £

and this again is an elament of ',

AA12. From 4.11 it will be clear that I' iz = =sublattice of 4 j
gince I' ia A - complete and boundad, it is gomplete by & well-known
theoren of lattice theory ([23], pe 68), Since 4 is V-gistributive
and I' is A-closed in & we see that ' 1g Vedistrmibutive. Thus T, as
a lattice, has the propertiecs PI‘1, PTE and PI‘3 of point-free topo-
logies gz atated in section 0.3 . We now proceed to show that [
fulfile she conditions FT, and FT_ as well, Though FT_ implies IT ,
the case of P'I‘4 will be treated meparately, mainly because part of
1ts proof serves as a lemma for the proof of FI, (4,18 and 4.19);

417 ztays a 13ttle spart as g minor result.

46 4143, If x €F and ¥ iz a closed sel in Cm, then



fr1.€ 'W_I olwr,x) c ¥} €T .

Froof: By 4.2 ¥ 1s the intersection of a certain family
i) H

{ (“’E)}(a,s) 3 now

(& Y| alas,x) ¢ ¥} = far eV almr,x) € ( N ®la,e)} =
Uy &

= N {m e I olw,x) © dla,e)} = A by 4.6.

(sy€) (5,0) 5 we)eT

This proves the theorcm.

414, I£ s €T, then L(as) {o e V| Voew alolyx)cols,x ).

4,18, i: aC(M) € T foy avery m-E"}’C B
iir W) e L) for every 4 € M,
111 16 x €€ and m€ L, then L(m) Cocx.,

Froof:

ir ol () = na& {ore Y| oloyx) ¢ alawyx}} s since o(m,x) is

XE

¢losed in Om for evory -4+ and X, {cr(, € M| a(q,x) c olasyx) }ET by

4.13; hence the result.
ii: Trivial consequencc of 2,2 and 4.14.

iiir Twivigl consequence of 4.6 (and 4.7) and .14,

LA 16, If v €8 then ﬁ 67'( by te18%

we call oC(ﬁe) the zero-cluster of y.

£
c & and A

4'I7' K {yj}j':'l’g.,',ﬂ J 1

£
e £ Ey?.
=1

L(}Zﬁ) = ¢ then



£
Froofs X nge i an idexl in ﬂae; il we asowuneg
3r1

&
eff T

Jm

Yaﬁée ’

then e £ EJ y‘jm by 1.9;

henga I:j y‘j?e Ew(yim) for every £ = lyaunay £

we infer that z:j yj'ae £ L(yi’a?_) (i=14eueyd) By 4at4e4i, whenos
£

NA (v ®) AP

=1

Thiz proves the theorem.

418 1 L, er, L€ and &y £ Ay then

3£C€P[¢,4¢,COHCBMCCA UCA..,zs] .

Proof: The assumption E'CB £ c;CA implieg that aCB 75‘ SZf; since

”CA = RQA”CE.' aaEA"CB’[ L, -

Thus 3 oy € qL"B N oL

£ *
Writing A = V n{:y we have m§¢ ( ) ; hence

J=1 bl J

v L
vz,

J

£
311@1 €M () VEEW(M1) Ed jg‘l Fcy'j or

m € M) e Mlan) Vi=1,000p0 a};ﬁc(ﬁ,yi) &l <1 .
According to this sletement we take 42, € M2} angd , €a(w1,y1)
with |E1] =14 next, according to 2,8, we take ", Em(f?P’) to the
effsct that G’(Mz,y ) = {51 } .

1
4B Now we can select £, € d(’wz’yz) with IE,EI <1 and comstruct



e E’)’Y(_(Ma) sueh that c(%a,yz) = {5;2}; progeeding in this way

we get the sequences

= ene © oM t= AFF
1 ’%2 A+

and 511 F‘E, oray E.£

ith the propertics V. o= 1
with the prop L

oy 7y = 1y

1

and Y. ¥, .
J=lgenesd i=t5eees]

by
2 obmy) = fe} & lg,l <11

whenos o€ (4) and \7‘]._.I
Wy

We now defina aCC := () 0 HCIS and will prove that dCC has the

desired properties:
Singa «4 € ""I':T! and  nC W) olso  awC ;»CB; e A am) by

4o15.313

hence G PCC and ﬂCC # g3 that x@ e ”C:B i obvious.

L £
X-aﬂcy.j >= 'Z1<"CCMC5’J');

Finally, aCC/\LAc Cf\péfa aLGA J

J
aince o £ ﬂCC implies o, € oA {s#9) and consequently

g @by} = {5, ) ena v, o gL we have ¥, Ly h b, =fs

i=f 4 aa .
J=1y Ay 3 J

this proves that "CC A "CA =g,

4.19. It 'LA € r, £B ED and GCB Z 0CA, then thors cxish ‘['C’

OCID and a‘CE in I' with the following properties:
it @ f PC'C [~ a(zB

14t n[: =

id: PCC Aty ¢

iii: .J;A A FCE =g 49



it OCA c OC

D
Vi OL-C c ﬁCE
vis aCDV DCE=% -

Prooft Taking a = {y}
J J=1,¢l.,

the proof of 4,18 we now proceed ag follows:

j,w,mand {E'j} N as in

J51yeeny
Lot & be a positive rumber with 5 < 1 - max{lEjL 13w Tyaue, 2}

then '-'131 = (A€ cm| |a] =1 -:3'}

& = {n€cal Al =1 -8}

and for every x €F and i = 1,2

aci,x 1= {»WE i | olar,x) ¢ ‘I*i } .

I4 will be clear that 062 2 :-Cx for every x € ¥, since & 2
T

and also that o €D and £ € T ginge ¢ =nd © are closed
1,% 2% 1 2

in Cm,.
el - L
Thus nCA c o = AV v, c

g1 b N

[
&
-

We rnow define

oL

g&@:fw) n GCB ag in 4.18; hence QCC = "CB and ﬂ‘CC i .

C
£

uC H gt 3 hence vc Cv[m .

] i 2,¥ A D
1=1 b

. £

t?ft = A aC .

oo Y

Froperties 1 and iv are egteblished by now; we have tc prove the

rempining oness ii, iii, v and vi.

50 ii: € implies



y
Yere M) EEN(en) X € 321 "Cz,;vj i

Yae M) PHE M) Timtyuunys OFTy) € %
and =% € VCQ’WP) implies

VJ-=,1 reeesd U(W:yj) = {EJ} and congeguently

vo;,@'l"l’f(w) Vj==1,...,£ °(°”yj) B {Ej} -

Since V,j E‘_j 4 ‘DE we cmn concluje that ﬁ(,d,w) n ﬂl\:D =

L=
hence ﬂCC A " Q’.

i ,Cy_)/\( ; "Cuyi)=

3 i=]

i A A «CE

1]
TN

A
v
i=

[dCY A ( 51 a(:”yi )J

1 b i
by the V-distributivity of T, and
£
LN VL N ],
a E 1yY

=t Y3 h

Since o /\&,C = {WEW]U(W,Y_)C¢&G(W,Y.)C¢’ }a.nd
Vs 1Y j b 1
&N @1 = ﬁwc conclude that oCa A ‘TCE = ﬁ; but then also

DCA/\ ECE s Qf, ginee ’CA C ,-Ca,

Vi If € a[:(zzw-) then VJ. U(ﬂ‘i-,yj) c U(-:W',yj), whenoe

v, L) = 13 = V. [
3 G(JM-',YJ) {EJ}, since j Ej , ¥e have

£
¥V, .# & vC and consequently ~r € A o[: - L -
d HYJ- 41 1,};"j E

This proves £ () ¢4 and, by the defimition of i,y ¢ L. 51



Vi Oél) Y ﬂ’LL

n
T
=< i
.,
B
=
e
=<
E
= i
s
li

£ £

= A [l v( v oL 5
j=,1 17 J l=1 z’yi I

N S N
,_1_1 !‘V—‘.j $YJ

Matting for sieplicity's uale Tl A U Llien
1 r.Y.-] 2 73":]

M = {/‘P’PE % | U(/W,y_j) c r]a1 or U(W,yj) & r];-e} and
OL* = {0{,{_ W l UE EW(O{) j/Mft‘.’Wi,(E) g(«#"’,yJ) c q,\“
or ﬂ'('ffl'.ﬂ,ly"j) = (I:a };

zince fTa1 U f.ba = Cm and for every X E"W there axiots an -+ F(Wf—(fc)

with the spectrum c@%',y.}) concicting of one single point, we got
% L

0[. = W. 3 consoguently /CI) Vv #C\_ﬂ: = zn"

his concludes the proof of the theoren.



Chapter 5

On compactness

O, A topological space X ic said to be compact if every col-
lection {Fh}m of closed sets in X with the finite intersection
property has a non-vold intersection; accoxdingly we defines

& point-free topology L iz saild to be compaect if every subset D

of L has the property

[ v Aoadv]l=loa oafv] .
ACF(D) me4 a€D
It is easily seen that compactness of L implies compactness of

ity companion topology (compare seetion 0,3 ) in M,

The companion topology of the latiice I’ of clusters iz, as will
be shown in section 6 below, the Gelfand topology in the space T
of maximgl ideals in the B1-—algebra ¥, Since in this ease com-
pactness is & conseguence Of Tychonoff's theorem, and hence of
the axiom of choice, 1% will be clear that compactness properties

for I' will be hard to derive.

This section features results yielding certaln compactness prop-
ertieg, but they depend on the restricted axiom of shoice. They

are preceded by a few introductory remarks on topological spaces.

52 A torological space X iz c¢alled fivst countable 4L the

neighbourhood system of avery point of X has & countable base. In 53



a first countable topological space X a point x w2 an sccumulation
point of the subset Y if and only if there is & sequence in Y\{x}

which converges to x.

iz a family of spaces, Ghen we denote by

A3 1r {xv}vE .

XvENxv the ¢artesian product of these apaeesy if N is not
finite then XvEN Kv 7-/ ﬁ ig equivalent to the resiricted or un-

restricted axiom of choice.

By BL (b € N) we denote the projection ><v€ - Xv - Xp, defined by

Pu({xv}v@) T
If every Kv iz a topological zpace, the "natural" topology fLox
Xv %, is the weak topclogy for the family of funotions {pv}vEN
which we ahall refer to asz the "product topology"; it has as a

subbage for the open sets {p;(Uv)IUV open in X 3 v € N}y the

mappings P\’ are continuous and opetl.

If N is countable then X\;EN Kv is first countsble if and only

if Xv iz first countable for every v € N,

54, If the topclogiczl spaces Xj (j € Nt) arc first countable

X, 1 a
and compaet, then XjENt 3 ip compret

Froaf: If Xj €Tt X,j = @ then its compactness is trivisl,
If {o'ﬁ}BEB is an open covering of Xj €Nt )(j, it might happen
that BBDEB O'po - Xj ¥t X.j; in this case {Oﬁ } ig 8 finite sub-

0
covering of {G’B}B .
Suppose Xj Xj ¥ § and VBEB G’B # X,j XJ; consider the refinement

A4 {Wcr.}cz(-_‘A of {GE}GEB’ coneisting of the basic sets W which con-



stitute the & 's; hence {wu}mEA is an open covering of )(j X,

end Voo, W4 )(J_ X5

We denote the family of opem sets in X, by q{j' (j € Nt) and de-

J
fine y(a) = max {j € N¢| e (\45\{}‘3} 1 W« pj(U)}. W, a8 &
bagic set, iz g finite intermection of seta p;(U) with

Uve ”:}j\{xj} i and since W ¥ Xj xj, this finite number iz not

zaro; hence y(a) € Nt.

Wa will now prove 3 u W o= X.X, .
N
nDE tv(d)"nn a 373

Te thisz end we assune the oppozite

w o

v 3 v & u
REM TR X% T wywn @

Ag XT is first-countable and compact, {yn} containe a mono-

ne Nt
tonic subsequence {yr'x}n such that {p1 (yﬁ)}n converges to a point

n, In X

1 ;3 a8 X, is first-oountable and compact, {yﬁ}n scontains a

monotonic subseguence {y'r'}}n guch that {p2 (y':!l)}n gonverges o0 4
point N, € x2§ of course, {P1 (y'r;)}n converges to n, .
Proceeding in this way we construet by the prineiple of induction

sequences {y(‘j)}

oty 5 €

with the properties

{yéj“ )}n iz a monotonisc subsequence of {Y,(,j)}n! jE Nt
and

() , . .
{Pi(yn )}n converges to a point ﬂi € Xi ; JeE N, i=j.

Now conpider the sequence {y

()

n&E Nt *

For every JE€ Nt {chyén))}n?v’j is a subseguence of {pj(yﬁj))}’ 55



from which we infer that for every j € Nt {pj(ygn))}n converges
ton, .

T,J
Take i= Lhe A
Take ¥ {nj}jE Nt ? then y £ X;) it conasequently there exiszta
an & € A such that y € W, ; hence \'-":i P

d

ias open, every pj (th } ig & neighbourhood of nj .
o ;

= _(W and, =inc .
Pj “o) , &Py

But n = T(ozo) hmplies by the definition of v,

vy, EVW

n a
o

and consequehtly Ylgn) ﬁf wc(, .
Q

Gince W # Xj X. there are finitely many indices, say Jsesssjp
o

such that wot =
o} 1

I 2

- .
p. (U.) with U, open in X, and U, #£ X. 5 for
7 30 t Iy T

these Joyeeesdy Uy =Pji<w"o)’ (i=1,4x+,£), and for at Lleast
one of these, 2ay ‘jD’ there are countably many elements of {.VIEH) }n

such that p, (y(”)) U, =p, W_ ). This contradicts the earlier
Jp'n 3o Pi ey

Q

observation that pj (Wa ) is a neighbourhood of the limit Mia
o o
of the convergent sequence {pj (yfln))}n.
0

We conclude that

hew Y Wy = X;} X5
o y(a)n:no

az atated hafore.

n +1
onto Y tm X;j:1 X,

If p is the projection of Xj X i

J
+than

s6 ()} (a) <n,



is an open covering of Y and since ¥ as & finite product of com-

pact gpaces ie compact, there exiast ui,...,dm

v
with V. o o..m v(a;) <o and

m
Up( ) =Y 3
i=1 i

m -
hence 121 P p(Wui) - Xj X.j
and since vla,) < n by definition implies r p(W “1) - w“j. ,
n
-t Ky %y e

If we now replace the W s by the corresponding O A e from the
% i

original covering, we get

m

ue =X.x, .

iwt By T3

:5.5. If {0(,‘ }I.E T is a collection of {not necessarily closed)

ideals in the B ~algebra *, then

b O = {E x  KEF(T) & ¥

1ET 7y cx & Ent

€ K

F{I) denoting the class of finite subsets of I.

56. 5, ¢ 9 is sn ddesl dp X, and consequently

Eep Ot €T UK},

57. If {#, } EP(M) and Vv e’ﬂ‘((mfi), thet,

i€ N 1€ Nt Pim

o
B,y = U, # eud zi a, el .

57



58

v
i€ Nt

Proofs The first part of the gtatement ig trivial; since

o Q(f'ﬂ-i, also e & U .

fﬂfi; hence, in connection with the

firat part of the statement, 5.6 and 1.9

o
B i ie’}’t *
5.8 IfViGNt xiE?f and ziENt xi?ﬁ’ «f, +then there is =

finite subset {i ,...,1,} in N with the property Eajj=1 x, X%,
i

Proof: & x, K« o inplies e € Z; x, % ; hence, by de-

i€t eNg 71
finition, 3K€E'(N1:) & €5 ep xi??'ﬁ, and the theorem follows.

5.9 If viENt x, £ X and EiENt xi?e w:;e, then there exist

is & number 4w € Nt
ii: = finite subset {11,...,im} in Nt ,

1ii: positive nunbers 51 yae-g am

with the property:

If {A1,...,2Lm} c Cm end ¥ lAjL < aj y ‘then

Jo1seee,;m

o
L‘J.M (xij- h;j o)k ow L

Proocf: The assumption yields by 5.8 the existence of a finite set

N m
{11,...,1m} with Ea‘= 1Y

x, ¥ =2, hence e=3" _ x_ y
1 lj jee i

with {y',...,ym} c €. Let Byse--sB, be chosen in such a way that

jui}
I, A =1.
3= bj |Iyall



N m ‘
T v . . .
Then $o1yeeesm |?\.jE = bj implies ”Ej=1 AJ ¥y Il « 1, whence by 1.5

-z® A, y.€R;
¢ d yJ
since & - E,j A’j ¥5 = Ej(xij - A‘j e)yj € Ej(xij - A’j e)® , the
ideal E,j (xi - lj e) contaming & regulsr element; thersfure it
B
equals o€,

:5.10, By ‘W) we denote the set of sequences {xn}nENt with

v, x, €9 ; elementa of ) will be denoted by symbols like x.

By D we dencote the set of sequences {En}nE Nt with Vn ﬁn € Cm;

elements of D will be denoted by symwbols like & .

We now define for every x

T(&) i= {;E b B::“l(xi- r,ie)&hl'aﬁ} .

Il If g € T(x) then Voews B €0(x) &l | = v(xn)] .

Proof: g u(xn) would imply that X, = E ¢ €ER and

fxn- & e} =20 ; henee the result.

512, If & € T(x) then VILE pLtLE T(x + ge)
(5_ +17 and 7ne being defined in the obvicus "poinitwize" WAy ).

Proof ¢ X, - En e = (xn+ nne) - (En+'r)n)e; hence the results

5.13. If x € M) then T(x), as a subset of D, is closed in the

product topology of I,



Froof:

i: Supposs that the zero sequence 0 satisfies 0 ﬁ’ T(x), then by

. [~ =3
definition Ei=1 xi@)@ = GE; we z2pply 5.9 and get a subset

{xi1,...,xi } and positive numbers 61,.--,6.3 N

Now, if j € {11,...,i£}, take 0, := {y € tm| |v] < aj}
and otherwise Qj 1= Cmj;

then, with Q :a ij‘ Qj '

4 imp a neighbourhood of € in D and

£
(xi- E;ie)?e > E (:x:i_- £y e)df =K ;

v I3
€q Y- .
L€8 1= = Y3 i

hence, by definition, £ 0 T(x) = #.
ii: If n € T(x) then Q & T(x -ye) by virtue of 5,12; hence
QN T{(x~=ne) « $and (Q+1) N Tl =4¢.

Since (Q + 1) is & neighbourhood of p, we see that D N\ ") i

open and conzequently T{x) iz clozed in D.

5.04, I x € then G(x) := {y € Cn] |v| = v(x)}

if x €W then G(x) := X;1 G{xj) .

5,15, If x €°K) then G(x), az a subset of D, is compact in the

product topology of D.

Proof: G(x), mé & bounded and closed subset of Om, iz compact for
every x £ 9 ; Cm, and therefore slso G(x), are first countable;

60 hence G{x) iz compact according to S.4.



5.16, If ;"E”}Q then T(x) is compact in I,

Proof: If x €'X) and g € T(x) then § € G(x) by 5.11; hence T(x)

a3 a closed subset of the compact set G(;) ise compact.

517. 1f x €% then
Lol €101 [l <1 5g, g, ((-2)%) = X1} .
Proof: The following statements are successively egquivalent:
# EJC“x
olmeyx) € @
Vg o LM < 120 ¢ ol ,x)]
Ve €cm [xl < 1=¢,(x-2e)er,]
Ve LA < 129, ((-2e)%) = o, (R)]
Voeon LM <129 o ((x-2e)®) = K]

hence the reault,

o —
518, 1f xeX)and i§1xifae,1'ae, then =3, xiae has

the property viENt U("mrxi) = {0} .

Proof: V, L D xige and conzequently 4m o xi?f H

i €Nt

since «##€ T by 1.9 we can apply 2.2 with o» = =% W to

show ‘i'i u(m,xi) [ o(mi,xi) .

Since x; €5 0¢ o(xi); and now U(»ﬁ—i,xi) L {0} by 2.8;

hence the result,

6l



519, 1r x €M) and 1w €W then thews exigt

IER ) ’V( y B

ii: for every i £ Nt & £ UC-W,xi)

By

with the property

v 8 E ik c(—W?,xi) = {E‘i}] .

iewy [ -By

Proof: We take Aty 1=ty let E1 € a(zwt ,x1), then

/-z,-z-é = ‘?:;:z,‘ qj”ﬂ" ((x1 -51 e)?e) hag the propertiea of 2.8:

e e “f--?«i ), X - 519 € f"'*‘a and U(M'z;x,l) = {5.1} -

v, (G- £ e)20) ant sgain

Let £, € cr(a'z-z-z,xz), then w4, o g P,

e
41’3 EKM(»W»-E), x, = ke €ty ala,x)) = e} alerpix d={e}s

Proceeding in this way we conatruct sequences {E‘i}iENt and

{,.‘-;api}i gy Vith properties

x - Eie € 2

Yiem $

Viewmt im E"?’Y((fwi) and

) )

imp jei "("""’i’xj) = {Ej} .

Take 2w Uy o 3%, then 4%E T by 5.7 and

v -E e,

sent F1

Since Viﬁﬂ'E'ﬂfC(zﬂi), also Vi U(rffﬁ‘,xi) = {Ei} .

:5.20. We now choose an x GW) and defins

62 F.J tus {yE le‘] = l‘yl Gv(xj}} N



B (XD, T % (X g,, 660

. =1 ﬂHA -
I, (x) 5

B2l Ifx Eqia and {oC_ } has the property

L

k
v n L. #¢, then 0L i .
k€Nt $oet x, ' j=1 xj

k
Proof: If 0 £x £ @, then there exists a proper c¢losed ideal
i=1 i

oy with V, fmtyee ke £ afxi; this implies

ity aaak OO E) €y

Applying 5.19 to +E, W find a proper closed ideal . and an

eloment _E_k = {Ek }j Nt of D with the property
Y. X, = eEdﬂ- 1 D(x. = ‘o€ c.mr_, from which
we infer g_kE 'I‘(x_) by definition 5,10,

Another consequence of 5,19 is that ;k can be chosen such that
£,€ X;; O'C-ﬂ'k,xj), but this set is a subset of the set H de-
fined in 5,20; we conslude that 5—}: [ T(“:E) n Hk = Ik-

Since H_ and T(x) are compact by 5.4 and 5.16 zespectively, I, 1is

compacts,

The ssquence {Ik}kENt g o degeending sequence of non - vacuous

gompact sets in the Hausdorff-space D; hence

kENtRc#d; PR em X’ L Bylyem o

then f € ‘I‘(;c_) and vkENt E < Hk being equivalent to

63



L (=

d-E‘, Le ot #?E and ¥
Je N

jewg 1% [53{ u:v(xj).

I geti= & (x, -t _e)d®, then by 5.18
jewy 3

VjENt G’(ngj) " {EJ} e ¢ and congeguently

s or 4 €N .Cx.,

v g e f
x5 jeENg 4

JENt

Thie completes the proof.

5.2 If {&J}JeNt
J

%szf, then A AL Ag.
jENti ° JEM

is & smequence in F with the property

3
Proof: Recall that T& = | .,Cv and .-C T

x€a

We f{irst prove VjENt 121Tai )‘ ¢ .

J
Take J € Nt and sv€ N L, .
i=1 4

*
Singe v =[,\— Ta we can chooge an ,-Wtf € M) n F)I_ by
1 1
3.53 notice that Tﬁ(m Je T by 3.10.1 and 3.2,

3ince 41 € eCa and ﬁa €Ac E,mﬁ € dCE-E and we can choose an
2 2

€ Miaas, ) 0 Tﬂ}; now, 11, € Wla ) 0 Ta‘ n’};z by the pre-

ceding remark. Continuation of this process =shows that

M) 1 (

)#ﬁandmpartlmlarthat I‘IT 749';
i=1 i=

ag & congequence alaso V,j £ W aj £ é.

&4 Next, we consider the cartesisn product X?ﬂ &.; providing every

j;



aj with the diserete topology, we infer that X;; a.j is ocompact
in ite product topology by S5.4.

An element a of X;1 B'j can be considered a mapping on Nt,

assigning an element a(j) € a, <X to evary j € Nt.

Accordingly,

e KR 1 F S 493
and V, im {a € X; BiliE "}3«(1) ¥ @), Jext,

jENt V # ¢ as a consequence of the fact that ﬂ ,X- # @y the
fmt !

latter set being a unicn of aets like l'l oC a(i)*

Since in the definition of V, no conditions asre imposed on «(i)

J

for i > j, VJ ie a cloasd cets
V’1 = Vz =] Vs eawe iz obvious; consequently, {v,j}jENt hE:'ing tha
finite intersection property and X 58 being compact, 0 V 4 £
3=1
L

But V= 0V, by 5.21; hence VEd,
w1

If p € V then ¥ € fy_ *C by 3.7; hence

JENE ﬁ(d)

o
n uCB( ) 7‘ # implies ﬂ L 1‘ ¢. This completes the proof.
=1 PN =%

,5.23. The selection of & mequence {[Z»(;j)}‘1I ¢ Ny TTOm the ssts 8
J E Nty am in 5.22, 18 related to a theorem of EBnig, known as the
"Onendlichkeitalemma” (of. [18], pp- 81 ~82); and, in famet, it is

possible to give a proof of 5.22 based on Kinig's lemma; but this 65



&6

theopem still depends on the restricted axiom of choice as well

as 5.%, 5.21 and 5.22 do.

,5.24, {o(:a}&e p 080 be congidered as a base foxr I' in the follow-
ing genge : Every element A:A € I' can he written aa A J:a;
ata

this is simply the definition of A:A'

5:22 can be reformalated in terms of this bases I'y a8 8 pointg-

free topology, has a countebly compact base,

To inform the reader about the position we hold at this moment,we
mention two well-known theorems of general topology {of. [17 1.

pe 139):
If a topelegicel space has a compact base, it is compact.

If & topological space has = compact subbase, it im compact. This

result depends again on the axicm of choice.



Chapter 7

Maximal ideals

ol If e is a maximal idsal in the B‘ - algebra @E, then . is
closed as a consequence of 1,9; we denote the set of mavimal
ideals in ¥ by M and have We W, In this chapter we suppose
N4 8.

10 x & 8, 4 and A € olamyx), then as a conseguence of 2.8
we have

=g o [(x-re)of]

X = Ae € «ir

and  olwx) = {A} .

ol ,x) consists of one gomplex number for every x & & , and this
mmber iz, as usual, dencted by (=1 olge,x) = {flem)}.
By 2.10 and 2.71 we have
Lrylon) = 2(ut) + Flons)
o) m Zlam) = $loss)
-

ard  dxfse) = @ + #(a) ,

whence x —«+ £{s#) is a mltiplicative linear functional of 36 onte

Cm for every .= € 1,
Since !icp/m(x-iW)e)ﬂ = llg,, (e}l = 0 we have that

g, (x) - ﬁ(ﬁf%)%(e)” = &7



or ”tpm(x)lf = | #{ma)| - ”cem(e)” = iﬁ(ﬂrz#‘)l

and mereover: the kernel of the homomorphism x = £lasz) 18 e
‘This means that qrm_(x) ~ %(m) is an isometric iscmorphism from

?.%(’36) onte Cm for every »u € V.

62 Y,
(Reca.ll that /Jr ig the set of strong ideals in ,3(_;, compare 1-50)-
Proof: Bince for every .s#:i€TH %(?ﬁ’) can be identified with Cm,

we have for every x € *

1 1
”q?{?w(x)n"n = ii(,m)nln = |&{m)] 3 Te W= {cpm(xn £lmm) = 0}

~RE

= {{p/mcﬂf)} ; this proves the theorem.

63, i: Wwenil,
iis If § = UM then M =nML ,

Proof':

iz  Trivial consequence of 1.31 and §.2.
ii: If x £ W then by 1.27 (with s = %)
B;V'EB(f Xy - e € 53

hence by assumption

HME,TKJWHEE/M

implyingxyﬂm and xﬂ'w o xﬂ nme .

64, If 4 €M and if we denote the set of meximel ideals in

68 o (%) oy W then (agmin assuming 5, = U WW) we have



M, =0 TN, ; observe that §,, = U inplies that W #d.
It iz essy to check that m:p(WM) = W) 1M, nence
qw;("n’c,h) =n (Mlw) n N0

We now have by 1.33 that for every 4+ € Ff

atm n (NWlae) 0D .

This reveals that, with the definition of kernel as in[21]p.115,

'f_ 1z the get of kernels of 'X.

65, 1f {a,} o, € P(Q) then
o0 (G, A0 =( A L, Jan
AEA A AEA a
ii: U (‘,CA n’m',)=( v FCA > n N,
LEA A AERN A
Proof: The first part of the proof is trivial; in the second we
have .
( v%)nW-( v £A)n¢ﬁ:< v c,CA)n”WT
ACA T AEA A AEA A
by 3.7; end if, conversely, »n€ { vV AL, ) AT then
AEA A
+*
ME( g,\ gC-A ) which by definition %.3, observing that
A A

A€M, implies TN4eg) = {134, entalls am€ U 4 3 hence the
AEA A

reault.

0.6, For every x € Of we consider # as a function from M into
Crm. The weakest topology in T with the property that % is con-

tinucus for every x €K isg usually called the Gelfand topology.

We gerine T | im {L, Myeq -



67. r {’m iz the class of Celfand closed sels in TV .
Froof: The class of closmed sels has a subbase
i - .
{5& (4] | x € ¥, ¢ closed in cm} o,
MNow
() = {wr e | &0 € g} =T {are W | oli,x) < o}

iz an element of T mt by 4al3.
As 2 consequence of this and 6.Y% the Gelfand closed sete are con=-

tained in I'|TH .

The converse is alsp true: if 4 € Q then

wCA n T

{ A ( v o } N and again by 5.5
aEA XE o

L T - nA( y a{:xn”TVQ:

A x€a

{sre T| £(s) € w}) -

I
]
m o
S
P
[=d

which, since a € F(3), is a Celfand closed set.

68. IV, g Tla) R £ ¢ then

il

Yieq "neq L€ NI = Ly n MY = [ =0 .

*
Frooft Suppose 1§ cCA; gince oCA o ”CA

o€ TH (1) Mo n L, =8

70 implying by virtue of Zorn's lemme



Y€ M) N E Ly wnd o g L, M
whence mﬁ'aon n T and fmﬁ'aCB.

Since .:C;a Er c B, we see that

M}Z’aCB 3

hanae ‘C-A s ‘C.'B and analogously aC:JB = aCA N

which proves the theorem.

6.9. If an€TW, LET and 4 L, then L {mg L.

Froofr There is ne leoss of generality if we suppose 3EEF{;C- oﬂ;;
*

AEE oCﬂ = Ta is equivalent to V% E,m_-(mq) BEEW(O'L) k€ '3)_& ;

s d h
N € aC.“xo j hence

singe W {mws = {rsd , mt 7;, implying i
o

L (ane) <o, by 4.15.i11 ent

Q
Lom) «d e L,

6.10. 12 e T then oL(om) NN = {am} .
Proofs € J () NN is obvious.

If o €TV then either o1, = A o 3xE'3€ x & %\M, the latter
case impliea J‘E(Gl) = 0, #(2m) # O; henece o (o 5%) £ almgx) and

el 4 & (). This completes the proof.

6,11, If.am €Y1, then by Zorn's lemma 4 (##) iz a minimal ele-

ment of T.

Proofs I¢ f # & o L () then 3 em ME L3 vy Zorn's lemma
Jo,eqr O € Ten) AML, implying 0 €L since L€ P ¢E; hence
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»C(OL) edl by 6.9 and L) € Ll by essumption; by virtue
of 6410 DC(&L) w o (#2¥), and conseguently oL w L () y this proves

that G.C (4#+) im minimal,

612 If L is o minimal element of I' then by Zorn's lemma
EME ’rr( "C = Pcrk"m) +
Proofs aCy‘ @ by meswmption, whenge EME’W_ e L,

i€ T 0T {w), implying #n€ L and,

t
By Zorn's lemma 31#;67[

by Gely Ao(40) ch; consequently L {me) = A= by sssumption,

6,13, The Gelfand topology T I’WL and the companion topology of

I' are homeomorphic by virtue of the axiom of choice.
Froof: The mapping @ : 1V = I defined by

8(zi)1= ol (+54) im injective by 6.10; B(ML) ie the set of winimel

elements of I’ by 6,11 and &.12.

Sinee 1€ L NTY if and only if €W and aC(fm; ¢ & we have
8L NI = { Ll | LG <)

The left=hand aide of this equality ig the 0 - image of & Celfand
closed met in TV by virtue of 6.7, the pight-hand side is a
¢loged met in the companion topologys +thia explains that 9§ is a
homeomorphism,

6.14, Assuming Zorn's lemms we have: IT Eﬁm

of elements ¥yseees¥y of I, then 3 ¥imtpern, §,0m) = 0.

yjaf yzaf for a set

72 Proof: If Z§=1 yj?e X then e ﬂ'ﬁj yj?i ' ¥, €5 and,

¥
J=1,---g£



by 4417,

£
Je

Gc(s?af) # 85

1

h 3 Y. At € - ).
T Z €T Timraanial ‘C“‘(YJE)
Applying Zorn'a lemma we get

L M) Yooty uenga ME oC(yj—'a@

equivalent to

T MM Vim1yann £ xEF () € G(yj’dﬁ’.x) .

Particulsrly

Vj=1,,”"g -'?J(’”"’) € G(YJ—%{-YJ—) = {0} .



Chapter 7

Examples

Let T be o set comeimting of three elements a, b, ¢j T iz topolo-
gised with the discrete topology, snd C(T) denotes the ming
of continucus functisns on T, which turns into =& :B‘ - algebra if

IF)l == max {If(a.)], ]f(bﬂ, If(c)]} for every £ € C(T) .,

The set Tl of proper closed ideals consists of

ot 1= {r € C(r)| £(a) w0} ,

B = {f € c(T) £(v) = 0}},

A = {fe (M) rlc) » 0} ,

U':=F N, B =N, 4 tmot 1B and = 0ng N4,
If Ol:= {4, 0t} then of {or}; this shows that 3.7 does not'
always hold im P(V() .

I Clim {ﬁ! o, 5,7} then or - { 7:0'[-'9 By 17,00 by},

showing that the converse of 3.7 is uatrue.
Ir Oli= {ou} ama £em {8} then (OLu &))" = {2, B, ct} and

* *
O v L* - {ot, % }; this explains why equality in 3.10.i does

not alwasys hold, not even if {0¢ € PA),

x})\
x i= (0,2,2) and yi= (2,0,0) are elements of C(T);

7 K, oty Ba, £, = {0) s (£ v L7 0



* o * * e K
since oCx=-er and nfy=&y, aConEy7£(quU,Ly) ;
hence, in 3.10.4 equality even does not alwayn hold if

{01, € 2(r).
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Samenvatting

In dit proefschrift wordt beschreven hoe men woor esen kommitatie-
ve Banach algebra met cenheldzsalement in de verzameling der achte
gegloten idealen een klassze van deelverzgmelingen kan gangeven die
de eigenschappen heeft van een topologie; bij de besehwd jving van
deze klmsse spelen de maximnle idealen (waaxvan de existentie op
het gebruik van het keume axioms berust) geen roli dit wil zeggen
dat een topeleogie is beschreven zonder dat van een puntenversame-
ling wordt gebruik gemaakt en die daarom een "puntvrije topologie"

kan worden genocemd,

Deze puntvrije topologie impliceent bij toepassing van het keuzew
axioms gschteral een topelogie voor de ruimte dep mayimale idezmlen

zoals die dooy Gelfand in 1941 is beschreven,

De in dit proefschrift gebrulkte mwethode is te danken gan de
Bruijn; het beginsel van een puntvrije topologie is reeds in 1928

doox Menger beschreven, maar vond %ot nog toe welnig weerklank.
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Stellingen

behorende bij het proefschrift van- W. van der Meiden

|. Het vask gemeakte onderscheid tussen “zuivewe wiskunde" en
"{oegepaste wiskunds" iz verovderd enm als middel om onderdelen
ven de¢ wiskunde te karakteriseren onbruikbzar.

2, I de ontwikkeling van sommize delen van de wislmunde zijn drie
fasen te onderschelden.

Ten eerste worden problemen opgelost die het2l] elemenizir wis-
kundig formuleerbaar of uit een sndere discipline afkomstigz zijng
dit 15 de heuristische fase.

Ten tweede worden bhereikte resultaten geordend en In hun onder-
linge samerhsng (vask vanuit een axiomatisch gezichtspunt) be-
schreven; dit is de beschrijvende fase.

Ten derde woxden problemen geformuleerd die rijzen naar aanlei-
ding van of in wverband met de verkregen axiomatisering; dit is de
abetracte fase.

3. Bij het onderwijs gem hen die wiskunde als hulpwetenschap mul-
len gaan hanteren dient op de heuristische aspecten der wiskunde
da nedruk te worden gelegd: het onderwijs aan asnstasnde wiskun-
dige ingenieurs behoort zo weinig megeliik abstract te zijn.

4. Het onderwijs in beschrijvende meetkunde wordt door de belang=
hebbenden vask, en niet ten onvechie, verdedigd met een beroep op
de bevordering ven het ruimtelijk inzicht; bij de algebraToering
van het meetlkundeonderwijs wordt deme functie op onvoldoende wij-
£& OVOrgenomerl,



5. Het invoeren van zogenaamda "objectieve studietcetpent {in
Plaats van proefwerken en tentamens van klassicke makelij) wordi
vaok verdedigd met een berosp op de grotere rechivasrdigheid wvan
de op grond daarvan te nemen beslizsingen. De woorden objectief
en rechtvaardig bezitten dan evenwel sleghts propsgandigtische be—

tekonis.

6, De cirkels door de voetpunien wvan de ioodlijnen, die uit esn
vast punt van een kegelsnede worden neergelaten op de zijden van
drichoeken waarvan de hoekpunten worden bepazld door een derde-~
graads involutie op de kegelsnede, vormen een bundel,

7. De bagrenade lineaize operatoren B die op ¢([0,11) volgens
een van Bernstein afkomstig procédé worden gedefinieerd door

Yreg Vx(-:[uﬂ](nnf)(x) = Eo f(}\':') ' (3>xv(1“")n_v

hebben als spectrum {1, n;1 y

SO NI

{(n € Nt).

8. De door Lundgren en Chiang (Quart. Appl. Math, 24 (1966), 303 -
313) gegeven oplossingen van de integvaslvergelijkingen

1
IF(Y)IX-yin dy = £(x) , 0<x <1
8]
an
1
fF(Y)lx—yl"“ sgn(x = y)dy = £(x) , 0wz <1,
)

waarin O < « <1 iz, kunnen op meer elementaire wijze worden afw
geleid mat behulp van een door Peters (Comm. Pure Appl. Math, 16
(156%), 57 -61) smngegeven methode; de gldus verkregen opleossingen
van de eerste en de tweede integraalvergelijlking blijken bovendien
galdig te zijn voor -1 <o <1, a 74‘ 0, respectievelijk 0 =a < 2.



9. Men ken op het in het proefschrift in hoofdgfuk 4 leschroven
lattice I van clusters afbeeldingsn in de klasse P(Cm) @efinifren

door

;(.ﬁ) i= {;\ Ele:'l‘M_eL A€ o(mp,x)}

voor alle x € %® en voor zlle L e .
Deze afbeeldingen hebben de volgende eigenschappen:

at T(L)= U slbw,x)

4t & [

be Sc”(: L) = UR(L)

et F(OUA L) e (0L n L)
ar FFHL) < T(L) + FHL)
e:  wp(L) e RL) - L.

Als % op de gebruikelijke wijze wordt gedefinieerd (vemgelijk 6.1
in het proefschrift) kan met behulp van net keuse - axioma worden
bewezen:

f1 ¥ (L) =2(L0oM) en
gt Vo XL ) = Rlw)} L

De afbeeidinzen ¥ gean dus bij restrictie tot TH over in de con-

"~

tinue functies X ult de theorie wan Gelfand,

10, Uitdrukkingen zoals "this result is best - possible" en "this
condition cannot ba wegkened" geven in wiskundige telpten vaak
aanleiding tot verwarring, Veelal zijn dergelijke mededelingen
niet voldoende gespecificeerd om betekanis te hebbena

. Zolang de equivalentie van het (%ot een aftelbare klasse) bew
peritte keuze—axioms en het onbeperite keugze~ axioma niet bewezen
is dienen bij de toepageing van het keuss~arxioms in bewijzen deze
gevallen duidelijk onderacheiden te worden,



12. Het erkelijk ambt van predilkant heeft de neiging te ontaar-
den tot het bercep van (geeatelijk) verzorgingstechnicus; hel we-
re asn te bevelen dominees te ontlasten van hun adminis{ratieve
ch organieatorische taken en dezs over te dragen asn daartce op-

peleide, bezoldigde ouderlingen.

Eindhoven, 7 november 1367
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