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tionA rough set [4℄ is an approximation of a subset of the universe of dis
ourse.It is usually de�ned by a �nite de
ision table, whose rows 
orrespond to someobje
ts of the universe. We present a natural extension of this formalism thatgives dire
t support for integration of ba
kground (e.g. expert) knowledge, rea-soning, and possibility to 
ombine di�erent rough sets for de�ning new ones. Weintrodu
e a language for de�ning rough sets and its 
ompilation to expressivelogi
 programming language. The idea is similar to our previous work [7℄ butextends it substantially. Our new language is more expressive, and more suitablefor de�ning 
on
epts in terms of the notions of rough set theory, as illustratedby the examples in the paper. The pre
ise meaning of the de�nitions is providedby translation to extended logi
 programs, under the para
onsistent stable modelsemanti
s [5, 6℄. In this way we link rough sets with para
onsistent logi
.A program may have several (para
onsistent) stable models (or no model atall). Ea
h of the models des
ribes a family of rough sets and 
an be seen as apossible s
enario of rational beliefs supported by the knowledge represented bythe program. The pri
e we pay for the extra expressiveness is the in
rease intime 
omplexity: to know whether a literal belongs to a stable model is a NP-
omplete problem. However, eÆ
ient implementations exist of the stable modelsemanti
s (see e.g. [2, 3℄) and these systems 
an be readily used for queryingrough sets de�ned in our language.



2 Preliminaries2.1 Rough setsWe deal with a universe U of obje
ts with attributes. An attribute a 
an be seenas a partial fun
tion a : U ! Va, where Va is 
alled the value domain of a. Thus,every obje
t is asso
iated with a tuple of attributes. We assume that this tupleis the only way of referring to the obje
t: di�erent obje
ts with same attributevalues are indis
ernible. A subset S of U 
an only be 
hara
terized by two setsof tuples: S+, in
luding the tuples of the obje
ts in S, and S�, in
luding thetuples of the obje
ts in the 
omplement of S. Noti
e that S+ and S� neitherneed to be disjoint nor they have to 
over the universe.A rough set (or rough relation) S is a pair (S+; S�) su
h that S+; S� �Q1�i�n Vai , for some non empty set of attributes fa1; � � � ; ang.The indis
ernibility 
lasses S+ (
alled the upper approximation and also rep-resented as S) in
lude all elements that possibly belong to S. Similarly, the
lasses S� in
lude all elements that possibly do not to belong to S. The lowerapproximation of S de�ned as (S+ � S�) (and represented as S) in
ludes onlythe non 
on
i
ting elements that belong to S. The rough 
omplement of a roughset S = (S+; S�) is the rough set :S = (S�; S+).We want to stress that in our work a rough set is not de�ned in terms ofobje
ts of the universe, but instead in terms of the tuples that des
ribe ea
hequivalen
e 
lass (i.e. 
lass of indis
ernible obje
ts) to whi
h the obje
ts belong.Moreover, the terms \rough set" and \rough relation" are used inter
hangeably.2.2 Extended Logi
 ProgramsThis se
tion surveys well-known 
on
epts of logi
 programming needed in the se-quel. For more details the reader is referred to [1, 5, 6℄. We start by presenting thesyntax of extended logi
 programs and de�ning brie
y the para
onsistent stablemodel semanti
s of extended logi
 programs [5, 6℄, the target logi
 programminglanguage of the transformations dis
ussed in se
tion 3.2. We resort only to thedisjun
tive free fragment of the languages des
ribed in [5, 6℄.Without loss of generality, we 
onsider only ground logi
 programs (i.e. novariables o

ur in an atom A). Assume that the alphabet K is a set of propo-sitional variables, 
alled atoms. An obje
tive literal L is either an atom A 2 Kor its expli
it negation :A. The set of all obje
tive literals is K [ :K, where:K = f:A : A 2 Kg. The default negation of a literal L is represented by not L(also 
alled default negated literal). A literal is either an obje
tive literal L orits default negation not L.Intuitively, an obje
tive literal represents a (positive or negative) eviden
e,while the default negated literal represents a la
k of (respe
tively, positive ornegative) eviden
e. This makes it possible to represent di�erently the informationthat a 
ight departed without delay obtained from the 
ight 
ontrol, from la
k ofthe delay announ
ement. We allow 
oexisten
e of positive and negative eviden
e;for formalizing this we will use a para
onsistent logi
.



A program 
lause is an expression L0:- L1; : : : ; Lm;not Lm+1; : : : ;not Lnwhere ea
h Li is an obje
tive literal and n � 0. The left side of the 
lause (w.r.t.:-) is 
alled the head and the right side is designated as body of the 
lause.Informally, a program 
lause represents an impli
ation: if every literal in thebody is true then the head must also be true4. An integrity 
onstraint has theform :- L1; : : : ; Lm;not Lm+1; : : : ;not Ln with n � 1, and 
an be seen as a
lause with the head being false.An extended logi
 program (ELP) is a set of program 
lauses and integrity
onstraints. A de�nite extended logi
 program is simply an ELP without in-tegrity 
onstraints and o

urren
es of default negated literals.An interpretation I of an extended logi
 program P is any subset of K[:K.As usual, an interpretation settles the set of true literals. If L 2 I then theobje
tive literal L has the truth value true, and if L 62 I then the obje
tiveliteral L is false (i.e. not L is true).An interpretation I satis�es a program 
lause if the 
orresponding impli-
ation holds in I, and satis�es an integrity 
onstraint if at least one literal inits body is false. A model of an extended logi
 program P is any interpretationthat satis�es every program 
lause and integrity 
onstraint of P . Intuitively, anintegrity 
onstraint dis
ards all model 
andidates that make every literal in itsbody true.A program may have many models, they are ordered by set in
lusion. Anyde�nite ELP has a least model, other ELP's may have several minimal models.We want to 
onsider only the models where ea
h obje
tive literal 
an be justi�edby some eviden
e in the program. This intuition is 
aptured by the followingde�nition:De�nition 1. Let P be an extended logi
 program and I an interpretation.The redu
t of P with respe
t to I is the de�nite extended logi
 program P Isu
h that L0:- L1; : : : ; Lm is in P I i� there is a program 
lause of the formL0:- L1; : : : ; Lm;not Lm+1; : : : ;not Ln from P su
h that fLm+1; : : : ; Lng\I =fg. The interpretation I is a para
onsistent stable model of P i� I is the leastmodel of P I and I satis�es all integrity 
onstraints of P .Whenever 
onfusion does not arise, we sometimes use the term model insteadof para
onsistent stable model.Finally, we refer that Smodels [3℄ and dlv [2℄ are 
urrently available sys-tems for 
omputing stable models of programs (often with tens of thousands of
lauses). Both systems 
an also handle integrity 
onstraints, and 
an be easilyused to determine para
onsistent stable models of extended logi
 programs.3 A Language for De�ning Rough RelationsIn this se
tion, we present a language for de�ning and querying rough relations,based on logi
 programming. It substantially extends our previous work [7℄ by4 If variables are allowed then they should be understood as universally quanti�ed.



allowing lower approximations and boundaries of rough relations in the headand in the body of 
lauses. We illustrate the need and potential usefulness ofsu
h extension by motivating examples. We also give the semanti
s of the newlanguage. Note that the least model semanti
s of [7℄ is no more appli
able.3.1 The syntax and motivating examplesIn this se
tion, variables 
an o

ur in atoms (i.e. we allow non-ground atoms).Thus, an atom A is an expression of the form p(t1; : : : ; tm), where p is an m-arypredi
ate symbol and t1; : : : ; tm are variables or 
onstants. As in the previousse
tion, an obje
tive literal L is an expression of the form A or :A, where A isan atom.Given an obje
tive literal L, expressions of the form L , L , or L are 
alledrough literals.A rough 
lause is a formula of the form H:- B1; : : : ; Bn: , where H andevery Bi (0 � i � n) are rough literals.A rough program P is a set of rough 
lauses. Moreover, 
lauses with an emptybody (i.e. n = 0) are usually 
alled fa
ts and are written as H: , where H is arough literal.Intuitively, ea
h predi
ate p denotes a rough relation P and we use roughliterals to represent eviden
e about tuples. For instan
e, the fa
ts p(t1; : : : ; tn):and :p(t1; : : : ; tn): express the information that the tuple <t1; : : : ; tn> belongsboth to the rough relation P and to its 
omplement :P (thus, to the boundaryof P , denoted by p(: : :)). Obviously, p(: : :) and :p(: : :) denote the same set oftuples. The lower (upper) approximation of P is represented by p(: : :) (p(: : :)).A de
ision table D 
an be represented in our language. A row <
1; : : : ; 
n> ofD 
orresponding to a positive (negative) example, where ea
h 
i is the value of a
onditional attribute, is represented as the fa
t d(
1; : : : ; 
n): (:d(
1; : : : ; 
n):).Sin
e rough 
lauses allow lower and upper approximations of a relation aswell as boundaries to o

ur both in the body and head of a 
lause, it is possibleto de�ne separately ea
h of the regions (i.e. lower and upper approximationsand boundary) of a rough relation in terms of regions of other rough relations.For instan
e, we 
an represent that the boundary of a rough relation Q is 
on-tained in the lower approximation of another rough relation P . If predi
ates qand p denote the rough relations Q and P , respe
tively, then the rough 
lausep(X1; : : : ; Xn):- q(X1; : : : ; Xn): 
aptures su
h information.The following examples motivate the potential usefulness of our language.Example 1. A relation Train has two arguments (attributes) representing timeand lo
ation, respe
tively. Two sensors automati
ally dete
t presen
e/absen
e ofan approa
hing train at a 
rossing, produ
ing fa
ts like train(12:50,Montijo).automati
ally added to the knowledge base. A malfun
tion of a sensor may resultin the 
ontradi
tory fa
t :train(12:50,Montijo). being added, too. Crossingis allowed if for sure no train approa
hes. This 
an be des
ribed by the following
lause involving lower approximation in the body.
ross(X,Y) :- :train(X,Y).



Example 2. Statisti
al data on pur
hases of 
ertain produ
t during a 
alendaryear is organized as a de
ision table with the following 4 attributes de�ninggroups of 
ustomers:Area - zip 
ode of the area where the 
ustomer livesIn
ome - 
ustomer's in
ome intervalAge - 
ustomer's age intervalUnimulti - does the 
ustomer live in a house or in an apartment?Two experts 
lassify every group as a
tive or not a
tive depending on thenumber of transa
tions during the year. The opinions of the experts may bedi�erent, thus the de
ision table de�nes a rough relation. The marketing de-partment uses the a
tivity tables a
t1 and a
t2 from two 
onse
utive years toidentify the groups of growing a
tivity (ga). The tables are represented as fa
ts inour language. The a
tivity of a group may be de�ned: (1) as de�nitely growing,if the group was possibly ina
tive in year 1 and de�nitely a
tive in year 2; (2) asde�nitely non growing, if its a
tivity 
hanged from possibly a
tive to de�nitelyina
tive; and (3) as a boundary, if the a
tivity was boundary in both years. This
an be des
ribed by the following 
lauses:ga(X, Y, W, Z) :- :a
t1(X, Y, W, Z), a
t2(X, Y, W, Z). (1):ga(X, Y, W, Z) :- a
t1(X, Y, W, Z), :a
t2(X, Y, W, Z). (2)ga(X, Y, W, Z) :- a
t1(X, Y, W, Z), a
t2(X, Y, W, Z). (3)3.2 The Semanti
sIn this se
tion, we present a transformation of rough programs into extendedlogi
 programs, introdu
ed in se
tion 2.2. In this way, we obtain both a de
lar-ative and operational semanti
s for our language.The intuition is as follows. Assume that P and Q are the rough relationsdenoted by predi
ates p and q, respe
tively. Then, the literal p(t1; : : : ; tn) is astatement that the tuple <t1; : : : ; tn> is in P and the literal :p(t1; : : : ; tn) in-di
ates that tuple < t1; : : : ; tn > is not in P . (i.e. belongs to :P ). The defaultnegated literal not p(t1; : : : ; tn) (not :p(t1; : : : ; tn)) states that there is no evi-den
e that the tuple < t1; : : : ; tn > is a positive (negative) example of P . Nowrough literals 
an be equivalently expressed by 
onjun
tions of literals of ELPs,as formalized by the following transformation �2:�2(p(t1; : : : ; tn)) = p(t1; : : : ; tn);not :p(t1; : : : ; tn) ;�2(:p(t1; : : : ; tn)) = :p(t1; : : : ; tn);not p(t1; : : : ; tn) ;�2(p(t1; : : : ; tn)) = p(t1; : : : ; tn) ;�2(:p(t1; : : : ; tn)) = :p(t1; : : : ; tn) ;�2(p(t1; : : : ; tn)) = p(t1; : : : ; tn);:p(t1; : : : ; tn) ;�2(p(t1; : : : ; tn)) = p(t1; : : : ; tn);:p(t1; : : : ; tn) ;�2(:p(t1; : : : ; tn)) = �2(p(t1; : : : ; tn)) ;�2((B1; : : : ; Bn)) = �2(B1); : : : ; �2(Bn) :This transformation 
an be used to 
ompile rough literals in the bodies ofsour
e (i.e. rough) program 
lauses. However, the translation is not dire
tly



appli
able to the heads, sin
e the heads in the target programs 
an 
ontainneither 
onjun
tions of literals nor default literals. Therefore, it may be ne
es-sary to 
ompile a 
lause in the sour
e program into a 
lause and an integrity
onstraint of the target program, as des
ribed below. For example, 
onsider arough 
lause like p(: : :):- q(: : :): stating that the boundary of Q is 
ontainedin the lower approximation of P . Any element in the boundary of Q should bealso 
onsidered a positive example of P but there shouldn't be eviden
e thatthose tuples are examples of :P . Moreover, a tuple t belongs to the boundaryof Q if and only if it represents both positive and negative eviden
e of it. Thus,p(: : :):- q(: : :);:q(: : :): and :- :p(: : :); q(: : :);:q(: : :): 
apture the same in-formation as the rough 
lause above. The program 
lause states that tuplesbelonging to both Q and :Q also belong to P , while the integrity 
onstraintdoes not allow those tuples to belong to :P .The dis
ussion above gives a motivation for the formalization of the trans-lation of rough 
lauses into 
lauses of an extended logi
 program. This formal-ization is de�ned as the following fun
tion �1 whi
h refers to the above de�nedfun
tion �2.�1(p(t1; : : : ; tn):- B:) = fp(t1; : : : ; tn):- �2(B): ; :- :p(t1; : : : ; tn) ; �2(B):g ;�1(p(t1; : : : ; tn):- B:) = fp(t1; : : : ; tn):- �2(B):g ;�1(:p(t1; : : : ; tn):- B:) = f:p(t1; : : : ; tn):- �2(B): ; :- p(t1; : : : ; tn) ; �2(B):g ;�1(:p(t1; : : : ; tn):- B:) = f:p(t1; : : : ; tn):- �2(B):g ;�1(p(t1; : : : ; tn):- B:) = f:p(t1; : : : ; tn):- �2(B): ; p(t1; : : : ; tn):- �2(B):g ;�1(:p(t1; : : : ; tn):- B:) = �1(p(t1; : : : ; tn):- B:) :A rough program P will be transformed into an extended logi
 program�1(P) by 
ompiling ea
h rough 
lause. Moreover, if MP0 is a para
onsistentstable model of P 0 = �1(P) then ea
h predi
ate symbol q with arity n, o

urringin P , denotes the rough relationQMP0 = (f(
1; : : : ; 
n) j q(
1; : : : ; 
n) 2 MP0g; f(
1; : : : ; 
n) j :q(
1; : : : ; 
n) 2MP0g) ;in the modelMP0 . Re
all that �1(P) is an extended logi
 program and, therefore,may have several para
onsistent stable models (or none). In ea
h model, thepredi
ate q may denote a di�erent rough relation. Consequently, the denotationof a predi
ate is always with respe
t to a model.3.3 QueriesThis se
tion proposes a language to query rough programs. This 
an be a
hievedby adapting existing systems based on the stable model semanti
s [2, 3℄, whi
h isa topi
 of future work. Here, we only present queries and their expe
ted answers.Sin
e there might exist more than one model, answers are 
omputed w.r.t. onepara
onsistent stable model of the program. If a program has a unique para
on-sistent stable model, whi
h may often be the 
ase5, the answers will refer to thismodel.5 For instan
e, any de�nite extended logi
 program or rough program whose 
lausesdo not 
ontain lower approximations in their bodies, has a unique model.



De�nition 2. A rough query is a pair (Q;P), where P is a rough program andQ is de�ned by the following abstra
t syntax ruleQ �! L j L j L jL1 � L2 j L1 � L2 j L1�L2 jL1 = L2 j L1 = L2 j L1 � L2 :where L, L1, and L2 are obje
tive literals.The �rst three 
ases for a rough query (L, L, and L) have already beenintrodu
ed in our previous work [7℄. For instan
e, with the query (q(
1; 
2);P)we want to know whether the tuple <
1; 
2> belongs to the boundary region ofthe rough relation denoted by q in some model of P . Due to la
k of spa
e, weomit here any further details about translation of this kind of queries.In some appli
ations (see e.g. [8℄) it is ne
essary to 
he
k rough in
lusion orrough equality of given rough relations. Our query language has the respe
tivequeries and we now dis
uss how they 
ould be answered. The idea is to translatethem to a set of integrity 
onstraints that are added to the 
ompiled program(�1(P)). Hen
e, a new extended logi
 program P 0 is obtained in this way. Then,the query is answered positively (i.e. the test su

eeds) if P 0 has at least onepara
onsistent stable model. Otherwise, the query is answered negatively (i.e.the test fails). Thus, we redu
e the answering problem for this kind of queriesto the problem of 
he
king the existen
e of para
onsistent stable models of anELP where 
ertain properties, expressed by the integrity 
onstraints, hold.Given an obje
tive literal L, we 
onsider that ::L and L have the samemeaning. Moreover, assume that the obje
tive literals L1 and L2 denote roughrelations Q1 and Q2, respe
tively. We start by 
onsidering the queries (L1 �L2;P) and (L1 � L2;P) and de�ne a fun
tion �3 that transforms these queriesinto a set of integrity 
onstraints. We remind the reader that 
andidate modelsthat make ea
h literal in the body of the 
onstraints true are reje
ted.�3(L1 � L2) = f:- L1;not L2:g ;�3(L1 � L2) = f:- L1;not :L1;not L2: ; :- L1;not :L1;:L2:g :We re
all the notions of rough in
lusion and rough equality [4℄. Rough relationQ1 is roughly in
luded in rough relation Q2, denoted as Q1�Q2, if and only ifQ1 � Q2 and Q1 � Q2. The rough sets Q1 and Q2 are roughly equal, denoted asQ1 � Q2, if and only if Q1 = Q2 and Q1 = Q2.Given a rough program P , we have that the answer to the query(i) (L1 � L2;P) is yes i� the ELP P 01 = �1(P) [ �3(L1 � L2) has a model.(ii) (L1 � L2;P) is yes i� the ELP P 02 = �1(P) [ �3(L1 � L2) has a model.(iii) (L1�L2;P) is yes i� the ELP P 0 = P 01 [ P 02 has a model.(iv) (L1 = L2;P) is yes i� the ELP P 03 = �1(P) [ �3(L1 � L2) [ �3(L2 � L1)has a model.(v) (L1 = L2;P) is yes i� the ELP P 04 = �1(P) [ �3(L1 � L2) [ �3(L2 � L1)has a model.(vi) (L1 � L2;P) is yes i� the ELP P 0 = P 03 [ P 04 has a model.



4 Con
lusions and Future WorkWe introdu
ed a language for representing vague knowledge in the frameworkof the rough set theory and a query language. We de�ned a natural translationof our language to extended logi
 programming under the para
onsistent stablemodel semanti
s. This opens for re-use of the existing logi
 programming systemsbased on the stable model semanti
s for answering rough set queries.Our language uses 
ommon notions of rough set theory: lower and upperapproximations, and boundaries for impli
it de�nitions of rough sets. The usualte
hnique of de�ning rough sets by de
ision tables is embedded as a spe
ial 
ase.The language is 
exible enough to allow separate de�nitions of ea
h region of arough set and substantially extends our previous proposal in [7℄. Sin
e a programP in our language may have di�erent models, the rough sets de�ned by P maynot be unique. This fa
t 
an be useful in some appli
ations.The proposed query language is very expressive. It makes it possible not onlyto sear
h for elements in parti
ular regions of rough relations but also to test forrough in
lusion and rough equality, whi
h is essential in some appli
ations.Continuation of this work will in
lude development of a system based on thepresented ideas, integrating them with te
hniques 
ommonly used in rough setssu
h as redu
ts and quantitative te
hniques , and testing it on real life examples.Referen
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