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htinger and Krzysztof NowakABSTRACTWe des
ribe various basi
 fa
ts about Gabor multipliers and their 
ontin-uous analogue whi
h we will 
all STFT-multipliers. These operators areobtained by going from the signal domain to some transform domain, andapplying a pointwise multipli
ation operator before resynthesis. Althoughsu
h operators have been in use impli
itly for quite some time this paperappears to be the �rst systemati
 mathemati
al treatment of Gabor multi-pliers. Indeed, typi
al time-frequen
y lo
alization operators, or thresholdingalgorithms involve simple 0=1-multipliers.The main results of this 
hapter are of qualitative nature and des
ribehow the properties of the Gabor multiplier depend on the de
ay of themultiplier sequen
e, the time-frequen
y (TF) 
on
entration properties ofthe Gabor atom in use, and the time-frequen
y-latti
e. These properties willbe des
ribed in terms of the mapping properties of the 
orresponding Gabormultiplier between modulation spa
es, or membership in some operatorideal (su
h as tra
e 
lass or Hilbert S
hmidt operator). It is also possible togive relatively pre
ise estimates on behaviour of the sequen
e of eigenvaluesof su
h operators, espe
ially for the 
ase of tight Gabor frames.We shall also dis
uss the problem of inje
tivity of the linear mapping fromthe multiplier symbol to the operator, re
overy of Gabor multipliers fromlower symbols, and the related question, 
on
erning best approximation ofoperators (e.g., from the Hilbert-S
hmidt 
lass) by Gabor multipliers of a
ertain type.5.1 Introdu
tionFor many years it has been 
onsidered as the key problem in Gabor analysisto exa
tly des
ribe those windows or Gabor atoms g and time-frequen
ylatti
es �, for whi
h the 
orresponding Weyl-Heisenberg (=WH) families,obtained by moving some Gabor atom g along a given TF-latti
e �, forma Gabor frame. In the positive 
ase standard frame theory allows to showthat arbitrary fun
tions f 
an be expanded into a Gabor series, wherethe building blo
ks are time-frequen
y shifted 
opies of g, and suitable
oeÆ
ients (for L2 fun
tions they are the minimal norm 
oeÆ
ients) for



94 Hans G. Fei
htinger and Krzysztof Nowakthese series 
an be obtained as samples of the short-time Fourier transformof f with respe
t to some dual Gabor atom, su
h as the 
anoni
al dualatom ~g = S�1g, i.e., by applying the inverse frame operator to g.The standard results of Gabor analysis show that for a suÆ
iently ni
eatom g 2 L2 the following is true: For all TF-latti
es whi
h are suÆ
ientlydense (e.g. with latti
e 
onstants (a; b) small enough) the WH-family gen-erated from (g;�) is a Gabor frame with an equally ni
e dual atom ~g (
f.[26℄, Thm.6.1., [7℄, Chap.3, or [76℄). In this situation there exists also a(
anoni
al) tight Gabor atom h = S�1=2g, asso
iated with the pair (g;�),whi
h 
an be used in many ways like orthonormal systems (
f. [58℄ for de-tails). Very re
ently Leinert and Gr�o
henig (see [45℄) have shown that theL2-frame property together with good time-frequen
y 
on
entration of g(in the sense of a weighted L1-
ondition over the TF-plane) ensure that ~ghas the same TF-
on
entration.While dense TF-latti
es yield Gabor frames, WH-families generated fromsuÆ
iently 
oarse TF-latti
es �Æ will generate Riesz-bases for their 
losedlinear span and even Riesz-proje
tion bases for a family of modulationspa
es (
f. [32℄ for this 
on
ept). Indeed, by moving from the latti
e �generating a Gabor family to its adjoint �Æ , 
onsisting of all TF-shiftswhi
h 
ommute with those from � is equivalent to swit
h from Gaborframes to Riesz bases (for their 
losed linear span), a

ording to the Ron-Shen prin
iple (
f. [13℄), and vi
e versa.In the present paper we are taking a step from fun
tion spa
e theorytowards operator theory, by swit
hing our attention now to (
ertain familiesof) operators based on these non-orthogonal expansions, instead of juststudying the properties of the expansions themselves.It is the purpose of this 
hapter to des
ribe the foundations of a theory ofGabor multipliers, i.e., of those linear operators whi
h arise from pointwisemultipli
ation of Gabor 
oeÆ
ients or the Short-Time Fourier transform.Among others we shall address the basi
 questions: What are the propertiesof su
h operators (e.g., boundedness properties between various fun
tionspa
es)? As expe
ted, de
ay properties of the multiplier sequen
e as wellas the time-frequen
y 
on
entration of the building blo
ks in use play arole. When will we get a Hilbert-S
hmidt or tra
e 
lass operator on L2?More quantitatively, 
an we predi
t the de
ay of eigenvalues of an operatorfrom the global behaviour of the multiplier?We will also study the mapping from the pointwise multiplier to theoperator, and ask when it is inje
tive. Under whi
h 
onditions is there abest approximation of a general linear mapping (say a Hilbert S
hmidtoperator) by a Gabor multiplier using a given atom g and TF-latti
e �.Furthermore we address the question to whi
h extent the operators depend
ontinuously on the atoms g resp. TF-latti
es � used to generate the Gabormultiplier, with the full TF-plane being a natural limiting 
ase.



5. A First Survey of Gabor Multipliers 955.2 Notations and ConventionsThroughout this paper we shall assume some familiarity with the theoryof Gabor expansions and modulation spa
es, as for example, explained indetail in K.Gr�o
henig's book [13℄, Chapters 11 and 12.The ordinary Lebesgue spa
es on Rd are denoted by (Lp(Rd ); k � kp), forthe range 1 � p � 1. We write M(Rd ) for the spa
e of bounded (regularBorel) measures on Rd . It is 
onsidered as the dual spa
e of (C0(Rd); k�k1).Consequently a bounded sequen
e is w�-
onvergent in M(Rd) if and onlyif it is vaguely 
onvergent, i.e., �n(k) ! �0(k) for arbitrary 
ontinuousfun
tions k with 
ompa
t support. As usual L1(Rd )) is viewed as a 
losedsubspa
e of M(Rd ) (
onsisting of those measures whi
h are absolutely 
on-tinuous with respe
t to the Lebesgue measure).As usual in Gabor analysis we use the symbols Tx for the translationand M! for the modulation operator, i.e., pointwise multipli
ation with�!(x) = e2�i!x. The 
ombined TF-shift (time-frequen
y shift) for � =(x; !) is �(�) = M!Tx. Moreover, � : � 7! �(�) is (only) a proje
tiverepresentation of Rd � 
Rd on the Hilbert spa
e H = L2(Rd ), sin
e theprodu
t of two TF-shifts is the TF-shift of the sum only up to phase fa
tors.With any (test) fun
tion g and a signal or distribution f satisfying suitable(integrability) 
riteria, e.g. f; g 2 L2(Rd ), one 
an asso
iate the STFT(Short-Time Fourier Transform), whi
h we like to de�ne as follows:STFTg(f) = Vg(f) : � = (t; !) 7! hf; �(�)gi (5.2.1)For every non-zero g 2 L2(Rd ) is (up to the normalization fa
tor kgk2)isometri
 from L2(Rd ) into L2(R2d ), and as suitable inverse STFT (ISTFT)on the range one 
an use the adjoint mapping V �g . Hen
e (in a weak sense),the re
onstru
tion formula reads for g 2 L2(Rd ) with kgk2 = 1 as follows:f = ZRd�
Rd Vg(f) �(�)g d�; (5.2.2)showing that f is des
ribed as a (smeared) sum of building blo
ks �(�)g; � 2Rd�
Rd , with amplitudes being given by the STFT. This makes it of 
ourseplausible that a 
hange of the amplitude allows to operate on the signalf and making 
hanges in 
ertain areas of the TF-plane Rd � 
Rd , beforeresynthesis. Thus TF-lo
alization operators are obtained by multiplyingthe STFT Vg(f) with some 0=1-fun
tion des
ribing an area of interest.The operators obtained in su
h a way will be 
alled STFT-multipliers, andare a very spe
ial 
ase of the type of operators whi
h are in the 
entraltopi
 of this paper.Indeed, an important underlying idea of the theory of Gabor multipliersis the idea, that the evident redundan
y in the STFT-representation shouldbe used in order to work only with samples of Vg(f), e.g. samples takenover a suÆ
iently �ne TF-latti
e �C L2(Rd), su
h as � = aZd� bZd.
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rete analogue of (5.2.2) is then a representation of the formf = X�2� hf; �(�)
i �(�)g; (5.2.3)valid for all f 2 L2(Rd ) or even tempered distribution, depending on thede
ay and smoothness properties of the pair (g; 
) of dual windows. Usuallyit is assumed that for a given g the TF-latti
e is 
hosen to be suÆ
ientlydense, su
h that the family (g�)�2� is a Gabor frame for the Hilbert spa
eL2(Rd ), or equivalently (P�2� jVg(f)j2)1=2 de�nes an equivalent norm onL2(Rd ). This is the 
ase if and only if the standard frame operator Sg(f) =P�2�hf; �(�)gi�(�)g is bounded and invertible on L2(Rd). It is a standardfa
t of Gabor analysis that one 
an a
hieve validity of (5.2.3) for all f 2L2(Rd ) by 
hoosing as 
 the so-
alled 
anoni
al dual Gabor atom, whi
hwe will denote (for �xed �) simply by ~g, but usually there are many other
hoi
es for 
, su
h that (5.2.3) is valid.Another option is to 
hose g = 
 in su
h a way that (5.2.3) holds truedespite this extra 
oupling. Corresponding building blo
ks g generate tightGabor frames, and are therefore 
alled tight Gabor atoms. Su
h tight Gaboratoms 
an be obtained in the following way: assume that (g;�), generatesa Gabor frame, i.e., that (g�)�2� is a frame. Then the family (�(�)h)�2� ,with h = S�1=2g is a tight Gabor frame. Again this parti
ular tight Gaborwindow is 
alled the 
anoni
al tight Gabor window asso
iated with the pair(g;�). As shown re
ently (
f. [58℄) it is the L2 fun
tion whi
h minimizes thedistan
e kg� hk2, among all other L2-fun
tions for whi
h (h;�) generatesa tight Gabor frame.Sin
e the des
ription of operators a
ting somehow on the TF-plane re-quires a detailed des
ription of the TF-behaviour of fun
tions or (tempered)distributions it is 
lear, that 
orresponding fun
tion spa
es have to be usedextensively. As it is well-known by now the appropriate family for thispurpose are the so-
alledmodulation spa
es Mp;qm (Rd ), among them the
lassi
al spa
esMsp;q(Rd ), using weights of the form ws(t; !) = (1+j!j2)s=2.One �nds in this family also the 
lassi
al Sobolev spa
es Hs(Rd ), (by the
hoi
e p = q = 2) or the Segal algebra S0(Rd) = M01;1(Rd ) and its dualS00(Rd ) = M01;1(Rd ), whi
h will take a spe
ial role within Gabor anal-ysis. The last two spa
es are in fa
t invariant under the Fourier trans-form (as well as metaple
ti
 transformations), in the same way as thespa
e Mp;qvs (Rd ), whi
h are obtained by using radial symmetri
 weightsvs(t; !) = (1 + jtj2 + j!j2)1=2 for the 
ase p = q. Ba
kground informationis also found in [32℄ and [31℄. To �x symbols we also re
all that we usethe symbol L to denote the spa
e of all bounded linear operators from oneBana
h spa
e to another, su
h as L(S0; S00) or L(S0; S0).Besides standard fa
ts from fun
tional analysis whi
h we take for grantedwe want to spe
i�
ally re
all the 
on
ept of so-
alled Gelfand triples, as de-s
ribed in [31℄. A Gelfand triple 
onsists of some Bana
h spa
e (B; k � kB),
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ontinuously and densely embedded into some Hilbert spa
e H, su
h that
onsequentlyH itself is embedded (w�-densely) into the dual Bana
h spa
e(B0; k � k0B). We shall use the symbol (B;H; B0) for su
h a triple. The(sesquilinear) inner produ
t on H then extends in a natural way to a nat-ural pairing between B0 and B (again expressed as h�; fi). As we shall seeexamples of su
h Gelfand triples arise in abundan
e within Gabor analysis.Typi
al examples of relevan
e for us are the Bana
h sequen
e spa
es�`1(�); `2(�); `1(�)�, or the Gelfand triple arising from S0(Rd ), with H =L2(Rd). It is denoted by �S0(Rd ); L2(Rd); S00(Rd )�. The kernel theorem forS0(Rd ) implies that the operators from S0(Rd ) into S00(Rd ) are identi�edwith their distributional kernels from S00(R2d ). Consequently it is the dualspa
e to the spa
e of operators with kernels in S0(R2d ), whi
h is essentiallythe same as L(S00; S0). The Hilbert spa
e in this 
ontext is the 
lass ofHilbert S
hmidt operators HS on L2(Rd). The Gelfand triple of Bana
hspa
es of operators arising in this way will be denoted by (B;HS;B0).If we talk about a bounded linear mapping between Gelfand triples thismeans that the boundedness is valid at ea
h level, the Bana
h spa
e, theHilbert spa
e, and the dual Bana
h spa
e (usually also preserving w�-
onvergen
e of sequen
es in B0).5.3 Basi
 Theory of Gabor MultipliersThis se
tion starts with a rather general de�nition of Gabor multipliers. Anumber of basi
 results 
an be obtained as a 
ombination of known fa
tsabout both the analysis and the synthesis mapping asso
iated with a Gaboror Weyl-Heisenberg family, and the standard properties of multipli
ationoperators, a
ting between Bana
h sequen
e spa
es, based for example, onH�older's inequality.Sin
e the atoms whi
h will be involved should generate Bessel familieswith respe
t to general TF-latti
es � windows g will be most often takenfrom the Segal algebra S0(Rd), as the 
orresponding Gabor families areBessel family for arbitrary TF-latti
es �, in parti
ular for those of the formaZd� bZdC Rd � 
Rd .De�nition 5.3.1. Let g1; g2 be two L2-fun
tions, � a TF-latti
e for Rd ,i.e., a dis
rete subgroup of the phase spa
e �CRd�
Rd . Furthermore letm =(m�)�2� be a 
omplex-valued sequen
e on �. Then the Gabor multiplierasso
iated to the triple (g1; g2;�) with (strong or) upper symbol m isgiven asGm(f) = Gg1;g2;�;m(f) = X�2� m(�)hf; �(�)g1i�(�)g2: (5.3.1)Convention: If in some dis
ussion 
ertain parameters, e.g., both theatoms and the TF-latti
e � are �xed they may be simply omitted as lower
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es. For example, we may dis
uss the 
onvergen
e of Gmn , for a se-quen
e of multipliers mn, while �xing the atoms and the TF-latti
e. Wesimply write Gg;�;m for the 
ase g1 = g = g2.It is obvious from this de�nition that Gabor multipliers are essentially(in�nite) linear 
ombinations of rank one operators f 7! hf; �(�)g1i �(�)g2,with 
oeÆ
ients m�. Whenever g1 = g = g2 and kgk2 = 1 these buildingblo
ks are just the orthogonal proje
tions onto the 1D-subspa
es of L2generated by the elements of the WH-family (�(�)g)�2�. We denote thisfamily of proje
tion operators in the rest of this paper by (P�)�2�. Depend-ing on the properties of the analysis window g1, the synthesis window g2and the multiplier sequen
e m = (m�)�2� the overall operator Gg1;g2;�;mis bounded between various spa
es. Typi
ally one would require that bothg1 and g2 are Bessel atoms with respe
t to the given latti
e �, and that mis bounded. In this 
ase the 
oeÆ
ient mapping using g1, mapping f to thesequen
e of sampling values of STFTgf over � maps L2(G) into `2(�) (byde�nition), and also the synthesis mapping 
 7!P�2� 
��(�)g2 is boundedfrom `2(�) to L2(G), and thus the overall operator is bounded on L2(G).There are many good reasons to assume that the windows g1 and g2should be 
hosen from Fei
htinger's Segal algebra S0(Rd) (
f. [32℄ for manyproperties relevant in the 
ontext of Gabor analysis). Furthermore, S0(Rd )is mu
h larger than the S
hwartz spa
e S(Rd ), used often in su
h a 
ontextjust for 
onvenien
e. On the other hand L2(Rd ) is too large as a reservoirof windows and does not allow any more the most interesting results to bedes
ribed below.There are many other suÆ
ient 
onditions whi
h guarantee that f 2S0(Rd ). For example, any band-limited L1-fun
tion is in S0(Rd ), but also
ompa
tly supported fun
tions with an integrable Fourier transform. Gen-erally speaking a mild 
ombination of de
ay and smoothness assumptionon f guarantee that f 2 S0(Rd) (
f.[Gr�o96℄ or [13℄, Prop.12.1.6, or [32℄,Thm.3.2.17). For d = 1 it is enough to know that f; f 0; f" 2 L1(R) ([43℄).Among others it is well established (
f. again [32℄) that S0-atoms willautomati
ally be Bessel atoms for arbitrary latti
es �), while for generalL2-fun
tions the Bessel property may depend in a drasti
 way on the 
or-responding TF-latti
e in use (
f.[33℄). Consequently the restri
tion to S0atoms will allow a dis
ussion of the e�e
t resulting from modi�
ations ofthe latti
e 
onstants des
ribing the TF-latti
es involved in the 
onstru
tion.Furthermore this assumption will allow us to derive that Gm is Hilbert-S
hmidt if m 2 `2(�), and a tra
e 
lass operator on L2(Rd), mappingS00(Rd ) into S0(Rd) (
f. Cor.3.3.5 in [32℄, p. 144), if m 2 `1(�).In order to 
on
entrate on the essential properties we shall state some ofour results only for the 
ase g1 = g2 = g, assuming that (g;�) generates atight Gabor frame. In parti
ular in su
h a 
ase a minimal symboli
 
al
ulusis valid, in the sense that the 
onstant multiplier m � 1 yields a multipleof the identity operator. Summarizing these basi
 fa
ts we have:



5. A First Survey of Gabor Multipliers 99Theorem 5.3.2. Assume that g 2 S0(Rd ). Then one has:(i) If m 2 `1(�), then Gm = Gg;�;m de�nes a bounded operator on(S0; L2; S00), and the operator norm of Gm 
an be estimated (up to some
onstant) by kmk1.(ii) The Gabor multiplier generated by m(�) � 1 is a multiple of the iden-tity operator if and only if (g;�) generates a tight Gabor frame.(iii) Gm is a 
ompa
t operator on L2(Rd ) and on S0(Rd ), if m 2 
o(�),i.e., if m(�)! 0 for �!1 (in the sense of �)(iv) If m 2 `2(�), then Gm: S00(Rd )! L2(Rd ) and L2(Rd )! S0(Rd ).(v) For m 2 `1(�) the operator Gm maps S00(Rd ) into S0(Rd ).Proof: These statements follow from the boundedness properties of the
oeÆ
ient resp. synthesis mappings (for �xed latti
e �), as des
ribed insome detail in Se
tion 3.3.3 of [32℄. �Of 
ourse it would be possible to make similar statements for other 
lassesof windows. For example, any g 2 S00(Rd ) in 
ombination with an `1 mul-tiplier sequen
e yields still a (
ompa
t) linear operator from S0(Rd ) intoS00(Rd ), to mention a rather extreme possible variant. A more traditionalapproa
h to TF-analysis making use of S
hwartz fun
tions an tempereddistributions would probably make use of S(Rd) and S(Rd )0 (instead ofS0(Rd ) and S00(Rd )) in the above 
ontext.For general pairs (g1; g2) from S0(Rd) an even more 
ompa
t formulationof the above theorem using the terminology of Gelfand triples 
an be given:Theorem 5.3.3. For every pair (g1; g2) in S0(Rd), and any TF-latti
e �the mapping from the strong symbol (multiplier) (m�)�2� to the 
orrespond-ing Gabor multiplier Gg1;g2;�;m maps the Gelfand triple �`1(�); `2(�); `1(�)�into the bounded operators with kernel in the 
orresponding Gelfand triple�S0(Rd � 
Rd); L2(Rd � 
Rd); S00(Rd � 
Rd )�, i.e., into (B;HS;B0).As already indi
ated in the introdu
tion, modulation spa
es are the rightfamily of fun
tion spa
es to des
ribe distributions by means of the be-haviour of their Gabor 
oeÆ
ients. The established atomi
 theory of mod-ulation spa
es makes some of the basi
 results 
on
erning Gabor multipliersquite easy to prove. The following proposition des
ribes a typi
al example.showing that modulation spa
es are highly suitable to des
ribe the mappingproperties of Gabor multipliers when the upper symbol has some de
ay orgrowth rate. It is valid for arbitrary Weyl-Heisenberg systems (not ne
es-sarily Gabor frames).Proposition 5.3.4. [Gabor multipliers on modulation spa
es,I℄De�ne for r 2 R the symbol mr by mr(�) := (1 + j!j2)r=2, if � = (x; !).Then for any pair of S
hwartz atoms g1; g2 the Gabor multiplier Gg1;g2;�;mmaps Ms1p;q(Rd ) to Ms2p;q(Rd ), with s2 = s1 + r.Proof: Sin
e it is well known (
f. [13℄) that S
hwartz atoms indu
e both
ontinuous 
oeÆ
ient as well as synthesis mappings between modulation
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es and the 
orresponding (natural) solid sequen
e spa
es over Z2d theproof is a simple 
onsequen
e of the mapping properties of a multipli
ationoperator of the given kind at the sequen
e spa
e level, i.e., on mixed-normsequen
e spa
es with polynomial weights. �Remark 5.3.5. A possible 
hoi
e in the above theorem would be to startfrom a S
hwartz atom g1, su
h that (g1; aZd� bZd) indu
es a Gabor frame,and to 
hoose g2 = ~g, the 
anoni
al dual Gabor atom. Indeed in this 
aseone has automati
ally g2 = ~g 2 S(Rd ) as well. For the 
ase of the standardGaussian this situation o

urs if (and only if) ab < 1.At a �ner level summability properties of the Gabor multiplier (m�)�2�are suÆ
ient to operate on the parameters (p; q). For 
onvenien
e we as-sume again that the atoms are S
hwartz, but membership in suitable spa
esMs1;1 is indeed suÆ
ient.Proposition 5.3.6. [Gabor multipliers on modulation spa
es, II ℄Assume that g1 and g2 are in S(Rd ), and that (m�)�2� 2 `r(�). ThenGg1;g2;�;m maps Msp1;q1 into Msp2;q2 with p1; q1; p2; q2 2 [1;1℄ whenever1=p2 = 1=p1 + 1=r � 0 and 1=q2 = 1=q1 + 1=r � 0, for any s 2 R.5.4 From Upper Symbol to Operator IdealIn this se
tion we summarize the mapping properties between the spa
eof symbols and the membership of the resulting Gabor multiplier in oneof the typi
al operator ideals within the bounded operators on the Hilbertspa
e L2(Rd ). Again we �x a pair (g1; g2) in S0(Rd ), and the TF-latti
e �.Theorem 5.4.1. Assume that g; g1; g2 are in S0(Rd ). Then one has:(i) If m is bounded, then Gg1;g2;�;m is a bounded operator on L2(Rd).(ii) If m is real-valued, then Gg;�;m is a self-adjoint operator on L2(Rd).(iii) If m 2 
o(�), then Gg1;g2;�;m is a 
ompa
t operator on L2(Rd).(iv) If m 2 `2(�), then Gg1;g2;�;m is a Hilbert-S
hmidt operator on L2(Rd ).(vi) If m 2 `1(�), then Gg1;g2;�;m is a tra
e 
lass operator on L2(Rd).Proof: Most of these statements follow from general fa
ts about operatorideal properties of linear operators on L2(Rd) with kernels in the Gelfandtriple (B;HS;B0). Obviously L2-kernels 
orrespond (exa
tly) to Hilbert-S
hmidt operators. On the other hand the operators in B, i.e., with S0-kernels are absolutely 
onvergent sums of rank 1 operators, and hen
e theyare tra
e 
lass. Sin
e the sequen
es with �nitely non-zero 
oeÆ
ients give�nite rank operators their density in 
o(�) implies (iii). Relation (ii) iseasily veri�ed dire
tly and a
tually the main reason to make use of thesymmetri
 
ase g1 = g = g2 for the dis
ussion of eigenvalue behaviour oroperators with real symbols. �



5. A First Survey of Gabor Multipliers 101Remark 5.4.2. The main statements of the above theorem 
an be sum-marized in the terminology of Gelfand triples by saying that for atomsg1; g2 2 S0(Rd ) the mapping (m�)�2� 7! Gg1;g2;�;m maps the Gelfandtriple of sequen
e spa
es �`1(�); `2(�); `1(�)� into the Gelfand triple ofoperator ideals, 
onsisting of tra
e 
lass operators, HS and the 
lass of allbounded linear operators on L2(Rd).Remark 5.4.3. Obviously one 
an obtain by means of 
omplex interpola-tion 
orresponding statements for S
hatten Sp-
lasses from the above re-sults, whenever the upper symbol is in `p(�), for 1 � p <1.Remark 5.4.4. Note that Thm. 5.3.2 iv) in 
onjun
tion with Thm. 5.4.1ii) implies that the eigenve
tors of Gg;�;m belong to S0(Rd ) if (m�)�2� isa real-valued sequen
e in `2(�).5.5 Eigenvalue Behavior of Gabor MultipliersIn this se
tion we will assume that (�(�)g)�2� is a tight Gabor frame, whi
his normalized in su
h a way that f =P�2�hf; �(�)gi�(�)g. 1 Our assump-tion implies that Gm is the identity operator form� � 1. We are interestedin the behaviour of the sequen
e of eigenvalues of Gabor multipliers basedon su
h tight frames whi
h are using atoms with a 
ertain amount of TF-
on
entration. Their existen
e for suÆ
iently dense TF-latti
es � 
an betaken as granted.As a 
onsequen
e of our normalization the spe
trum of Gm is 
ontainedin the interval [
; d℄ whenever the multiplier sequen
e (m�)�2� takes valuesin [
; d℄. This normalization also allows one to 
al
ulate the L2-norm of anyf 2 L2(Rd ) dire
tly from Gabor 
oeÆ
ients (this would not be possiblefor non-tight atoms). Further 
omments on the relevan
e of tight Gaborsystems are given in [73℄ and [58℄, where also iterative methods to determinetight Gabor atoms are des
ribed.In this se
tion we shall present results 
on
erning the eigenvalue distri-bution of Gabor multiplier operators whi
h resemble similar results for the
ontinuous 
ase that 
an be found in the literature. Re
all that it happensoften that dis
rete models involving a high degree of oversampling is to 
on-sider the analogous 
ontinuous situation and draw information from su
h alimiting 
ase, either dire
tly or by analogy. As a matter of fa
t, 
ontinuousmodels often allow a larger variety of methods and their treatment maybe te
hni
ally simpler. In many situations, it o

urs that the results andmethods of the 
ontinuous model may be transferred ba
k to the dis
retesetting. This happens in parti
ular in the theory of multipliers based on1Re
all that this normalization of the Gabor atom will not allow to assume at thesame time that kgk2 = 1, as we will be in the non-
riti
al, hen
e redundant regime
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tion are dis
rete analogs of the state-ments obtained in [16℄ and [38℄ for STFT-multipliers, 
ontinuous analoguesof Gabor multipliers. Te
hni
ally these proofs (whi
h will appear elsewhere)are obtained by appropriate modi�
ations of the proofs that have beengiven for the 
ontinuous 
ase.Time-frequen
y lo
alization operators in the Gabor 
ontext (with 0=1symbols) or even general Gabor multipliers share many features with othersituations where a symboli
 
al
ulus of operators exists. It o

urs thatin a well-de�ned sense they are modeled on Toeplitz operators a
ting onthe Fo
k spa
e (see [10℄). The prin
ipal 
lass of symbols, whi
h is 
ru
ialfor appli
ations, 
onsists of 
hara
teristi
 fun
tions of �nite sets. Gabormultipliers with su
h symbols are 
alled time-variant �lters. Chara
teristi
fun
tions take only two values 0, 1 and they are idempotent with respe
tto pointwise multipli
ation. General prin
iples of symboli
 
al
uli assertthat operators inherit algebrai
 features of their symbols. This is also truefor Gabor multipliers. One of the important tasks is to understand therelationship between symbols and 
orresponding operators.On the �rst level of a

ura
y Gabor multiplier with symbol �
, the
hara
teristi
 fun
tion of a �nite set 
, resembles the orthogonal proje
tiononto the linear spa
e spanned by the fun
tions (�(�)g)�2
. The se
ond levelof a

ura
y is related to the boundary of 
. The number of the eigenvalueswhi
h are 
ontained inside the interval (Æ1; Æ2), where 0 < Æ1 < Æ2 < 1, is
omparable to the size of a �xed strip around the boundary of 
.Hankel operators and 
ommutators of pointwise multipli
ations and pro-je
tions onto the spa
e of STFT transforms are the main tools in the STFT
ontext. Now we dis
uss how to transfer them to the present 
ontext of tightGabor frames. The mapping Wg : L2(Rd )! `2(�) given by the formulaWgf(�) = (hf; �(�)gi)�2�is an isometry, and the operator Pg : `2(�)! `2(�) given asPgH(�) =X�2�H(�)h�(�)g; �(�)giis the orthogonal proje
tion onto its range, i.e., Wg(L2(Rd )). The operatorPgMmPg , where Mm denotes the operator of pointwise multipli
ation, hasthe following matrix representation� WgGmW �g 00 0 �with respe
t to the de
omposition `2(�) = Wg(L2(Rd ))) �Wg(L2(Rd ))?.The above representation shows that as far as non-zero eigenvalues are
on
erned we may ex
hange operators Gm and PgMmPg . We de�ne Hankel



5. A First Survey of Gabor Multipliers 103operator Hm with the symbol m by the formula Hm = (I � Pg)MmPg.Hankel operators are 
losely related to 
ommutators Cm =MmPg�PgMmof operators of pointwise multipli
ation Mm and proje
tions Pg . Indeed,one may express 
ommutators Cm in terms of Hankel operators Hm andvi
e versa, Cm = Hm �H�m;Hm = CmPg :In many 
ontexts, in
luding ours, Hankel operators Hm and 
ommutatorsCm are inter
hangeable. Hankel operators measure the degree by whi
h themapping m! PgMmPgfails to be a homomorphism. One may dire
tly verify thatPgMm1m2Pg � PgMm1PgMm2Pg = H�m1Hm2 :The above formula is the main algebrai
 ingredient of our proofs. It alsostresses the role of Hankel operators in the study of fun
tional 
al
ulus ofGabor multipliers.Distribution of the eigenvalues is one of the fundamental obje
ts des
rib-ing Gabor multipliers. In the 
ontext of the STFT transform the eigenvalueswere investigated by Daube
hies and Heil-Ramanathan-Topiwala (see [11℄,[47℄ and the referen
es given there). Our �rst result is a formula of Szeg�otype. It des
ribes the asymptoti
 behavior of tra
es of fun
tions of Gabormultipliers. The symbol fun
tion is subje
ted to dilations and the dilationfa
tor tends to in�nity. As a 
onsequen
e we dedu
e �rst order asymptoti
sof the eigenvalue distribution (
ompare [38℄).Theorem 5.5.1. Let us assume that a tight Gabor frame (�(�)g)�2� anda Riemann integrable fun
tion m with 
ompa
t support de�ned on R2d aregiven. Let us also assume that 0 � m(�) � 1. Then, for any 
ontinuousfun
tion h de�ned on the interval [0; 1℄, the following asymptoti
 formulaholds: limR!1 tr(GmRh(GmR))R2d = jjgjj2V� ZR2dm(�)h(m(�))d�; (5.5.1)where mR(�) =m(�=R) and V� is the volume of the fundamental domain
orresponding to the latti
e �.Let us denote the sequen
e of the eigenvalues of GmR by �i(GmR). Thefollowing 
orollary shows that the asymptoti
 behavior of the eigenvaluesis very 
losely related to the behavior of the symbol fun
tion.Corollary 5.5.2. Under the assumptions of Theorem 5.5.1 we have.(i) Let 0 < Æ < 1. If jf� :m(�) = Ægj = 0, thenlimR!1 #fi : �i(GmR) > ÆgR2d = jjgjj2V� jf� :m(�) > Ægj: (5.5.2)
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ular for any bounded, Riemann measurable set 
limR!1 #fi : �i(G�R
) > ÆgR2d = jjgjj2V� j
j: (5.5.3)(ii) If 0 < Æ1 < Æ2 < 1 and jf� :m(�) = Æigj = 0, for i = 1; 2, thenlimR!1 #fi : Æ1 < �i(GmR) < Æ2gR2n = jjgjj2V� jf� : Æ1 <m(�) < Æ2gj: (5.5.4)Our se
ond result is a re�nement and a generalization of statement (ii) ofCorollary 5.5.2 for time-variant �lters G�
 . It deals with general families oflo
alization domains 
 and it identi�es the geometri
 features 
orrespond-ing to the se
ond order behavior of the eigenvalue distribution. We showthat under suitable assumptions the size of the eigenvalue plunge region#fi : Æ1 < �i(G�
) < Æ2g is 
omparable to the size of a �xed strip aroundthe domain of lo
alization. In what follows we shall write 

 for � n
.� Let us assume that there is a positive number r su
h that the ballBr(0), with radius r and 
enter 0, generates � andh�(�)g; �(�0)gi 6= 0; (5.5.5)for all �, �0 su
h that j�� �0j � r.� Let us also assume that the reprodu
ing kernel Vgg has suÆ
ientde
ay, namelyjh�(�)g; �(�0)gij = Vg(� � �0) � 
(1 + j�� �0j)�s (5.5.6)for some 
onstant 
 > 0, for some s > 2d+ 1.� Let G be a family of �nite subsets 
 � � satisfyingjSk
j � 
j�r
j; (5.5.7)where�r
 = f� 2 
 : Br(�) \ 

 6= ;g [ f� 2 

 : Br(�) \ 
 6= ;gand Sk
 = f� 2 
 : k � d(�;

) < k + 1g:Theorem 5.5.3. Let us assume that a tight Gabor frame (�(�)g)�2� anda family G of �nite subsets of � satisfying the above 
onditions are given.Then for any Æ1 > 0 suÆ
iently 
lose to 0 and Æ2 < 1 suÆ
iently 
lose to1 there are positive 
onstants 
1, 
2 su
h that for all 
 2 G
1j�r
j � #fk : Æ1 < �k(G�
) < Æ2g � 
2j�r
j:
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lear that 
onditions (5.5.5), (5.5.6) are satis�edfor any S
hwartz fun
tion and any suÆ
iently dense latti
e �. Condition(5.5.6) holds whenever g 2 M1vs , in the terminology of modulation spa
es(
f. [13℄, Chap. 12), where vs is a radial symmetri
 weight over the TF-plane with growth order s.(ii) If D is a bounded domain with smooth boundary, then the familyG = fRD \ � : R � 1g satis�es (5.5.7).Remark 5.5.5. Numeri
al experiments have 
on�rmed the above state-ments 
onsistently. Indeed, even for relatively low redundan
y one 
an �ndtight Gabor atoms g su
h that for most reasonable sets (whi
h are onlysupposed to have no rough boundary) 
 the eigenvalue distribution of the
orresponding TF-lo
alization operator is 
hara
terized by a plateau, whosesize 
orresponds the volume of a blurred version of 
, while the size of theplunge region is determined by the length of the boundary.5.6 Changing the IngredientsSo far we have been 
on
entrating on the properties of Gabor multipliersobtained from a �xed pair (g;�) generating a (tight) Gabor frame. It isan immediate 
onsequen
e of the above 
onsiderations that small 
hangesof the multiplier sequen
e (in the appropriate norm) will 
ause only small
hanges of the resulting Gabor multiplier (now measured in the 
orrespond-ing spa
e of operators, or a suitable operator ideal over L2(Rd )). The 
on-tinuous dependen
e of properties of Gg1;g2;�;m on the two windows, g1 usedfor analysis and g2 for the synthesis operator are well established and thuswe do not have to dis
uss them in detail here (
f. [32℄, se
tion 3.3).In 
ontrast the in
uen
e of the TF-latti
e parameters on the operatoris mu
h more deli
ate and interesting. For example, the 
hange of latti
e
onstants usually will e�e
t the 
orresponding Gabor operator in a waywhi
h is not 
ontinuous anymore in any the standard operator norms, butonly in the sense of the strong operator topology (
f. again [32℄, se
tion 3.6for a dis
ussion for the 
ase of small latti
e 
onstants, and the re
ent paper[37℄ for a detailed dis
ussion of the general 
ase).There is one more diÆ
ulty. As we are now going to 
ompare multipliersequen
es whi
h are well de�ned (and say square summable) over di�er-ent TF-latti
es the statements require the use of 
ontinuous multipliersde�ned over the full TF-plane, so that their samples are suitable multipliersequen
es for whatever TF-latti
e � is 
hosen. The appropriate des
riptionin full generality would require the use of so-
alled Wiener amalgam spa
esW (C; `p), whi
h 
onsist of fun
tions whi
h are lo
ally 
ontinuous but showa global `p-behaviour. In order to avoid additional terminology in this notewe will use 
ontinuous S0-multipliers or multipliers in the Sobolev spa
eHs(R2d ), with s > d (whi
h 
onsist of 
ontinuous fun
tions, due to the
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ribed in this way are onlyslightly weaker than optimal results formulated amalgam spa
es.A typi
al result of the desired type is the following one:Theorem 5.6.1. Let g1; g2 be atoms in S0(Rd ), and for some s > d letm 2 Hs(R2d ) be given, whi
h is then both a 
ontinuous and square inte-grable fun
tion. Furthermore let (ak; bk) be a sequen
e of latti
e 
onstantssatisfying (ak; bk) ! (a0; b0) for k ! 1, for some pair (a0; b0) of positivelatti
e 
onstants. Write Gk for the Gabor multipliers, with windows g1 andg2, the TF-latti
es akZd � bkZd, and 
orresponding multiplier sequen
esmk = (m(akn; bkl))n;l2Zd. Then the operators Gk 
onverge to G0 in theHS-norm.We have to skip the proof of this statement here, as it is lengthy and willrequire the use of Kohn-Nirenberg symbols of the 
orresponding operators(
f. [34℄). An alternative variant with stronger assumptions on the symbol,but also with a stronger 
on
lusion, follows. Its proof (or rather an outlineof arguments) 
an be well des
ribed in the present 
ontext.Theorem 5.6.2. Let g1; g2 2 S0(Rd), (ak; bk) ! (a0; b0) and Gk as inThm. 5.6.1, but now with m 2 S0(R2d ), hen
e 
ontinuous and integrableover the TF-plane. Then Gk ! G0 in the tra
e 
lass operator norm overL2(Rd ).Proof: The �rst key argument of the proof is the fa
t that the samplingvalues ofm are essentially 
on
entrated over a bounded domain in the TF-plane and uniformly small in the `1(�)-norm on its 
omplement, for all the(
onvergent) latti
es simultaneously. Therefore the problem 
an be redu
ed(up to some ") to the 
ase of �nite sums within the index set Zd�Zd. Forthose �nite sums it is suÆ
ient to make use of the fa
t that TF-shifts a
t(strongly) 
ontinuous on the atoms gi 2 L2(Rd ), for i = 1; 2, whi
h in turnimplies that the rank one operators f 7! hf; �(akn; bkl)g1i�(akn; bkl)g2
orresponding to a �xed label (n; l) 2 Z2d get arbitrarily 
lose to ea
hother in the tra
e 
lass norm. Sin
e fun
tions in S0(R2d) have the propertythat their restri
tions to dis
rete subgroups � are in `1(�), one only has totake 
are that the sampling mappingsf ! Rk(f) = (f(akn; bkl))n;l2Zdfrom S0(R2d ) into `1(Zd� Zd) are strongly 
onvergent to R0 for k ! 1.These te
hni
al details (in a more general form) are the 
ontent of Lemma2.1. in [37℄. �Remark 5.6.3. As the atoms in Thm. 5.6.2 are in S0(Rd ), one has es-sentially by the same argument as above also 
onvergen
e in the B-norm,resp. in the norm of L(S00; S0).Of 
ourse the norm in L(S00; S0) will grow if - for example - a uniformlybounded sequen
e of su
h multipliers tends (uniformly over 
ompa
t sub-
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onstant 1. Furthermore, su
h a family ofoperators is bounded in L(S00; S00). The 
orresponding operators then yieldapproximations to the identity operator on S00(Rd ), by means of regulariz-ing operators from S00(Rd ) to S0(Rd).If we are starting from a tight atom the 
hange of the latti
e will usuallydestroy the tightness 
ondition. Therefore it seems reasonable to repairthis defe
t by repla
ing the synthesis atom by the dual atom, in order to
ompensate for this e�e
t, at least for the 
ase of 
onstant multipliers.Re
ent numeri
al tests 
arried out by M. D�or
er indi
ate that it is indeedtrue that this modi�
ation improves the approximation quality, as long asthe multiplier symbol 
onsists of samples of a rather smooth fun
tionm onthe TF-plane. A theoreti
al justi�
ation of this phenomenon has not beenobtained so far.Another aspe
t of this problem is the 
ontinuous dependen
e of dualatoms on the latti
e parameters. Su
h a dis
ussion does not make sense forarbitrary L2 atoms g, as the property of generating a Gabor frame maydepend in a 
haoti
 way on the latti
e 
onstants in this general 
ase (
f.[33℄). However, mild additional 
onditions (like membership of g to S0(Rd ))are suÆ
ient to ensure stability with respe
t to a 
hange of latti
e param-eters, see re
ent results by Fei
htinger/Kaiblinger (
f. [37℄). For simpli
itywe 
onsider again time-frequen
y latti
es of the form aZd � bZd. One ofthe main results of [37℄ (Thm. 3.9) then spe
ializes to:Theorem 5.6.4. Assume that g 2 S0(Rd ). Then the setGF (g) := f(a; b) j a > 0; b > 0; (g; a; b) generates a Gabor framegis open in R+ � R+ . Furthermore, the dual atom depends 
ontinuously inthe S0-norm on the parameters (a; b) over GF(g).Remark 5.6.5. Writing ega;b for the dual Gabor atoms in g with respe
tto the TF-latti
e aZd� bZd the statement 
an be spelled out as follows:Given (a0; b0) su
h that (g; a0; b0) generates a Gabor frame. Then for " > 0given there exists Æ > 0 su
h that (g; a; b) generates a Gabor frame, withdual atom in S0, for any pair (a; b) satisfying j(a; b)� (a0; b0)j < Æ, andkega;b � ega0;b0kS0 < ":We mention here that the above result is based on the important re
entresult by Gr�o
henig and Leinert ([45℄), showing that the dual atom is auto-mati
ally in S0(Rd) whenever an S0(Rd )-atom g generates a Gabor frame(just with respe
t to the Hilbert spa
e L2(Rd )). Under slightly stronger
onditions on g (whi
h apply, for example, to all S
hwartz atoms), and forTF-latti
e 
onstants whi
h are suÆ
iently small the result has been alreadyknown from [32℄.Remark 5.6.6. It 
an even be shown (
f. [37℄) that the set of all triples(g; a; b) in S0(Rd) � R+ � R+ for whi
h (g; a; b) generates a Gabor frame
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t to the natural topology on those triples). Based on theRon-Shen prin
iple a 
orresponding statement holds for the triples of theform (g; 1=b; 1=a). They form Riesz proje
tion bases for the same open set(
f. [32℄, Prop. 3.5.13, or [37℄, Thm. 4.2).With these results in the ba
k of our minds we 
an prove the following:Theorem 5.6.7. Assume that g 2 S0(Rd) generates a Gabor frame withrespe
t to some TF-latti
e aZd � bZd, let m 2 S0(R2d ) be a 
ontinuousand integrable fun
tion on the TF-plane, and let (ak; bk) be any sequen
esatisfying (ak; bk)! (a0; b0) for k !1. Write Gk for the Gabor multiplierwith �xed window g = g1 and g2 = ~gk adapted to the TF-latti
e, andmultiplier sequen
e mk = (m(akn; bkl))n;l2Zd. Then one has for k !1:Gk ! G0 in the tra
e 
lass norm over L2(Rd):Proof: The result is essentially a 
ombination of the two previous results.�While at the qualitative level the result stated in the previous theorem isobtained by 
ombining those for �xed windows with 
onvergen
e results of
anoni
al dual windows in pra
ti
e those new operators appear to have bet-ter approximation properties, at least for smooth symbols. This is 
ertainlyplausible, be
ause the 
hoi
e of 
anoni
al dual pairs (or tight Gabor atoms)assures exa
t reprodu
tion in the 
ase of 
onstant multipliers. Thinking of\good Gabor expansions" as a lo
al (in the TF-sense) pro
edure we maywell expe
t to have a very good approximation behaviour for symbols whi
hbehave lo
ally like 
onstants (i.e., for very smooth symbols).5.7 From Gabor Multipliers to their Upper SymbolHaving seen that good (de
ay) properties of (m�)�2� imply 
orrespondinggood properties of the resulting Gabor multiplier we are interested to �ndout whether the 
onverse is true as well. To ask this, however, brings usto a more fundamental question, whi
h we see as the main question of thisse
tion: Under whi
h 
onditions 
an one re
onstru
t the multiplier sequen
e(m�)�2� from the operator Gg;�;m (knowing of 
ourse whi
h Gabor system(g;�) has been used). Again it is useful to 
onsider the Hilbert 
ase �rst, i.e.,to ask under whi
h 
ondition the mapping from `2(�) to HS : (m�)�2� 7!Gg1;g2;�;m has a bounded inverse. Most of the results stated in this se
tionare dis
ussed in some detail in [34℄. Our main result reads as follows 2:Theorem 5.7.1. Assume that (g;�) generates an S0-Gabor frame forL2(Rd ), with kgk2 = 1, and write P� for the proje
tion f 7! hf; �(�)gi�(�)g.2Note that in this 
ontext a di�erent normalization of g is preferred



5. A First Survey of Gabor Multipliers 109i) Then the family (P�)�2� is a Riesz basis for its 
losed linear spanwithin the Hilbert spa
e HS of all Hilbert-S
hmidt operators on L2(Rd )if and only if the fun
tion H(s), de�ned as the �-Fourier transform of�jSTFTg(g)(�)j2��2� is does not have zeros.ii) An operator T belongs to the 
losed linear span of this Riesz basis if andonly if it belongs to GM2, the spa
e of Gabor multiplier with `2(�)-symbol.iii) The 
anoni
al biorthogonal family to (P�)�2� is of the form (Q�)�2�,Q� = �(�) ÆQ Æ ��1(�) for � 2 �;for a uniquely determined Gabor multiplier Q 2 B.iv) The best approximation of T 2 HS by Gabor multipliers based on thepair (g;�) is of the formPG(T ) := X�2� hT;Q�iHS P�: (5.7.1)Hen
e PG des
ribes the orthogonal proje
tion from HS onto GM2(g;�).Corollary 5.7.2. The restri
tion of the mapping PG de�ned above to the
lass B of all operators with kernels in S0(R2d ) is 
ontinuous on that 
lass,while on the other hand PG is well de�ned and bounded on L(S0; S00). Inparti
ular, PG(T ) is a well de�ned operator from S0(Rd ) to S00(Rd) forevery bounded linear operator T on L2(Rd ).Corollary 5.7.3. A Gabor multiplier asso
iated with the pair (g;�), withg 2 S0(Rd ), belongs to B if and only if it is of the form P�2� 
�P�, withan absolutely summable sequen
e (
�)�2� 2 `1(�).On the other hand any w�-
onvergent sequen
e of Gabor multipliers whi
his bounded in the sense of L(S0; S00) 
onverges to a Gabor multiplier, whi
his of the form P�2� d�P�, for some bounded sequen
e (d�)�2� 2 `1(�):Proof: (Sket
h of the argument for Thm. 5.7.1) The main statement 
anbe derived (see [79℄ for the 
hara
terization of Riesz bases) from the fa
tthat the entries of the Gram matrix for the system (P�)�2� are the Hilbert-S
hmidt s
alar produ
tshP�; P�0iHS = jh�(�)g; �(�0)gij2 = jhg; �(�0 � �)gij2 = jSTFTgg(�0 � �)j2;i.e., the Gram matrix is 
ir
ulant with respe
t to the dis
rete Abeliangroup �. It is 
lear that this matrix is boundedly invertible if and onlyif the transfer fun
tion 
orresponding to the 
onvolution kernel de�ned by�jSTFTg(g)(�)j2��2� is bounded away from zero, as stated in the theo-rem. In the positive 
ase there exists a biorthogonal Riesz basis(Q�)�2�within HS , of a similar stru
ture, i.e., whose elements are obtained froman operator Q0 by 
onjugation with �(�), i.e., Q� = ��1(�) Æ Q0 Æ �(�),for all � 2 �. Indeed, if g 2 S0(Rd ) one 
an derive from Wiener's inversion
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e d = (d�). Hen
eQ� 2 B is a bounded family of (tra
e 
lass) operators in B. In [34℄ one 
an�nd details on this argument, also shedding some light on the 
onne
tion tothe 
ase of spline-type spa
es. Using this pair of biorthogonal Riesz baseswithin HS it is 
lear that the proje
tion onto the 
losed linear span (withinHS) takes the form des
ribed by formula (5.7.1). �Theorem 5.7.1 
an also be used to 
hara
terize those Gabor multiplierswhi
h belong to the Bana
h spa
es B;HS or L(S0; S00), respe
tively. Inorder to give have a uni�ed terminology we de�ne for any p 2 [1;1℄ thespa
e GMp := fX�2� 
�P�;with(
�)�2� 2 `p(�)g: (5.7.2)Corollary 5.7.4. Assume that the situation des
ribed in Thm. 5.7.1 isgiven. Then the range of the linear proje
tion PG within B is just GM1,while the range on all of L(S0; S00) is just GM1.Equivalently, the mapping on the Gelfand triple (B;HS;B0), whi
h mapsthe operator T to the upper symbol of its best approximating Gabor multi-plier is a surje
tive Gelfand-triple mapping onto �`1(�); `2(�); `1(�)�.Proof: We only have to observe that the fa
t that (Q�)�2� in B im-plies that the mapping T ! (hT;Q�i)�2� maps ba
k from (B;HS;B0) into�`1(�); `2(�); `1(�)�. That the mapping is surje
tive stems simply fromthe fa
t that the proje
tion mapping PG 
oin
ides with the identity whenapplied to the spa
e GMp, p = 1; 2;1. �5.8 Best Approximation by Gabor MultipliersThe most interesting 
ase des
ribed above is the following: For given g 2S0(Rd ) we are interested in TF-latti
es � su
h that the family (P�)�2�is a Riesz basis for its 
losed linear span in HS, with biorthogonal family(Q�)�2� in B. Then it is not diÆ
ult to des
ribe the best approximationof operators by Gabor multipliers as follows:Theorem 5.8.1. For a given Hilbert S
hmidt operator T 2 HS the bestapproximation by Gabor multipliers asso
iated to the pair (g;�) is given byPGMg;�(T ) = X�2� hT;Q�iHSP� = X�2� hT; P�iHSQ�: (5.8.1)For �xed (g;�) the mapping T 7! PGMg;�(T ) is the orthogonal proje
tionfrom the Hilbert spa
e HS onto the 
losed subspa
e of Gabor multiplierswith `2(�)-symbols.Proof: The above result is simply a reformulation of the general fa
t that(P�)�2� is a Riesz basis for the spa
e of all Gabor multipliers, and that(Q�)�2� is its biorthogonal family. �



5. A First Survey of Gabor Multipliers 111In the above equation (5.8.1) the role of the families (P�)�2� and (Q�)�2�may of 
ourse be inter
hanged. Sin
e the s
alar produ
t of an operatorT with respe
t to P� in the HS-sense 
an be repla
ed by a simple s
alarprodu
t in L2(Rd ), a

ording toh T; P� iHS = h T (�(�)g) ; �(�)g iL2 ; (5.8.2)this alternative viewpoint has some interesting 
onsequen
es. Note that themapping � 7! h T (�(�)g) ; �(�)g iL2 ; is known as the lower symbol of theoperator T . If g 2 S0(Rd ) it is well de�ned for any T 2 L(S0; S00). Insertingthis term into the proje
tion formula shows that the best approximationof T 2 HS by Gabor multipliers 
an be 
al
ulated already from the lowersymbol of the operator:Corollary 5.8.2.PGMg;�(T ) = X�2� h T [�(�)g℄; �(�)g i Q�: (5.8.3)The fa
t that the kernels of the operators P� and Q�; � 2 � are uniformlybounded in the S0-sense implies that the mapping T 7! PGMg;�(T ) is notonly well de�ned in HS, but on all of L(S0; S00), i.e., the spa
e of all linearoperators with kernels in S00(R2d ). Their lower symbol is a sequen
e is onlyin `1(�), but the series 5.8.3 is still well de�ned (as a w�-
onvergent series)in L(S0; S00). On the other hand its restri
tion to B yields Gabor multiplierswith `1(�)-
oeÆ
ients, i.e., the proje
tion mapping is also 
ontinuous in themore sensitive norm de�ned on B (the S0-norm of their kernels).We may summarize these �ndings in the following form:Theorem 5.8.3. For (g;�) as des
ribed above one has:i) The mapping from operators to lower symbols, i.e.,T 7! (hT (�(�)g); �(�)gi)�2� (5.8.4)maps the Gelfand triple (B;HS;B0) into �`1(�); `2(�); `1(�)�.ii) The mapping T 7! PGMg;�(T ) is 
ontinuous on the Gelfand triple(B;HS;B0).Detailed proofs of these fa
ts are given in [34℄, where the analogy to thesituation of spline type spa
es is des
ribed. The prototype of su
h spa
esare (e.g. 
ubi
) splines, for whi
h the integer translates of a B-spline form aRiesz basis for their 
losed linear span. In this 
ase a 
ubi
 spline fun
tionis in L2(Rd ) if and only it has a representation with `2 
oeÆ
ients withrespe
t to the standard spline basis. In this parti
ular 
ase, as well asmore generally for the 
ase that the generating atom belongs to S0(Rd ),more 
an be said with respe
t to Lp-norms: the 
orresponding proje
tionmapping is also (uniformly) bounded on all the Lp-spa
es, for 1 � p � 1,and maps general Lp-fun
tions on spline-type fun
tions with `p-
oeÆ
ients,
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h form a 
losed subspa
e of Lp(Rd ). The situation des
ribed above foroperators and their proje
tions onto spa
es of Gabor multipliers is thus
ompletely parallel to the situation en
ountered for the 
ase of spline spa
es(for p = 1; 2;1):5.9 STFT-multipliers and Gabor MultipliersIn this se
tion we want to des
ribe that under very natural 
onditions on theatom g and the multiplier fun
tion m the 
orresponding STFT-multiplier
an be approximated (in various relatively strong operator norms) by theGabor multipliers whose symbols are sampled version of the 
ontinuousmultipliers. Indeed, in some sense they 
an be seen as Riemann-type ap-proximations to the 
ontinuous STFT-multiplier.Again we are trying to give the reader a good idea about the kind ofresults whi
h are possible in this 
ontext, by providing a few typi
al exam-ples in the 
ontext of Hilbert S
hmidt operators, and not the most generaland te
hni
ally more involved 
onsequen
es of the underlying prin
iples.First let us make sure that STFT -multipliers SMm with (upper) symbol(and atom g) are well de�ned.De�nition 5.9.1. For g 2 S0(Rd ) the STFT-multiplier with symbol m isgiven in a formal way by the formulaSMm(f) = ISTFT(m � STFT(f)); (5.9.1)or more pra
ti
al (in the weak sense on L2(Rd)) bySMm(f) = Z ZTF m(x; !)hf; �(x; !)gi �(�) g dx d! (5.9.2)Proposition 5.9.2. If g 2 S0(Rd) and m 2 L2(R2d ) then the resultingoperator SMm is a Hilbert S
hmidt operator on the Hilbert spa
e L2(Rd ).On the other hand, if the multiplier is in L1(R2d) then the 
orrespondingoperator is a regularizing integral operator with S0-kernel, i.e., SMm 2 B.In parti
ular, it is tra
e 
lass on L2(Rd ), and maps S00(Rd ) into S0(Rd ).Remark 5.9.3. In the above proposition it is even possible to repla
e theL1-
ondition by some bounded measure over R2d and one still obtains atrue statement. In short, for � 2M(R2d ) one 
an de�ne SM� by repla
ingthe measure m(x; !)dxd! by the bounded measure � in equation (5.9.2).As the full TF-plane 
an of 
ourse be seen as the limiting 
ase of TF-latti
es with latti
e 
onstants (a; b)! (0; 0) the following result should not
ome as a 
omplete surprise. We spell out the L1-version of this result asit appears to us to be the most interesting (and perhaps surprising) one.The analogue of Remark 5.6.5 in this 
ontext is then
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ase (a; b) ! (0; 0) the shape of the dualatoms ega;b is known to approximate that of the original atom g. Indeed,suitable normalized versions 
onverge to g in the S0-norm:k(ab)�dega;b � gkS0 ! 0 for (a; b)! (0; 0):This fa
t has been shown in [32℄,as Cor. 3.6.12. Before 
oming to thestatement on the approximation of STFT-multipliers we have to re
all ade�nition, whi
h also plays a role in 
onne
tion with the 
hara
terizationof relatively 
ompa
t subsets in Bana
h spa
es of fun
tions (
f. [15℄).De�nition 5.9.5. A bounded subset S of M(R2d ) is 
alled tight if for every" > 0 there exists a 
ompa
t subset K � R2d su
h that j�j(R2d nK) < " forall � 2 S.Theorem 5.9.6. Let �0 2 M(R2d) be a bounded measure, and (�m)m�1be a bounded, tight and w�-
onvergent sequen
e in M(R2d ), with limit �0.For a �xed pair of S0-atoms g1 and g2 we denote the 
orresponding STFTmultiplier operators by SM�k and SM�0 . Then SMk ! SM0, for k !1,in the tra
e 
lass norm over L2(Rd).Proof: We only indi
ate the strategy of proof, whi
h is based on twomain arguments. First of all the problem is translated into a result aboutthe 
onvergen
e of ordinary 
onvolution produ
ts, by applying the Kohn-Nirenberg transform T 7! �(T ) (
f. [31℄) to the operators under 
onsidera-tion. Then the 
onvergen
e statement is a 
onsequen
e of the fa
t that forany h 2 S0(R2d ) one has k�n �h��0 �hkS0 ! 0 for k !1 (
f. [23℄) underthe given 
ir
umstan
es, be
ause S0(R2d ) is a so-
alled homogeneous Ba-na
h spa
e, i.e., jjTzf jjS0 = jjf jjS0 for all z 2M(R2d ) and jjTzf�f jjS0 ! 0for z ! 0, for all f 2 S0. �Remark 5.9.7. The proof a
tually implies that the norm 
onvergen
e ofthese operators takes pla
e in the 
lass B. Consequently we may 
laim 
on-vergen
e in L(S00; S0) as well.The next theorem 
an be seen as an immediate 
onsequen
e of the generalprin
iple above. Again only a prototypi
al 
ase is des
ribed.Theorem 5.9.8. Let g 2 S0(Rd ), and m 2 S0(R2d ) by a (
ontinuous andintegrable) multiplier fun
tion be given. Furthermore let (ak; bk) be a se-quen
e of latti
e 
onstants satisfying (ak; bk) ! (0; 0) for k ! 1. WriteGkm for the 
orresponding dis
rete Gabor multipliers, with �xed window g,TF-latti
es akZ�bkZ, and multiplier sequen
e �(akbk)�1m(akn; bkl)�n;l2Zd :Then Gkm 
onverges to SMm in the tra
e 
lass operator norm over L2(Rd ).Proof: It is not hard to verify that the bounded, dis
rete measures�k = 1akbk Xn;l m(nak; lbk)Æ(nak;lbk)
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onvergent sequen
e of bounded measuresover R2d , with limit � (just as Riemannian sums approximate the integral),and 
onsequently Theorem 5.9.6 applies. �An L2-HS variant of Thm. 5.9.6 is the following result, whi
h makes useof the 
on
ept of tight (and bounded) subsets of L2(R2d ).De�nition 5.9.9. A bounded subset S � L2(Rd) is 
alled tight wheneverfor every " > 0 there exists some 
ompa
t subset K � R2d su
h thatkf:(1� 1K)k2 < " for any f 2 S.Corollary 5.9.10. Assume that g 2 S0(Rd ) is given. Let mk be a tightsequen
e in L2(R2d ), with weak limit m0. Then it is true that SMmk !SMm0 for k !1 in the HS-norm over L2(Rd ).It appears to us that again the best way to verify this result is to translateit via the Kohn-Nirenberg transform into an equivalent question about the
onvolution between L2 and S0-fun
tions. Details will be given elsewhere.5.10 Compa
tness in Fun
tion Spa
esThis short se
tion is strongly inspired by the re
ent paper [15℄, 
hara
teriz-ing the relatively 
ompa
t subsets in 
oorbit spa
es (su
h as the modulationspa
es). We present a kind of dis
rete variant of their result, in the 
ontextof modulation spa
es.Theorem 5.10.1. Let Msp;q(Rd) be a modulation spa
e, with 1 � p; q <1,and assume that g 2 S(Rd ) generates a Gabor frame with respe
t to someTF-latti
e aZd� bZd.Let FIN denote the 
olle
tion of all �nite subsets F � aZd� bZd, whi
his a dire
ted set by the rule F1 � F2 if F1 � F2. Write GF for the 
orre-sponding net of partial sums of the 
anoni
al Gabor expansion, i.e.,GF (f) = X(n;l)2Fhf; �(an; bl)~g i �(an; bl) g (5.10.1)or, more pre
isely,GF (f) = X(n;l)2Fhf;MblTan~g i MblTan g:Then (GF (f))FIN 
onverges to f for ea
h f 2 Msp;q(Rd) (i.e., we haveGF ! Id in the strong operator topology).Moreover, a bounded subset S � Msp;q(Rd ) is relatively 
ompa
t if andonly if GF (f)! f uniformly on S.



5. A First Survey of Gabor Multipliers 115Proof: The �rst part of the theorem is more or less a reformulation ofthe main result on atomi
 de
ompositions as developed in [26℄, applied tomodulation spa
es. We only had to restri
t our attention to those 
oorbitspa
es whi
h are derived from solid BF-spa
es (in this 
ase weighted mixednorm spa
es over the TF-plane) whi
h 
ontain the 
ompa
tly supportedfun
tions as a dense subspa
e). We also use the fa
t that under the as-sumption g inS(Rd ) the 
anoni
al dual is also automati
ally in S(Rd ) (
f.[45℄), hen
e both the analysis and the synthesis operator enjoy the naturalboundedness 
onditions between the modulation spa
es under 
onsidera-tion and the 
orresponding weighted mixed norm sequen
es spa
es overZ2d.The se
ond part of the theorem then follows easily from two general ob-servations. Sin
e the operators GF are uniformly bounded over arbitrarymodulation spa
es it is 
lear that they are uniformly 
onvergent over rel-atively 
ompa
t subsets S �Msp;q(Rd ), on
e they are strongly 
onvergent.On the other hand it is 
lear that ea
h of these operators is a �nite rankoperator. Consequently one 
an argue that a set S on whi
h the net GFis uniformly 
onvergent 
an be approximated arbitrary well by relatively
ompa
t subsets, hen
e it must be relatively 
ompa
t itself. �5.11 Gabor Multipliers and Time-Variant FiltersThe possibility of introdu
ing so-
alled time-frequen
y lo
alization opera-tors has been among the driving for
es to study the 
ontinuous wavelettransform, but also in parallel to it the STFT (
f. [14, 11, 6℄ for prominentexamples, or se
tion 2.8 in [7℄). For early o

urren
es of dis
rete variantsof Gabor multipliers (usually with 0=1-symbols, des
ribing a 
ertain re-gion of interest) we refer to [21, 22, 61, 74℄, and in parti
ular Chap. 9 ontime-variant �ltering in the book of Qian-Chen ([68℄). Filtering the time-frequen
y 
ontent of a signals is indeed one of the main appli
ations ofGabor multipliers.Generally speaking, there are at least three traditional types of time-frequen
y �lters:(i) 
ompositions of timepass and bandpass �lters and their generalizations(see [62℄, [78℄, [7℄ and the referen
es therein)(ii) restri
tions of the reprodu
ing formulas based on 
oherent state expan-sions (see [11℄, [7℄, [72℄, [69, 71℄, [47℄ and the referen
es therein)(iii) Weyl pseudo-di�erential operators with symbols with 
ompa
t support(see [39℄,[60℄, [59℄, [HRT97℄) .Other useful approa
hes are however also possible (see for example [52℄).All three types of �lters are related to spe
i�
 operator 
al
uli. It o

ursthat good understanding of operator 
al
ulus leads to pre
ise knowledge ofeigenvalue behavior of the 
orresponding �lter. This is the essen
e of our



116 Hans G. Fei
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tion. At this o

asionwe would like to mention that a new interesting approa
h to the 
al
ulusof Gabor multipliers based on Gaussian windows was taken re
ently byCoburn in [7℄, [8℄.When it 
omes to digital signal pro
essing a
tual data to be handledare ve
tors of �nite length (or mathemati
ally equivalent) dis
rete and pe-riodi
 measures. The same is true for digital image pro
essing. The needto perform time-variant �lters is of 
ourse 
oupled with the wish to 
arryout su
h operations with minimal 
omputational 
osts. Therefore also inthis setting there is a need to understand the approximation of linear map-pings, given in whatever form or representation, be it the matrix kernel orthe Kohn-Nirenberg symbol of the operator.Let us mention here that in pra
ti
e these operations have to be appliedto signals of �nite length. Hen
e we are dealing essentially with problemsin linear algebra. Although in this �nite-dimensional setting 
ertain 
riti
allimiting 
ases whi
h make the 
ontinuous situation often very deli
ate 
an-not o

ur, one is fa
ed with numeri
al issues of speed and 
omputational
omplexity. We only mention here that su
h questions are treated in [36℄,where a matrix version of the approximation results des
ribed in se
tion5.8 are given.Let us 
on
lude this se
tion with an alternative view on Gabor multipliersfrom a �lter bank point of view. The equivalen
e between Gabor frameexpansions and 
ertain �lter bank systems with perfe
t re
onstru
tion iswell established (
f. [3, 4, 5, 10, 9℄). Given this 
onne
tion it is easy tosee that the very de�nition of Gabor multipliers implies that they have avery ni
e and simple interpretation (hen
e also a 
heap implementation)in this 
ontext. Indeed, in a �lter bank des
ription the Gabor 
oeÆ
ientmapping turns into a splitting of the information 
ontained in the signalinto 
hannels (ea
h of whi
h has to 
arry only a fra
tion of the information
ontained in the original signal). The perfe
t re
onstru
tion property of su
ha system ensures that by using another (appropriate) synthesis window theoriginal input signal is exa
tly re
overed, if no manipulation takes pla
ewithin the 
hannels.Applying now simple multipli
ations on these 
oeÆ
ients (before ap-plying the synthesis mapping) is just a reinterpretation of what a Gabormultiplier should be. Altogether this means of 
ourse that Gabor multipli-ers are very important operators for the purpose of (time-variant) digital�ltering, and their eÆ
ient use will hopefully bene�t from the theoreti
alstudies given in the present note.
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