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akMentor: Ira LivshitsDept. of Applied Mathemati
s and Computer S
ien
eAbstra
tIn this paper multigrid te
hnique is adapted for solving standing one-dimensionalwave equation with radiation boundary 
onditions. Solver, 
onsisting of wave 
y
leand ray 
y
le, uses Gauss-Seidel and Ka
zmarz relaxation sweeps and is aimed towork eÆ
iently for all error 
omponents.1 Introdu
tionMultigrid te
hnique is an eÆ
ient method for solving di�erential and integral equations,eigenvalues problems, et
. [1℄. In this paper the multigrid te
hnique is used to solve thedis
rete problems, obtained by dis
retization of standing wave equations.1.1 Wave EquationIf we 
onsider solution of the one dimensional wave equation�2v(x; t)�x2 = 1
2(x) �2v(x; t)�t2 (1)in the form v(x; t) = g(t)u(x) and substitute it in (1), we get g(t)d2u(x)dx2 = u(x)
2(x) d2g(t)dt2whi
h after separation of variables 
an be written in the form 
2(x)u(x) d2u(x)dx2 = 1g(t) d2g(t)dt2 .Substituting �!2 = d2g(t)dt2g(t) and k2(x) = !2
2(x) leads to the standing wave equationd2u(x)dx2 + k2(x)u(x) = 0: (2)We shall look for the solution in the so-
alled ray formu(x) = a(x)eikx + b(x)e�ikx (3)where a(x) and b(x) are smooth. Fun
tions a(x) and b(x) are 
alled ray fun
tions. Weimpose the radiation boundary 
onditions as a(�1) = a0, b(+1) = b0. Substituting (3)in (2) we obtain a system of equationsa00(x) + 2ika0(x) = 0 (4)



b00(x)� 2ikb0(x) = 0: (5)1.2 Dis
retizationIn order to solve equation (2) on interval [a; b℄, we approximate it by a system of linearequations. Solution of the one-dimensional dis
rete problem is a ve
tor of equidistantpoints whose values approximate the 
ontinuous solution of the di�erential problem. So-lution u(x) is approximated by ul = u(hl), where h = b�aN+1 is a meshsize and N is numberof interior points.The dis
rete operator for (2) is of the form(Lhuh)l = ul�1 � 2ul + ul+1h2 + k2l ul (6)where l = 1; ::; N . The solution of the dis
rete problem satis�es the system of linearequations Lhuh = 0: (7)The exa
t solution of the dis
rete problem di�ers from the solution of di�erential problemdue to dis
retization error. For (7) the most important aspe
t of the dis
retization erroris phase error. Solution of (7) is of the formuhl = aleikhhl + ble�ikhhl (8)where kh = ar

os(1� k2h22 )h . To enable dis
rete solution to be an a

urate approximation tothe di�erential one along the interval [a; b℄, the meshsize h should be 
hosen to providej2�k � 2�kh j(b� a) k2� � �k :2 Methods2.1 Relaxation MethodsDis
retization of the di�erential problem leads to a system of N equations with N un-knowns. Exa
t solution of the system 
an be obtained by matrix inversion or Gausselimination. Su
h methods, however, require a lot of work. Work 
an be de
reased byusing relaxation te
hniques, whi
h produ
e solution with required a

ura
y and 
an beused as part of powerful and eÆ
ient multigrid te
hniques. By this, we 
an signi�
antlyredu
e 
omputation 
ost, espe
ially in higher-dimensional problems.Consider a system of linear equations Au = b. Let ~u be a 
urrent solution, v = u� ~u errorand r = b�Au a residual. Our solver uses Gauss-Seidel relaxation with update rule~unewl = 1all (bl � l�1Xi=1 ali~unewi � NXi=l+1 ali~uoldi )



and Ka
zmarz relaxation whi
h uses update rule~unewl = ~uoldl � ail(bi � NXj=1 aij~uoldj )= NXj=1 aijaijfor ea
h l = 1; ::; N to for
e i-th equation residual to zero.Relaxation eÆ
ien
y 
an be estimated by analysis of Fourier error 
omponents redu
tion.Analysis shows that, generally, relaxation methods eÆ
iently redu
e error 
omponentsthat are high-frequen
y on 
urrent grid. For smooth error 
omponents both Ka
zmarzand Gauss-Seidel relaxation may have very small 
onvergen
e (Gauss-Seidel 
an evendiverge in some 
ases).2.2 Multigrid Cy
lesThe idea of the multigrid is to transfer smooth errors to 
oarser grid, where they be
omehigher-frequen
y and 
an be eÆ
iently redu
ed, investing a little work.We shall enumerate grid levels by d (d = 0 for 
oarsest grid). If we 
hoose ea
h 
oarser gridmeshsize H = 2h total amount of work will be proportional to amount of work on �nestlevel (whi
h will be equal to the 
ost of a few relaxation sweeps). A

ording to Fourieranalysis, solver de
ides whi
h relaxation to use and 
al
ulates number of sweeps for ea
hgrid so that error redu
tion is approximately 10 for ea
h level. FAS V-
y
le algorithm usedby our solver is a spe
ial 
ase of multigrid 
y
le algorithm whi
h uses FAS (Full Approx-imation S
heme) intergrid transfer s
heme and 
an be des
ribed by following pseudo-
ode:FUNCTION VCy
le(d; h; ~uhold; bh) RETURNS ~uhnew~uhnew = ~uhold�d times DO IF GaussSeidel is eÆ
ientTHEN ~uhnew = GaussSeidelRelaxation(~uhnew; h; bh)ELSE ~uhnew = Ka
zmarzRelaxation(~uhnew; h; bh)IF d > 0 THENH = 2hUse FAS transfer s
heme to obtain approximate initial guess ~uHold andright-hand side for 
oarse grid bH :~uHold = IHh ~uhnewbH = IHh rh + LH ~uHold~uHnew = V Cy
le(d� 1;H; ~uHold; bH)~uhnew = ~uhnew + IhH(~uHnew � ~uHold)�d times DO IF GaussSeidel is eÆ
ientTHEN ~uhnew = GaussSeidelRelaxation(~uhnew; h; bh)ELSE ~uhnew = Ka
zmarzRelaxation(~uhnew; h; bh)END VCy
le.The IHh operator transfers from a �ner to a 
oarser grid either by averaging or inje
-



tion, and IhH denotes interpolation from a 
oarser to a �ner grid (whi
h in our 
ase islinear but 
an be 
ubi
 if ne
essary).2.3 Multigrid Adaptation for Spe
i�
 ProblemOur solver 
onsists of the wave 
y
le and the ray 
y
le fun
tions. The wave 
y
le is aV-
y
le applied to (7). It uses Ka
zmarz and Gauss-Seidel relaxation s
hemes. For errorof the form vl = A�ei�l, where j�j 2 (�2 ; �) and A� is Fourier 
omponent amplitude, Gauss-Seidel has 
onvergen
e rate Anew�Aold� = �(�) = 1pp2+2p 
os �+1 and Ka
zmarz has 
onvergen
erate �(�) = jei�+2pjj(e�i�+p)2+2j where p = k2h2 � 2. It 
an be veri�ed that this 
y
le is eÆ
ientfor all error frequen
ies ex
ept for j�j 2 (kh2 ; 3kh2 ).The approximate solution and the unredu
ed error after the wave 
y
le 
an be representedin the ray form (3). The ray approa
h is used to improve an approximation to a(x) andb(x) on the 
oarse grids, and, by this, to improve the wave solution. After dis
retizationof (4) and (5) we get two systems of equations(Lh+ah)l = al�2 � 2al�1 + alh2 + 2ikal � al�1h = 0 (9)(Lh�bh)l = bl+2 � 2bl+1 + blh2 � 2ik bl+1 � blh = 0 (10)Ray 
y
le is a V-
y
le applied to (9), (10). Unlike wave 
y
le, ray 
y
le uses only Ka
zmarzrelaxation. For ea
h problem it uses one boundary 
ondition whi
h is introdu
ed on the
oarsest level. Sin
e ray 
y
le is eÆ
ient enough for error frequen
ies j�j 2 (kh2 ; 3kh2 ), we
an obtain an eÆ
ient solver for the standing wave equation by 
ombining wave 
y
le withray 
y
le. Having obtained approximate solution by the wave 
y
le, we 
an use separationpro
ess des
ribed in [2℄ to �nd initial approximations for a and b and apply ray 
y
le toimprove them. Improved ~a and ~b values are used to 
orre
t the wave solution ~u. ForeÆ
ient work of ray 
y
le �nest meshsize h is 
hosen to be h � �k so that amount ofwork is as little as possible, and error 
omponents whi
h need the ray representation arehigh-frequen
y, but still approximated well enough on this grid.3 ResultsIn order to avoid as mu
h program 
oding errors as possible, programs were developed andtested stage by stage. In order to make pro
ess eÆ
ient we used MatLab language. Ja
obi,Gauss-Seidel (lexi
ographi
al and red-bla
k order) and Ka
zmarz relaxation fun
tions wereimplemented. Corre
tion s
heme V-
y
le for simpler dis
rete operator was 
oded and itsresults were 
ompared to FAS V-
y
le. To 
he
k multigrid eÆ
ien
y FMG 
y
le (see [1℄)was written. Wave 
y
le was implemented. Its approximative solution and residual fa
torswere 
he
ked. Ray 
y
le was written, and its eÆ
ien
y was tested for frequen
ies wherewave 
y
le is ineÆ
ient.



3.1 Wave Cy
le ResultsWe tested our wave 
y
le, varying k, N , h and the initial guess in order to 
he
k itsbehaviour in di�erent 
ases. EÆ
ien
y measure used was residual fa
tor f de�ned asf = jjroldjjjjrnewjj where rold and rnew are the residuals, 
al
ulated on the �nest wave level,before and after V-
y
le. Residual norms are given by:jjrjj2 = 1N NXi=1 jrij2:To verify eÆ
ien
y of our solver we 
hoose ei!hl as the initial guess, setting the initialerror frequen
y to !, and tested f(!) dependen
y. A representative graph for N = 63,hfinest = 164 and k = 6 is printed below. For this example the solver de
ided to perform3 Gauss-Seidel sweeps on the �nest level and 5 Ka
zmarz sweeps on ea
h of the 
oarserlevels.
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As expe
ted from the analysis, nearly no 
onvergen
e was obtained for j!j 2 (k2 ; 3k2 ),whereas for all other frequen
ies there is a

eptable residual fa
tor.3.2 Ray Cy
le ResultsThe ray 
y
le was tested in a similar manner as wave 
y
le. However, residual fa
torsobtained are about 102. Sin
e residual fa
tors do not take into a

ount boundary 
ondi-tion whi
h is not introdu
ed yet (be
ause it is introdu
ed on the 
oarsest level) in orderto determine 
onvergen
e rate we used error norm. This is of 
ourse possible only whenwe know the exa
t solution, but is useful for testing purposes. We used again N = 63,hfinest = 164 and k = 6. For ray 
y
le the program 
hose 5 Ka
zmarz sweeps for ea
h ofthe three �nest levels and 4 sweeps on the remaining 
oarser levels.



Figure 2 3 4 5 6 7 8 9
0

2

4

6

8

10

12

14

16

18

20

Error Frequency

E
rr

or
 R

ed
uc

tio
n 

F
ac

to
r

Figure 2 shows eÆ
ien
y for a(x) ray 
y
le. Points very 
lose to k are not plotted be
ausetheir value is extremely high due to nearly 
onstant initial guess. It 
an be seen that good
onvergen
e is obtained for interval j!j 2 (k2 ; 3k2 ) whi
h is the only part where wave 
y
leis not eÆ
ient.4 Dis
ussionBy 
ombination of wave 
y
le and ray 
y
le an eÆ
ient solver 
an be produ
ed that redu
esall error frequen
ies and is of linear 
omplexity. The last step in produ
ing the solver wouldbe implementation of separation pro
edure whi
h would merge the two 
y
les. For theparti
ular one-dimensional problem there are algorithms of 
omparable eÆ
ien
y, but themultigrid approa
h 
an be adapted for multidimensional problem where its eÆ
ien
y isthe best possible.5 A
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