Radiology

Statistical Concepts Series

Richard Tello, MD, MSME,
MPH
Philip E. Crewson, PhD

Index term:
Statistical analysis

Published online before print
10.1148/radio1.2271020085
Radiology 2003; 227:1-4

Abbreviation:
ANOVA = analysis of variance

" From the Department of Radiology,
Boston University School of Medicine,
88 E Newton St, Atrium 2, Boston, MA
02118 (R.T.); and Health Services Re-
search and Development Service, De-
partment of Veterans Affairs, Washing-
ton, DC (P.E.C.). Received February
11, 2002; revision requested March
18; revision received April 1; accepted
May 1. Address correspondence to
R.T. (e-mail: tello@alum.mit.edu).

© RSNA, 2003

Hypothesis Testing II: Means'

Whenever means are reported in the literature, they are likely accompanied by tests
to determine statistical significance. The ¢ test is a common method for statistical
evaluation of the difference between two sample means. It provides information on
whether the means from two samples are likely to be different in the two popula-
tions from which the data originated. Similarly, paired t tests are common when
comparing means from the same set of patients before and after an intervention.
Analysis of variance techniques are used when a comparison involves more than two
means. Each method serves a particular purpose, has its own computational for-
mula, and uses a different sampling distribution to determine statistical significance.
In this article, the authors discuss the basis behind analysis of continuous data with
use of paired and unpaired t tests, the Bonferroni correction, and multivariate
analysis of variance for readers of the radiology literature.
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To establish if there is a statistically significant difference in two groups that are measured
with a continuous variable, such as patient height versus sex, a test of the hypothesis that
there is no difference must be performed. In this article, we discuss the application of three
commonly used methods for testing the difference of means. The three methods are the
independent samples ¢ test, the paired samples t test, and one-way analysis of variance
(ANOVA). Each method is used to compare means obtained from continuous sample data,
but each is designed to serve a particular purpose. All three approaches require normally
distributed variables and produce an estimate of whether there is a significant difference
between means. Independent samples ¢ tests provide information on whether the means
from two samples are likely to be different in the two populations from which the data
originated. Paired samples ¢ tests compare means from the same set of observations
(patients) before and after an intervention is performed. ANOVA is used to test the
differences between three or more sample means. The t test is a commonly used statistical
test that is easy to calculate but can be misapplied (1,2). If a radiologist wishes to compare
two proportions, such as the sensitivity of two tests, the appropriate test is the x> test,
which is addressed in other articles in this series. What follows in this article is a brief
introduction to three techniques for testing the difference of means.

HYPOTHESIS TESTING FOR TWO SAMPLE MEANS

The t test can be used to evaluate the difference between two means from two independent
samples or between two samples for which the observations in the second sample are not
independent of those in the first sample. The latter is commonly referred to as a paired t
test. Both paired and unpaired t tests use the t sampling distribution to determine the P
value. As reported in a previous article (3), test statistics are compared with sampling
distributions to determine the probability of error. The t distribution is similar to the
standard normal distribution, except that it compensates for small sample sizes (especially
fewer than 30 observations). As total sample size of the two groups increases beyond 120
observations, the two sampling distributions are virtually identical. This attribute allows
the t distribution to be used for all sample sizes, large or small.

Independent Samples t Tests

If a researcher wants to compare means collected from two patient populations, a ¢ test
for independent samples will often be used. The term independent samples indicates that
none of the patients in one sample are included in the second sample. The following
research question will serve as an example: Are T2s in magnetic resonance (MR) imaging
of malignant hepatic masses different from those for benign hepatic masses? Table 1
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Patients with Patients with
Benign Malignant
Hemangiomas Lesions
Mean T2 136.1 ax, 91.7 ax,
SD 26.3 s, 21.9 Es,
Sample size 37 “ny 32 “n,

Calculations for the independent samples t test statistic reported in

Table 1.

presents summary statistics from two pa-
tient samples to answer this question
(Figure). One sample includes only pa-
tients with malignant tumors. The sec-
ond sample includes only patients with
benign tumors (hemangiomas). The aver-
age T2 for malignant lesions is about 92
msec, while hemangiomas had an aver-
age T2 of 136 msec. The ¢ test is used to
test the null hypothesis that the T2 for
malignant tumors is not different from
that for benign tumors: To conduct this
test, the difference between the two
means is used in conjunction with the
variation found in both samples (SD) and
sample sizes to compute a f test statistic.
The t test formula is
XX
S-%

where )Tl is the mean for sample 1, )TZ is
the mean for sample 2, and S is the vari-
ance. The pooled standard error of the
difference between two sample means is

nist+ nys3 [y +my
Siwm = m+n—-2\ mn, ’
where n, is the size of sample 1, n, is the
size of sample 2, s, is the variance of sam-
ple 1, and s, is the variance of sample 2.
As shown in Table 1, the calculations
result in a t test statistic of 7.44, which,
when compared with the t distribution,
produces a P value of less than .001 (4) by
performing the following equations:

X~ X, 136.1-91.7

’

t=

S5-% So-%2

S5-%

/nls% +n,s3  [n, +n,
\ny +n,—2 mn,
B 37(26.3)* + 32(21.9)> [37 +32
- 37+32-2 37(32)

=5.96;

7X71—X727136.1—91.77744
t= Svwn 5.96 T
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Assuming a .05 cutoff P value, the null
hypothesis is rejected in favor of the con-
clusion that on average, there is a statis-
tically significant difference in the T2 for
MR imaging of malignant tumors com-
pared with that for benign tumors.

Homogeneity of Variance

The t test assumes that the variances in
each group are equal (termed homoge-
neous). Alternative methods can be used
when this assumption is not valid. Statis-
tical software programs often automati-
cally compute t tests and report results
for both equal and unequal variances.
Alternate approximations of the t test
when the variances are unequal can be
found in a publication by Rosner (5). It is
in this setting that the need to determine
if variances are equal requires another
statistical test.

Determination of whether the assump-
tion of equal variances is valid requires
the use of an F test. The F test involves
conducting a variance ratio test (6). This
calculation tests the null hypothesis that
the variances are equal. If the results of
the F test are statistically significant (P <
.05), this suggests that the variance of the
two groups is not equal. If this occurs,
two recommended solutions are to either
modify the t test to compensate for un-
equal variances or use a nonparametric
test, called the Mann-Whitney test (7).

Paired t Tests

Two samples are paired when each
data point of the first sample is matched
and related to a data point in the second
sample. This is common in studies in
which measurements are collected from
the same patients before and after inter-
vention. Table 2 presents data on the size
of a cancerous tumor in the same patient
before and after receiving a new treat-
ment. The research question represented
in Table 2 is whether the new therapy
affects tumor size. There are two groups

TABLE 1

Example of the Independent
Samples (unpaired) t Test of T2s
for Benign Hemangiomas and
Malignant Lesions

Benign Malignant
Parameter ~ Hemangiomas Lesions
Mean T2
(msec)
+ SD 136.1 =263  91.7 + 21.9
No. of
patients 37 32

Note.—t Test results indicate a significant dif-
ference between mean T2 values in the two
groups (t = 7.44, P < .001) (4).

represented by the same seven patients.
One group is represented by the patient
sample before therapy. The second group
is represented by the same sample of pa-
tients after therapy. Before therapy,
mean tumor size was 4.86 cm. After ther-
apy, mean tumor size was 4.50 cm, rep-
resenting a mean decrease of .36 cm. The
t test is used to test the null hypothesis
that the mean difference in tumor size
between the groups before and after ther-
apy does not differ significantly from
zero, with the assumption that this dif-
ference is distributed normally. The test
is used to compare the observed differ-
ence obtained from the sample of seven
patients with the hypothesized value of
no difference in the population. The
paired f test formula is

where d is the observed mean difference,
and S; is the standard error of the ob-
served mean difference. On the basis of a
t test statistic of 5.21, calculated as fol-
lows:

d-0 036-0 036
S 018/\7 0.068

5.21,

the probability of falsely rejecting the
null hypothesis of no change in size (ie,
the observed difference is due to random
chance) is .002. Hence, the null hypoth-
esis is rejected in favor of the conclusion
that tumors shrank in patients who un-
derwent therapy.

ANOVA

In the previous section, we compared the
means of two normally distributed vari-
ables with the two-sample t test. When
the means of more than two distributions

Tello and Crewson
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TABLE 2

in Seven Patients

Example of the Paired t Test to Evaluate Tumor Size before and after Therapy

Tumor Size (cm)

Patient No. Before Therapy After Therapy Change (cm)
1 53 5.0 0.3
2 4.4 4.0 0.4
3 4.9 4.5 0.4
4 6.4 6.0 0.4
5 3.4 3.0 0.4
6 5.0 5.0 0.0
7 4.6 4.0 0.6
Mean size = SD 4.86 = 0.91 4.50 = 0.96 0.36 = 0.18

after treatment (t = 5.21, P < .002).

Note.—The calculated statistic suggests a significant difference between the means before and

TABLE 3

Groups of Women

Example of ANOVA to Compare Differences in Vertebral Density in Three Age

Age Groups
Parameter 46-55 Years 56-65 Years 66-75 Years
Mean density = SD 1.12 £0.18 1.13 £ 0.20 1.03 £ 0.19
Sample size 46 63 50

Note.—F = 4.499, P < .013 (8).

must be compared, one-way ANOVA is
used. With ANOVA, the means of two or
more independent groups (each of which
follow a normal distribution and have sim-
ilar SDs) can be evaluated to ascertain the
relative variability between the groups
compared with the variability within the
groups.

ANOVA calculations are best per-
formed with statistical software (software
easily capable of calculating the f test and
variances include Excel version 5.0 [Mi-
crosoft, Bothell, Wash]; more sophisti-
cated analyses for performance of
ANOVA include Stata version 5.0 [Col-
lege Park, Tex], SPSS [Chicago, 111], or SAS
[Cary, NC]J), but the basic approach is to
compare the means and variances of in-
dependent groups to determine if the
groups are significantly different from
one another. The null hypothesis pro-
poses that the samples come from popu-
lations with the same mean and variance.
The alternative hypothesis is that at least
two of the means are not the same. If
ANOVA is used with two groups, it would
produce results comparable to those ob-
tained with the two independent sam-
ples t test.

Table 3 presents data on vertebral bone
density for three groups of women (8).
The research question represented in Ta-
ble 3 is whether the mean vertebral bone
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density varies among the three groups;
hence, ANOVA is used to determine if
there is a significant difference. In this
example, age groups of 46-55 years,
56-65 years, and 66-75 years are used to
represent the three populations for pa-
tient screening. As reported in Table 3,
the mean vertebral bone density is 1.12
for women 46-55 years of age, 1.13 for
women 56-65 years of age, and 1.03 for
women 66-75 years of age. Calculation
of the test statistic involves estimation of
a ratio of the variance between the
groups to the variance within the groups.
The ratio, called the F statistic, is com-
pared with the F sampling distribution
instead of the t distribution discussed ear-
lier (5). An F statistic of 1.0 occurs when
the variance between the groups is the
same as the variance within the groups.

The F statistic is the mean squares be-
tween groups, divided by the mean
squares within groups:

F=[3m(X; — X)*K— 11/
{[E(Xi - Z)Z + E(Xi - Xiz)z
+3(X; = X,)'l/N - K],
where Z is each group mean, X_g is the
grand mean for all the groups [(sum of all
scores)/N], n, is the number of patients in

each group, K is the number of groups,
and N is the total number of scores.

The sum of squares between groups is
(X — Xg)z. The sum of squares within
groups is X(X; — X;)* + (X; — Xp)* +
S(X; — X3)% The example presented in
Table 3 can be calculated by using the F
statistic formula; however, the descrip-
tive data in Table 3 would require manip-
ulation. The sum of squares within
groups is the variance multiplied by the
number of scores in a group.

The F statistic in Table 3 is 4.499. This
indicates that there is greater variation
between the group means than within
each group. In this case, there is a statis-
tically significant difference (P < .013)
between at least two of the age groups.

THE MULTIPLE COMPARISON
PROBLEM

The vertebral bone density example
could also be analyzed by using three t
tests (46-55-year-old group vs 56-65-
year-old group; 46-55-year-old group vs
66-75-year-old group; and 56-65-year-
old group vs 66-75-year-old group),
which is commonly performed (although
often incorrectly) for simplicity of com-
munication. Similarly, it is not uncom-
mon for investigators who evaluate
many outcomes to report statistical sig-
nificance with P values at the .04 and .02
levels (9,10). This approach, however,
leads to a multiple comparisons problem
(11,12). In this situation, one may falsely
conclude a significant effect where there
is none. In particular, use of a .05 cut-off
value for significance theoretically guar-
antees that if there were 20 pairwise com-
parisons, there will by chance alone ap-
pear to be one with significance at the .05
level (20 X .05 = 1).

There are corrections for this problem
(11,14). Some are useful for unordered
groups, such as patient height versus sex,
while others are applied to ordered
groups (to evaluate a trend), such as pa-
tient height versus sex when stratified by
age. It is also worth noting that there is a
debate about which method to use, and
some hold the view that this correction is
overused (13). We focus our attention
solely on unordered groups and the most
commonly used correction, the Bonfer-
roni method.

The Bonferroni correction is critical in
adjusting the threshold for significance
(14), which is equal to the desired P value
(eg, .05, .01) divided by the number of
outcome variables being examined. Con-
sequently, when multiple statistical tests
are conducted between the same vari-
ables, which would occur if multiple t
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tests were conducted for a comparison of
age and bone density, the significance
cut-off value is often adjusted to repre-
sent a more conservative estimate of sta-
tistical significance. One limitation of the
Bonferroni correction is that by reducing
the level of significance associated with
each test, we have reduced the power of
the test, thereby increasing the chance of
incorrectly keeping the null hypothesis.

Table 4 presents the results of t tests by
using the same data presented in Table 3.
Use of the common threshold of .05
would result in the conclusion that there
is a significant difference in vertebral
bone density between those 46-55 years
of age and those 66-75 years of age (P =
.021) and also between those 56-65
years of age and those 66-75 years of age
(P = .006). However, compensating for
multiple comparisons would reduce the
threshold from .05 to .017 (.05/3). This
results in only the comparison between
those 56-65 years of age and those
66-75 years of age, which reaches statis-
tical significance.

The far right column of Table 4 shows
the exact probability of error with use of
the Bonferroni adjustment provided by
SPSS statistical software. The Bonferroni
adjustment is a common option in statis-
tical software when using ANOVA to de-
termine if the group means are different
from each other. The P value for each
comparison is adjusted so it can be com-
pared directly with the P < .05 cutoff.
Again, by using P < .05 as the standard
for significance, the results of the Bonfer-
roni adjustment listed in Table 4 indicate
that the only statistically significant dif-
ference is between those 56-65 years of
age and those 66-75 years of age (P =
.015).

In summary, it is often necessary to
test hypotheses that relate a continuous
outcome to an intervention—for exam-
ple, tumor size versus treatment options.
Depending on the number of groups
(more than two) being analyzed, the
ANOVA technique may be used to test
for an effect, or a t test may be used if
there are only two groups. A paired t test
is used to examine two groups if the con-
trol population is linked on an individual
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TABLE 4
Adjustment for Multiple Comparisons of Vertebral Density according to
Age Group
P Values
Age Group Comparisons Mean Difference  t Test  t Test with Bonferroni Adjustment
46-55 Years and 56-65 years .014 .824 .99
46-55 Years and 66-75 years .090 .021 .072

three groups.

Note.—Values provided by statistical software, indicating a significant difference in density for the

basis, such as when a pre- and posttreat-
ment comparison is made in the same
patients. For radiologists, the compari-
sons may involve a new imaging tech-
nique, the use of contrast material, or a
new MR imaging sequence.

Fundamental limitations in using these
tests include the understanding that they
generate an estimate of the probability
that the differences observed would be
due to random chance alone. This esti-
mate is based not only on differences be-
tween means but also on sample variabil-
ity and sample size. In addition, the
assumption that the underlying popula-
tion is distributed normally is not always
appropriate—in which case, special non-
parametric techniques are available. In a
more common misapplication, the f test
is used inappropriately to compare two
groups of categoric or binary data. Fi-
nally, use of the tests presented in this
article is limited to comparisons between
two variables (such as patient age and
bone density), which may often oversim-
plify much more complex relationships.
More complex relationships are best an-
alyzed with other techniques, such as
multiple regression or ANOVA.
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