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ABSTRACT

We describe various basic facts about Gabor multipliers and their contin-
uous analogue which we will call STFT-multipliers. These operators are
obtained by going from the signal domain to some transform domain, and
applying a pointwise multiplication operator before resynthesis. Although
such operators have been in use implicitly for quite some time this paper
appears to be the first systematic mathematical treatment of Gabor multi-
pliers. Indeed, typical time-frequency localization operators, or thresholding
algorithms involve simple (0/1-multipliers.

The main results of this chapter are of qualitative nature and describe
how the properties of the Gabor multiplier depend on the decay of the
multiplier sequence, the time-frequency (TF) concentration properties of
the Gabor atom in use, and the time-frequency-lattice. These properties will
be described in terms of the mapping properties of the corresponding Gabor
multiplier between modulation spaces, or membership in some operator
ideal (such as trace class or Hilbert Schmidt operator). It is also possible to
give relatively precise estimates on behaviour of the sequence of eigenvalues
of such operators, especially for the case of tight Gabor frames.

We shall also discuss the problem of injectivity of the linear mapping from
the multiplier symbol to the operator, recovery of Gabor multipliers from
lower symbols, and the related question, concerning best approximation of
operators (e.g., from the Hilbert-Schmidt class) by Gabor multipliers of a
certain type.

5.1 Introduction

For many years it has been considered as the key problem in Gabor analysis
to exactly describe those windows or Gabor atoms g and time-frequency
lattices A, for which the corresponding Weyl-Heisenberg (=WH) families,
obtained by moving some Gabor atom g along a given TF-lattice A, form
a Gabor frame. In the positive case standard frame theory allows to show
that arbitrary functions f can be expanded into a Gabor series, where
the building blocks are time-frequency shifted copies of g, and suitable
coefficients (for L? functions they are the minimal norm coefficients) for
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these series can be obtained as samples of the short-time Fourier transform
of f with respect to some dual Gabor atom, such as the canonical dual
atom § = S !g, i.e., by applying the inverse frame operator to g.

The standard results of Gabor analysis show that for a sufficiently nice
atom g € L? the following is true: For all TF-lattices which are sufficiently
dense (e.g. with lattice constants (a,b) small enough) the WH-family gen-
erated from (g, A) is a Gabor frame with an equally nice dual atom § (cf.
[26], Thm.6.1., [7], Chap.3, or [76]). In this situation there exists also a
(canonical) tight Gabor atom h = S~1/2g, associated with the pair (g, A),
which can be used in many ways like orthonormal systems (cf. [58] for de-
tails). Very recently Leinert and Grochenig (see [45]) have shown that the
L2-frame property together with good time-frequency concentration of g
(in the sense of a weighted L!-condition over the TF-plane) ensure that §
has the same TF-concentration.

While dense TF-lattices yield Gabor frames, WH-families generated from
sufficiently coarse TF-lattices A° will generate Riesz-bases for their closed
linear span and even Riesz-projection bases for a family of modulation
spaces (cf. [32] for this concept). Indeed, by moving from the lattice A
generating a Gabor family to its adjoint A° | consisting of all TF-shifts
which commute with those from A is equivalent to switch from Gabor
frames to Riesz bases (for their closed linear span), according to the Ron-
Shen principle (cf. [13]), and vice versa.

In the present paper we are taking a step from function space theory
towards operator theory, by switching our attention now to (certain families
of) operators based on these non-orthogonal expansions, instead of just
studying the properties of the expansions themselves.

It is the purpose of this chapter to describe the foundations of a theory of
Gabor multipliers, i.e., of those linear operators which arise from pointwise
multiplication of Gabor coefficients or the Short-Time Fourier transform.
Among others we shall address the basic questions: What are the properties
of such operators (e.g., boundedness properties between various function
spaces)? As expected, decay properties of the multiplier sequence as well
as the time-frequency concentration of the building blocks in use play a
role. When will we get a Hilbert-Schmidt or trace class operator on L2?
More quantitatively, can we predict the decay of eigenvalues of an operator
from the global behaviour of the multiplier?

We will also study the mapping from the pointwise multiplier to the
operator, and ask when it is injective. Under which conditions is there a
best approximation of a general linear mapping (say a Hilbert Schmidt
operator) by a Gabor multiplier using a given atom ¢ and TF-lattice A.
Furthermore we address the question to which extent the operators depend
continuously on the atoms g resp. TF-lattices A used to generate the Gabor
multiplier, with the full TF-plane being a natural limiting case.
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5.2 Notations and Conventions

Throughout this paper we shall assume some familiarity with the theory
of Gabor expansions and modulation spaces, as for example, explained in
detail in K.Grochenig’s book [13], Chapters 11 and 12.

The ordinary Lebesgue spaces on R? are denoted by (LP(R%), || - ||,), for
the range 1 < p < oo. We write M (R?) for the space of bounded (regular
Borel) measures on R?. It is considered as the dual space of (Co(R?), ||||c0)-
Consequently a bounded sequence is w*-convergent in M (R?) if and only
if it is vaguely convergent, i.e., pu,(k) — po(k) for arbitrary continuous
functions k with compact support. As usual L'(R?)) is viewed as a closed
subspace of M (R?) (consisting of those measures which are absolutely con-
tinuous with respect to the Lebesgue measure).

As usual in Gabor analysis we use the symbols T, for the translation
and M, for the modulation operator, i.e., pointwise multiplication with
Xo(x) = 2% The combined TF-shift (time-frequency shift) for A =
(z,w) is 7(A) = M,T,. Moreover, m : A — w()\) is (only) a projective
representation of R? x R? on the Hilbert space H = L%(R?), since the
product of two TF-shifts is the TF-shift of the sum only up to phase factors.
With any (test) function g and a signal or distribution f satisfying suitable
(integrability) criteria, e.g. f,g € L?>(R?), one can associate the STFT
(Short-Time Fourier Transform), which we like to define as follows:

STFTy(f) = Va(f) : A= (t,w) = (f,7(N)g) (5.2.1)

For every non-zero g € L*(R?) is (up to the normalization factor ||g||2)
isometric from L?(R?) into L2(R2?), and as suitable inverse STFT (ISTFT)
on the range one can use the adjoint mapping V. Hence (in a weak sense)
the reconstruction formula reads for g € L?(R?) with ||g||2 = 1 as follows:

3

f= Vy(f) m(N)g dA, (5.2.2)

RdxRd
showing that f is described as a (smeared) sum of building blocks w(\)g, A €

R? x R, with amplitudes being given by the STFT. This makes it of course
plausible that a change of the amplitude allows to operate on the signal
f and making changes in certain areas of the TF-plane R? x R4, before
resynthesis. Thus TF-localization operators are obtained by multiplying
the STFT V,(f) with some 0/1-function describing an area of interest.
The operators obtained in such a way will be called STFT-multipliers, and
are a very special case of the type of operators which are in the central
topic of this paper.

Indeed, an important underlying idea of the theory of Gabor multipliers
is the idea, that the evident redundancy in the STFT-representation should
be used in order to work only with samples of V;,(f), e.g. samples taken
over a sufficiently fine TF-lattice A < L2(R?), such as A = aZ? x bZ".



96 Hans G. Feichtinger and Krzysztof Nowak

The discrete analogue of (5.2.2) is then a representation of the form

F=(£,7(N)y) 7Ny, (5.2.3)

AEA

valid for all f € L?(R?) or even tempered distribution, depending on the
decay and smoothness properties of the pair (g, v) of dual windows. Usually
it is assumed that for a given g the TF-lattice is chosen to be sufficiently
dense, such that the family (gx)aeca is a Gabor frame for the Hilbert space
L2(R?), or equivalently (3,5 |V, (f)>)}/? defines an equivalent norm on
L?*(R?). This is the case if and only if the standard frame operator Sy(f) =
Y senlf,m(A)g)m(X)g is bounded and invertible on L?(R?). It is a standard
fact of Gabor analysis that one can achieve validity of (5.2.3) for all f €
L?(R%) by choosing as v the so-called canonical dual Gabor atom, which
we will denote (for fixed A) simply by g, but usually there are many other
choices for v, such that (5.2.3) is valid.

Another option is to chose g = v in such a way that (5.2.3) holds true
despite this extra coupling. Corresponding building blocks g generate tight
Gabor frames, and are therefore called tight Gabor atoms. Such tight Gabor
atoms can be obtained in the following way: assume that (g, A), generates
a Gabor frame, i.e., that (ga)aeca is a frame. Then the family (w(A\)h)rea,
with h = S~/ is a tight Gabor frame. Again this particular tight Gabor
window is called the canonical tight Gabor window associated with the pair
(g, A). As shown recently (cf. [58]) it is the L? function which minimizes the
distance ||g — hl|2, among all other L2-functions for which (h, A) generates
a tight Gabor frame.

Since the description of operators acting somehow on the TF-plane re-
quires a detailed description of the TF-behaviour of functions or (tempered)
distributions it is clear, that corresponding function spaces have to be used
extensively. As it is well-known by now the appropriate family for this
purpose are the so-called modulation spaces MP?;9(R?), among them the
classical spaces MJ  (R?), using weights of the form w,(t,w) = (1+ |w]|?)5/2.
One finds in this family also the classical Sobolev spaces H*(R?), (by the
choice p = ¢ = 2) or the Segal algebra So(R?) = M7, (R?) and its dual
Sp(RY) = MY, (R?), which will take a special role within Gabor anal-
ysis. The last two spaces are in fact invariant under the Fourier trans-
form (as well as metaplectic transformations), in the same way as the

3

space Mf;q(]Ri’i), which are obtained by using radial symmetric weights

):
).

v (t,w) = (1 + [t]> + |w[?)'/? for the case p = ¢. Background information
is also found in [32] and [31]. To fix symbols we also recall that we use
the symbol £ to denote the space of all bounded linear operators from one
Banach space to another, such as £(Sp, Sj) or £(So, So).

Besides standard facts from functional analysis which we take for granted
we want to specifically recall the concept of so-called Gelfand triples, as de-
scribed in [31]. A Gelfand triple consists of some Banach space (B, || - ||B)

3
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continuously and densely embedded into some Hilbert space H, such that
consequently H itself is embedded (w*-densely) into the dual Banach space
(B, ]| - lI'y)- We shall use the symbol (B,H,B') for such a triple. The
(sesquilinear) inner product on H then extends in a natural way to a nat-
ural pairing between B’ and B (again expressed as (o, f)). As we shall see
examples of such Gelfand triples arise in abundance within Gabor analysis.

Typical examples of relevance for us are the Banach sequence spaces
(€*(A),£2(A), £°(A)), or the Gelfand triple arising from So(R?), with H =
L*(R?). It is denoted by (So(R?), L*(R?), Sy (R?)). The kernel theorem for
So(R?) implies that the operators from Sp(R?) into Sh(R?) are identified
with their distributional kernels from S} (R??). Consequently it is the dual
space to the space of operators with kernels in S (R2?), which is essentially
the same as £(S{,Sp). The Hilbert space in this context is the class of
Hilbert Schmidt operators HS on L?(R?). The Gelfand triple of Banach
spaces of operators arising in this way will be denoted by (B, HS, B').

If we talk about a bounded linear mapping between Gelfand triples this
means that the boundedness is valid at each level, the Banach space, the
Hilbert space, and the dual Banach space (usually also preserving w*-
convergence of sequences in B').

5.3 Basic Theory of Gabor Multipliers

This section starts with a rather general definition of Gabor multipliers. A
number of basic results can be obtained as a combination of known facts
about both the analysis and the synthesis mapping associated with a Gabor
or Weyl-Heisenberg family, and the standard properties of multiplication
operators, acting between Banach sequence spaces, based for example, on
Holder’s inequality.

Since the atoms which will be involved should generate Bessel families
with respect to general TF-lattices A windows g will be most often taken
from the Segal algebra Sp(R?), as the corresponding Gabor families are
Bessel family for arbitrary TF-lattices A, in particular for those of the form

aZ® x bZ < R x R?.

Definition 5.3.1. Let g1, g2 be two L2—functions,/\A a TF-lattice for R?,
i.e., a discrete subgroup of the phase space AR? xR?. Furthermore let m =
(mx)xea be a complex-valued sequence on A. Then the Gabor multiplier
associated to the triple (91,92, A) with (strong or) upper symbol m is
given as

G (f) = Gy garm(f) = Y m)(f,7(N)g1) 7(N)ga. (5.3.1)
AEA

Convention: If in some discussion certain parameters, e.g., both the
atoms and the TF-lattice A are fixed they may be simply omitted as lower
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indices. For example, we may discuss the convergence of G, , for a se-
quence of multipliers m,,, while fixing the atoms and the TF-lattice. We
simply write Gy A .m for the case g = g = g.

It is obvious from this definition that Gabor multipliers are essentially
(infinite) linear combinations of rank one operators f — (f, w(A)g1) 7(\)g2,
with coefficients my. Whenever g1 = g = ¢g» and ||g||]> = 1 these building
blocks are just the orthogonal projections onto the 1D-subspaces of L?
generated by the elements of the WH-family (7(A)g),c,. We denote this
family of projection operators in the rest of this paper by (Py)xea. Depend-
ing on the properties of the analysis window g1, the synthesis window g
and the multiplier sequence m = (my), ., the overall operator Gy, g, A,m
is bounded between various spaces. Typically one would require that both
g1 and gy are Bessel atoms with respect to the given lattice A, and that m
is bounded. In this case the coefficient mapping using g;, mapping f to the
sequence of sampling values of STFT, f over A maps L?(G) into ¢*(A) (by
definition), and also the synthesis mapping ¢ = >, . cam(A) g2 is bounded
from ¢*(A) to L?(G), and thus the overall operator is bounded on L*(G).

There are many good reasons to assume that the windows ¢g; and g»
should be chosen from Feichtinger’s Segal algebra So(R?) (cf. [32] for many
properties relevant in the context of Gabor analysis). Furthermore, Sy(R%)
is much larger than the Schwartz space S(R?), used often in such a context
just for convenience. On the other hand L?(R?) is too large as a reservoir
of windows and does not allow any more the most interesting results to be
described below.

There are many other sufficient conditions which guarantee that f €
So(R?). For example, any band-limited L'-function is in So(R?), but also
compactly supported functions with an integrable Fourier transform. Gen-
erally speaking a mild combination of decay and smoothness assumption
on f guarantee that f € Sp(R?) (cf.[Grd96] or [13], Prop.12.1.6, or [32],
Thm.3.2.17). For d = 1 it is enough to know that f, f', f” € L*(R) ([43]).

Among others it is well established (cf. again [32]) that Sp-atoms will
automatically be Bessel atoms for arbitrary lattices A), while for general
L2-functions the Bessel property may depend in a drastic way on the cor-
responding TF-lattice in use (cf.[33]). Consequently the restriction to Sy
atoms will allow a discussion of the effect resulting from modifications of
the lattice constants describing the TF-lattices involved in the construction.
Furthermore this assumption will allow us to derive that G, is Hilbert-
Schmidt if m € ¢?(A), and a trace class operator on L?(R?), mapping
SH(R?) into So(R?) (cf. Cor.3.3.5 in [32], p. 144), if m € ' (A).

In order to concentrate on the essential properties we shall state some of
our results only for the case g1 = go = g, assuming that (g, A) generates a
tight Gabor frame. In particular in such a case a minimal symbolic calculus
is valid, in the sense that the constant multiplier m = 1 yields a multiple
of the identity operator. Summarizing these basic facts we have:
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Theorem 5.3.2. Assume that g € So(R?). Then one has:

(i) If m € (>*(A), then Gm = Ggam defines a bounded operator on
(So,L?,S}), and the operator norm of G can be estimated (up to some
constant) by |m|| .

(i) The Gabor multiplier generated by m(\) = 1 is a multiple of the iden-
tity operator if and only if (g, A) generates a tight Gabor frame.

(iii) Gm is a compact operator on L*(R?) and on So(R?), if m € c,(A),
i.e., if m(A) = 0 for A = oo (in the sense of A)

(iv) If m € (2(A), then Gm: S{(R?) — L2(RY) and L*(R?) — Sp(RY).

(v) For m € ('(A) the operator Gy, maps Sy(R?) into So(R?).

Proof: These statements follow from the boundedness properties of the
coefficient resp. synthesis mappings (for fixed lattice A), as described in
some detail in Section 3.3.3 of [32]. O

Of course it would be possible to make similar statements for other classes
of windows. For example, any g € S)(R?) in combination with an ¢' mul-
tiplier sequence yields still a (compact) linear operator from Sg(R?) into
S (R?), to mention a rather extreme possible variant. A more traditional
approach to TF-analysis making use of Schwartz functions an tempered
distributions would probably make use of S(R?) and S(R?)" (instead of
So(R?) and S§(R?)) in the above context.

For general pairs (g1, g2) from Sp(R?) an even more compact formulation
of the above theorem using the terminology of Gelfand triples can be given:

Theorem 5.3.3. For every pair (g1,92) in So(R?), and any TF-lattice A
the mapping from the strong symbol (multiplier) (my)aca to the correspond-
ing Gabor multiplier Gy, g, A m maps the Gelfand triple (€*(A), €2(A), £ (A))

into the bounded operators with kernel in the corresponding Gelfand triple

(SO(Rd x R1), L2(R* x R1), S, (R x u@)), ice., into (B, HS,B').

As already indicated in the introduction, modulation spaces are the right
family of function spaces to describe distributions by means of the be-
haviour of their Gabor coefficients. The established atomic theory of mod-
ulation spaces makes some of the basic results concerning Gabor multipliers
quite easy to prove. The following proposition describes a typical example.
showing that modulation spaces are highly suitable to describe the mapping
properties of Gabor multipliers when the upper symbol has some decay or
growth rate. It is valid for arbitrary Weyl-Heisenberg systems (not neces-
sarily Gabor frames).

Proposition 5.3.4. [Gabor multipliers on modulation spaces,I]

Define for r € R the symbol m, by m,(\) := (1 + |w|?)"/2, if X = (z,w).
Then for any pair of Schwartz atoms g1, g the Gabor multiplier G4, g, A, m
maps Ml‘f}q(]R’i) to Ml‘ffq(]R’i), with s = s1 + .

Proof: Since it is well known (cf. [13]) that Schwartz atoms induce both
continuous coefficient as well as synthesis mappings between modulation
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spaces and the corresponding (natural) solid sequence spaces over Z2¢ the
proof is a simple consequence of the mapping properties of a multiplication
operator of the given kind at the sequence space level, i.e., on mixed-norm
sequence spaces with polynomial weights. O

Remark 5.3.5. A possible choice in the above theorem would be to start
from a Schwartz atom g1, such that (g1, aZ? x bZ?) induces a Gabor frame,
and to choose g» = g, the canonical dual Gabor atom. Indeed in this case
one has automatically go = § € S(R?) as well. For the case of the standard
Gaussian this situation occurs if (and only if) ab < 1.

At a finer level summability properties of the Gabor multiplier (1)),
are sufficient to operate on the parameters (p,q). For convenience we as-
sume again that the atoms are Schwartz, but membership in suitable spaces
M7 ; is indeed sufficient.

Proposition 5.3.6. [Gabor multipliers on modulation spaces, II |
Assume that g1 and go are in S(R?), and that (my),c, € €"(A). Then
Gy go,A,m maps My - into Mj . with pi,q1,p2,q2 € [1,00] whenever

1/po=1/p1+1/r>0and 1/qo =1/q + 1/r > 0, for any s € R.

5.4 From Upper Symbol to Operator Ideal

In this section we summarize the mapping properties between the space
of symbols and the membership of the resulting Gabor multiplier in one
of the typical operator ideals within the bounded operators on the Hilbert
space L2(R?). Again we fix a pair (g1, g2) in So(R?), and the TF-lattice A.

Theorem 5.4.1. Assume that g, gy, go are in So(R?). Then one has:

(i) If m is bounded, then Gy, g, A m is a bounded operator on L?(R?).
(ii) If m is real-valued, then G, m is a self-adjoint operator on L*(R%).
(iii) If m € c,(A), then Gy, g, A.m is a compact operator on L?(R?).

(i) If m € (2(A), then Gy, 4, A.m is a Hilbert-Schmidt operator on L?(R?).
(vi) If m € (1(A), then Gy, go.A.m is a trace class operator on L*(R?).

Proof: Most of these statements follow from general facts about operator
ideal properties of linear operators on L%(R?) with kernels in the Gelfand
triple (B, HS, B'). Obviously L?-kernels correspond (exactly) to Hilbert-
Schmidt operators. On the other hand the operators in B, i.e., with Sg-
kernels are absolutely convergent sums of rank 1 operators, and hence they
are trace class. Since the sequences with finitely non-zero coefficients give
finite rank operators their density in ¢,(A) implies (iii). Relation (ii) is
easily verified directly and actually the main reason to make use of the
symmetric case g1 = g = g» for the discussion of eigenvalue behaviour or
operators with real symbols. O
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Remark 5.4.2. The main statements of the above theorem can be sum-
marized in the terminology of Gelfand triples by saying that for atoms
91,92 € So(R?) the mapping (mx),cp — Gg,.go.A,.m maps the Gelfand
triple of sequence spaces (Zl(A),EQ(A),ﬂ"O(A)) into the Gelfand triple of
operator ideals, consisting of trace class operators, HS and the class of all
bounded linear operators on L?(R?).

Remark 5.4.3. Obviously one can obtain by means of complex interpola-
tion corresponding statements for Schatten SP-classes from the above re-
sults, whenever the upper symbol is in (P(A), for 1 < p < co.

Remark 5.4.4. Note that Thm. 5.8.2 iv) in conjunction with Thm. 5.4.1
it) implies that the eigenvectors of Gy a.m belong to So(R) if (my)\cp is
a real-valued sequence in (2(A).

5.5 Eigenvalue Behavior of Gabor Multipliers

In this section we will assume that (7(\)g)aea is a tight Gabor frame, which
is normalized in such a way that f = Y7\, (f,7(A)g) 7(\)g. 1 Our assump-
tion implies that G, is the identity operator for my = 1. We are interested
in the behaviour of the sequence of eigenvalues of Gabor multipliers based
on such tight frames which are using atoms with a certain amount of TF-
concentration. Their existence for sufficiently dense TF-lattices A can be
taken as granted.

As a consequence of our normalization the spectrum of Gy, is contained
in the interval [c, d] whenever the multiplier sequence (my), ., takes values
in [c, d]. This normalization also allows one to calculate the L?-norm of any
f € L*(R%) directly from Gabor coefficients (this would not be possible
for non-tight atoms). Further comments on the relevance of tight Gabor
systems are given in [73] and [58], where also iterative methods to determine
tight Gabor atoms are described.

In this section we shall present results concerning the eigenvalue distri-
bution of Gabor multiplier operators which resemble similar results for the
continuous case that can be found in the literature. Recall that it happens
often that discrete models involving a high degree of oversampling is to con-
sider the analogous continuous situation and draw information from such a
limiting case, either directly or by analogy. As a matter of fact, continuous
models often allow a larger variety of methods and their treatment may
be technically simpler. In many situations, it occurs that the results and
methods of the continuous model may be transferred back to the discrete
setting. This happens in particular in the theory of multipliers based on

!Recall that this normalization of the Gabor atom will not allow to assume at the
same time that ||g|]2 = 1, as we will be in the non-critical, hence redundant regime
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redundant Gabor frames.

The results presented in this section are discrete analogs of the state-
ments obtained in [16] and [38] for STFT-multipliers, continuous analogues
of Gabor multipliers. Technically these proofs (which will appear elsewhere)
are obtained by appropriate modifications of the proofs that have been
given for the continuous case.

Time-frequency localization operators in the Gabor context (with 0/1
symbols) or even general Gabor multipliers share many features with other
situations where a symbolic calculus of operators exists. It occurs that
in a well-defined sense they are modeled on Toeplitz operators acting on
the Fock space (see [10]). The principal class of symbols, which is crucial
for applications, consists of characteristic functions of finite sets. Gabor
multipliers with such symbols are called time-variant filters. Characteristic
functions take only two values 0, 1 and they are idempotent with respect
to pointwise multiplication. General principles of symbolic calculi assert
that operators inherit algebraic features of their symbols. This is also true
for Gabor multipliers. One of the important tasks is to understand the
relationship between symbols and corresponding operators.

On the first level of accuracy Gabor multiplier with symbol xgq, the
characteristic function of a finite set {2, resembles the orthogonal projection
onto the linear space spanned by the functions (7(\)g)  c,- The second level
of accuracy is related to the boundary of 2. The number of the eigenvalues
which are contained inside the interval (d1,d2), where 0 < d; < d2 < 1, is
comparable to the size of a fixed strip around the boundary of 2.

Hankel operators and commutators of pointwise multiplications and pro-
jections onto the space of STFT transforms are the main tools in the STFT
context. Now we discuss how to transfer them to the present context of tight
Gabor frames. The mapping W, : L?(R?) — ¢?>(A) given by the formula

Wy f(A) = ((f,m(N)g)) xea

is an isometry, and the operator P, : £2(A) — (*(A) given as

P,HA) = H(p)(m(p)g. m(N)g)
peEA

is the orthogonal projection onto its range, i.e., W, (L*(R?)). The operator
Py Mn Py, where My, denotes the operator of pointwise multiplication, has
the following matrix representation

W,GmW, 0
0 0
with respect to the decomposition ¢*(A) = W,(L*(R%))) & W,(L*(R%))" .

The above representation shows that as far as non-zero eigenvalues are
concerned we may exchange operators Gm and Py M P,. We define Hankel



5. A First Survey of Gabor Multipliers 103

operator Hy, with the symbol m by the formula Hy, = (I — P))MmP,.
Hankel operators are closely related to commutators Cem = My Py — Py My,
of operators of pointwise multiplication My, and projections FP,. Indeed,
one may express commutators Cy, in terms of Hankel operators Hy, and
vice versa,
Cm=Hm—H},
Hpm =CmPy.

In many contexts, including ours, Hankel operators Hy, and commutators
Cm are interchangeable. Hankel operators measure the degree by which the
mapping

m — PyMmP,

fails to be a homomorphism. One may directly verify that
PyMmym, Py — PyMpy, PyMpm, Py = Hy—Hop,.

The above formula is the main algebraic ingredient of our proofs. It also
stresses the role of Hankel operators in the study of functional calculus of
Gabor multipliers.

Distribution of the eigenvalues is one of the fundamental objects describ-
ing Gabor multipliers. In the context of the STFT transform the eigenvalues
were investigated by Daubechies and Heil-Ramanathan-Topiwala (see [11],
[47] and the references given there). Our first result is a formula of Szegd
type. It describes the asymptotic behavior of traces of functions of Gabor
multipliers. The symbol function is subjected to dilations and the dilation
factor tends to infinity. As a consequence we deduce first order asymptotics
of the eigenvalue distribution (compare [38]).

Theorem 5.5.1. Let us assume that a tight Gabor frame (mw(\)g) o and
a Riemann integrable function m with compact support defined on R*? are
given. Let us also assume that 0 < m(n) < 1. Then, for any continuous
function h defined on the interval [0,1], the following asymptotic formula

holds:

Jim GG 5[ i, 550

where mp(n) = m(n/R) and Vy is the volume of the fundamental domain
corresponding to the lattice A.

Let us denote the sequence of the eigenvalues of Gy by 0;(Gmz).- The
following corollary shows that the asymptotic behavior of the eigenvalues
is very closely related to the behavior of the symbol function.

Corollary 5.5.2. Under the assumptions of Theorem 5.5.1 we have.
(i) Let 0 < 6 < 1. If |{n : m(n) = 6}| = 0, then

i 0 0i(Gmp 1) gl]?
Jim H0ma) 20 10D iy > 5. 652)
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In particular for any bounded, Riemann measurable set ()

S 2
o #00201(Crne) > 3} _ [lg]
R— RZd VA

Q). (5.5.3)

(i) If 0 < 61 < 62 < 1 and |[{n:m(n) = §;}| =0, for i =1,2, then

. #{2(5] <Uz'(GmR) <(52}
e R2n

_ ngfﬂ‘ {n: 61 <mn) <6} (554)

Our second result is a refinement and a generalization of statement (ii) of
Corollary 5.5.2 for time-variant filters G . It deals with general families of
localization domains 2 and it identifies the geometric features correspond-
ing to the second order behavior of the eigenvalue distribution. We show
that under suitable assumptions the size of the eigenvalue plunge region
#{i: 01 < 0;(Gy,) < 02} is comparable to the size of a fixed strip around
the domain of localization. In what follows we shall write Q¢ for A\ Q.

e Let us assume that there is a positive number r such that the ball
B,.(0), with radius r and center 0, generates A and

(m(X)g, m(X)g) # 0, (5.5.5)
for all A, A" such that |A — \'| < r.

e Let us also assume that the reproducing kernel Vg has sufficient
decay, namely

(rNg. 7)) = V,(A = X) <L+ A= N)*  (5.5.6)
for some constant ¢ > 0, for some s > 2d + 1.
e Let G be a family of finite subsets 2 C A satisfying
|S&| < elomQ, (5.5.7)
where
A={NXeQ:B,ANNQA#0IU{Xe€Q°:B.,(\)NQ#0}

and
SE={AeQ:k<d)\Q°) <k+1}.

Theorem 5.5.3. Let us assume that a tight Gabor frame (m(\)g) o and
a family G of finite subsets of A satisfying the above conditions are given.
Then for any &1 > 0 sufficiently close to 0 and do < 1 sufficiently close to
1 there are positive constants ci, co such that for all Q € G

C]‘aTQ‘ < #{k 10 < Uk(Gxg) < (52} < CQ‘aTQ|.
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Remark 5.5.4. (i) It is clear that conditions (5.5.5), (5.5.6) are satisfied
for any Schwartz function and any sufficiently dense lattice A. Condition
(5.5.6) holds whenever g € Mg°, in the terminology of modulation spaces
(cf. [13], Chap. 12), where vs is a radial symmetric weight over the TF-
plane with growth order s.

(i) If D is a bounded domain with smooth boundary, then the family
G={RDNA:R>1} satisfies (5.5.7).

Remark 5.5.5. Numerical experiments have confirmed the above state-
ments consistently. Indeed, even for relatively low redundancy one can find
tight Gabor atoms g such that for most reasonable sets (which are only
supposed to have no rough boundary) Q0 the eigenvalue distribution of the
corresponding TF-localization operator is characterized by a plateau, whose
size corresponds the volume of a blurred version of ), while the size of the
plunge region is determined by the length of the boundary.

5.6 Changing the Ingredients

So far we have been concentrating on the properties of Gabor multipliers
obtained from a fixed pair (g, A) generating a (tight) Gabor frame. It is
an immediate consequence of the above considerations that small changes
of the multiplier sequence (in the appropriate norm) will cause only small
changes of the resulting Gabor multiplier (now measured in the correspond-
ing space of operators, or a suitable operator ideal over L2(R?)). The con-
tinuous dependence of properties of Gy, g,.4,m On the two windows, g; used
for analysis and g» for the synthesis operator are well established and thus
we do not have to discuss them in detail here (cf. [32], section 3.3).

In contrast the influence of the TF-lattice parameters on the operator
is much more delicate and interesting. For example, the change of lattice
constants usually will effect the corresponding Gabor operator in a way
which is not continuous anymore in any the standard operator norms, but
only in the sense of the strong operator topology (cf. again [32], section 3.6
for a discussion for the case of small lattice constants, and the recent paper
[37] for a detailed discussion of the general case).

There is one more difficulty. As we are now going to compare multiplier
sequences which are well defined (and say square summable) over differ-
ent TF-lattices the statements require the use of continuous multipliers
defined over the full TF-plane, so that their samples are suitable multiplier
sequences for whatever TF-lattice A is chosen. The appropriate description
in full generality would require the use of so-called Wiener amalgam spaces
W (C, £P), which counsist of functions which are locally continuous but show
a global fP-behaviour. In order to avoid additional terminology in this note
we will use continuous Sp-multipliers or multipliers in the Sobolev space
H?*(R*?), with s > d (which consist of continuous functions, due to the
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Sobolev embedding theorem). The results described in this way are only
slightly weaker than optimal results formulated amalgam spaces.
A typical result of the desired type is the following one:

Theorem 5.6.1. Let g1,g> be atoms in So(R?), and for some s > d let
m € H*(R*?) be given, which is then both a continuous and square inte-
grable function. Furthermore let (ay,by) be a sequence of lattice constants
satisfying (ay,br) — (ao,bo) for k — oo, for some pair (ag,by) of positive
lattice constants. Write Gy, for the Gabor multipliers, with windows g1 and
g2, the TF-lattices aZ¢ x by 7%, and corresponding multiplier sequences
m; = (m(akn,bkl))n’lezd. Then the operators Gy converge to Go in the
HS-norm.

We have to skip the proof of this statement here, as it is lengthy and will
require the use of Kohn-Nirenberg symbols of the corresponding operators
(cf. [34]). An alternative variant with stronger assumptions on the symbol,
but also with a stronger conclusion, follows. Its proof (or rather an outline
of arguments) can be well described in the present context.

Theorem 5.6.2. Let g1,92 € So(R?), (ar,br) — (ag,by) and Gy as in
Thm. 5.6.1, but now with m € Sy(R%%), hence continuous and integrable

over the TF-plane. Then Gy — Gy in the trace class operator norm over
L2(R%).

Proof: The first key argument of the proof is the fact that the sampling
values of m are essentially concentrated over a bounded domain in the TF-
plane and uniformly small in the £! (A)-norm on its complement, for all the
(convergent) lattices simultaneously. Therefore the problem can be reduced
(up to some ¢) to the case of finite sums within the index set Z? x Z%. For
those finite sums it is sufficient to make use of the fact that TF-shifts act
(strongly) continuous on the atoms g; € L?(R?), for i = 1,2, which in turn
implies that the rank one operators f — (f,w(arn,bgl)gi)m(agn, byl)gs
corresponding to a fixed label (n,l) € 7Z2% get arbitrarily close to each
other in the trace class norm. Since functions in Sy(R??) have the property
that their restrictions to discrete subgroups A are in £!(A), one only has to
take care that the sampling mappings

f = Ri(f) = (f(agn, bl)), 174

from Sy (R??) into £'(Z¢ x 7Z?) are strongly convergent to Ry for k — oo.
These technical details (in a more general form) are the content of Lemma
2.1. in [37]. O

Remark 5.6.3. As the atoms in Thm. 5.6.2 are in So(R?), one has es-
sentially by the same argument as above also convergence in the B-norm,
resp. in the norm of L(S§, So).

Of course the norm in £(Sf, Sg) will grow if - for example - a uniformly
bounded sequence of such multipliers tends (uniformly over compact sub-
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sets of the TF-plane) to the constant 1. Furthermore, such a family of
operators is bounded in £(S], Sg). The corresponding operators then yield
approximations to the identity operator on Sj(R?), by means of regulariz-
ing operators from S}j(R?) to Sp(RY).

If we are starting from a tight atom the change of the lattice will usually
destroy the tightness condition. Therefore it seems reasonable to repair
this defect by replacing the synthesis atom by the dual atom, in order to
compensate for this effect, at least for the case of constant multipliers.
Recent numerical tests carried out by M. Dorfler indicate that it is indeed
true that this modification improves the approximation quality, as long as
the multiplier symbol consists of samples of a rather smooth function m on
the TF-plane. A theoretical justification of this phenomenon has not been
obtained so far.

Another aspect of this problem is the continuous dependence of dual
atoms on the lattice parameters. Such a discussion does not make sense for
arbitrary L2 atoms g, as the property of generating a Gabor frame may
depend in a chaotic way on the lattice constants in this general case (cf.
[33]). However, mild additional conditions (like membership of g to So(R?))
are sufficient to ensure stability with respect to a change of lattice param-
eters, see recent results by Feichtinger/Kaiblinger (cf. [37]). For simplicity
we consider again time-frequency lattices of the form aZ¢ x bZ?. One of
the main results of [37] (Thm. 3.9) then specializes to:

Theorem 5.6.4. Assume that g € So(R?). Then the set
GF(g9) :={(a,b) |a>0,b>0,(g,a,b) generates a Gabor frame}

is open in RT x RT. Furthermore, the dual atom depends continuously in
the So-norm on the parameters (a,b) over GF(g).

Remark 5.6.5. Writing g, for the dual Gabor atoms in g with respect
to the TF-lattice aZ® x bZ? the statement can be spelled out as follows:
Given (ag,bo) such that (g, ao,bo) generates a Gabor frame. Then for e > 0
given there exists 0 > 0 such that (g,a,b) generates a Gabor frame, with
dual atom in Sy, for any pair (a,b) satisfying |(a,b) — (ag, bo)| < 4§, and

||§a,b - §a0,60||So <e.

We mention here that the above result is based on the important recent
result by Grochenig and Leinert ([45]), showing that the dual atom is auto-
matically in Sp(R?) whenever an Sy(R?)-atom g generates a Gabor frame
(just with respect to the Hilbert space L?(R%)). Under slightly stronger
conditions on g (which apply, for example, to all Schwartz atoms), and for
TF-lattice constants which are sufficiently small the result has been already
known from [32].

Remark 5.6.6. It can even be shown (cf. [37]) that the set of all triples
(g,a,b) in So(R?) x Rt x R for which (g,a,b) generates a Gabor frame
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is open (with respect to the natural topology on those triples). Based on the
Ron-Shen principle a corresponding statement holds for the triples of the
form (g,1/b,1/a). They form Riesz projection bases for the same open set
(cf. [32], Prop. 3.5.13, or [37], Thm. 4.2).

With these results in the back of our minds we can prove the following:

Theorem 5.6.7. Assume that g € So(R?) generates a Gabor frame with
respect to some TF-lattice aZ® x bZ%, let m € Sy(R*?) be a continuous
and integrable function on the TF-plane, and let (ag,by) be any sequence
satisfying (ay, br) = (ag, bo) for k — oo. Write Gy, for the Gabor multiplier
with fized window g = g1 and go = gi adapted to the TF-lattice, and
multiplier sequence my = (m(agn, bil)),, ;4. Then one has for k — oc:

Gy — Gy in the trace class norm over L*(R%).

Proof: The result is essentially a combination of the two previous results.
O

While at the qualitative level the result stated in the previous theorem is
obtained by combining those for fixed windows with convergence results of
canonical dual windows in practice those new operators appear to have bet-
ter approximation properties, at least for smooth symbols. This is certainly
plausible, because the choice of canonical dual pairs (or tight Gabor atoms)
assures exact reproduction in the case of constant multipliers. Thinking of
“good Gabor expansions” as a local (in the TF-sense) procedure we may
well expect to have a very good approximation behaviour for symbols which
behave locally like constants (i.e., for very smooth symbols).

5.7 From Gabor Multipliers to their Upper Symbol

Having seen that good (decay) properties of (my),., imply corresponding
good properties of the resulting Gabor multiplier we are interested to find
out whether the converse is true as well. To ask this, however, brings us
to a more fundamental question, which we see as the main question of this
section: Under which conditions can one reconstruct the multiplier sequence
(mx)ea from the operator Gy A m (knowing of course which Gabor system
(g9, A) has been used). Again it is useful to consider the Hilbert case first, i.e.,
to ask under which condition the mapping from ¢*(A) to HS: (my),cp =
Gy, g2.A,m has a bounded inverse. Most of the results stated in this section
are discussed in some detail in [34]. Our main result reads as follows 2:

Theorem 5.7.1. Assume that (g,A) generates an Sp-Gabor frame for
L2(R?), with ||g||2 = 1, and write Py for the projection f — (f,m(\)g)m(A)g.

2Note that in this context a different normalization of g is preferred
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i) Then the family (Px),c, is a Riesz basis for its closed linear span
within the Hilbert space HS of all Hilbert-Schmidt operators on L*(R?)
if and only if the function H(s), defined as the A-Fourier transform of
(|STFTg(g)()\)\2))\€A is does not have zeros.

ii) An operator T belongs to the closed linear span of this Riesz basis if and
only if it belongs to GM s, the space of Gabor multiplier with ¢2(A)-symbol.

i41) The canonical biorthogonal family to (Px),c, is of the form (Qx)\cn»
Qr=7(N) 0Qor ' (\) for A€ A,

for a uniquely determined Gabor multiplier Q) € B.
iv) The best approzimation of T € HS by Gabor multipliers based on the
pair (g, A) is of the form

PG(T):= Y (T,Q)\)us Px. (5.7.1)
AeA

Hence PG describes the orthogonal projection from HS onto GMs(g, A).

Corollary 5.7.2. The restriction of the mapping PG defined above to the
class B of all operators with kernels in So(R%?) is continuous on that class,
while on the other hand PG is well defined and bounded on L(So, Sg). In
particular, PG(T) is a well defined operator from So(R?) to S{(R?) for
every bounded linear operator T on L?(R%).

Corollary 5.7.3. A Gabor multiplier associated with the pair (g, A), with
g € So(R?), belongs to B if and only if it is of the form Y oxea Oy, with
an absolutely summable sequence (cx)xea € £'(A).

On the other hand any w*-convergent sequence of Gabor multipliers which
is bounded in the sense of L£(Sy, S}) converges to a Gabor multiplier, which
is of the form Y\ .\ dxPx, for some bounded sequence (dx)aen € £°(A).

Proof: (Sketch of the argument for Thm.5.7.1) The main statement can
be derived (see [79] for the characterization of Riesz bases) from the fact
that the entries of the Gram matrix for the system (Px),., are the Hilbert-
Schmidt scalar products

(Pr. Pa)us = [(m(N)g, 7 (\)g)|* = [{g, 7 (N = Ng)|* = [STFT,g(X' — N)|%,

i.e., the Gram matrix is circulant with respect to the discrete Abelian
group A. It is clear that this matrix is boundedly invertible if and only
if the transfer function corresponding to the convolution kernel defined by
(|STFTq(g)(/\)\2))\€A is bounded away from zero, as stated in the theo-
rem. In the positive case there exists a biorthogonal Riesz basis(Qx) ¢y
within ‘HS, of a similar structure, i.e., whose elements are obtained from
an operator (g by conjugation with w()), i.e., @y = 7 1(\) o Qg o w(N),
for all A € A. Indeed, if g € So(R?) one can derive from Wiener’s inversion
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theorem that Qo = Y .4 drPa, for some £'(A)-sequence d = (dy). Hence
Q@ € B is a bounded family of (trace class) operators in B. In [34] one can
find details on this argument, also shedding some light on the connection to
the case of spline-type spaces. Using this pair of biorthogonal Riesz bases
within HS it is clear that the projection onto the closed linear span (within
HS) takes the form described by formula (5.7.1). O

Theorem 5.7.1 can also be used to characterize those Gabor multipliers
which belong to the Banach spaces B, HS or L(Sp,S]), respectively. In
order to give have a unified terminology we define for any p € [1, o] the
space

GMy :={)_ exPy,with(ea)aea € £7(A)}. (5.7.2)
A€EA
Corollary 5.7.4. Assume that the situation described in Thm. 5.7.1 is
given. Then the range of the linear projection PG within B is just GM,,
while the range on all of L£(So, S}) is just GM .

Equivalently, the mapping on the Gelfand triple (B, HS,B'), which maps
the operator T to the upper symbol of its best approximating Gabor multi-
plier is a surjective Gelfand-triple mapping onto (Zl(A),EQ(A),K"O(A)).

Proof: We only have to observe that the fact that (Qx),c, in B im-
plies that the mapping T' — ((T', @))rea maps back from (B, HS, B') into
(€'(A), €2(A),£>°(A)). That the mapping is surjective stems simply from
the fact that the projection mapping PG coincides with the identity when
applied to the space GM,, p = 1,2, co. O

5.8 Best Approximation by Gabor Multipliers

The most interesting case described above is the following: For given g €
So(R?) we are interested in TF-lattices A such that the family (Py)aea
is a Riesz basis for its closed linear span in HS, with biorthogonal family
(@x)cp in B. Then it is not difficult to describe the best approximation
of operators by Gabor multipliers as follows:

Theorem 5.8.1. For a given Hilbert Schmidt operator T € HS the best
approzimation by Gabor multipliers associated to the pair (g, A) is given by

PGMg,/\(T) = Z (T, Qr)usPr = Z (T, P\)1sQ - (5.8.1)

AEA AEA

For fized (g, A) the mapping T — PGM, (T) is the orthogonal projection

from the Hilbert space HS onto the closed subspace of Gabor multipliers
with £2(A)-symbols.

Proof: The above result is simply a reformulation of the general fact that
(Px)aca is a Riesz basis for the space of all Gabor multipliers, and that
(@x) ycp is its biorthogonal family. O
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In the above equation (5.8.1) the role of the families (Py)xea and (@Qx)ycp
may of course be interchanged. Since the scalar product of an operator
T with respect to Py in the HS-sense can be replaced by a simple scalar
product in L?(R?), according to

(T, Px)ns = (T (x(N)g),7(A)g )r>, (5.8.2)

this alternative viewpoint has some interesting consequences. Note that the
mapping A —= ( T (w(\)g) ,7(A)g )z, is known as the lower symbol of the
operator T. If g € Sy(R?) it is well defined for any T' € L£(Sy, Sj). Inserting
this term into the projection formula shows that the best approximation
of T' € ‘HS by Gabor multipliers can be calculated already from the lower
symbol of the operator:

Corollary 5.8.2.

PGM, A(T) =Y ( T[r(Ngl,7(\)g ) Q. (5.8.3)
AEA

The fact that the kernels of the operators Py and @, A € A are uniformly
bounded in the Sy-sense implies that the mapping T' — PGM, A (T) is not
only well defined in HS, but on all of £(Sg, Sj)), i.e., the space of all linear
operators with kernels in S} (R??). Their lower symbol is a sequence is only
in £°°(A), but the series 5.8.3 is still well defined (as a w*-convergent series)
in £(Sp, Sj). On the other hand its restriction to B yields Gabor multipliers
with £! (A)-coefficients, i.e., the projection mapping is also continuous in the
more sensitive norm defined on B (the Sp-norm of their kernels).

We may summarize these findings in the following form:

Theorem 5.8.3. For (g,A) as described above one has:
i) The mapping from operators to lower symbols, i.e.,

T = (T(7(N9g),m(N)9)) rea (5.8.4)

maps the Gelfand triple (B, HS,B') into ((*(A), (*(A),£°(A)).
ii) The mapping T — PGMyA(T) is continuous on the Gelfand triple
(B,HS,B").

Detailed proofs of these facts are given in [34], where the analogy to the
situation of spline type spaces is described. The prototype of such spaces
are (e.g. cubic) splines, for which the integer translates of a B-spline form a
Riesz basis for their closed linear span. In this case a cubic spline function
is in L?(R?) if and only it has a representation with ¢? coefficients with
respect to the standard spline basis. In this particular case, as well as
more generally for the case that the generating atom belongs to Sp(R?),
more can be said with respect to LP-norms: the corresponding projection
mapping is also (uniformly) bounded on all the LP-spaces, for 1 < p < oc,
and maps general LP-functions on spline-type functions with ¢P-coefficients,
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which form a closed subspace of L?(R?). The situation described above for
operators and their projections onto spaces of Gabor multipliers is thus
completely parallel to the situation encountered for the case of spline spaces
(for p=1,2,00).

5.9 STFT-multipliers and Gabor Multipliers

In this section we want to describe that under very natural conditions on the
atom g and the multiplier function m the corresponding STFT-multiplier
can be approximated (in various relatively strong operator norms) by the
Gabor multipliers whose symbols are sampled version of the continuous
multipliers. Indeed, in some sense they can be seen as Riemann-type ap-
proximations to the continuous STFT-multiplier.

Again we are trying to give the reader a good idea about the kind of
results which are possible in this context, by providing a few typical exam-
ples in the context of Hilbert Schmidt operators, and not the most general
and technically more involved consequences of the underlying principles.

First let us make sure that ST FT-multipliers S My, with (upper) symbol
(and atom g) are well defined.

Definition 5.9.1. For g € So(R?) the STFT-multiplier with symbol m is
given in a formal way by the formula

SMum(f) = ISTFT(m - STFT(f)), (5.9.1)

or more practical (in the weak sense on L?(R%)) by

SMm(f) = / '/TFm(m,w)(f,ﬂ(m,w)g) m(A) g dz dw (5.9.2)

Proposition 5.9.2. If g € So(R?) and m € L*(R*?) then the resulting
operator SMyy, is a Hilbert Schmidt operator on the Hilbert space L?(R?).
On the other hand, if the multiplier is in L'(R%?) then the corresponding
operator is a reqularizing integral operator with So-kernel, i.e., SMy, € B.
In particular, it is trace class on L*(R%), and maps Sy (R?) into Sp(RY).

Remark 5.9.3. In the above proposition it is even possible to replace the
L'-condition by some bounded measure over R?* and one still obtains a
true statement. In short, for y € M(R*?) one can define SM,, by replacing
the measure m(x,w)dxrdw by the bounded measure p in equation (5.9.2).

As the full TF-plane can of course be seen as the limiting case of TF-
lattices with lattice constants (a,b) — (0,0) the following result should not
come as a complete surprise. We spell out the L'-version of this result as
it appears to us to be the most interesting (and perhaps surprising) one.
The analogue of Remark 5.6.5 in this context is then
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Remark 5.9.4. In the limiting case (a,b) — (0,0) the shape of the dual
atoms gqp S known to approzimate that of the original atom g. Indeed,
suitable normalized versions converge to g in the So-norm:

1(ab)~*Gas — glls, = 0 for (a,b) — (0,0).

This fact has been shown in [32],as Cor. 3.6.12. Before coming to the
statement on the approximation of STFT-multipliers we have to recall a
definition, which also plays a role in connection with the characterization
of relatively compact subsets in Banach spaces of functions (cf. [15]).

Definition 5.9.5. A bounded subset S of M (R??) is called tight if for every
e > 0 there exists a compact subset K C R*? such that |v|(R*? \ K) < € for
allvesS.

Theorem 5.9.6. Let g € M(R*?) be a bounded measure, and (pm)m>1
be a bounded, tight and w*-convergent sequence in M (R*?), with limit pq.
For a fized pair of Sy-atoms g1 and g we denote the corresponding STFT
multiplier operators by SM,, and SM,, . Then SM; — SMy, for k — oo,
in the trace class norm over L*(R?).

Proof: We only indicate the strategy of proof, which is based on two
main arguments. First of all the problem is translated into a result about
the convergence of ordinary convolution products, by applying the Kohn-
Nirenberg transform T+ o(T) (cf. [31]) to the operators under considera-
tion. Then the convergence statement is a consequence of the fact that for
any h € Sy(R??) one has ||p, * h — g * hl|s, — 0 for k — oo (cf. [23]) under
the given circumstances, because Sp(R2?) is a so-called homogeneous Ba-
nach space, i.e., ||T. f||s, = ||fl|s, for all z € M(R*?) and ||T.f — f||s, — 0
for z — 0, for all f € S. O

Remark 5.9.7. The proof actually implies that the norm convergence of
these operators takes place in the class B. Consequently we may claim con-
vergence in L(S}, So) as well.

The next theorem can be seen as an immediate consequence of the general
principle above. Again only a prototypical case is described.

Theorem 5.9.8. Let g € So(R?), and m € So(R%?) by a (continuous and
integrable) multiplier function be given. Furthermore let (ay,by) be a se-
quence of lattice constants satisfying (ag,bx) — (0,0) for k — oco. Write
G*% for the corresponding discrete Gabor multipliers, with fized window g,
TF-lattices apZ x by Z, and multiplier sequence ((akbk)’]m(akn, bkl))n,zezd .

Then G%, converges to S My, in the trace class operator norm over L?(R?).
Proof: It is not hard to verify that the bounded, discrete measures

1
Hr =

Z m(nag, (by)0(nay, ib,)

akbk ol
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form a bounded, tight and w*-convergent sequence of bounded measures
over R??_ with limit x (just as Riemannian sums approximate the integral),
and consequently Theorem 5.9.6 applies. g

An L2-HS variant of Thm. 5.9.6 is the following result, which makes use
of the concept of tight (and bounded) subsets of L?(R>?).

Definition 5.9.9. A bounded subset S C L*(R?) is called tight whenever
for every e > 0 there exists some compact subset K C R*? such that

IIf-(1-1g)l2<e¢ for any f € S.

Corollary 5.9.10. Assume that g € So(R?) is given. Let my, be a tight
sequence in L*(R%?), with weak limit mq. Then it is true that SMy,, —
SMym, for k — oo in the HS-norm over L?(R?).

It appears to us that again the best way to verify this result is to translate
it via the Kohn-Nirenberg transform into an equivalent question about the
convolution between L? and Sy-functions. Details will be given elsewhere.

5.10 Compactness in Function Spaces

This short section is strongly inspired by the recent paper [15], characteriz-
ing the relatively compact subsets in coorbit spaces (such as the modulation
spaces). We present a kind of discrete variant of their result, in the context

of modulation spaces.

Theorem 5.10.1. Let M;)Q(Rd) be a modulation space, with 1 < p,q < oo,

and assume that g € S(R?) generates a Gabor frame with respect to some
TF-lattice aZ? x bZ%.

Let FIN denote the collection of all finite subsets ' C aZ% x bZ%, which
is a directed set by the rule Fy < Fy if Fy C Fy. Write Gg for the corre-
sponding net of partial sums of the canonical Gabor expansion, i.e.,

Gr(f)= > (fim(an,bl)g) w(an,bl) g (5.10.1)

(n,l)eF

or, more precisely,

GF(f) = Z (f MblTang ) MyT,, g-
(n,l)eF

Then (Gp(f))rzn converges to f for each f € M;ﬁq(le) (i.e., we have
Gr — Id in the strong operator topology).

Moreover, a bounded subset S C M;q(IRd) is relatively compact if and
only if Gp(f) — f uniformly on S.
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Proof: The first part of the theorem is more or less a reformulation of
the main result on atomic decompositions as developed in [26], applied to
modulation spaces. We only had to restrict our attention to those coorbit
spaces which are derived from solid BF-spaces (in this case weighted mixed
norm spaces over the TF-plane) which contain the compactly supported
functions as a dense subspace). We also use the fact that under the as-
sumption g inS(R?) the canonical dual is also automatically in S(R?) (cf.
[45]), hence both the analysis and the synthesis operator enjoy the natural
boundedness conditions between the modulation spaces under considera-
tion and the corresponding weighted mixed norm sequences spaces over
72?,

The second part of the theorem then follows easily from two general ob-
servations. Since the operators Gg are uniformly bounded over arbitrary
modulation spaces it is clear that they are uniformly convergent over rel-
atively compact subsets S C Mgﬁq(le), once they are strongly convergent.
On the other hand it is clear that each of these operators is a finite rank
operator. Consequently one can argue that a set S on which the net G
is uniformly convergent can be approximated arbitrary well by relatively
compact subsets, hence it must be relatively compact itself. O

5.11 Gabor Multipliers and Time-Variant Filters

The possibility of introducing so-called time-frequency localization opera-
tors has been among the driving forces to study the continuous wavelet
transform, but also in parallel to it the STFT (cf. [14, 11, 6] for prominent
examples, or section 2.8 in [7]). For early occurrences of discrete variants
of Gabor multipliers (usually with 0/1-symbols, describing a certain re-
gion of interest) we refer to [21, 22, 61, 74], and in particular Chap. 9 on
time-variant filtering in the book of Qian-Chen ([68]). Filtering the time-
frequency content of a signals is indeed one of the main applications of
Gabor multipliers.

Generally speaking, there are at least three traditional types of time-
frequency filters:
(i) compositions of timepass and bandpass filters and their generalizations
(see [62], [78], [7] and the references therein)
(ii) restrictions of the reproducing formulas based on coherent state expan-
sions (see [11], [7], [72], [69, 71], [47] and the references therein)
(iii) Weyl pseudo-differential operators with symbols with compact support
(see [39],[60], [59], [HRTI7]) .
Other useful approaches are however also possible (see for example [52]).
All three types of filters are related to specific operator calculi. It occurs
that good understanding of operator calculus leads to precise knowledge of

eigenvalue behavior of the corresponding filter. This is the essence of our
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method behind the estimates presented in this section. At this occasion
we would like to mention that a new interesting approach to the calculus
of Gabor multipliers based on Gaussian windows was taken recently by
Coburn in [7], [8].

When it comes to digital signal processing actual data to be handled
are vectors of finite length (or mathematically equivalent) discrete and pe-
riodic measures. The same is true for digital image processing. The need
to perform time-variant filters is of course coupled with the wish to carry
out such operations with minimal computational costs. Therefore also in
this setting there is a need to understand the approximation of linear map-
pings, given in whatever form or representation, be it the matrix kernel or
the Kohn-Nirenberg symbol of the operator.

Let us mention here that in practice these operations have to be applied
to signals of finite length. Hence we are dealing essentially with problems
in linear algebra. Although in this finite-dimensional setting certain critical
limiting cases which make the continuous situation often very delicate can-
not occur, one is faced with numerical issues of speed and computational
complexity. We only mention here that such questions are treated in [36],
where a matrix version of the approximation results described in section
5.8 are given.

Let us conclude this section with an alternative view on Gabor multipliers
from a filter bank point of view. The equivalence between Gabor frame
expansions and certain filter bank systems with perfect reconstruction is
well established (cf. [3, 4, 5, 10, 9]). Given this connection it is easy to
see that the very definition of Gabor multipliers implies that they have a
very nice and simple interpretation (hence also a cheap implementation)
in this context. Indeed, in a filter bank description the Gabor coefficient
mapping turns into a splitting of the information contained in the signal
into channels (each of which has to carry only a fraction of the information
contained in the original signal). The perfect reconstruction property of such
a system ensures that by using another (appropriate) synthesis window the
original input signal is exactly recovered, if no manipulation takes place
within the channels.

Applying now simple multiplications on these coefficients (before ap-
plying the synthesis mapping) is just a reinterpretation of what a Gabor
multiplier should be. Altogether this means of course that Gabor multipli-
ers are very important operators for the purpose of (time-variant) digital
filtering, and their efficient use will hopefully benefit from the theoretical
studies given in the present note.
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