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Abstract. We study the pattern statistics representing the number of occurrences
of a given string in a word of length generated at random by rational stochastic
models, defined by means of weighted finite automata. We get asymptotic estima-
tions for the mean value and the variance of these statistics under the hypothesis
that the matrix of all transition weights is primitive. Our results extend previ-
ous evaluations obtained by assuming ergodic stationary Markovian sources and
they yield a general framework to determine analogous estimations under several
stochastic models. In particular they show the role of the stationarity hypothesis
in such models.

1 Introduction

The classical problem of evaluating the number of occurrences of a given string (usually
called pattern) in a random text has been mainly studied assuming the text generated by
a Markovian source [12,9,10]. Here we assume more general stochastic models, called
rational, which were first considered in [2] and studied in details in [6]. The rational
models are defined by means of weighted finite automata and are able to generate a
random string of given length in a regular language under uniform distribution. In this
work we determine asymptotic expressions of average value and variance of the number
of occurrences of a pattern in a string of lengtgenerated at random in such models.

We compare our results with analogous evaluations obtained in [12,9,2]. Our approach
yields a general framework where the previous evaluations appear as special cases. We
also relax the stationarity hypothesis assumed in [12,9] and show how such a condition
affects the evaluations of mean value and variance of our statistics.

2 Preliminary Notions

Given a setX and an integern > 0, we denote byX™ and X™*™, respectively, the
set of all vectors and the set of all square matrices of sizwith coefficients inX.
Any z € X™ is considered as a column vector, whiteis its transposed (row) vector.

* This work has been supported by the Project MIUR PRIN 2005-2007 “Automata and Formal
Languages: mathematical and applicative aspects”.
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Denoting byR. the set of nonnegative real numbers, we recall that a matrix
R’"*™ is called primitive ifA/™ > 0 for some integen > 0, meaning that all entries of
M™ are greater thaf. By the Perron—Frobenius theorem [13, Sect.1], it is well-known
that every primitive matrix\/ € R’"*™ admits a real positive eigenvalug called
the Perron—Frobenius eigenvalue f, which is a simple root of the characteristic
polynomial of M, such thatv| < X for every eigenvalue # .

The properties of nonnegative matrices are widely used to study the behaviour of
Markov chains [5,8,13]. We recall that a real vector= (71, o, . . ., 7., ) IS Stochastic
if 0 <m; <1foreveryi andZ?:1 m; = 1. Amatrix P € R™*™ s stochastic if all its
rows are stochastic vectors. It is easy to see that any stochastic Mdtaig eigenvalue
1, with a corresponding right eigenvectdr= (1,1, ..., 1), while|y| < 1 for any other
eigenvaluey of P.

A stochastic vectorr and a stochastic matri® of same sizen allows us to define
a Markov chain over the set of stat€s= {1,2,...,m}, i.e. a sequence of random
variables{ X, } . taking on values i), such that RiXy = i) = 7; and

Pr(Xn+1 :J | Xn = i,Xn_l = in_l,...,XQ = Zo) = Pr(X7L+1 :j | Xn = Z) = Pl

for everyn € N, and any tuple of stategi,ig...,in,—1 € Q. The arraysr and P

are called, respectively, the initial vector and the transition matrix of the Markov chain.
Note that PtX,, = j) = (x'P™),, for eachj € @ and everyn € N. Moreover, ifP is
primitive, by the Perron—Frobenius theorem one can prove that

P" =1 +0("), (1)

where0 < ¢ < 1 andv’ is the left eigenvector aP corresponding to the eigenvallie
such that’l = 1. Observe thatv’ is a stable matrix, i.e. all its rows equé] moreover,

v’ is a stochastic vector, called the stationary vector of the chain, and it is the unique
stochastic vector such thatP = o’. If further = = v then the Markov chain is called
stationary, sincer’ P* = =’ for everyn € N, and hence RX,, = j) = =; for any
state;.

Now, let us fix our notation on words and formal series. Given a finite alph&bet
for everyz € A*, |z| is the length ofr and|z|, is the number of occurrences of a
symbola € A in z. We also denote byl™ the sef{z € A* | |z| = n} for everyn € N.

A formal series overd with coefficients inR.. is a functionr : A* — R, usually
represented in the form = 3 _ .. r(z) - z, wherer(z) denotes the value of at

x € A*. We denote bR ((A)) the family of all formal series oved with coefficients

in R,.. This set forms a semiring with respect to the traditional operations of sum and
Cauchy product. As an example of formal serieRin({(A)), we recall the notion of
probability measuren A*, defined as a map : A* — [0, 1], such thatf(e) = 1 and

Y aca f(za) = f(x), for everyx € A* [7].

A formal seriesr € R, ((A)) is called rational if it admits a linear representation,
that is a triple(¢, u, n) where, for some integer. > 0, £ andn are (column) vectors
inR7 andy : A* — R is a monoid morphism, such thatz) = &'uu(x)n holds
for eachz € A*. We say thain is thesizeof the representation. Such a trigle p, )
can be interpreted as a weighted nondeterministic automaton, where the set of states is
given by{1,2,...,m} and the transitions, the initial and the final states are assigned
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weights inR,. by u, & andn, respectively. To avoid redundancy it is convenient to
assume that¢, u,n) is trim, i.e. for every index there are two indexeg, ¢ and two
wordsz,y € A* such that,u(z),:; # 0 andu(y)iqng # 0. The total transition matrix
M of (&, p,m) is defined byM =3 4 p(a). We say that&, i, n) is primitive if such

a matrix M is primitive.

Several properties of the formal seriesRn ((A)) can be studied by considering
their commutative image. To define it formally, consider the canonical morpéism
A* — M(A), where M(A) is the free totally commutative monoid ovdr Such a
monoid morphism extends to a semiring morphism flRm( A)) to the traditional ring
R[[A]] of formal series with real coefficients and commutative variables. e recall
that, ifr € R ((A)) is rational, then alsé(r) is rational inR[A], i.e.®(r) = pg~* for
two polynomialsp, ¢ € R[A].

3 Stochastic Models on Words

Several stochastic models have been proposed in the literature to study probability mea-
sures on free monoids [11,7]. Here, we intuitively consider a stochastic (probabilistic)
model over a finite alphabet as a device to define a probability function on theA®t

for every integem > 0, equipped with an effective procedure to generate on input

word in A™ with the prescribed probability.

In this section we discuss three types of probabilistic models introduced in [6]
and called, respectively, Markovian, sequential and rational models. Here, we recall
their main properties and differences. These models include the classical Markovian
sequences of any order and the rational probability measure studied in [7]. They can be
seen as special cases of more general probabilistic devices studied in [11].

The simplest probabilistic model on words is the well-known Bernoullian model.

A Bernoullianmodel B over A is defined by a functiop : A — [0,1] such that

> wcaPla) = 1. Aword z € A' is generated in this model by choosing each let-
ter of x under the distribution defined hy independently of one another. Thus, the
probability ofx = zi29---x,, wherexz; € A for eachi, is given by Pg(z) =
p(z1)p(x2) - - - p(zy), which clearly defines a probability function ovdf* for every
integern > 0.

3.1 Markovian Models

A Markovianmodel overA is defined as a paiM = (m, 1) where, for some integer
k > 0, 7 € [0,1]* is a stochastic vector andis a functionu : A — [0, 1]*** such
that, for everya € A, each row of\/ (a) has at most one non-null entry and the matrix
M =3 ,c 4 m(a) is stochastic.
The probability of a worde = x5 - - - x,,, Wherezx; € A foreachi =1,2,...,n,
is given by
Prac(x) = o' (o) - -~ ()L

Thus, Pr, is a rational formal series iR, ((A)) with linear representatiofir, y, 1).
Also, since bothr and M are stochastic arrays, Prdefines a probability function over
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A™ for each positive integet. This model implicitly defines a Markov chain taking on
values in the set of statdd, 2, ..., k}, that has initial vectorr and transition matrix
M ; we may call it theunderlyingMarkov chain of M.

Note that every Bernoullian model is a Markovian model. Moreover, the/paie
(m, 1) defines a deterministic finite state automaton where transitions are weighted by
probabilities: the set of states@ = {1,2, ..., k}, the transition functiod, : @ x
A — QU {1} is defined so that for everye @ and everys € A, dp(i,a) = j if
p(a);; # 0, and the same valyg(a),; is the weight of the transition, whil&y (¢, a) =
Lif p(a);; = 0. Clearly,d,, can be extended to all words i*. Thus, the sum of
weights of all transitions outgoing from any state equadsd, since the automaton is
deterministic, for every word: € A* and everyi € @ there exists at most one path
labeled byx starting fromi. These properties lead to prove the following lemma, which
gives an asymptotic property of the probabilities defined in Markovian models.

Lemma 1. [6] Let M = (r, u) be a Markovian model of siZeover the alphabetd
and letz € A*. Then, there exist§ < 3 < 1 such thatPry(2™) = O(8"), asn
tends to+oo 1.

This lemma plays a role similar to classical pumping lemma in formal languages
in the sense that it can be used to show that a given probabilistic modélismot
Markovian simply by showing that, for a worde A*, the probability ofz™ is not of
the order® (™) for any constang > 0.

Observe that the Markovian models can generate the traditional Markov sequences
of orderm over A (for anym € N), where the probability of the next symbol occurrence
only depends on the previous symbols. To define these sources in our context we say
that a Markovian modeM over A is of order m if for every wordw € A™ either there
exists;j such thav (i, w) = j for everyi € Q or (i, w) = L for everyi € @, and
m is the smallest integer with such a property.

A relevant case occurs whem = 1. In this case, the set of stat@scan be reduced
to A and Pn is called Markov probability measure in [7]. Also observe that there exist
Markovian models that are not of order, for anym € N. For instance, if\ is defined
by the following (weighted) finite automaton, thép (1, a™b) # o (2, a™b) for every
n € N.

a3 a3
(y w (Y
*g@/'\@
'&\b_i_,_,/
’3

Hence our notion of Markovian model properly includes the traditional sources of

Markovian sequences.

3.2 Sequential Models

A natural proper extension of the previous model can be obtained by allowing nonde-
terminism in the corresponding finite state device. In this way the model corresponds

! This means that for some positive constantscs, the relationc; 87 < Pra (™) < 28"
holds for anyn large enough.
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to a stochastic sequential machine, as defined in [11], with a unary input alphabet.
Moreover, it is characterized by the rational probability measures, i.e. the probability
measures orl* that are rational formal series iy, ((A)) [7].

Formally, we define @equentialstochastic model oved as a pairQ = (m, u)
wherer € [0,1]* is a stochastic vector andis a functiony : A — [0,1]*** such
that M = ) ., u(a) is a stochastic matrix. Clearly, any Markovian model is also a
sequential model. In particular, as in the Markovian modeldefines a monoid mor-
phism from A* to [0, 1]***, and the probability of a word = 2,25 ---z,, € A*is
given by

Pro(z) = 7' u(x)l = 7' p(@1 ) p(x2) - - plzn)1

Also in this case, Ry is a rational formal series, taking on valueg(n1], that admits

the linear representatiafr, i, 1) and defines a probability function ovdr®, for every
positive integem. Furthermore, it is easy to see thapHs a rational probability mea-
sure onA*. Actually, that is a characterization of the sequential models, in the sense
that, as proved in [7], for every rational probability measgiren A* there exists a
sequential mode such thatf = Pry.

Analogously, one can define the underlying Markov chain on the set of §pates
{1,2,...,k} with initial vectorz and transition matrix\/. We say that the sequential
model is primitive if M is a primitive matrix; if furtherr is the stationary vector then
the model is said to be stationary too. Moreover, the @ait (7, ;1) can be interpreted
as a finite state automaton equipped with probabilities associated with transitions; the
main difference, with respect to the Markovian models, is that now the automaton is
nondeterministic. For ang € A, every non-null entryu(a);; is the weight of the
transition fromi to j labeled bya and, for every wordr, Prg(z) is the sum of the
weights of all paths labeled hyin the corresponding transition diagram.

However, in spite of these similarities, the sequential models seem to be much more
general than Markovian models. In particular, their probability functions do not satisfy
Lemma 1. In fact, it is easy to find a sequential mo@educh that Pg(a™) = O(ne™)
forsomea € Aand0 < e < 1.

Further properties of sequential models concern the commutative image of the prob-
ability functions. Since Ry is rational, also its commutative imag€Pr,) is rational
in R[A]; such a series is given by (Prg) = n'(I — >, 4 #(a)a)~'1 and it rep-
resents the generating function of the probabilities of occurrences of symhdldiin

other words, settingl = {a1,as,...,as}, we have
&(Prg) = Z Z Pro(z)al! -+ - a¥
1ENS |x|o) =i1,000|T]ay =1s

3.3 Rational Models

Consider a rational formal seriess R, ((A)) and, for every positive integer, assume
r(w) # 0 for somew € A™. Thenr defines a probability function ovet™, given by

r(z)

Pr.(z) = 72 ()

for everyx € A™ . (2)
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Observe that it is the characteristic serigg, of a regular languagé C A*, then Py,
represents the uniform probability function oven A", for eachn.
Sincer is rational it admits a linear representati@ju, ) and hence

!
Pr.(z) = 2/’;\(;})7;7 for everyx € A™, 3)
whereM = 3 . u(a). Thus any linear representatidg, 1, n) defines a rational
model; we say that the model is primitive€ is a primitive matrix. Also observe that
Pr. is a sort of Hadamard division of two rational formal series. Well-known algorithms
for the generation of random words in regular languages can be easily modified in order
to compute, for an input € N, a wordz with probability Pr.(z) [4,3].

It is clear that every sequential model ovéiis a rational model over the same al-
phabet. However, in this caggPr,.) is not always a rational series. As shown in [6],
such a function may even be non-holonomic (and hence transcendental). This occurs
for rather simple- as, for instance, the characteristic series of the langtageab)*.

The key property here is that the Hadamard division of two rational series is not neces-
sarily rational. This proves that rational models are a proper extension of the sequential
models.

Thus, we can summarize the discussion presented in this section by the following
statement.

Proposition 1. The chain of inclusions
Markovian modelsC Sequential models- Rational models

is strict. Moreover, the Markovian models strictly include the Bernoullian models and
can generate the Markovian sequences of ordefor every integern > 1.

4 Average Number of Pattern Occurrences

In this section we evaluate the average number of occurrences of a patteri in a
stringx € A* of lengthn, generated at random in a rational model, assuming that the
corresponding series admits a primitive linear representation.

Let (¢, 1, n) be a linear representation of sizeover the alphabetl as defined in
Section 2. We assume the matix = > _ , u(a) is primitive. Let\ be its Perron-
Frobenius eigenvalue and denote dwandu, respectively, the left and right (strictly
positive) eigenvector of/ corresponding to\ such that’u = 1. We know (see for
instance [13]) that for every € N

M™ = \"(uwv' 4+ C(n)) 4)
whereC'(n) is a real matrix such that’(n) = O(¢"), for some0 < ¢ < 1. Thus,

we can define the matri€ = 3> C'(n), which turns out to be an analogous of the
fundamental matrix in Markov chains [8, Sect. 4.3]. In fact, the following identities are
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easy to prove:

u -1
C:(I—(/\—uv’)> —w', V/C=Cu=0,

M
CM = MC = XC -1+ uv') ch _OMC e

Now, letw € A* be a pattern of length: > 1 and letx € A* be a word of length
n > m, generated at random in the rational model defined by the linear representation
(&, 11,m). We can consider the random varialdlg representing the number of occur-
rences ofw in z, i.e.O,, = |z|,,. Clearly,O,, takes on values if0, 1,...,n —m + 1}
and for eachi in that set we have

PO, =) = Y. Z’;\(ﬁ;

yEA",|y|u,:i

Settingz = x - - -, with 2; € A for eachi, we can conside®,, as a sum of random
variables of the form

where, foreveryy =m,m+1,...,n

I 1if w25 € A*w
71 0 otherwise

Note that eacli; is a Bernoullian random variable such that

§MI™" p(w) M

PrI; =1) = e M

Proposition 2. Let O,, be the number of occurrence of a nonempty pattera A™ in
a string of lengtm > m generated at random in a rational model defined by a primitive
linear representatiori¢, i1, n) of sizem. Then, its average value is given by

EO,)=Bn—m—-1)+a+b+0("), (lel < 1)
where(, a andb are real constants defined by

gV €Cutwu | u(w)C
T om0 O om0 U T T amry

with A, v, uw andC defined as above.
Proof. From (4) it is easy to derive the equations

§'M"™y = \"('uv'n + O(")) (6)
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and

DM p(w) My =
j=m
ATE (0 = m+ D pw)ud’ + Cp(w)un’ + uv’ p(w)Cln + O(")} (7)

Thus, the result follows by replacing the right hand sides of (6) and (7) into the expres-
sion
MM (w) My
E =
On) =2 &' Mm

j=m
As a comment to the previous result we now make the following remarks:

1. If m = 1the patternw is reduced to an element dfand we get the average number
of symbol occurrences in a primitive rational model obtained in [2].

2. If (¢, 1, m) is a sequential model thel is a stochastic matrix. Thereforg,= 1,
n = u = 1 andv is the stationary distribution of the underlying Markov chain, here
defined by the initial vectof and the transition matrid/. As a consequence, we
also haveCn = 0, and hence

E(0,) = v pu(w)l (n—m+1) + & Cu(w)l + O(e") . (8)

In this case the leading constaht= v’ u(w)1 is the probability of generating in
the stationary sequential model, 1) (i.e. a sort of stationary probability af).
3. If (&, u,n) is a stationary sequential model (ig&e= v), then&’C = 0 and we get

E(On) = v'p(w)l (n = m+1), 9)

which is the equation obtained in [12] (see also [9] Eg. (7.2.25)) in a stationary
(primitive) Markovian model of order 1. Thus, our proposition extends the same
equality to all stationary (primitive) sequential models.

4. Note that Equation (9) is not true if the sequential model is not stationary (i.e.
& # v); in this case constagtCu(w)1 of Equation (8) is not null in general. This
means that the stationarity hypothesis is necessary to get (9), even in the Markovian
models of order 1.

5 Analysis of the Variance

In this section we study the variance®@f, under the same assumptions of the previous
section. Our goal is to determine an asymptotic expression of the figim(O,,) =
~vn 4+ O(1) wherey is a real constant depending on the patterand the linear repre-
sentation&, p, ).

It turns out thaty is also related to the autocorrelation setugfa classical notion
we here define following the approach proposed in [9]. Assume w; - - - w,,, where
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w; € Afor eachi. For everyl <i < j < mletw] € A* be given byw] = w; - - - w;.
Then, we define the set of indicsand the matrixP(w) given by

S={ke{L2...om—1}|wf=uwl 1}, Plw)= 3 Nu(uf,,)
kesS

Clearly, if m = 1thenS = ) and P(w) = 0.

Proposition 3. Under the assumptions of Proposition 2 we have
Var(O,) =yn+c+0O("), (le] < 1)

wherey andc are real constants, the first one being given by

Cu(w) + P(w)] u

2 (10)
Proof. By Equation (5) and Proposition 2 we have
n n—1 )
E(02)=> EI})+2> > E(LI)=
j=m i=m j=i+1
=n-m-1)B+a+b+
n—m n n—1 min{i+m—1,n}
+2) > E@mLL)+2> > E(LL) (11)
i=m j=t+m i=m J=i+1

Observe that/(I;1;) is easy to evaluate whent+ m < j since in this case there is no
overlap in the occurrences afat positiong and;. Hence, forevery =m, ..., n—m
and everyj =i+ m,...,n, we have

E M p(w) M7~ p(w) M™ Iy
E(Illj) = Pr(Ii = lan = 1) = S/Mnn

Thus, replacing (4) in the previous equation, by some computation one obtains

Qni?:n zn: E(1;1;) =

i=m j=i+m

=n?f+n (25@ +b) — B%4m —3) + 2W> +0(1) (12

Now consider the last sum in the right hand side of (11); this term exists only>if 1
and in this case (being ¢ S) it can be proved that

n—1 min{t+m—1,n} n—m+1

2 Z Z E(LI]) =2 Z Z E(IiIi+7n—k) + O(l)

i=m Jj=i+1 i=m k€S
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Again applying (4) we get

fiiagy v p(w) P(w)u
2 Z Z E(Liliym—k) = 2”)\277” +O(1) (13)
i=m kS
Thus, replacing (12) and (13) in (11) and recalling that-(O,,) = E(O2) — E(O,)?,
the result follows.

Now, let us discuss the previous result in some special cases.

1. Inthe casen = 1 we get the same evaluation of the variance obtained in [2], with
v =B 0%+ 2(0 u(w)Cp(w)u) /A%
2. If (&, p,m) is a sequential model (and henge= v’ (w)1) we get

v=B8-(2m—1)8+2v'u(w) |Cu(w) + > p(wi,)| 1
kesS

which generalizes and extends the evaluation of the leading term of the variance
obtained in [12] in stationary (primitive) Markovian models of order 1(see also [9,
Th. 7.2.8)).

3. If (& u,m) is just a Markovian model of order 1, Equation (10) is equivalent to
Equation (7.2.27) in [9]. Note that the leading tesrdoes not depend on the initial
distribution¢ and is the same as in the stationary case.

4. Also the constant can be computed explicitly as a functionwfand (&, i, 7). In
particular, in the sequential model, reasoning as in Proposition 3 one gets

c=(3m? —4m +1)% - 2(2m — 1)v' pu(w)Cp(w)1 — 20" pu(w)CMC p(w)1+

—(m —1)B — 2(m — 1)v' () P(t)1 + 20/ pu(w) p(w )L+

Note that, as for the average value, the constant term of the variance depends on the
initial distribution&. If the sequential model is stationary, the above expression of

c further simplifies and the equation reduces to the first two rows, all terms of the
third one being null. Hence, the terms in the third row represent the contribution
given to the variance by the non-stationary hypothesis.
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