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Chapter 0 

Introduction; preliminaries 

0.1. 1t seemS that the axiom of choice has become a. standard. tool 

in certa,in branches of mathematics, including f'unotional analysis. 

Nevertheless, in many oases proofs can also be given without the 

axiom, although it must be admitted that these proofs are usually 

less elegant and more cumbersome. 

Since the time Oohen obtained his results (of. e.g. [7]) on the 

axiom of choice, it is no longer a matter of taste to use it 0;1.' 

not! results obtained by the aociom aJ:e definitely weaker thllll the 

oorresponding Ones obtained without it. 

We remind the reader of Wiener's theor~ on absolutely convergent 

Fburiersel"iesl iff(t) , ... 1:"" r eiVt, Z"'" Jy 1<"" and 
V·-~ \I v=-oIlQ v 

Vt r(t) ~ 0, then r(t)-1 has an abSOlutely convergent Fourier 

. ~ ivt 
serl.es Ev~_ "" r~ e 

Originally published in 1932 (ct:. [26], p. 14 or [27], p. 91) and 

provided .... ith another p;roof in 19}8 by Beill'ling ([31; See also 

[22], pp. 422 - 426). in bo th cases without the aid of the l;IJ!;iom, 

it beoame a standard 9)C9lIlple of :Banach algebra methods since 1941, 

when Gelfand published hia famous papere; ([10J, [11J, cf. aleo 

[12], [13]). 

W~ener'B theorem gained a short proof (in [11J), in contrast with 

the lengthy ones of' Wiener and BeurlingJ this shortness, however, 7 



was effeotuated by the uncontrollable machinaq of the axiom of 

choice. 

De Bruijrl, during a seminax on f"IJActional analysis held at Eind­

hoven tQchTlolog-ical University over the Years 1961-1964. suggested 

an approach to the theory of oo~utative Banach algebras avoiding 

the l;l.J!;iom, leading to a theory' entirely pal:'l;111el to Gelfand'", 

such that it is possible at every stage to reach the cOITesponding 

Dtage in GeHe.nd'D theory by !L simple I;1pplioat:Lon of the =iom of 

choice. lIeedless to sa.y, he was not the only one to be WlS$.tiaficd 

with the state of af .eairs; Cohen pu1;llished as early as 1961 con­

st~ctive proofs of theorems related to Wiener's (cf. (6)); Bishop 

reported on constructive e.nalysis in La Jolla and Moscow ([1], 

[2]); Garnir. de Wilde and Schmets proved for separable algehras 

the existence of marimal ideals. containing some given proper 

ideal ([9). 

Dc Bruijn's suggestion was inspired. l:Jy an old :i.dea outlined 

already in Menger's "Dilnensioru,theorie" in 1928, and more exten­

sively published in 1940 (cf. [20] and the literature cited there), 

this promising "topology without points", which did not find ap­

plications T,lIltil now, appears to provide an appropri..9.te setting !OJ;' 

discussion or Gelfand's theory. 

rl'he first Pal."t of the problem is to construct a lattice of sets 

of ideals of the BanliLch algel:Jr.a-. featuring the main properties of 

the lattioe of all closed sets in a topological spa-ceo Since 

maxift13,l ideals cor:r'espond to the points of a topological space, if 

8 one wishes to avoid discussing maximal ideals (whose existence 



depends on the axiom of choioe), one ha.s to avoid dismlssing the 

topoloBY as b~$ed upon the underlying point set. 

NeJCt, de Bruijn intended to describe elements of the algebra as 

n~ppings from the point-free topology into (the lattice of olosed 

sets of) the complex number field, in such a way that they should 

d.egenerate into continuous fUnctions when restricted. (in one way 

or another) to the minimal element!> of the point - free topology. 

Since 1963 we ha.V'e OO-OPE!l:'a.~$i on the subject; thia thesis is ma.inly 

an account of results concerning the first p~t or the problem. 

Not only the principal idea, which caQ be found in sections 3 a.nd 

4. but also !>everal details are due to de Bruijn; this particu­

l~ly applies to the compltcsted proofs in section 5. 

The axiom of choice is not employed in sections 1, 2. 3 and 41 in 

eection 5, we USe the restricted (i.e. the countable) version of 

the axiom; section 6 gives connections with the lOpaoe of llL<lXi.m.al 

ideals, and there of cOurse. several conclusions depend On the 

unrestricted axiom. 

A very important theor~ in the sequel is 2.8, it provides the 

Banach algebra with ideals acting, in a way, as maxLmal ideals; 

this theorem is alae the key to a Dew proof cf Wiener's theorem 

to be publ~shed elsewhere ([5J). 

0.2. Although the reader is supposed to be more or less familiar 

with the concepts of "Eenach algebra." and "lattice" we list here 

the axioms for these structures to £aoi1i tate refe;r:enoes; further 9 



information on Banach alr.;ebra;; CHI! be found in [12,] =d [?1l, on 

latticGS in [4] and [23]. 

A non-empty set 1£ is called a Banach algebra over the complex 

rnJ.lnber field Cm if mappings 

+ de )< de - '£. call eel addition 

"'" ;X x ce ... ?c.. called multiplication 

and 

ern x X ..... de, called multiplication by scalars 

'1!- - R.Z (R); denoting the field cr real numbers), 

called nOrm 

e.:N defined in such a wa.:! thet 

i: (?t. t +. '*) is a. ring (its zero - element denoted. by <!Y) ; 

ii: (,£, Cm, +,.) is a linear space over Cm; 

iil' ';/x€7£ 'lYE'¥. \E:CIn A· (x*y) = (A.X) *y ~ x * (A-Y'); 

iv: ';/xE:dt lixil ~O; \lxEtf- (11)(11 = 0 =; X" C'J; 

'r/ AE Grn I;j X. € '£ III. • :x; II "" I A I 0 IIx II ; 

It xE '2{ \lYE-de [11;.:;+yll..,:; Ilxll + Ilyll & Ilx"",yll .;;: 11)(11 • lIyllj 

v: '!'he metric topology induced by the norm II II ill complete. 

A non-empty set 1 is called a lettice if mappings 

1\ 1)< L - t, called. meet (ox· simply cap) 

10 am 



v L xL .... 1; called join (or oup) 

axe defined in such a ~ that 

La I "a€L "0£1 >JoEL (a V 0) V C ~ a. V (0 V 0); 

1~ 'V aEL "'b£L a V (a fI b) '" a. 

ill a. lattice L 8 partial order is defined by 

L 
or equivalently a"'; b : ~ a V b b • 

In view of this order we may define: 

If DeL and if the greatest lower bound inf D €Xists, then 

fI a;= 1:1.(' D; 
aE D 

a.nalogously V a;= sup D if' sup D exists; 
af2D 

we occasionally w~ite fI D and V n ~e$pectively. 

A la-Hie,," L :ia called. 1\ ft complete if II D ",:.t;i2ts fo;!;' every $1,lb$et 

D of L; a. fI - COtnl)lete lattice is called V ~ distributive if 

VaE:L VDE:P(L,) a. V (II D) ~ fI (a V d); P(L) denot:i.ng the set of 
dED 

subset;s or L. 11 



v - completene$1il e.nd 1\ - diatribut:lvenes5 are defined analogously. 

A lattioe L iB called distributive if 

V a ~ L Ifb EO: L If c E L a 1\ (b V c) PO (a 1\ b) V (,.l. A ()) • 

or equivalently, i1' 

Va E L \ C L 'tJ 0 C L a V (b 1\ c) = (a V b) fI (a. V c) • 

A la:ttice is called GomlJlete if it iB 1\ - complete as wen as 

V - complete. 

0.3. A lattic\1 L is called a point-free topol.ogy if it nal:l the 

foU owing- properties: 

PI', L contains elements v and w, v <: w and V a€ LV=;:;; a <;;; w ; 

PJ:'~ L is V - diatributhe ; 

By virtue of' wcll~kl1own theo);"ems of' lattice th.;.ory, a point-f:.:>ee 

(.Ol,ology is distributive and V - complete as well. 

An element In of L is called minimal if m .;. v and if 

Denote the set of minimal elementa of L by M; 

define F := {m E: M I In ..:; a} f'or every a € L. 
a 

The point-free topo lOgy L is called a tCillic if If a EO L \ {v } Fa rI 'i • 

12 if the point~free topology L is atomic. then obviously 



Fa,Vb=li'a,UFb' IllE:M~Fm .. {m} 

moreover, if D € pCr,) \ {¢} ~ then F. D OJ () F • 
{\ dED d 

IT a. -! b then, wi thou t los 9 of gene'l:'al:i. ty as<lUll):\.ng a. ¥ b • 

3 "L v (. 0 ~ b & a. 1\ c .. v, by Pl' ; hence F ., ¢ , 
¢~ 4 C 

All these fact!> prove that {F } "I is a topology (in terms of a «0:. , 

olosed ::Jets) for ]'.(. It can be considered ae a lattice with 8et-

intersection and set-union as operations. As a lathee it i.s 

lattice-isoffiorphic with L. It satisfies, moreover, the }rechet 

separation condition (i.e, sets con::;istingo£'a. s5.ngl.e poinl a.r,~ 

cl.osed) • 

We call the topology {Fa}aE: L the companion topology of the pO:i.tlt* 

free topology 1. 

The pointHfree topology 1 is ca.lled regular if it satisfies 

PI' 5 If a E: L, b €: L, and b ~ $.. the:.'e e:x;1$ t elements c. d., e € L 

with the following proverties: 

i: v .;. c o<:b 

ii: c fI d v 

Hi: a. fI e '" v 

iv: a",d 

v: c ~ e 

vi: d V G = W . 13 



W. is clearly implied by PI' ; if L is atomic and satisfies PI' , 
4- • S 5 

then M is a regular topolob~oal space in the usual sense. 

The point-free topology L is G~led compact if every su.bset D with 

"finite 1~inters action property" llml A D ~ v • 

Compactness of L impJ.i$s compaotnees of the companion topol,ogy. 

It is also possible to def:i.ne the Hausdorff property in terms of 

the point-free topology (cf. [5]). We do not discl,lS9 this here, 

Since the point-free topology to be constructed in this disserta-

ticn possesse5 the stronger prorerty of regularity. 

Unfortunately, we did not succeed in proving the nO):'ffiali ty of otu' 

pOint-ire", to'[lolrJeY' The 1lsulil argument leading to normal:i,ty in-

volves oompact~e~lg, but the kirl(l of compaotness We: could obtain 

(BeG,tien 5) seems too weak for that purpOse. On th8 otheX' hand 

the deBcripi;ien of normality fOr a. point - free 'I;opology is ve'f:Y 

clODe to, and even easier than, that 0.(' regularity. So at first 

sight there se"ms to be nO reason to expect th~ ~.;arne kind, of 

difficultiel3 one meet:;; when trying to prove compactness, which is 

logi.caJ,ly of a. much mOre 'hltricate nature. 

0.4. 'l'he text, sections 1 -7. consists of theorems, dofinitions 

(pr(~ceded by the symbol;) and further statements (corollaries, 

r=ks, etc.; p:r"cedcd by the symbol,). EVe:r.'Y statement 5." pre-

ceded in 'the usual way 1,y a pair of positive intee;erl3 to 

facilitate refererlces. 

The * for multiplioation we drop almo;!l-l; immediately he:r.eaiter; 

14 both kirlds of Illll-l ~iplicati.on in the Banach ale;ebra a.re only quite 



incidentally denoted "by ., lliI1l.;Llly by nothing. Ind~ed, we lliIe 

stand~l set-theoretical, algebraic and topological notations 

wi thout further comment; :('or a :List of fJYlIIbols we refer to the 

end of this seotion. 

In order to reduce the frequency of words like "hence", "conse­

quently", we occasionally repla.ce them by 

The symbols ~ and 3 are used frequently, but somewhat unsystemati­

ca.lly; logicians wHl find several pages where they may insert or 

omit a few of them. 

From AWOL we borrowed the :;;.ymbol := for definitions! from Gill­

IlJ.<l.l1 and Jerison ([14]. p. 1) we adopt 19~ to desoribe the inverse 

ima.ge produoed by a function <jl ; 

If <jl ; A ~ B is a funotion, then for every y € B 

denoting by PCB) the set of all subsets of E then for every 

S E p(n) 

~-(S) := {x € A l!)l(x) E: S} • 

If proofs of standard results are omitted (particularly in sec­

tions 1 omd 2) the reaAer may find them in [ 1 2], [21 J, [24 J or 

[25] or in modern tell:tbooka on functional .;w.;:LlysiS; in Dl<,lS't OM es 

We do not give explicit refe~enoea. 

0.5. In this dissert~tion.the fields of oomplex numbers and real 

numbers are denoted by Om and Bt resp~etively; complex numbe= 15 
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are denoted by <:t.. ~. r, ••• sub~leb; of em are denoted by 

'¥. tIl, ••• • 

i, j, k, l. m, n • 

I, K, 1\, M, N denote index seta, their element .. are denoted by L, 

x, r.., lA, 'J • 

de denotes a. Banach algeb;[\!l" its elements ':H.'(' denn ted by 

'Y( denotea the Get of proper closed idealG in X; id,)alG are de­

noted by Ot, t .... , ... ; >31.10:0 ets of It ate denoted by 

\;r.,!.r.l, .... 

p( is th", cla.GS of subsets of a set. 

F( is the class of finite subsets of a set. 

The follolll'ing symbul.s have a specified meaning; of. the c;i ted 

article. 

A, B, e elements of Q. Sl.1bGets of I(' 

a, b, c elements of Ii' 

D ;= CmNt 
;5.10 

e identity of 'J( 

F I'" FCY) 

(Y zero-element of 1e 

~ ;= p(~'(()l?» 

R; R# sats of reb'Ular elements in ,£ or 'Pm Crt') 
respectively; 1.3, 1.19 



s. S,M.' 

z 

I't !J.. E 

\Ie ), ...,( 

o( , ). u( 

sets of singular elements :in cae or '+' (ot') 
~ 

set of topological div:lso);'s of zero in Je; 

spectral radius; 1.21 

spectrum; 1.23 

special subsets of em; 4.1 

homomorphism corresponding with an ideal 

set of maximal ideals in ?2; 6.1 

1;lOnnwt; 2.1 

radical. of the algebra ?f Or q> (de) 
/n 

spectively; 1.25 

set of $t~ng ideals in?e; 1.30 

re-

subset of 1l with the property Y: = £.,.; 

4. 10 

Inte:t"$ec"tions and unions of sets of 1iJ. class it will be denoted 

sometimes as fl Jj.. and U A- • 17 



Chapter I 

General properties of commutative Banach algebras 
with identity element 

: 1.1. A :;an3,e,1 3,lc;cbra <e is ",aid to be"> a Ii 1 - algebr.''' if -thil ring' 

C£ .... , ,) ',$ COlllJl\\ltative and contains an 'identH"y ",lement e with 

the property lie II ~ 1. 

,1.2. "'Ie ~,tatt with [j, n, -al(:;'eo1."$.?/2; its ident,Y <:ll"mcnt e is 

unique. 

: 1.3. -, ...... {x E-;£ I 3y E 2f xy = e} • 

r' ,-' ,- "it- \ ., -, . 

,1.4 . .tr x E H tl1€!D the element y f();r whi\lll xy = e is unLqll'ii it 

i_$ ,,<,-Ilea th" inverse of x, beloDL<B to It ,-,-nel is d cnotc(\ by x -1 • 

1,5. lie - x II < 1 =-0 [x ( H & x-1 

1.6. I1 if; op <:In and :J is elos ed. 

<XI 

e -1- Z (e - ,,-)n J • 
n1Ld 

I'roof: V "'I Iix-1y - 'Oil .:0; 11,,-111 Ily - xli. 
xCH yE(£ 

llmlce, if Ily - xli --:: Ilx-'1I-1 , then x-1y (. It by 1.5, implying y ER. 

: 1.7. A nOil-ernp-ly "'\lb~et Ot of X~ is eall",d ,ill idCl>11 if Ot+ ()( cat 

18 o.nd "t. at c OC; -I,h<:l ideal Ot is called a proper ideal if ()( 1£. 



1.8. If 0( is an ideal then em. or. c: 0(. 

1.9. 11" ex. is a proper ideal. then the closure Ci. of 01. is a prop-

er ideal. 

: 1.1 O. If ot is an ideal and ex = Ot then ~ iB called a oloBed 

ideal; moreOVe~. if Q(. is a proper ideal, then ()l is called a 

proper closed ideal. The set of proper closed idea.ls of ~ is de~ 

noted by n, thE: null id!;l[l.l {(,-} be10ngB to 'Il and is denotad by Yo 

,1.11. F'or every ,..... E 'TI we denote by 'P..... the canonical homo­

morphism de... Ge /~ ; if we take 

11q>4>(;~)1/ , ... inf{llyl/lyE: 'P:<F ....... (x)} then it turns out that £/--­
together with thi:J norm II II is a Bl-alg~b;ca with identity t:p..n-(e); 

in particular II,r ..... )Je) Ii = in£{ lie + yill y I:: M} = 1 • 

jobr ~. proof see [21], p. 1).4. 

i'e l'rcfer to writ" 'P ...... J'X) for Cf?/'#-. 

1.12. If A#- (T( and AI- E: 1T. then 

i. : 'l' ...... ( .. t») 10; Wl id eal in 'l' ...... C<R) I 

u.: (r:'+' ..... (..-..l = 4#0 .I-,.n • 

Proof: 

:l: Trivially cp '--) + 'P_,(-) c 'r (--) and '-:JA_J<t) , q: ( ....... ) (" 
...,... .pe '¥ .~~ 4;-

<;; cp_ c..m.) hence cp ..... J'-) is an ideal in 'l'_ (<fl. 

ii: For every x E: '"£ the following [;tal:emenl$ are easily seen to 

be equivalent: 

x E cp':cp_(..-..) 

'l',# (x) E: 'l'_ (.......) 

3 'l' (x) ~ 'P (,) 
yEAH -- ...... 

19 



1.13. If /1# E:"-y( • , ........ c 'it D.nd m c />'W then 

i: An-- = cp:cp ....... (.-m--), 

i.:l; 0/..- ("""") j,,, ~l propor Glor-;",d ideal in 'l',... .. ("£). 

i: ffY C,..".., =1"-'# = /M + -""; the L'esul t follovls {roFI 1. 1 ;.~. 1. i. 

ii: ,p,.,..(~ is an ideal in 'P __ ("£) by 1.12 •. i., 

If rp . .-)+(e) € 'P,.--.w0--n;l then e E: 'P,: q> ..... ,(,-;.w); h."I1(;" h:{ 1.1 '~" .i. ,.. ~-

:3 € II cP _oJ){) -~' (y ) II < E:; Y fr>1.- ~" • /J,'" 

.·.iiq> .... ,.(x-y)11 < 1:1 by the d€finition of II II in 'l' .... /r(<£) it rollow~ 

that ] f - ( ) Ilzll < £: • 
z; . '+;....- 'l'_ x - Y 

JC - z = w, w() obtain 

which proves that 'PA'>'~) is closed. 

1.14. cp (ee) - and 

'l' ....... (dQ) / (P ...... (..-) are isomorphic and isometric. 

m'r, HI - algebras. 

'1'ho alB"<:,br~,.ic p=t of the statement is a well - known a.lgebraic 

20 pr()pe.rl;y. 



Let <I> be the hOlllOllIOrphiBlIl 1jI,.n. ('X.) ...... 1jI-n-("£) I 'P-w(A#), then tba 

isomorphism between cp ___ (~) and 1Jl...w(1t) /!Jl Vm-) implies that 
~ 

lIxE '£ ql':CP,.,..,(x)" (4 Q op ...... t"(4) 0 1Jl ..... )(X)i 

.-. 1I(<I> Q 'll-u-)(x)lI= IIf.jo('ll.-w(x»U" inf{lIcp_(y)III<1',.ff(Y)€<I>--f.jo(jl...,)X:)} 

wi th 11'll".....(y) II = inf{ Ib':!1 I :z € <1': !Jl •••.• h)} .. inf{ liz 1/ I cp.-(z) .. 'P$(Y)} 

hence 11("" 0 <I'-w)(x)1I c inf{11z111 '1'$(2) E: !.I>"h_(x)} = 

'" inf{lIzlll <j!1Jl ..... .,(z) = 4<1'--w(X)} = 

= int{ liz II I z E" (rj! 0 (jI$")-(4 ~ 'llMJ (x)} >= 

:in£( 11:::11 I z E: '!'~_(x)} = 

IIq> ...... /x) II • 

,LIS. '1'.#. as a linear operator"£ -"'M-(de) hae a nOrm 1Iq>,.n-1i 

,leHn8d by 11<jl ..... ) ,= sup { 11'l'_Jx) II I !Ix II = 1} • 

\"1" huve, 11'f'..n.(,;),I "'; lixl) for all x €"£ ,and iI'I'M (e)11 = 1 I/ell. 

ll<:?noe 1I'l'.- II = 1 • 

:1.16. An el(!!i"ien~ t to '£ ).(J cal.led a topolo,sical rJ.iviaor of zerO 

ii: lim zz = <Y. 
n n-"" 

'I'he set of topological divisors of zoro is denot<:?d by 6. 

1.17+ z c i..i. 

1.18. i: If xES then xoe E'1t • 

ii; If xES \ Z then x"£ E 7(. • 21 



Proof; 

i: If xES then x de is a. propel' ideal' hence by 1.9 x'£. € 1t. 

ii; If x € S \ Z and Y € x?f'. then ther& exists a. sequence 

in?£ "\V;i.th lim ~ n .. y. 
n-OO 

Suppose that {y} is not bounded; then it contains a subsequence 
r\ n 

{Yl)c}k€Nt with IIY~II Too, 

f;;1im;", II IIY'1cII-l. XYnkll ".; II IIY~f' (XY~ ~ y)11 + II IIY~II-1. YII 

thic implies lim Ilyn.( 11-1 • y x ,. ,y; 
k .... ""·1 ~ 

by Ii Ily 11-1 
• Yn II ., 1 we infer that x € Z, contrary to the 

llkK 

Con,;o:''11.wntly {Y..,} n is bounded, and flO i t cont::,.ill~'; ~1 convergent 

f;ub,;CmI8rlCe {,/ }j • 
. "\ ( 

·iIO!"l(.lt'JV,,:, li:lit o)f {y~()l' hy y', tll(~n 

:-:; I~X i: .. 

Y = lim xy = ley', hc'noG Y C x""i ; 
k .o.looC,' ~{ 

l,hi8 P1;'OVOC thi1.t x'£ = ",£ and x';f. C 11'. • 

ne[il~!.:;('h. 'l'll" ,~m])loyment of tit" J3017.llllo..i,'ic:ieI's tri1.87. p I;O[>"~.' :,,Y in the 

force;oine are;1.llTlent do(:", not involvo ti,,,, aJ(iom of choi.co. 

: 1.19. 1f..-1--"I.- C 11. then 

22 and 



In other words, R~ is the ~et of regular elements of ~~(oe) and 

s,#- the Bet of singular elel~ents of 'P/W(GIe). 

The set of proper closed ideals in ~ (;R) will be d,moted by 1r~ 

1.20. If /J# r:; 7C j ~ r:; 1'( and An-;J hi- th en 

'l':tS,ffl) c (f':'(~) and <p:(B...-):> <J>: (nmJ • 

Froefl The statements 

are equivalent; :;;-:i.nce M c: 4#, the latter of them implies 

and thiG, in 'turn, 1.", equivalent to 

this eompletGs the ll:r:voL , 
1.21. rl'hc limit v( ....... ,x) ;= lim ii<J>-ff> (xk) If exists for every 

lC E: £. and every ..-n E: ,),(, and has the following p:r:operties: 
1 

i: \I(.+v,x) '"' inf{IIIjl..w(xk )Ilk IkE: Nt} 

ii. o ~ v(.--n-,x) ~ 11'l',..,.Jx)II , 

iii: \I ( ...... ,en) lal • v (NP-,x) 

Lv: 
Ie 

v~.x ) v (A1',x) 
k 

(Ie E l\t) 

v: \I( ......... ,>c+y) ~ v (..-w,x) + v~,y) , 

vi, v(,-n.,xy) ~ "(""'1-,:>::) • v~.y) • 23 



hoof: [21] I pp. 10, 11 is applicable to 'I'.~ . ...(d() without any 

difficulty. 

I.n. If 'Y(~.e - x) < 1 then YlC;) E R...;.o. end 

~roof: Apply the proof in [21], p. 12 to ~~(oe). 

:1.21. o(..n..x):= h- € em I 'l' ..... ):>: - ye) € S ..... ..} • 

cr(,.w ,x) is called the speotrum of x. modulo .--.+ • 

1.24. cr(-'1rtx) is $. non-vacuous olosed set in em for every ........ €: 7{.. 

and every x E £.; moreovert max { I y\ I y € crew ,x)} .. \1( ........ ,x) • 

Proof; Apply [21 J, pp. 28-)0 to 'il.-w ne); this proof is independent 

of the axiolll of ohoice. 

v~ is Gall ,;,d the rctd i(:~Ll. of 'P_ ("£). 

'I'h" demen'I;:;; of "1/""" are cal) erl t.opologically n:i.ll)otent in '1' ...... /£). 

I .26. t-r ......,.... E 1'C-,.-u. • 

])l'oof: 1-1# is 8.n ideal in <:p~(~) by 1.21.v and 1.21.vi; 

1::.i.l"J()€:, v(.-n,e) = 1 i.s rr ...... (o) ji~; henee 11".-14-- i.s a proper: ideal. 

1.21.v and 1.;~1.ii imply \V(41---,X) - \I(AY,y) I..;; v(...-M..,x-y)..,; 

.-. v(,-w.x) is a continuous function; 1f
1W

, as tIEl zero-sl?t of 8-

continuous function. is a closer! set in 'l',w (']2.). 

24 fm tU1!llogous result can bl? fou)1d in [19], p. :j2. 



Proof; ~4¥(X) E1r~ is by definition equivalent to y~,x) gO, 

imply-ing V
yE

(£ ,,(.#,xy) 1= 0 by 1.21.vi; hence 

V y€£ 'I'..-11)XY - e) € R,# by 1.22; and oonversely the latte:t' fO;z.'lllula 

implies II A E: Gm 'I',.#- (Ax - e) € R.....". or, equivalently I 

"\ I 0 '1'm (x - Ae) E R",*, whlmce, by 1.24. ,,(M- ,x) • {o} and there­

fore v(..w,~) = 0, 'l'..-(x) €1.f"4'0'" • 

,1.28. Sinoe -;e oan be identified with q;ot ("~), the expressions 

v (-'1 ,x), 0'(.,.. ,x) and "11, will be denoted by v(:<), o(x) end 1/ 

!l:'especti vely. 

1.29, <J'4J.- (-if) c: if...... for every A+-E 1'[ • 

Proof: If x € 1[" then Vy€-;t. xy - e E RI by 1.20 this implies 

'1l'H1C \E£ 'I'_(:.<c:y-e) €R.# end by 1.27 V.#€1t '1',.,..Jx;) €~. 

: 1.30. If..-n- € 7( and -U".-n- = {q • .# (IY)} then m... is called B strong 

ideal in de; th(!l Bet of strong ideals in ¥ is denoted "by- --( ; 

analogously 0;. is defined as th8 set of strong ideals in 'I'M-(IJIC) 

for every ..# E: 7C \ {} }. An a,lgebra. with 1-f =? is usua,lly called 

semi-simple. 

Proof: 4f." .. IJI;'<f>.-.("') '" <f>': (11,.,.,..) :J q;o:<f>"n-(-1{) by 1.30 and 1.29. 

and <f>: 'l',# (1-f") .. .M- +11 by 1.1 2; hence Ai- ::> ~ • 25 
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1.32. -<r E T, and analogously ~E ~ • 

Proof: M' e( if and only:i.! 1-t"1{" {q;>-1r(~)} or ~ = CJlM" (,(f). 

Now; CJl
4t

(-1{) C 1-I""y by 1.26 and 1.29. 

Conversely, if CJl~(x) €tr1( then by 1.27 

';f y E t£ 'P -1-f(XY ~ e) E R'lf or 

Vy€£ \C(£ CJl1t[(xy"eh - e] ~ 'P1I'(""-) • 

(f wc take u .- (xy - eh - G then \l, E: 11"; hence by 1.27 

U I (: E 1\ 

fr<.HlI wh:l.ch we conclude 

';f .,,,,,J ."",(xy-c)zeR 
y t. 01- ? f:, 0\.-

iJ:lpl.yj,ng 'rIyc '£ xy - e ( H 

x E: K by 1.27 end 

Proof! h1'Er! mHl.m; by dcfinitiorl ')\...w= {'J1..j./{Y)} and <ll:,eW-...-J.{) =$ 

is eCJ.ui:v(l.lentl.o 4T4{'~ <p IY/...w) = {'P,n'(('J')}; hence the result. 



Chapter 2 

Properties of spectra 

rrr. (.M-) :is called the bonnet of /W' • 

2.2. If M <::0'( and fr"" E: -nY(M-') then "i:x,oe cr~x) c cr0r.x) • 

Proof I If A. € a(w.,x) then 'l'M-I«x-}"e) E S_ and by 1.20 

x - \e € 'l':(S~) c: 'l'':(S4+) hGllce 'l'-#,(x-\e)ES"""and ;i.E a (4:1', x). 

An analogoU$ result can be found in [16]. p. 698. 

2.3. H: -m.-E1C and -11-E1'( then ItxE"lt. a(+J1..-n..n--,x) = 

=;; c(...-;x) U q(..w,x). 

Proof: ~ n A'V € 1{; hence 

ItYE¥. crl(.w n..-ff',x) :> a(Mf.,x) U o{n,.x) by 2.2. 

Suppas" i. ¢ aWn-,x) U Q'(...;,.y,x) , then 

'l'4#(x - Ae) E: n~ and 'l'-»(:':" i.e) E: R,#, or 

3yE <i. 'I',.1#[(x-Ae)y - e] '" ~((!I.o) and 3zE £ '4.-[(x-\e)z - e] .. 

.. 'P-n (&), whence 

ex - Ae)y - e € ~ and (x - i.e):;; ~ e E /14' ; 

from (x-i.e)[(yH) - (X-Ae)yz] - e .. 

= .. [(x - i.e)y .. g J • [ex - }"e):z; - eJ E /1-# n m-

we infer that 27 



lI',.-mnM[(X-Ae)((y+z) - (x-i\.e)yz)]" ll',-#f-n4"l'(e) 

which by 1.19 llIeanS <!'/.I-#nM (x~J..e) E RM1n ....w 

and consequently A yt 0" k n At- ,x) • 

~hiB proves the de?ired reaul t. 

2.4. If nY E 1( then 11 E: 'r/((,M) if end only if V X E: 71. O"(x) = 

"a(..n.x). 

Proof: 

i= Suf:ficiency. VxEi£ a(x) c O"~ ,x) implisB 

"Ix EM.- VA [x - Ice E: s "" 'lIMo-(x - Ae) E S..-n-] , 

VxC,* VJ..[x -;\e E S =>;\. '.fl....,...C,,) E 8-n] , 

'tJxEAf- \[x - i\.e € S ~A c oj 

'tJxE-w a(x)., {a} and 

\I x E,n- ,,(x) c 0 

henc@ /11-- C 11 • 

ii: Necessity. Asswne M':: 1(. Since q)4r(x) E R# implies 

3y €« '1l.-n-(xy-e) = CI'.-n-(<Y) and hence ry - e E..-n- c 1-f, we have 

O"(ry- @) .. {a}, xy E R and consequently x € R. 

'1'11e1'efo1'9 \I [<p (x) € R ~_ => x E: R] , 
X A-V ''v 

v [x € S => '.fl~~(x) (S ]. 
x "Y '" 

28 hence by 2.2 If a(x) = 0"(.# ,x) • 
x 



2.5. As a corollary of 2.4 we infer that, if ___ E 1'( and 

411>€ 1f{(M-) then _c 'I'':'(#.~) if and only if Vxa(~~) ~ r;>~.;x;). 

Proof I If X is the isomorphism q> (oe) - q> Cde) / q> A __ (.,.".) o:J.e-
- # ".~ 

Bcribed in 1.14 and if 41, ~ in 1.14, is the homomorphism 

'1'#('£) ..... o/4~Jt:.) / q>..n-(Aw) , then ObviouBly X 0 "'-.." q, 0 <1'.-# • 

O~,JI;) ~ a('I'A#~'<p_(x)) and c(-#-,x) .. O(q>.-n (.-#'),'I'A;-(x)) by the 

defini tion of the Bpeotrum modulo an element 0.1," 1[ ; 

moreover 

by the definition of: X. 

It is now obvious that the conditions 

are equivalent, the latter can alBo be ~eed 

which happens to be the condition of 2.4 applied to the aJ.gebra 

<jl..n-("Qe) instead of 'de. and the ideal q>,1-.Jm.) instead of A1-; henoe 

the condition is by 2.4 equivalent to 

Fro of I rr cr(_.x) .. a(..n-,:x:), then they are both equal to 

cr(,.-m,n-n- ,:d by 2.3; hence 29 



implies 

a11rl (lJ1alogously V Q C·»·,x) = a (ArI' n./J1.-' ,x) • 
x 

2.7. If ,1'/.-' cf[ then rH€ 11l{..w) implies 4( = Oil: (--t~.J • 

hoof: If 11E tv(/W) Lhen by ?4 V a(:x:) = O'(.1v,x). 'l'his itnplies 
x 

V x " (x) .. V Vn- ,J<; ) and '1-( = ~ (1-(...-n-) • 

2.8. If x E: rR., fr~ E '1(. ~nd A E: a(~.x). and. if we J.e;fine 

than ,111.- has tho foll(l;i.'ing properties; 

ii ; x - Ae E: /Jf1/ 

P:roof' 

i.,: By the definition of a(..-w,x) we have qJ (x -Ae) E: S~,; thore~ ,yy ~y 



(J): if'M[ (x ~ Ae)~J is a proper idel;Ll in ?12. whenoe /#H:. ry( by 1.9; 

obviously /f1'V':J 4V; henCe MYE 'J1l(t1V). 

iii: X -.\e € ~ implies (j'--ffl (x -;\e) = (jl-nv (I;)-) € S4W' hence 

.\ E'. 0" 0-w. x) • 

if 11 E a(.-vn,x), then (jl..-.(X-fle) ~ ~; sinoe 

(.\ "fl)'f'-mie) = Ij>~X-lle) - 'l'mJK-.\e) .. IjI~X-lle) - 'l'~~) 

= ;p.-nJ:x: -11"') 

2.9. Obvious consequences of 2.8. are 
n 

i: if x E:""£. {A.}._ c ,,(x) and .#!--:'" n (x-A.e/at then 
~ ~-l.···tn ic1 ~ 

ahx) .. {iI.·}·1 • 
~ ~= , ..... , n. 

ii: if x E:X and 0\-(:11:);=1 I'l (x-Ae)"£ then a(:II:) .. a(<>t(x). :x:). 
lI.€Cm 

iii: n q..(x) .. '} • 
:x: E:ot 

:lv: :i.f y E'.4-{ then IJj(Y)" yO? • 

Proof: 

Q~. ,x) = {A.} (i = 1, ••. ,n) and by a. ooroll=y of 2.3 
~ ~ 

n n 
cr0n.x) '" cr( n 4-11'1'x)" U cr(m .• x) = {A.} '-1 • 

i~1 i=1 ~ 1 ~- , ••• ,n 

ii; ~(:x:) is clearly l;L ?roper closed ideal in le, hence by 2.2 



If "A E: a(x) then _-Wl-:= (x -\ef£ has the properties of 2.8 (with 

.-w .. jJ), mor.::over d1-j..-=> 0\.(:>::); hence, again by 2.2 ,..€ a("1(A) ,x), 

this entails tha.t a(x) C <;1 ("1(x),x) • 

iii: H' yEn q(x), then 
xEd( 

ItxE "£. \ECm Y ~ (x':.\e)l': t 

whence y E ddt' = J • 

iv: 1:1' y E 1{ then a(y) .. {o}; hence, if t.. t 0, then y - "Ae E R 

and (y~.\e)de =0(. 

Now q.(y) = (y-Oe)"£ = y'l- • 

2.10. If x E"'£ , y E X and ~ €7C then 

Proof I 

il If \I € a(...u-;x+y) then A-W, .. 'l':qJ __ [(:x;+y-ve)dtJ has p=p-

srtiea which, acco~ding to ~.8 and 2.2, guarantee 

sinoe a(_,x) is non-vacuous by 1.24t we can take "A E: a(A#,x) • 

hence \I - A E: O"~,y) and 

32 which shows that a(.-#',x+y) C o·C-·,x) + o'(.#",y). 



ii: Analogol).$ly, assume v E a(-n-,xy); them take 

Since xy-Ve = (x-t..e)y + (i\.y-ve) and ~[(:JI:-:\e)YJ E: ~ we ob­

tain 'I'~(AY - VG) E: ::'J.-m.. 

If A = 0 this implies v = 0 and v = A~ for every ~ € a; if A 10 
then vi\. -1 E: cr (,>w, y). In both cases 

Pro of: 'l'ri visl from 1.23. 

,2.12. 'l'heorems 2.8 aJ"ld 2.10 oan be used for proving Wiener's 

theorem orl ~"b$ol\l.tel'y convergent l'ouricr series by Ba:r\ach algebra 

methods; without using the axiom of choice; see [5J • 

2.13. Another consequence of 2.6 is the following theorem: 

Ii' x E£, ~ E-rt and 'rJ/lnE'f'I{(Ar) -\t:f1tr(A1r) CJ1c(x) E T'-t then 

'I'M.- (x) E l\.n.-. 

Proof; !f 'I' ex) ~ H or, equivalently. 'I' (x) E s--#" then 
A+ ~ --n-

~== 'l':Ill-#,(XX) has the properties of 2.8, paX"ticulaL'ly x E.** 

and ..-..f1f(M/); hence by assumption \. €1YC (rn-) IjlK ex) <2 l)c • COI1-

t:r:adictingthe fact -th!l-t, £lince x E.-v;.--vc re, IllK(X) = 1lll\:('!I-). 

Th:la p;Nvea thst CP,n- (x) E: H,-n- • 

2.14. l:f,#t- f2.1( then <1': (S.-1-Y) = U Ill:' (lWAl1"") • 
--n-z. E: Ti( (.-w ) 

Proof; If x E 'P'" (5 ) thet) <P (x) € 5~~. implying 0 E a C-w. x); 33 -n-- 4Y ..-n- -ry 
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accordinr; to 2.8 there exiats an mtE 7I((..-w) with a0n-tx) .. {a} 

heMe v(.-m..-,x) = 0, CJlAn-(X) E1f_ and x E rp';"'(1{;.wL 

C onVE;!;l;'S ely. if ~(x) € ~ for any ,-<WE 'l1C(n-) then v{m.-,x)" 0 I 

this implies "~.x) = {OJ, 0 E o-(--w,x) by 2.2 and ~(x) EO S-n-- • 



Chapter 3 

The ·-operation and the lattice or ·-invariant sets of 
closed ideals 

,3.1. Recall that 11((-) := {- € 1( 1.iI'W :'$ } • 

Recall that if S is a set, pes) denotes the class of subsets of S. 

:3.2 E "" {Dt E: p(1() I v#€ ot 1l'l(tVV) <;: at}. 

E is clearly a subset of r(ll). 

:3.3. We define the mapping *" , p(1L) -+ p('Y() by; 

if ()(. £ p(/VO then at* := {n+ E 1'C I VAn EiVl ("w) -\ € 'Yk(,ffl--) k E: ot}. 

"* By ~ we denote the subset cf pelL) which cont~ins the -invariant 

subsets of "It; 

1(-

l.4. i: ¢ = 0, hence ¢ E !J. ; 

ii ; ')'{ * = 'Yi. hence "(( € ~ 

:i.ii; Of. c e =I 0(* C C . 
Proof, 

i: Since '!If. € ')It k ~ ¢, we han "...n- V/IME TIt (,.-n.) \If E'i1l:(._) :t:. ¢ ~ 
* and consequently V-w .-n- ¢ ¢ • 35 



H: S incc ~ VM/. E ')1((/fI') \;If CrlL(A-1+) KEY(, we h('Lve \;I,-n /n- ( "r', 
wh(~nce '1(* = (Yi • 

1.5. \;10( E p('IC) at'" E: E. 

h:oof: If /vt € O(x 0111[1 /ynE 11"( Crt) we !tiCV<' to pruve ... ..->1-'<0 ot* 

j)ut this is tr.·ivial since »:-E 'YK(/Jo"v) ,1,[1(1 k E nCCm-) i.lIlply 

ii € I'1K ( ,n.) I and .rv E: C)i .... 

3.6. t, c Ii: • 

l'roof: COllfl<'!<"1Uence 0 (' 3.3 and :l. 5. 

3t7~ OL E ~ =9 at c: ()t*" 

l'roof; Ii' or. ( E <1nd 41- to ex. than 11((.~I--) c Ot and 

('1.' 

~m.E1'YL(M) m(~) cOt.; hence ~E1\'((#) 3KE:ir«(~ K E:(l{ vi? 

.... ... ** 
h"'Qof; rx E 1': by 3.5, .,hene':' at. c Ot by 5.7. 

H * Conv,~rsely, .Lf • .-"Jo/.-E Ot I.hem \I.-1f1,E:11K(M-) 3r E1!t(..1.-w.) r; E: C1L. ; if 

* f{ c: Ot then trivial1y k E TV(.(f) ::;..nd IT,o1.'eove:t JotC'iliC(K) "'l c: Of.. 

Now ,,€ TK(--n-il a.tlel consequently ,....-vE: rx*. 

3.9. If Or... E rCYf) thl~n r)t* E; t, • 

36 Proof': Consequ<:>nce of' 3.8 and J.j. 



3.10. H (('S,) >..E: 1\ E peE) then 

~ E E 
... "I(. 

:1.1 u and (u os..) => U Dr..\ 
71. A A 

* -II-
ii: n tXx E E and (n os..) c; n Ct). 

A A ). 

* * iii: If, nloreover, 1\ :l.s !ina",. then (n CJS.) = n a...\. 
71. ;\, 

hoof: i and ii aro trivial consequences of 3.2 and 3d. iii. 

Hi: Since II i$ finHi? w" have th"-t II = {;\. -} - .e 
}; .j(. J J"'l •••• , 

If ,/+ E: n at then \I - V E 111 ( ) 3r E: 11( ( ~ 1<, E otA • j=1 A j J=1 •••.• }; frI1, IW _OJ """ ,J ,j 

Take 41i-E ffi and,j# € 'YVr(,-m) n Ot, , 
1 "'1 

there exie ts !;ill.-m E 1lt (MJ.. ) n m 
2 t .\2 

also /1# E at, 
2 1\1 

then ~ E: 'YTI (M--') ; 

and ~ ;ince O!:A c;: E 
1 

Proceeding in this way we construct a sequence 

1, 

Mel we ee':' at once that 4-">/-'£ E: W(4W) and ~ E: n crt 
j=1 Aj 

'I'his proves th" th(.)orem. 

Wi? have 

hence 

3.11. If' Ol € p(Y'() and t E: S then m* n ,t. I;: (at n h) * . 

* Proof: The asswnptions tog@ther with ,.n- E en n & and.-mE: '(V({-14) 

imply A4- € at *. 3H 'Ylt(~) k E or-, ~ E £- and \1 k crVC(~ k € t-., 
hence 3

kE
'YVC0n-) k Eat n 3-; thus by definition....wE ((X nf~)*. 

* 'K-3.12. If {otA}A€A E p(c,) then (n OL).) .. n Ol'\' whence norA En. 
;\, .\ "-

Proof: By 3.10.H (n C:S.)* en ()(; whence by $.$eumption 
A A 

37 



* (n01:j ) c nOS,.; thE: converse inolusion is true by ).10.ii and. 3.7. 
f.. f.. 

3.13. If 01.. E p(1'(), fr (: E and (OC u tJ-)* c; ac. then frc Ot. 

Proof: M- ¢ or.. :i.mp1ies by assumption m ¢ (or.. u t-)* 9.l1d by defi­

nition this ental,ls 3h11-E:1')(~) 1'VC(M-r.) n (en. u l'y) = ¢; particu" 

la:rly h1'f,¢ en. u h- s.nd ,..-vn ¢ b; since t- E E WEl conolude A+ rJ £-. 

,3.14. The -1(0 _ operation is not a closure o1'e;l;'9. tor in rf( in the 

usual topological sense, since both at c Q-l4 and (Ot u &)* .. 
'" r)t* u t* do not .;,lwaye hold in p(10; the 1'irst of these con-

<li tiona by 3.7 holds in E t the latter does not hold al.waY$ even 

in ~; fo~ proofs see section 7. 

3.1 S. If {C(f.) iJ. E: M E P(fl) «nd t:;, E: fl then 

i: If>''E:l\1 Olf..;;> n Ol , 
I-l E: M I-l 

iii; 

[\EM at;>.. ;;> &] 0:) n 
I-lEM 

If;>..€:M ott.. r: ( U O()4 
!"EM '" 

iv; [lft..EM 0(11 cg]=)( u C\)c£. 
iJ.E:M 

Proof: i and ii lU'e trivial, iii is a consequenoe Qf 3.4.;i.ii IilJl.d 

the assumption J; E tI; iv follows from the fact that 



:3.16. Ii' {Q} M E p(lI) then 
I.l !-I C 

and VOl .. ¢'; if M consists of oIlly One indeI then we have 
Jl. ~ ¢ !l 

A or .. at .. vO(; if'M consists of a finite n.umbex J, of in:l.ices then 

we occaaionally write 

3.17 (ll, fI, v) is a complete, A -distributive; V-- distributive 

lattioe. 

Proof: 

i; 1\ and V have the required property of 0(. E II and lr E 6. im­

plying Oc 1\ i>- E 8 and OL V ir E: ll; this is shown for II in 3.1 2 t 

for V it follows from the defin.ition ;.16.ii and 3.8. 

iiI Properties L3 and L4 of section 0.2 on commutat;l,v:i.ty Md 11 

011 associa.tivity of II follow trivially from the dei"in:i.tions. if 

V!-I- EO M V 'liEN CXj,l'\l € Il. th@:l1 

* (u ct ) J U ~ for every I.l € M, by 3.10.i, 
v j,lV v IAv 

"* hence U(U ()( ) ~ U u at - u ex J 
Il V j,lv Jl. V j,lV !l,v jJ.v 

* * .. since [U(U at ) J J (U ot ) by 3.4.111 
I.l V ~v Il,V j,lV 39 



we have V(V Oc ):::> V o-c by 3.16.ii; 
~ v ~v ~,v ~v 

w~ now prove the convel'SQ inclul')ion: 

Putting £- .= V OL we h(l.ve 
~,v flv 

at <:; if .cor all fl, V by ].4. iJ.i, 
~v 

hence (U IX ) -II- C £Y fo:c all fl. 
v 1'-11 

... * 0 and [U(U at ) J c Q..y by 3.15.iv. 
I~"II ~v 

This means v(v C( ) c V Oc • 
fl. v flv fl,v ~v 

The :t'8sults oombine to the extended law of a.ssociativity for V I 

v (V Oi ) = V CJ- = V (V DL ), 
~"II flv fl.V 1'-\1 V fl ~v 

implying that ()t.. V (£- V L ) "" (Or. V t) y L; this ""sta.blishes 

prope:r.-l;y 1.
4 

of $\lction O. 2 • 

Befo!"'" 'lfe =e allowed to conclude that (b., II, V) is a lattice we 

should have verified Land L that for every at E: b. and fo:r. every 
~ 6 

tr r:: b, or II (Ot V£.) = Ol ~ at V (at II ,£.); this, however, iB a 

conscquel\Ce of the laws of diBtributivity, see vi bela.,. 

iiU Sinc\l en 1\ g,.. = ()1. n £- we hav~ Ol c h ¢::::::::} Or. 1\ £.. "m, im-

plying that the lattice-order of (l:1 t l'l;V) coincides with set­

inclusion in p( "((), which together with 5.12 and .5. 1 5 •. ~ and ii 

impHe$ th""t b, is 1'1 -complete. 

'l'he "J-colllplr"tene:.sCl of b, follow9 analog01.<$ly from 3.8 and ).15.i1i 



£'1\ (v oc. ) ::: £.n (u or )* c [..5- n (u (t( )]* = [u(£ n Dc )]* 
~ ~ ~ ~ ~ ~ ~ ~ 

hence £./\ (V 0( ) c veiJ- 1\ ClL ) • 
~ ~ ~ ~ 

ConverselYt if AY E V (i3- /I 0( ) then 
f1 f1 

V-4-1£€1)t(-u-) -1<E'YK(M) ~ E U(ir 1\ en ) = t n (U 0t ) 
f1 f1 f1 f1 

implying A'J' E £-* .. ;t a.nd ,.# € (U Ot ) * = V at 
11 ~ !.I 1.\ 

hence ,..#" E: t- II (V CIt ). 
j.i j.i 

This proves that (~II, V) :is 1\ -d.istdbutive. 

v: Again we take {ctl1}~E:M E; F(~) and IS- € fl; now 

t- V (/\ 0t) = [Jj.U «(JOt d~ = [n(e U Ot)]* <: 
11 11 j.i j.i ~ ~ 

n( rf,.. u Ot.) * by 3.10.1i since t U ()( E: E; 
j.i ~ j.i 

hence frv (/\ Ot ) c lI(e vat). 
11 f1 ~ j.i 

If, conversely, /W ¢ £- V (/\ en- ) II [£- u (n I!lL )] ... th en 
j.i j.i 11 ~ 

:3~ EfVt(#) \rH 7OC(~ J k € t- u (~ O'lj.i) Or equivalently 

3 E:rnt(.w) 11t(~) n [f>. u (n OL )] = ~ 
~ j.i f1 

implying 1Yt.(Mf.: ) n £- ;;.- ~ and rrvt(M'V) n (n m ) = ~ • 
1 1 f1 f1 

oJ!. 

In :pa.rticular 3 '" M At/.-' ~ ()L - en and consequently 
v <:. 1 v v 
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since -1112 E 'YI'C(-#) we can conclude 

eM- ¢ COT.. u £t '" ()( V.e 
\I v 

whenoe .-rJ..rj. II (01. v/5-) .. ,,(at V iY) • 
f.l E: M I' f.l f.l 

This shows that L V (A OC ) = A(& V Ot ) 
f.l ~ ~ ~ 

which connotes that (A t At V) is V - distributive. 

clLV(ot.A iJ..r) = [Otu(Otn £..)]* co 0t '" Oi. 

(cf. final part of 1i in this proof) are evident. 

This ooncludes the pl;'oof of the theOrem. 

3.18. :U (A or.) V (A ir) = II (Or. V t.), 
f.l 1.1 v \l ~, v 1.1 v 

ii I (V Oc ) II (V £..-) = V (Or:. V£..). 
f.l 1.1 \l V Il,V 1.1 v 

Proof. 

:l: (A 01.) V (1\ &) = A [01. V (A;;')] = 
1.1 ~ v v Il ~ Ii v 

ii: AnalogOusly. 
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Chapter 4 

A paint-free topology : the lattice of clusters 

:4.1. If a E Om and e:;,. 0 then 'li(a~d :" {or € eml I y - al ;:;- <;} 

~ := <l'> (0,1) • 

4.2. {<1I(a,e) I a E: Cm~ e; > O} :l:;l a. base for the closed sets inCm. 

:4.3. By F (~) Or F we denois the class of f;ini.t e subs ets of (the 

:8, -algebra)'£; byQ we denote the class P(F(£))of aubsetsof F. 

,4.4. Recall that i£ x E:"£. then {x} E: F; and if a ~ F then 

{a} E: Q; particularly {{x}} E: Q fOr enry :x: € If. The mapp:ing 

w : ?E' ..... Q~ deb ned by t.)(x) ;. {{x}}, :is evidently an injection. 

:4.5. If A E wCde), 0; € Cm and .. > ° then 

L(A,IX ,E) := {M.- E 1r I OCMjW .... (A)) 0;; ~(a,e:)} • 

If we substitute x fOr w-(A) in this express:ion we get 

Proof: The following statements are equivalent; 

n. E: cr(.-11-,x); 'l'_(x - J..e) € S# J ~,nJX -EM - >..: a e) E: SM; 

J.. ~ a € a(,.n.. ::~) • 
~ • e 

Henoe the result. 43 



,4.7. Fo", every x E: £. vre denote J:({{x}},O,1) 'by L . 
x 

4.8. 

Proof, Corollary of 2.3. 

4.9. If X E: "£ them J:, E: D. • 
x 

Proof: Wo observe thfl.t J: E: E since ,%€,£: tW a <;(>rolL1J:Y of 
x x 

2.2 :i.mplias 1Y1'(,....v) .;; £, ; Consf!quently';:; .::;:* by 3.7. x ," x x 

Now suppose ,""," C .c:, then \j"~ €I'(((M) ~ € rY((Mt) ~ E'. L x or 

oquivalently, ~:ffI,.E "(Y((m) ~ E:rvt&rw) cr(E,x) c 1', o;t.' 

1i'1"1-E 1Y( C-n) 3R € m (ffW) \, Hm [i.\ 1 < 1 ,.. '11; (x - .\e) E: ~] • 

Now bY' 2.13 V, '- c [11..1 < 1 =l 'P (x - ft.e) E: HAAJ 
I\, t:. W 4.. 'Yr 

o;t.' eq,uivalently 0(-'·"1-' ,x) L ~. 

whence /» E;; • x 

Consequently J: En. 
x 

:4.10. If a E F then It 
a 

a:nd if A E: Q then J:
A 

~= n .£ = 
aE:A a 

'l'he 8f!ts LA are ca.lled clusters. 

1\ J:"" 
a€A 

4.11. i ~ ¢ E r, T( EO r. Ii x E -;« ;: x (0 r, 'tJ a € F £. a E r 

44 ii: reb. I 



iii: r iG cloSGd in b. with respect to II:. if {AI>} I> € M € p(~) then 

II £'A E r ; 
iJ.€ M 

iv: r is finitely closed in b. with respect to V I 

t 
if {A.} '-1 ~ € p(Q) then V ~A. E r . 

J J- ••••• j=1 J 

Proof! 

i; If x C£ and a EO F then {bd} EO ~ and {a} € Q; 

since J: = 
>:: "c{x} = £{{x}} and ha .. "c{a}WehaVe la.€I' and 

J; EI'. 
a 

Now, denohng as before the ZeN and identity of 7t by ('r' and e, 

we have 

J: .. {..-*€ 1t: 1 (]('1"~,&) c; <1l} 
0" 

J:e = {..-n>€ 1(1 a(,w,e) .::: 4} 

{'*El'llo;'1}=¢ and 

{#E: 1( 11;,0 1} =1l 

ii: Since'£ EO ~ for every x E"ifG • also <£ E b. for every a. € F x a 

as a consequence of the fact that b, is a lattice; and £rolll the 

COlllpletenesll of b. it follows that II L E b. fo~ every A E: Q. 
a€A a 

iii! If {.A) iJ. E M E p(Q) then 

II J:A ... n ( n ,:L).. n £a = ,£: U A ' since 
lJ,EM f,1EMaE:A a aEUA f1 

fl. iJ.€M fJ. IJEM 

U A E:Q. 
iJ.EM f1 

iv. Let A E: Q and B E: Q.; suppOBe first that A : .. {a}. :B : .. {b} 

wi th a E F and b E F. 

'l'hen ';::'A V £B .. ,;: V,j; = ( V j;) V ( V ';:'y) = 
a b xEa x yEb 

V 
xEaUb 

by the aBBociativity of V; 
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In the gane:r.·al cage we h.\lve 

d:A V cCB = ( f\ .J: ) V ( II .,(:b)' 
aEA $. bEll 

~ V J g 

A l3 1\ 
aEA 
bEE 

and by ).18.i we obtail1 

Now, if A E Q. and B fQ., then {a U b}(a,b) EAxl3 E Q.; 

hanco £ A V LB € r . 

F:com thl.s reau1t :i.t foU.owe by induction ths"\;, if 

{A
J
. }J"=l i E :p(Q), thcn , .... , 

and thie again is an element of r. 

,4.12. From 4.11 it will be clear that r is a ~;ublatticG of 6. j 

sinoe r is A ~ complete and bounded, ;i,t ia complete by 11. well-known 

theorem of lattice theory ([23], p. 68), Since!;. is V-distributivl:> 

and r is A-closed in t:. we See that r is V-disb .. ibutivf~. 'l'hu~ r, a3 

a lattice, haa the propert:i.es FT
1

, Pr2 anil, l'T3 of point-frl~8 topo­

logiG~ as stated in section 0.3 • W"! now proceed to show that r 

fu.lfils the oonditions Pr4 and FT.5 as well. Thollgh FT5 implies pr
4

• 

the case of FT4 will. be treated sepaxately, mainly becau.se p=t of' 

its proof serves as a lemma for the proof of PI'.5 (4.1 i.3 and 4.19); 

4.17 stays a little apart as a minor result. 

046 4.13. If X E '£ and '11 is a oloa ad <'le'l; in Cm, thon 



{,..-z...c 1t I o(#,x) c 'l!} € l' • 

Proof; By 4.2 Iji is tue intors~ction of a certain family 

{<lI(U,,;:)}( ); now 
0:,0 

{A'f.--E: rK] a(M-,x) c 'If} m {41- E'Yt I o(,*"x) c n <I>(a,£)} .. 
(a, t;) 

This proves the theorom. 

4.1 S. i. JAA"V) € r for every ,..n. ere . 
ii. m (41-') c ,(. (..-1"/') for every /11.- E 1[, • 

iii; If x E: '£ and /YI- E ;:; ,. then £(-#) c/:. x x 

hoof: 

i: "C(~).. n {"'r·E 111 a(O(,x) c a(..n.-,x)}; since 00;-,.)1;) is 
xE:* 

cl(Jae<j in ern [OJ: every M- =d x, {Of E 1t I cr(~x) c 0(4'1', x) } E: I' by 

ii : Trivial cons oqmmco of 2.2 and 4.1 4. 

iii: ~~ivial consequence of 4.6 (and 4.7) and 4.14. 

,4.16. If yES then y?f. E 1C by 1.1 8; 

we call L(y<f-) the zero~cluster of y. 

4.17. If {y.} _ • c S and 
J J"'l, ••• ,,,, 

1 
eE E yjl? 

j=1 

i-
II ;: (;:;J!.) = ¢ then 

j=1 J 
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J', 

FJ:~oof: .I:; y. d( is all id(~,·,:l in "£; if W(, [LSSWrle 

j,,1 J 

henc", :8. y.'JC € 1W(y.)() for every i = 1 •••• , £; 
J J 1 

we infer that :l::. y.£ E L(y.'£) (i=1 •••• ,,e) by 4.14.1i, whenoe 
J J 1 

£ 
A£(y.;J'..·)i¢. 

1=1 ]. 

~ie proveB the thaorem. 

::I.,c E r [~ f. £0 c aCE & aCo A LA .. ¢] • 
C 

PrOO£1 'l'11a assumption Ln t £A implies that oCD ~ ¢; since 

..e 
Writing j( ~ V 

a 
hence 

::I ,..",..., ) 'I YlIf V 3 ) It:.l < 1 • 41- € III,(m K E: '/ll(...w) j=l, ••• t,e ~Ea(K,y. , , J 

According to tki.s wtatement we '~al{e M E ~-») ;:V10 '-. E a(,n- • y ) 
1 1 l' 

with Jt;. 1 <1; next, according to 2.8, we take '1+ € men- ) to the 
1 2. 1 

eHect that 0'("1 ,y ) = {t:. }. 
::! 1 , 

48 Now we can select;. E OeM ,y ) with If, 1<1 >;lJ'ld construct 
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and t,' 1'.2' 000, r.,e 
with ~h<:, prop",rtios 

't j"'l , •••• jl 

{r, }; proceeding in this way 
2 

1:;.1 < 1 
J 

and. 'I. " if. 0 a (..w.o • y.) = {f;..} , 
J=I ••••• ~ l=I •••• ,J J+l l l 

whallOO ..-mE: "rIt(.11.·) f.l1ld 'J._ , [o(An.;Y.) = {r.,} & !~.I -<; 1] • 
,1-1 , •••• h 1. J J 

W'" llO\'/ (l",fine £C := .(;(..-1-#) n"cll and will prove that ..cc has the 

desired properties; 

4.15. ii; 

hence.411-"€ ..cc and ..tc r) ¢j that J.:c C £n is obvious. 

F'inally, £c II £A <;;.£ II L = "r II ( ~;: )= ~ (J:CIl£ ); 
Cae .)-=1 Y,j j=1 Yj 

,,:;ince at- r:: £ C implies 0(, E I; {..n.-1 and consequently 

V. jlo(""y.)={t,.}?-ndV,rx¢£ we~ve'rJ';:cll.J: "'¢; 
J=I, •• " J J J Yj J Y,j 

this proves that La /I J:...A = ¢ • 

4.19. If J:A E: r, [;B E rand .(B 'I £A' then thore exist £c' 

LD and LE in r with the followinG properties: 

i: 

ii: r£ /1'£ =¢ 
C D 

iii: ;C II L = ¢ 
A E 49 



v: 

vi: 

,[ 
D 

£D V j: =; 1'l 
E 

Proof I 'raking a" {y } .41/ /J11/ and {I!; } M in 
j j=1, .... .e" j j"'1 ••••• j, 

th~ proof of 4.18 we nOw proceed as follows' 

Let 0 be a positive rlU.mber with 5 < 1 - max { I ~.I I j ., 1, •••• t } 
J 

then 1i1 .- {A E eml I AI ... 1 - % } 

w .- (A € eml 111.1 ~ 1 - & } 
2 

H will bo clear that;: ".;:; fol' every x E: X. !linee W
2 

:::l <I1j 
2,X x 

and also that';:; € r and.;C E: r since tJ! and <li are closed 
I,X a,x 1 ~ 

in Clil. 

.l; 
.l ,.e 

Thus LA c = V ;: c V .( 
a j.,1 Yj j=1 2'Y j 

We now d ",fine 

ole .- L~) n "cn as in 4·18; hence £e c ..LB and Ae -I ¢ • 

.cD 
t 

LA c: LD • on V cl~ ; hence 
j=1 ~ 'Y j 

;: ,.e 
1: .- A E 1 ,Y j j=1 

Properties i and :Lv are e!iltablished by now; we have to prove the 

cemaining oneS; ii, iii, v and vi. 

50 ii, ~,../-' E: ctT) implies 



" 'YI1'( ) 3 'YlIi ( ):3 IT (11::, y ) c ~ OlE III M' K E IrL.1Y j=1 , .. ".1l j :2 

and .# E: ,,( 0-w) implies 

Since 'rf. r,. f!.., we eM conclude that J;..(.4#') n J:n = ¢; 
J J 2 

benee he f\ ..tD = ¢ • 

Hi; /... fl.;: = ( ~ J: ) fI. ( ~ ~ ) 
a E ,j=1 Yj i.,1 1 ;Yi = 

)l )l 

j~1[.£Yj A (i~1 oZ::.",yi)J 

by Ow V - d,,,t:I:'.i"but.ivity of r. and 
,e 

L II';; c V [.,t A;:' J 0 

a E j'=1 Yj l'Yj 

Since,J; II); = f,41-E; 'YCI a(,-u--,y.) c ill & o(--*,Y.) C 'PI} and 
Yj I,Y,i J J 

cf> n w = ¢ wc conclude that ,,[ fI I: = ¢. but then also 
1 a E ' 

£A 1\ £E '" ¢. since J:.,A c J:
a

• 

vo Ii',41- E: ol(-1n-) then II. a(.on-,y.) c u(1n-,y.). whence 
J J J 

'rI. o(*.Y'.) = {t,.h s5.nce 'V
J
. ~j E 1l>1 we have 

J ,J J 
J, 

'rf •• # €: J: and consequently ff!. €: A J; = ..t
E

• 
J "Yj j=1 I'Y j 

'.I'hi.'l prove$ ;:. (.m) .:: £: E and, by the definition of Ie> 4 c J"Eo 51 
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'I 

OJ ; [.L: V ,,(. ] 
J=1 ' ,Y";j 2'Y j 

J'uttinr; for sil:lpl i cl.ty"; I,hem 

Ot = (,.1"'~12: "Ill o(4-V,y
j

) c'1>l or O(,1.V,J
j

) c'I» Med 

or..'" 'Iff. '" {q ( 1\, I \ E'/ll(q) J....n-c))'C(r~) o(n .... ,Y) c <I,', 

0:(· oCu"Y j ) <: ,\}; 

::;inC0 el' U ,11 = em Hnd for ev(:'ry rt '/.1( ... thBre ('!xLt~ 1ill·1-/ E: '/Yt(fi:) 
, 2 

with "tilt, ap,~ctrull!. aUv·,y.) ()OIlLiDLing of o~"! c;in,.-;lc poLnt, VI<~ {(ot 
,I 

OC-l(· = n; confJcqucntly -CD V ",cF: = 1[. 



Chapter 5 

On compactness 

,5.1. A "topologioal spaoe x ir: r:aid to be oompact if every 0.01-

lection {F} of closed sets in X with the finite interaection 
(l 0: 

property has a non~void intersection; acco~d~ngly we derine; 

a point-free topology L is said to be compaot if every subset D 

of L has tho. property 

'I 
A E F(b) 

A 
aEA 

a rJ v] :} [ A 
a.ED 

a ,; v] 

It is easily seen that oompactness of L implies compactnesr: of 

ita companion topology (compaX'e aectien 0.3) in M. 

The companien topology of the latt~ce r of clustera is, as will 

be shown in section 6 below, the Gelfand topology in the space TK 

or Lll<U<;:I,ll1.al ideals ;tn the B1 - algebra (If. Since in this cMe com­

pactness is a consequence of Tychonoff's theorem, and hence of 

the axiom of choice, it will be clear that compactness properties 

for r will be hard to derive. 

'rhis seotion f",atUl'",s results yielding certain compactness prop-

erties, but they depend on the restrioted axiom ef cheioe. They 

~e preceded by a few intrOductory remarks on topological spaces. 

,5.2. A topological space X is called first counta.ble if the 

neighbourhood system of every point of X has a countable base. In 53 



5.4 

l>oint of the subs",t 'y if ;:,end only if there i" l'- ~",ri\l"'nce in Y\{x} 

which converges to x • 

,5.3. If {x.)v E: t>; is OJ, family of spac;es, then we denote by 

X V E N \, the oa:r'l,eGi= product of these apaces ; if N is hot 

finite then X \,I E N X\,I -I ¢ is equivalent to the restricted Or un-

res"Lrictet'l axiom of ohoice. 

l1y" Pfi. (11 f:: N) we denote the projection X v E: N X\,I .. X~, defined by 

PIJ.({X)\,IE:N) .-;x:~ 

If eve:r:y Xv is a topolog.i,r;aJ SP~'~"'. the "natul'al" "topology foX' 

X X is the weak topoloffV for the family of [unohons {p} 
v v '='" "\,IvEN 

which we shall. relet." to as the "product topology"; it has as a. 

s\\bb$.se for 'ehe open sets {p~(U )Iu Open in Xv' v E: N}; the 
'It v \,I 

lll$.ppitlgs Pv =8 oontinucUB and Open. 

If N is oountable then X v E: N Xv is first countaole if a.nd only 

if X \,I is first cOW1table for every v E N. 

5.4. If the topological spaces Xj (j E". Nt) =0 first (lDl,ll1table 

(Uld oompact, then X j E Nt Xj 1.$ compaot. 

Proof: If Xj ENt Xj = ¢ then its compactness is triv,\al. 

is an 

tha t 3(3 E. B 0' P .. 
o 0 

open oovering of X j E Nt 

X j E: Nt X j; in this case 

covering of {O'r}f. 

)(,' it might happen 
J 

{O~ } is a finite Bub­
o 

Suppose Xj Xj .;. 56 and 'iPEB G'(3;' Xj Xj ; consider 

{Wer}er fA of {CY(3}(3 E: B' consisting of the basic sets 

the refinement 

Wa which oOT\-



ati tute the e!;; 's; hence {w } is an open covering of 
" a a. t..A. 

and '1'(1 €:A Wr,t "J Xj Xj • 

We denote the family o.f open eets in Xj by 1
j

• (j € Nt) and de­

fine y(r,t) = .. max {j € Nt I ~€ '¥j\{X
j

} I Wa C Pj(U)}. Wa' as a 

basic set, ilil a. .finite intenlection 01.' eetl;! p~(u) with 

U E t j \ {X
j
}; and since Wrx .;. X j Xjt this finite number is not 

zero; hence y (a) E: Nt. 

We will now prove 3 E: Nt U W ... X J. Xj • • 
no r (0:) <:; n 0: 

o 
To tAis end we assume the opposite 

II 3 X Y~ U w. nENt y:€ .X. n (-)_ It 
n J J y a ."n 

As Xl is £irst-coWltable and compact, {Y n} n E: Nt contains a mono­

tonic subsequence {y'} such that {p (yo)} converge a to a pOint n n 1 n n 

n, in X, ; as X2 is firBt~oountable and com~ot. {Y~}n oontains a 

monotonio subsequence {~I} such that {p (~,)} conve~ges to a n n :i! n n 
point l).., E x

2
; of CO\lI,'Se, {p (Y:')} oonverges to l) • 

" 1 n n 1 

Proceeding in this way we construct by the principle of induction 

aequences {yh)} , j € Nt n n 

with the properties 

is a monotonic 3ubse<luence of {y (j)} • j € Nt 
n n 

{Pi (y~j))}n converges to a point":L E X
t

; j € Nt, i", j. 

{ (n)} 
Now consider the sequence Yn nE Nt • 

For every j €:Nt {p.(y(n))} ~. is a. subsequence of {PJ-(Yn(j)}. 55 
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from which we infer that for every j E Nt 

to T), • 
J 

'l'ake X.; cOhaequently there exists 
J 

an "'0 E: A such that y E: WIlO; hence \/j T)j 

is open, every p.(W ) is a neighbourhood 
J 0;0 • 

and consequently 

EO P . (W ) and. sinoe P
J
' 

J 0:
0 

of t) .• 
,J 

~iinoe Wu; r X j Xj 
o 

there a.re .r;,nit",ly many indice$, say ·jl •••• ,jp 

.£ 
such th",t Wao = n 

i=1 
p" (u.) with U, open in X. and U. -I x. ; fOT 

J i 1 L J i 1 J i 

the" e jl ' •••• j,e U i = P j , (W II ), (i = 1 •••• ,J;). and for at lea..q t 
1 0 

orle of these, say j 0' there are oounte.bly msny clements of {,y~n)}n 
such that p. (y(n) ¢ u, = p, (W ). This Gontro.d.icts the ea.:r"lier 

J o n Jo J o ao 
observation that p. (W ) is a. neighboUl:'hood of the limit T)J' 0 

J 0 0:
0 

of the converg.mt sequenoe {P
j 

(y~n»)}n' 
o 

We conclude that 

:3 n E: Nt (U) Wa = X X a ,.;;:n. ,1 j 
D Y 0 

as stated before. 

n +1 
If p ia the projection of X, Xj onto Y '" X ,0 X. 

J Jo;;d J 

then 



is an open covering of Y IW.d aUlce "f aa s. finite p:roduot of 00111-

with Vi y(ai ) ~ n and 
=1, ••• ,m 0 

III 

U pew ) ~ y ; 
;1.-1 a:l 

III 

hence U p- p(w ). Xj Xj 
i .. 1 Clti 

and since l(ai ) "" no by definition im.plies p- p(WIt ) .. W 
1 111 

m 
U W .. Xj Xj • 

i~1 czi 

1£ we nOW repla.ce the W 's by the oorresponding I!J", IS 
a i ~i 

origina.l covering. '11'8 get 

III 

Y 0-",." X j Xj • 
1.-1 1"']. 

:5.5. U {O<.,}, € I is 8. oolledion of (not necelSsexily elm.eel.) 

ideals in the B
t 

- algebra. '£, then 

E r ex. =c {E € K x IK E: F(r) & 'I E K x E ~ } 
1 ",I l x 1( x X X 

F( I) denoting the elMs of finite subsets of I • 

.,. 
5.6. Z I € r 0(.1 is @ ideal. ~ or. and cOXl.sequently 

5.7. If {Ao- i} i€ Nt € p(1'C) and If iE Nt ...-n-i +1 € TI'C.(M-
i
). tben 

57 



PrOOf I ~he first part of the statement is t~ivial. since 

Vi € Nt e jl' --11--1 , also e jZ' U ~,.q 4J..-:i.; hence, in connection ",1 th the 

first ~art of the atatement. 5.6 and 1.9 

5.B. l:f ViE Nt :ll:i IE £. and I:i E: Nt J<:i de .. '£. then there is a 

f:i.nite subeet {\ ••••• i 1 } in Nt with the property S=1 xi."):: .. 'I.. 
J 

Proof I I:i E Nt Xi ?f. .. de. implies e E Li E Nt Xi le j hence, by de­

finition, \:EE'(Nt) e E: EiEK X i '£. and the theOrem ,follows. 

s.Y, If ViE: Nt Xi E:?f.. and Ei E: Nt Xtde '" de, then there exist 

i; a nwnber //'WE Nt , 

it I e. finite subset {i , ••• , i} in Nt , 
1 lll. 

with the property: 

If {>.. , •••• >.. } c: Om and \I IAjl < OJ' then , m j~1 •••• ,m 

Z ~m1 (Xi. - ;\j e)'de .. 'd( • 
J 

Proof: The assumption yieldS by 5.8 the existence of a finite set 

{i , •..• i } with En: x_;1e =1e; hence e = L;mj x. y_ 
, ill J=1 ~j .. , ~j J 

with {y, •.•• 'ym} c de. Let o, •••. 'om be chosen in such a way that 



'rhen \j . I AJ.I < ~J' implies II Z m
J
"=l A

J
. y

J 
.. 1I < 1. whence by 1.5 J=l •••• ,m 

since e - Z. 11.. y, '" E,(x, W Aj e)y. E: E.(x. - \. e)'"£.. the 
J J J J" j J J l.j J 

ideal t,(x, - A" e)df.. contains a ;,:egula.:r:- element; therefore it 
J l.j J 

equ~ls ·X. 

:5.10. By 0iJ we denote the set of sequences {xn } n € Nt with 

\I x E de; elements of 'l!\ will be denoted by S;ytD.bolS like !S. n n "/ 

By D we denote the set of sequences {!;.nln€ Nt with lin ~n E em; 

elem<mts of D will be denoted by symbols like ~. 

We now define for every ~ 

T(X) := {r E nl z'''' (x. - ~. e)1e -f '£} • 
~ -'<. l~1 l -'. 

5.11. If 1. € T~) then tJ €Nt [~ E: o(x ) & II;. I".; vex )]. 
n n n n n 

Proof; I;. f/ 0" (x ) would imply that X - ~ e E R and Il n. n n 

(J( - ~ e)J€. ~?e ; hence the result. 
n n 

5.11. If r... € T~) then \In. E D 1. + !I. E TC!. + !I.e) 

(1. +.!l. atld !l,e being defined in the obvious "pointwise" way). 

Proof: x - F.; e ~ (x + 1') e) - (I;. +1') )el hence the resu:Lt. n n nIl nn 

5.13. U.= E 0Q then T<=,). as a subset of D, is clm.ed in the 

pmd~t~~~U~D. $ 



Proof: 

i: :3uppoo:e that the zero sequence Q saHe£;>'es Q ¢ T(;) , then by 

definition Z":' x.* '" £; we apply 5.9 and get a suoaet 
~=1 ~ 

{x ...... x. } and posHive numbers 0 •••. ,°1 • 
~1 ~; 1 

Now, i.f j E: {\ ••••• i,.e}; tak", OJ := {y E: Oml hi < OJ} 

and otherwise Q '" Cm' j' , 

= 
then, wi to Q :.. X. Q , 

J .. 1 J 

Q is a neighbourhood of Q in D and 

00 1 
11 r;. E: Q 1:< ex. - Ie;. a)de j E ex. - Ii.. e)df = de ; 

- ~-1 ~ ~ j=1 ~ j ~ j 

hence. by definition, Q n ,:r(~) = ¢. 

it: If:!l. ¢ TGs.) then Q ¢ T(3.-ne) by- virtue of 5.12; hence 

Q n TGE-.n.e) .. f6 and (0 + J1.) n T~) = ¢. 

Sirlce (0 + !lJ is a neighbourhood of n, we See that D \ f(x) is 

open ~d consequently T~) is closed in D. 

:5.14. rr x € '£ then G (x) :., {y € eml h·1 < v (x)} 

if .as €'HJ then G 0;,) ;= X ;=1 G(x j ) • 

5.15. If l> E'"HJ then G 0.s.), as a subset of D, is compa.ct in the 

product topology of D. 

Proof: G(.lL), as a bounded attd closed !;1,lbset of Om, is compact fol:' 

evel:'y :x: E: 'Of; Cm, and therefore also G(x), are first COUiltable; 

60 hence C(:!.) is compact according to 5.4. 



5.16. I.f 1£ E 'HJ then 'r (~) is compact in II. 

Proof: If ~ €1fJ and t.. € 'l'~) then i € G~) by 5.11; hence 'l'(i) 

as a closed subset of the co~pact set CC!) iB compact. 

5.17. If x € 7f. then 

r::~ '" {..n- en j 'i.Hem [j.\j .::: 1 =I ~ 'P ......... «x-.l..e)Of) ~ Cf]} • 

Proof. '.!'he follO'lring statements are succeasively equivaJ.ent~ 

\€ em [1,,1 < 1 ~ A ~ o(n-,x)] 

IiA € em [1.\1 < 1 =t 'P..n-(x-.\e) € R41'J 

V.\€ C~ [IAI < 1 ~ 'l' ........ «x-.\e)'X) = '.-n-(X)] 

'ix€cm [jJ..] < 1 ~ ~q'>-11--«x~.\e)'£) .. Xl 

hence the result. 

5.18. If .:?f. € '1\1 and then -m.:- E':" x. de 
1.=1 1. 

Proof: ViE: Nt nn. ;:, Xi de and consequently A11-;:' :ll:i (f 

since .-r1f. E 1'( by 1.9 .e can apply 2. 2 with - ~ M. ;= x. 'de to 
1. 1. 

Since x_ E S. 0 € a(x.); and now 0,* _.:11:_) .. {o} by 2.8; 
1. 1. 1. 1. 

hence the result. 61 



5,19, H.s EO rM) and y'y E"YC then there exi:Jt 

i , ,·Pt· € rV(, alld 

with the property 

Proof, We take -14- ;= A··j.,'; let 1;1 € O(.W ,x ), then 
1 1 , 

".... ;= ev- '" ((x -r, e)df) hal> tha properties of 2.8; 
2 ,'n-, ~n'1 1 1 

/I·t· E 1teN-). x - t. e Ed}- and o(..1-1-.x) = it } . 
2 1 1 1 2 ~ 1 1 

h'ooaeding in this "'8:;1 we oonstruct B6quences {r,J i E: Nt and 

{.;--'\} i E!'It with properties 

:5.20. We no'W choose an E €1{} and define 

62 F. I .. {y E em \1 ..:; h\ ..0;; v (x.)} • 
J J 



1. ;= T~) n H. 
J J 

k 
Proof: If n J: ~ p, 

i .. 1 Xi 
then there exists a proper 

/h k with V. 1, .11.... E J:: ; this implies 
1.1III1, ..... ,.r.. ~ xi 

V. k cr(.-n-k,x.) .:;; F .• 
~=" ••• , 1 1 

closed ideal 

Applying 5.19 to ~~k we find a proper closed ideal ~k and an 

element ~k '" {tk .} j E: Nt of D with the property 

J "" 
V . € Nt Xj - ;J.:; e E:..-fflk implying E (x. -!';k )de <: ..J#k' from which 

J j j~1 J j 

"l'/e infer 1k € T(i) by definition 5.10. 

Another coneequence of 5.19 ie that 1:..k can be ohoaen such that 

i k E: X;1 cr(n.k,:lI:j ), but this eet is a eubeet of the eet \. dE/­

fined in 5.20; .... e conclude that 1..k E: T(;) n l\: .. \:. 

Since Ek and T(~ ~e compact by 5.4 and 5.16 ~espectively, ~ is 

compact. 

The seq,uence {\)k E:Nt is a descending sequence of non - vacuous 

compact sets in the Hausdorff-apaoe D; henoe 

n \:.;. ¢ I let ~ € n \.. r.. - {f;,.} j € Nt ' 
k E: Nt k € Wt J 

then 1. € 'l'(!.) and Vk€Nt 1. E ~ being equivalent to 63 



z (;X;j -~.e)df fdt and'rljENt 1.0; l~jl .;; v(x.). 
j E Nt J J 

If +1'1-;= .E (x -I'; .e)'X'. then by 5.18 
j i:: Nt j J 

v . E N -#1 E f'; • Or ftn' E: n 1:; x . 
J t Xj j E: Nt :J 

This completes the ~roof. 

5.22. !f {a) j € Nt is a Sequenoe in F with the prol'erty 

'I j E Nt R!-~ .;. ~. then II r:. "~. 1=1 at jENt a j 

Proof: Recall that Y ;- U;: a.t\d 
a. xEa x 

j 
We firllt prove Vj € Nt n Y ~ ¢ • 

i~1 8.i 

.c .. 1*. 
8. a 

Sinoe .A'!-€.r: m't* we C8.l1 choose an ~ € 'Y1C(#) n 1a
l 

by 
a

1 
a

l 
1 

3.3! notioe that TI«(.-m ) c Y. by 3.10. i and. ~.:2. 
1 8.

1 

Since . ...,..1.. € l: and /:. € n <;; E, ~#t E £ and we .:::a.n choose an 
8.2 a:.l 1 ~ 

-#y E 1't1'(~ ) n T ; now,.4ff € 'YV(4ik) n y n 1: by the pre·' 
:2 ~ 2 1 a,1 a,2 

oeding ramark. Continuation of this proce~1l shows that 

11(,*) n ( '~1 'fa,) .;. ¢ and in partiaular that g Ia. f ~ I 
h- ~ i=1 i 

al3 a oonseql,lE!l1oe abo V. E Nt a. '" ¢ • 
J • J 

64 Next, we oonside:r:' the OBJ:'tesian product X7=1 a
j

; providing every 



a
j 

with the discrete tOpOlogy, we infer that X"" a_ iB oompa.ot 
j=l J 

in its product topolo8Y by 5.4. 

An element 0:: of X
j
"" a. can be oonBidered a. wapping on Nt, 
-1 J 

assigning at! element 0:: (j) E: a. r;. ~ to every j E: Nt • 
J 

Aocordingly, 

j 
Vj ,- Nt V. t " as a. oonaeq,uenoe of the fact that n 't t ¢~ 

~ J ~ ~ 
j 

latter Bet being a. union of seta l:l"ke n I: (.) . 
i",1 a ~ 

the 

Since in the def'inition of V j no conditions e.re :!..mpo'SeO. on a (i) 

for i > j, Vj is a. closed set; 

V, :> V
2 

;> V
l 

•••• ill obvious; ¢Qnaequently, {Vj}j€Nt having the .., 
fini te inters eation property and X j a j being compact. n V j ! ¢. 

j=1 .., 
Eut V c n Vj by 5.21; hence V ;. ~. 

j-1 

If ~ € V then V j €Nt ~(j) c ~a.j c L
aj 

by 3.7; hence 

"" "" n 1; rl ( .) .;. ¢ impliea 11 1: ';'~. Thb colllpletes the proof. 
j~1 I" J j~1 a. j 

,S.23. The Belection of a sequence {~(j)}j €Nt !?om the sets S,ji 

j E: Nt, as in 5.22,. is related to a theore.w. of Konig, known as thl! 

"Unendlichkei tslemma" (of. [18]. pp. 81 - 82); and, in fa.ct, it is 

possible to give a proof ot 5.22 based On Konig's lemma; but this 65 
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theo);'em still dep.mds on the restricted axiom of ohoioe as well 

,5.24. {.,ta} a E: F can "be conaide:r:ed OLS a base foX" r in the follow~ 

ing sense; Every element £A e: r can be written as 

this is simply the definition of J:A• 

II J: I 
aE:.! a. 

5.22 can be refcrmulated in terms of this b8.l'lel r. as a poin"t-

free topology, has a countably compact "ba.se. 

To inform the reader about the position we hold at this moment.we 

rrlen Han two well-known theoreJlls of general to)?D logy (of. [1 7 ] ;0 

If a topolog~ca). I>pe.ce has a compact base, it is compact. 

If a topological spaoe ha.s a compact subba.se, it is compact. This 

result depends again on the a.x;icm of choice. 



Ch(Jpter 7 

Maximal ideals 

,6.1. If ~ is a maximal id cal in the J) I - algebra 'de. then 4J1,. is 

closed as Ii> consequence of 1.9; we denote the set of =i..IrJfLl 

id",als in 'de by'YVl and. have IV( <:: 'It. In this chapter we sUllpose 

we have 

J[ - Ae E ~ 

0",*,)1;) consiats of one complex number for every ;x; EX. and this 

number is, as usual, denoted by iH I o&-n.x) .. {x~/1.)} • 

~ 2.10 and 2.11 we ~ve 

and t8:H = 0: • x(~ , 

whence x - i~ is a multipli~tive ltnea~ £unct~onal of de onto 

em for every A-»- E 11[ • 

Since 1l1l'M;.(x -x0-u)e)U ~ 1l'P,fl/G')II ., 0 we have that 

1i'l'4'.''cX) - x0-n)t,..(e)II = 0 67 



and moreover' the kornel of the hOIWlDO;J:'ph iI:Jln ex; .... :ii. (., ..... ) is -4-"/"'". 

'['his means that 'I' (x) - :i:(ffl') is an i60metrio isomorphism from 
,"'1. 

'!' (X) onto Cw for eve;t;y ,.-1-1--p E 'f1/[ • 
. .-1'" 

6.2 'YY( cr(. 

(need1 that ,,( if; the set of strong ideals in ?C, compare 1.30). 

Proof; Since for every -1+, € m 
we have for Iilvery x E: r;K. 

1. L 

~ (d() oan be identified with Om, 
'4ff 

1I1J',.,..../xl'lIn 
= I i(..n..)nJ n = I i(..-) I 

.. {'Paw- (o)}; this proveB the theorem. 

6.3. 11 'W c n f(V{ • 

ii ; If S = u Tf(. then M ~ n '1'Vl • 

Proof, 

i; Trivial oonsequence of 1.31 and 6.2. 

ii: If x ¢ M" then by 1.27 (with m> .. '1 ) 

hence by assumption 

3~E11( :xy - e E ~ 

implying :xy ¢ /W" and X tf. 4» • ~ rj. n f)j( • 

,6.4. l! M-> € 1( o;Lnd if we denote the set of maximal ideal!!! in 

68 "':.-n- ('X) bYrytt~ then (again a.ssuming S 41--" - U 'YYC-tV) we have 



-1-f 4} = n Ttr,-n j observe that 8M .. U ~implies that ifV(4)- ~ ¢ • 

It is easy to check that ql~ (WA-}) = 1Yt'Gw) n I'(f[, hence 

q'l': ('YYC
M

) = n (t'fr(,w) n no . 
We now have by 1.33 tha.t for every ffI' E~" 

<1-1-. n (1TI( ........ ) n tfYt) • 

This reveals tha.t. with the defini Hon of kernel M in [21 J p.ll ), 

1- is the set of kernels of "£. 

6.5. If {A},) A € A € p(Q) then 

i: n (.J:. A. n 'n'o .. ( II ;; A ) n 11'( 
\€A A \€A ~ 

ii; U C,J:..A n TIt) = ( V /:A ) n rYV( • 
AEA A .... E:A A 

Proof I The first part of the proof is trivial; in the Becond we 

ha.ve ... 
( V .c ) nrrYr .. ( u J:

A
) n Tf[;J( u LA) n0YC 

AEA Ai.. .... €A.... AE:A A 

by 3.7, and if. oonversely, ""/41. E ( II £,A ) n'liC then 
A€A A 

* 
--'1#f. ( U LA) which by definition ,.3. observing tha.t 

AEA .... 

4H'€11t ilIIpliea rm:~ .. p,..}, entails ---rn.-€ U /::'/1.; hence the 
.... EA \ 

result. 

,6.6. For eVery ~ € de we consider x as a function from 11'1: into 

em. The weakest topology in Tf[ with the property tha.t li: is COn­

tinuous for every x €'£ is usually called the Gelfand topology. 

We define rim;. {.£."A nTh} A € Q • 69 



i~ an element or r [TIC by 4.13. 

As a consequetlce of thii~ anel (;.5 the Gelfand cJOG.-.d. Gets are con-

tained in r I TTl • 

The converse is also true: if A E Q then 

/2 n'lll = {fl (' v. J: )} n1YC arId again by 5.5 
A sEA xC@. x 

£n'YYC= 
A 

n 
aEA 

( u I:- j) rlV[)= 
xC: a x 

n ( u {,.-rnE 'hll xGI-<1--) E 01>}) = 

aEA xEa 

: n ( u ;C(~)) 
sEA xEa 

which, since a E F(~). is a Gelfand closed set. 

70 implying by virtue of Zorn's lem.m.e. 



SinCI;! oLE E I' c E t we see that 

# ~ J::B I 

henoe .£:A ~ 1:.] and ana.logOusly ~ :> i:A ' 

whicll proves the theorem. 

6.9. If.ryn. € TII(. J:: E: I' and /1# € 1::. then J: (~ c£:.. 

hoof: 'l'here iB no 10BB of" gene:!:al:Lty i:f we suppose 3
a 

€ F J: .. ~I 

~E: ka =. T: is 8<J.uivahnt to V', €ilrC---J ~ En'z'(O'j:) 1i: € fa ; 

since N(--1on) = {~. /ffl-"€ 'Y, implying:3 ,.. 4# €,r:: ,hence 
a x .;.& X 

o 0 

6.10. If,m.-£ n then I:(AI1-) n'YO{ "" {.-m}. 

Proofl ,.mE J::(-w0 nm is obvioUB. 

If OJ.. em. then e:l.ther ot .. /111" or 3j(E~ x IS ~ \4-n-'; the latter 

case implies x(q) ~ 0, x(M1--) .,t. 0; hanoe 0(0'(. ,x) I <1(..m,x) and 

Ol¢ ~(~. This completeB the proof. 

6.11. If A# € 'lit, then by Zorn I s 1 emma J:'{-J-»-) ie a minimal 13113-

ment of I'. 

Proof; If ~ .;. J: <: I: (~ then:3 ,.,rt '* € 1:, by Zorn I s lemma 
#€rL 

3 ot €1( or e: 11,)[0+) nm, implying at. E:';:::- since ct € 1" c E; hence 71 



.[(q) cl:: by 6.9 and t'(O-c) c f:(Mi by aBsUJIIlltiO)'lI by vil,"tue 

of 6.10 £("1) ... .[;(.n->-), and consequently J: '" £:(~; thi$ proves 

that ,f (M<1 J.s minimal. 

6.12 U L i,$ El. minilnal element of r then by Zorn' a lemma 

:3--m.E: moo 1: c J:Xru). 

Proof; 1:. ~ ¢ by asswnption, whenoe :3 A1- € 11_ AVE ;:: • 

By Zorn's 1= 3,fflE1L -1-1-t-E'/'f( n1l)l.(..-u--). implying A-"W€ r: and, 

by 6.9. £(~ I;;; r:; consequently J:0n) .. J: by Il.BSUJ.lIpt1on. 

6.13. The Gelfand topology r 1m and the companion topology of 

r are holil~omorphic by virtue of the axiom of choice. 

Proof; The mapping e! 'h'r. - r dgfin~d by 

elemente of r by 6.11 and 6.12. 

Sinoe .c1-n € J:: n 'Ylit if and only 1£ ~ Em and. ;:. (~ c;:; we have 

e(L n rrvo .. {.[ (.1M'-) I 1: (~ c.t:} • 

The left-hand side of this equality iEl the e - image of It Gelfand. 

closed set in m by virtue of 6.7, the right-hand side is e. 

olOS$d set in the oompanion topology, thia Bx:pla.ina that e is a 

6.14. Assuming Zom '5 16lll,[Q8, we ha-ve: If l:j-t y .. ?£;j. Of.. for a flat 
"'1 J 

of elements Y1'.'. ,Y. ofd(, then:3 12""'''' \;!j Yj (-n..-v) a 0 .. 
'" ..-'I'Jf,. j ""L Jl:l:1 , .... , 



Applying zorn t a lemma we get 

:3 ~....,- 'rI){ m"'( )". -1'Yr € .[: (y de) 
/rr",,"lI~nllltW :1,"1, •• ".1: j 

equivalent to 

:3.-ffl€ ')1)(n'1'V(A4-) v j=1 t •••• l x EX X(M4) € o(Y j Of .x) • 

Particulaxly 

"J'=1 • Y
J
. (-#2.) € a(y.'i, ,y.) = {a} • ,"',N J J 
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Chapter 7 

Examples 

LE)t T be a set c07J.6i6tir'g of th~ee ",l$lIlenta a., b, c. T is topolo-

g.l.6ed with the di60rete topology, and C (T) denotes the :d.-ng 

of continuous functions on T, which turns into a B - a.lgebra. it 
t 

Iltll :"max {If(a)]. ]r(b)l. ]f(c)l} for@veryf€C(T). 

The set 1{ of proper olosed ideals consists of 

Ctt. 1= {r € C('].')I f(a) .. o} 

t := {r € OCT)] feb) ~ oJ} , 

,.-{.. '~{f E: O(T)] f(o) .. o} 

0( I ;= tr n ,-1., oj := O( n -1.- • 1.-' , ... at n"5 and 1'" Crt n T5 n 'j... 

If Of.;= {"l.ot} then or m {<.l"t}; this shOWI; tha.t 3.7 dOeS not' 

always hold in p(~) • 

If at;m {if, r!Jl, ti,1. } then 0t* = { 1. Clt-', 1) •• -V, 0(., b, -1--' } , 

ahow:!'ng th",'t the oonverse of 3.7 is 1.Ulb::1.le. 

If' Of..;= {~} and 'fr , .. {o} then (Ot u £r)* = {-t'. 0, ott and 

Ol *' u £-* '" {en, T{}; this expla.ins why eq.uali t;y- in 3.10. i does 

not a,lwaya hold, not even if {en),\ E: p(t.) • 

x ,= (0,2,2) and yl= (2,0,0) are elewente of C(T) ; 

7.4 [:- .. { 01'. 15. -1-- }. J: .. {cd and 
X y 

(J: u J: ) * ~ It. I x y 



8ince ;: = /:* and ,£ = J:*, ]:* u £"" -I (£ u .c- l* 
x x Y Y ley X Y 

hence, in 3.10.i equality even does not alway,J hold if 
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Samenvatting 

In dit proefsohrift wordt besohreven hoe men veor een kommutatie­

ve Banach algebra met eenheidselement in de verzame11n~ dar echte 

gesloten idealen een klasse 1LW1 deelverzamelingen kan aangeven r.lie 

de eigenschappen heaft van aen topologie; bij de beaehrijving van 

deze klasse spelen de ~imale ide/iLlen (wae.rven de existell.tie op 

het gebruik van het keuze axiama bernat) geen rOI; dit wil zeggen 

dat een topologie is besohreven zonder dat van een puntenverzame­

ling wordt gebruik g~t en die d'a,ru:om een "puntvriJe topologie" 

kan wo~en genoemd. 

Daze puntvrije topologie impliceert bij toepaaBing van het keuze­

a:-I:ioma. achte).'af een topologie voor de ruimte de).' m.e:II::imale idealen 

zoals die door Gelfand in 1941 is besohreven. 

De in dit proefsohrift gebruikte methode is te danken aan de 

Bruijn; het beeinsel van eel!, puntvrije topologie is reeds in 19ZB 

door Menge).' beschreven. maar vond tot nog toe weinig weerklatik. 
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Stellingen 

behol;'end.e bij net proefschI'ii't VaW W. van der lJeiden 

I. Hat vaal<: gemaakte ondersoheid tussen "zuivere wiskunde" en 

"toegepaste wiskunde" is verowJ.erd en a.ls middel om onderdelen 

van d.e wiskunde te J.::a.rakteriseren onb:ruikbaar. 

2. In de ontwikkeling van eonun:i.ge delen van de wiskunde zijn d.rie 

fasen te onderscheiden. 

Ten E:ersta women problell\en opgelost die hetzij elementa:l.;r- vt:i.s­

kundig formuleerbaar of uit Gen andere d~ecipline afkomstig zijn; 

dit ie de heuristische fase. 
cren tweede worden bereikte resul taten geordend en in hun onder­

ling(> samenhang (vaal: vailUit een axiomati.ach geziohtspunt) be­

schrevenj dit is de besoh:rijvende fase. 

Ten deme worden p=b1=en geforll1uleerd. die rijzen naar aanlei­

ding van of in verb and met de vel;'~egen axio~tisering; d~t is de 

(l.bstlCacte rase. 

3. Bij net onderwijs aaTI hen die wiskunde (l.ls hulpwetenschap zul­

len gaan hanteren dient op de heuristisci1e (l.specten der wiskunde 

de nadruk te worden gelegd; he'~ onderwijs a.a.n aanstaand.e wiskun~ 

dige ingenieura behooTt zo wainig mogelijk abstraot te ~ijn. 

4. Hat onderwija in beBchrijven~e meetkunde wordt doo~ de belang­

hebbanden v~, en niet ten onrechte, verdedigd met een beroep op 

c:l.e bevordering VaJl het ruimtelijk inzicht; bij de algebra.:tse:t'ing 

van het meetkundeonderwijs wordt deze functie op on~ldoende wij-

ze overgenomen. 



5. liet invoaren van zogena.9.lllda "objel'"i".i<!vo:' studietodr;en" (in 

plaats van proefwetken en tentamena v~ klassieke makelij) wordt 

vD2k verdedigrl met ecn beroep oll de grotere rechtva..'l.rdigheid van 

de op grond daarva)") te nemen beslissingen. De wooroen objectiei' 

en rechtvaard.:i.g bezitten da.n evenwel alechts propagand:l.atlloche be­

tek.;mis. 

6. De cirkels door de voetpunten van de loodlijnen, die uit sen 

vast PW1t van een kegelsnede worden neergelaten op de ,,:ijden van 

driehoeken W(l.1;Lrvan de hoe:kpunten wordgn bepasld doo);' een derde~ 

graada involutie op de kegelsnede, vormen een bundel. 

7. De begrensde lineaiX'e operatoren En die op C ([0,1 ]) volgena 

een van Bernstein afkomstig procede worden gedefinieerd door 

n 
'II
fEC 

V E[ ](B r)(x) := Z f(1.) • (n )X\l(1_lC)n-v 
x 0.1 n \1=0 n I) 

hebben ala speotrum { n - 1 
1, n 

(n E: Nt). 

(n~1)(n-2) 
2: 

n 
, ... , Cn - 1 )! }; 

n-1 n 

8. De d.oo~ Lundgren en Chiang (Qua;rt. Appl. Math. 1d (1966).303-

313) gegeven oplossingen van de inte~aalvergelijkingen 

en 

1 f F(Y)lx_YI~O: dy = r(x) , 

o 

1 J F(y)lx_yl-o; sgn(xwy)dy = r(x) , 

o 

wa.a.rin 0 < 0; < 1 is, kunnen op ))jeer el.ement.Lire wijze word(ID af .. 

geleid met behulp van een d.oor Peters (Comm. Pure Appl. Math. 1£ 
(1963). 57 - 61) a$.ll.gegeven methode; de aldu,s verkrsgen Olllossingen 

van de eerste en de tweede integra,a.lvergelijking bl:i.jken bovendien 

geldig te zijn voor -1 < (j. < 1, 0: '" 0, respectievelijk 0 < 0: < 2. 



9. Men kan op het in het proefschrift in hoo!datuk 4 bS!:lchrcvcn 

lattice r ~n clusters afbeeld~ngen in de klasss P(Cm) defini~ren 

door 

i(J:...) := {A EO Om I :3 4't-E: 1: A E a(..n.,x)} 

veOr aIle x E: 712 en voer alle 1:.. E: r. 
Dete afbeeldingen he~~en de volgende eigenschappen: 

a: ~(J:) '" u o~,x) 
MEL 

b: ;'( V .L ) = u xC.c ) 
0: a a a 

c; x( Ol t. J}) c x(Ot) n X'(.e.) 

d: ;;:;yU:,) c ';(J:) + y(t..) 

Ala x op de ge~ruikelijke wijze wordt gedefinieerd (vergelij~ 6.1 

in het proefschrift) ll:an met behulp van het kel.l.ze - axicma. wo;,:den 

bewel/:en: 

f; ~cn = x(.t Om) Em 

g: 'iM1-€1Y( ';(L~) = {x(4w)} • 

be afbeeldingen i gaan due bij restrictie tot 111 over in de con­

tinue functies x uit de theorie van Gelfand. 

10. Uitdrukkingen zoals "this result is best - possible" en "this 

cendi tien cannot be weakened-" geven in wiskundige t~sten vaak 

aanleiding tot verwarring. Veelal zijn dergelijke ~ededelingen 

niet voldoende gespeoificeerd om betBkenis te hebben. 

II. Zolang de equivalentie van het (tot een aftelbare klasse) ~e­

perkte l<:eu.ze-axioma en het onbeperkte keuze ~ axioma niet bewezen 

is disnen bij de toepassing van het keuze~axioma in bewijzen de7.e 

gevallen dl.l.idelijk onderscheiden te worden. 



12. lIet kerk"li,jk ambt van predikant heeft d" neigillk.' te ontaar­

den tot het beroep van (geeetelijk) verzorgingsteohnicUB; het Wa-

1:'e aan te bev"len dominees te ontlasten van hun administratieve 

on organisatorische taken en de'1Oe ove):;' te dl;'<:\.g'gn ae.n daartoe op­

p;eleide, bczoldigde ouderlingen. 

EiT\dhoven, 7 novemb~r 1967 
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